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Abstract

We prove a character formula for some closed fine Deligne—Lusztig varieties. We apply it to
compute fixed points for fine Deligne—Lusztig varieties arising from the basic loci of Shimura
varieties of Coxeter type. As an application, we prove an arithmetic intersection formula for
certain diagonal cycles on unitary and GSpin Rapoport-Zink spaces arising from the arithmetic
Gan-Gross—Prasad conjectures. In particular, we prove the arithmetic fundamental lemma in the
minuscule case, without assumptions on the residual characteristic.
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1. Introduction

1.1. The AFL conjecture. The arithmetic Gan—Gross—Prasad (AGGP)
conjectures generalize the celebrated Gross—Zagier formula to higher-
dimensional Shimura varieties of orthogonal or unitary type ([GGP12,
Section 27], [Zhal2, Section 3.2], [RSZ17b]). The arithmetic fundamental
lemma conjecture (AFL) arises from Zhang’s relative trace formula approach
toward the AGGP conjecture for the group U(l,n — 2) x U(l,n — 1),n > 2.
It relates a derivative of orbital integrals on symmetric spaces to an arithmetic
intersection number of cycles on unitary Rapoport—Zink spaces,

w(y) -3 0rb(y, Ls,0,) = — Int(g) - logg. (L1.1)

© The Author(s) 2019. This is an Open Access article, distributed under the terms of the Creative Commons Attribution licence
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in any medium, provided the
original work is properly cited.

https://doi.org/10.1017/fms.2019.45 Published online by Cambridge University Press


http://journals.cambridge.org/action/displayJournal?jid=FMS
mailto:xuhuahe@math.cuhk.edu.hk
mailto:chaoli@math.columbia.edu
mailto:yihang@math.columbia.edu
https://doi.org/10.1017/fms.2019.45

X. He, C. Liand Y. Zhu 2

For the precise definitions of the quantities appearing in the identity, see [RSZ17a,
Section 1]. The left-hand side of (1.1.1) is known as the analytic side and the right-
hand side is known as the arithmetic—geometric side.

Let us briefly recall the definition of the arithmetic—geometric side. Let p be
an odd prime. Let F be a finite extension of @, with residue field IF, and a
uniformizer 7. Let E be an unramified quadratic extension of F. Let E be the
completion of the maximal unramified extension of E. Let k = F,. For any
integer n > 1, the unitary Rapoport—Zink space N, is the formal scheme over
S = SpfOp parameterizing deformations up to quasi-isogeny of height 0 of
unitary Or-modules of signature (1,n — 1). Fix an integer n > 2. There is a
natural closed immersion § : NV,_; — N,. Denote by A C N,_; x 3N, the image
of (id, 8) : N,_y — N, xs N,,.

Let C,_, be a nonsplit Hermitian space of dimension n — 1, for the quadratic
extension E/F. Here nonsplit means that the discriminant has odd valuation.
Define a nonsplit Hermitian space of dimension n by C,, := C,_; & Eu, where the
direct sum is orthogonal and u# has norm 1. The unitary group J(F) := U(C,)(F)
acts on N, in a natural way. Let g € J(F). The arithmetic—geometric side of
the AFL conjecture (1.1.1) concerns the arithmetic intersection number of the
diagonal cycle A and its translate by id x g, defined as (see [Zhal2, Section 2.2])

Int(g) := x(N,_1 xs Ny, Op @ Oa xg)A)-
When A and (id x g) A intersect properly, namely when the formal scheme
AN@d xg)A = SN,—1) NNE (1.1.2)

is an Artinian scheme (where N¢ denotes the fixed points of g), the arithmetic
intersection number Int(g) is simply the O g-length of the Artinian scheme (1.1.2)
(see [RTZ13, Proposition 4.2(iii)]).

Recall that g € J(F) is called regular semisimple if

L(g) :ZOE'”+OE‘gu+"-+OE‘gn_lu

is a full-rank Opg-lattice in C,. In this case, the invariant of g is the unique
sequence of integers

inv(g) =1 =2rn=-2r,

characterized by the condition that there exists a basis {e;} of the lattice L(g) such
that {7t " ¢;} is a basis of the dual lattice L(g)". It turns out that the ‘bigger’ inv(g)
is, the more difficult it is to compute the intersection. With this in mind, recall that
a regular semisimple element g is called minuscule if ry = 1 and r, > 0.
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1.2. The AFL in the minuscule case. In the minuscule case, the analytic side
is relatively straightforward to evaluate. One of our main results is an explicit
formula for the arithmetic—geometric side Int(g) when g is minuscule, which
allows us to establish new cases of the AFL conjecture.

THEOREM 1.2.1 (Corollary 5.1.4). The arithmetic fundamental lemma holds
when g is minuscule.

REMARK 1.22. When F = Q, and p > %, this theorem was first proved
by Rapoport—Terstiege—Zhang [RTZ13] (see also a simplified proof in [LLZ17]).
The same methods together with [Chol8] should prove the theorem for any
p-adic field F with the size of its residue field g > % However, potential
global applications to the AGGP conjectures require the truth of AFL at all
unramified places, thus it is desirable to remove the assumption that g > % Our
proof is different from [RTZ13] and treats all local fields F' (with odd residue

characteristic, in order to define the Rapoport—Zink spaces) uniformly.

REMARK 1.2.3. After this work was done, Zhang [Zhal9] has recently
announced a proof of the arithmetic fundamental lemma when F = Q, and
p > n (without assuming that g is minuscule).

To state the explicit formula for Int(g), assume g is minuscule and N¢ # .
Then it can be shown that g stabilizes both L(g)" and L(g), and acts as an unitary
operator on V := L(g)"/L(g), which has a natural structure of a Hermitian space
over F .. Let g € U(V)(F,) be the induced element.

For any monic polynomial Q € FF:[A] with Q(0) # 0, we define its reciprocal
polynomial Q* by replacing each root x € k* of Q with x~¢ (with multiplicities).
We say Q is self-reciprocal if Q = Q*.

Let f € F,2[A] be the characteristic polynomial of g. Then f is self-reciprocal.
For any monic irreducible Q € F,2[A], we denote the multiplicity of Q in f by
mep.

THEOREM 1.2.4 (Theorem 5.1.2). Assume g is minuscule and Int(g) # 0. Then
there is a unique monic irreducible self-reciprocal Qo € F2[A] such that m, is
odd. We have
_ My, +1
Int(g) = —=— ~deg Qo - [Q]"Q[ﬂa +myg).

Here the product is over pairs {Q, Q*} of monic irreducible non-self-reciprocal
polynomials in F 2[A] with nonzero constant terms.
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Theorem 1.2.1 then follows immediately from Theorem 1.2.4 and the explicit
formula for the analytic side given in [RTZ13, Proposition 8.2].

REMARK 1.2.5. Theorem 1.2.4 is also used to prove the minuscule case of
Liu’s arithmetic fundamental lemma for Fourier—Jacobi cycles, see [Liul$,
Appendix EJ.

REMARK 1.2.6. In Theorem 5.2.4, we also establish an analogous arithmetic
intersection formula for GSpin Rapoport—Zink spaces arising from the AGGP
conjectures for orthogonal groups. This provides a new proof of the main result
of [LZ18], and also removes the assumption that p > nle in loc. cit.

1.3. Computing the arithmetic intersection. The starting point of the proof
of Theorem 1.2.4 is the observation made in [ILZ17, Proposition 4.1.2] that, in
the minuscule case, the formal scheme (1.1.2) can be identified with the fixed
point scheme V¢ of an explicitly given smooth projective variety ) over k, under
a finite-order automorphism g. It also turns out that V¢ is an Artinian scheme.
Hence Int(g) is given by the k-length of V5.

In order to compute the k-length of V¢, there are two apparent approaches. One
approach, taken in [ILZ17], is to explicitly study all the local equations. The other
approach, which we take in the current paper, is to compute it using the Lefschetz
trace formula. Thus we obtain

Int(g) = tr (z | H*(V)), (1.3.1)

where H* (V) denotes the étale Q,-cohomology of V), for a fixed prime £ # p.

To compute the right-hand side of (1.3.1), we utilize the fact that the variety V
is the closure of a generalized Deligne—Lusztig variety in a partial flag variety of
the unitary group G = U(V) over F,. To be precise, let G := Gy, and let o be the
Frobenius automorphism of k over F,. Then V is the closure inside G/P of the
generalized Deligne-Lusztig variety

Xp(w) :={hP € G/P :h~'o(h) € PwP},

for a certain standard parabolic subgroup P C G and a certain w € Wp\W/ Wp.
Here W denotes the Weyl group of G and Wp denotes the parabolic subgroup of
W corresponding to P. The automorphism g of V is given by the natural action
of the group element g € G(IF,).

Vollaard [Vol10, Theorem 2.15] constructed a nice stratification

V= |_| X; (13.2)
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of V into finitely many locally closed strata X;, where each X; is the image in
G/ P of a generalized Deligne-Lusztig variety in G/ P; for a different parabolic
subgroup P; C G. This stratification is remarkable because it is different from the
naive decomposition

v=x,w= || = Xew).

w'eWp\W/Wp,w'<w

In fact, the stratification (1.3.2) is a special example of stratification into fine
Deligne—Lusztig varieties, which will be discussed in the next subsection 1.4.
Now each X; turns out to be a fine Deligne—Lusztig variety in G/P, and can
be related via parabolic induction to a classical Deligne—Lusztig variety in the
full flag variety of a Levi subgroup of G. In this way, the computation of the
right-hand side of (1.3.1) reduces to computing the characters on the cohomology
with compact support H' (X;) for each X;, and eventually reduces to the classical
Deligne—Lusztig character formula in [DL76].

We thus place the problem of computing the right-hand side of (1.3.1) into
the more general framework of developing a character formula for fine Deligne—
Lusztig varieties and their closures.

1.4. A character formula for fine Deligne-Lusztig varieties. Let F, be a
finite field. Let k = I, and let o be the Frobenius automorphism of k over F,.
Let G be a connected reductive group over ;. Let G = Gy, and let W be the
Weyl group of G. Let J be a subset of the simple reflections in W. Let W, be the
subgroup of W generated by J, and let P; be the corresponding standard parabolic
subgroup of G. Let /W be the set of minimal length coset representatives of
W, \W. For w € /W, we have the associated fine Deligne—Lusztig variety

X;0=1{gP,€G/P;;g'0(g) € Py -, BwB},

where -, is the o-conjugation action. When J = @, Xy, recovers the classical
Deligne-Lusztig variety X, inside the full flag variety of G, associated to w.

In Definition 2.4.1, we introduce the notion of a o -unbranched datum (J, L),
where J is a set of simple reflections in W, and .Z is a subdiagram of the Dynkin
diagram of G satisfying certain axioms with respect to J. Associated to such (J,
%), we construct canonically a finite sequence of elements w; € W, such that
we have the following simple closure relation (see Corollary 2.4.6)

X0 = |_|x,,w,. (1.4.1)

The above stratification subsumes (1.3.2) as a special case. Moreover, for each i
we construct a rational parabolic subgroup P; C G, and a projection to a reductive
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group P; — G; over [F,, such that w; can be naturally viewed as an element of
the Weyl group W; of G; := G; ;. We show that each fine Deligne—Lusztig variety
X ., 1s related via parabolic induction to the classical Deligne-Lusztig variety
X f; in the full flag variety of G; associated to w; (see Proposition 2.5.1):

X =G, x50 X5

For each i, we fix a o-stable maximal torus 7; C G; of type w;. Now we are
ready to state our main character formula.

THEOREM 1.4.1 (Theorem 2.8.1). Assume (J, L) is a o -unbranched datum. Let
w;, P;, G;, T; be as above. Let g € G(F,) be a regular element. Then

tr(g | H* (X)) = > tr(g | HI(X.,))

_ gy, |Gi,y(Fq)| . ] Gi(Fy) .
=) #M; [ERA] |T; N Gy

i yel;
Here we have

o [ is a complete set of representatives of elements in T;(IF,) modulo G;(FF,)-
conjugacy.

o Mf = {r € GF,)/P;/(F,);r 'gr € P;(F,)}, and M?" C M; consists of
those r € M such that the semisimple part of the projection of r ' gr to G; is
G;(F,)-conjugate to y.

o CiFy)

Vi is the G; (F,)-conjugacy class of y;.

1.5. Four families of fine Deligne—Lusztig varieties. In Section 4, we apply
Theorem 1.4.1 to fine Deligne—Lusztig varieties that arise from the basic loci of
Shimura varieties of Coxeter type [GH15]. There are four infinite families of
such fine Deligne-Lusztig varieties, where the FF,-groups G are respectively the
even nonsplit special orthogonal group, the odd special orthogonal group, the
symplectic group, and the odd unitary group.

In all these cases, we obtain an explicit formula for tr(g | H*(m)), for
g € G(F,) whose image under the standard representation is regular. Our formula
is in terms of the characteristic polynomial of g, subsuming the formula in
Theorem 1.2.4 as a special case. See Theorems 4.3.3, 4.4.3, 4.5.4, and 4.6.3. The
odd unitary cases and the even nonsplit special orthogonal cases are relevant
to the AGGP conjectures for unitary and orthogonal groups respectively, and
our formulas lead to the arithmetic intersection formulas in Theorem 1.2.4 and
Remark 1.2.6.
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1.6. Further remarks on Theorem 1.2.4. Arguably the most difficult part
of Theorem 1.2.4 is to compute the intersection multiplicity at each point
of intersection in (1.1.2). The computation in [RTZ13] uses Zink’s theory of
windows and displays to compute the local equations of (1.1.2). It requires
explicitly writing down the window of the universal deformation of p-divisible
groups. The assumption p > "2i1 made in loc. cit. ensures that the ideal of local
equations is admissible (see the last paragraph of [RTZ13, page 1661]), which is
crucial in order to construct the frames for the relevant windows needed in Zink’s
theory.

As mentioned above, the starting point of the simplified proof in [ILZ17] is that
the intersection (1.1.2) can be identified with V¢, and thus a deformation-theoretic
problem of p-divisible groups is transformed to a purely algebro-geometric
problem over k. When p > % the computation of V¢ is further reduced in
[LZ17] to a more elementary fixed point problem of a linear transformation on a
projective space. However, when p < "—;1 the multiplicities remain mysterious.

Our proof of Theorem 1.2.4 shares the same starting point as [LLZ17]. The
new observation is the inductive structure of fine Deligne—Lusztig varieties, which
allows us to exploit the full power of the classical character formula of Deligne—
Lusztig. Our approach circumvents the need to analyze the local structure of
(1.1.2), and gives the desired formula without the extra assumption on p.

Finally, we remark that in the computation in [RTZ13] or [LLZ17], the number
m%“ in Theorem 1.2.4 appears as the common intersection multiplicity at
each point of intersection. In our current computation, we obtain a different
geometric interpretation of this number, as the number of the strata X; whose
H’ contribute nontrivially to the trace (1.3.1). (In the proofs of Theorem 4.3.3
and Theorem 4.6.3, this number appears as }f |.) As a simple illustration of this
phenomenon, consider the automorphism f(x) = x + 1 of order p on P! over k.
The only fixed point is oo, which has multiplicity 2. On the other hand, we have

an f-stable stratification P! = A' L1 {o0}, which gives
u(f | H'PY) = w(f | Hi(AD) + tr(f | H ({oo})).

Note that tr(f | Hj(AI)) = tr(f | H*"({oo})) = 1. Thus the multiplicity 2 also
appears as the number of contributing strata.

1.7. Organization of the paper. In Section 2, we introduce the notion of a o-
unbranched datum, and study the closure relation and inductive structure for the
fine Deligne—Lusztig varieties associated to a o-unbranched datum, culminating
in the proof of the general character formula Theorem 1.4.1 (Theorem 2.8.1). In
Section 3, we recall the four infinite families of fine Deligne—Lusztig varieties
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arising from basic loci of Coxeter type in Shimura varieties. In each case we
identify the unique o-unbranched datum. In Section 4, we apply the general
character formula to each of the four families in Section 3, obtaining explicit
character formulas in terms of characteristic polynomials (Theorems 4.3.3, 4.4.3,
4.5.4,4.6.3). In Section 5, we apply the results in Section 4 to obtain the arithmetic
intersection formulas in Theorem 1.2.4 and Remark 1.2.6 (Theorems 5.1.2
and 5.2.4).

1.8. Notations and conventions. Let k be an algebraically closed field. For
a smooth scheme X over k, we denote by H*(X) and H!(X) the étale Q,-
cohomology and the étale Q,-cohomology with compact support respectively, for
a fixed prime ¢ which is invertible in k.

For any linear algebraic group G over k, we identify G with its k-points. If a
subfield ko of k and a ky-form G of G are given in the context, we often abuse
notation to write G (ko) for G(k).

By convention, a quadratic space means a finite-dimensional vector space over
a field equipped with a nondegenerate quadratic form. Since we never consider
characteristic 2 fields, we shall specify the quadratic form by specifying its
associated bilinear pairing. Thus the quadratic form is recovered from the bilinear
pairing [-, -] as x — [x, x]/2. Similarly, Hermitian forms and symplectic forms
are all understood to be nondegenerate.

For any field F, we denote by F[A]™" the set of monic polynomials in the
polynomial ring F[A].

2. Fine Deligne-Lusztig varieties

2.1. Basic setting and notations. Fix an odd prime p, and let g be a power of

p.Letk = F, and o be the Frobenius automorphism of k over F,.

Let G be a connected reductive group over F,, and let G = G;. We fix a o-
stable Borel subgroup B of G, with a Levi decomposition B = TU which is also
o-stable. Let W be the canonical Weyl group of G equipped with the canonical
action of the Frobenius o, as in [DL76, Section 1.1]. Then using the pair (7, B)
we identify W with Ng(T')/T, and the identification is o -equivariant.

Let S be the set of simple reflections in W. For any J C S, let P; D B be
the standard parabolic subgroup of G associated to J, and let L; be the standard
Levi subgroup of P,. Denote by W, the subgroup of W generated by J (called a
parabolic subgroup of W). Thus W; is the Weyl group of L.

For w € W, we denote by supp(w) the support of w, that is, the set of simple
reflections that occur in some (or equivalently, any) reduced expression of w. We
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define
supp, (w) := |_J o' (supp(w)).
i€Z

We recall the notion of Coxeter elements following [Spr74, 7.3]. For each
o-orbit in S, we pick a simple reflection. Let ¢ be the product of these simple
reflections in any given order. We call such ¢ a o-twisted Coxeter element of
W. More generally, for a o-stable subset ¥ C S, we may consider o-twisted
Coxeter elements of the parabolic subgroup Wx. If ¢ is such an element, then
supp, (¢) = X, and supp(c) is a complete set of representatives of the o-orbits in
X,

2.2. Classical Deligne-Lusztig varieties. For w € W, the (classical) Deligne—
Lusztig variety X, in the full flag variety G/ B is defined by

Xy = {gB € G/B’ gilo—(g) € BwB}
These Deligne—Lusztig varieties give a partition of the full flag variety
G/B=|]x..
weWw
The closure relation is given by the Bruhat order < of the Weyl group, that is, for

anyw € W,
X, = || Xu.

w<w

2.3. Fine Deligne-Lusztig varieties. Let J C S. Let G/P, be the partial
flag variety of type J. In 1977, Lusztig introduced a partition of G/ P, into fine
Deligne-Lusztig varieties.

We follow the approach in [He09, Section 3]. Let /W be the set of minimal
length coset representatives of W, \W. For any w € /W, we set

X,,=1{gP,€G/P;;g '0(g) € P; -, BUB},

where -, is the o-conjugation action, that is, x -, y := xyo (x)~'. When J = 0,
we have Xy, = X,,.
Then we have a partition

G/Pr= || X

wel W

into locally closed subvarieties.
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The partial order <;, on W is introduced in [He07a, Proposition 3.8] (see
also [He07b, 4.7]). For w, w’ € ' W, we write

w g].a w

if uwo (u)™! < w’ for some u € W,. By [He07a, Proposition 3.13] and [He07b,
Corollary 4.6], <, , is a partial order on / W. Now we have

THEOREM 2.3.1. [He09, Theorem 3.1] Forw € ' W,

Xl,w = |_| X],w’- D

wel Wiw' <y ow

2.4. The o-unbranched datum. We would like to single out certain cases
where the right-hand side of Theorem 2.3.1 has a relatively simple description.

DEFINITION 2.4.1. We say that a subset J C S is o -unbranched if the following
conditions hold.

(1) The set S — J is contained in one o-orbit in S.

(2) There exists a subdiagram .Z of the Dynkin diagram of (G, W, S) satisfying
the following conditions.
e The diagram .Z is connected and without branching;

e The nodes of . form a complete set of representatives of the o -orbits in

S.

e One (and hence exactly one) end node of ZisinS — J.

We call a pair (J, .Z) as above a o-unbranched datum for G. When we would
like to emphasize the group G, we write (G, J, .Z).

2.4.2.  From now on we assume the existence of a o-unbranched subset J C S,
and fix a o-unbranched datum (J, %) once and for all. Let a be the number of
nodes in .Z. By assumption .Z is connected and without branching, with exactly
one end node in S — J. Hence we may canonically list the consecutive nodes in

Z as
T, T, ..., €S, 2.4.1)

witht, € S — J. Write iy = a + 1.
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For each 1 < i < iy, define
W; ‘=T, L.
Here by convention w; , := 1. We also define
a
> = supp, w; = U the o-orbit of t;,
j=i

the o-orbit of v;_y, if 2 <7 <ipa,

@, ifi =1,
S —(Z) U x).

™
[

LEMMA 2.4.3. Forall3 <i < a and m € Z, the sets {c"(v;_y), " (ti_3), ...,
o™ (v))} and {v,, v, 1, ..., v;} are disconnected from each other.

Proof. Firstly, we observe that these two sets do not share any common element,
because of the second condition in Definition 2.4.1 (2). Now suppose that the two
sets are connected. Then there exist integers j and /, satisfying

1<I<i—-2<i<j<a,

such that t; is connected with 0™ (t;). Choose n € N such that " (t;) = t;. Then
in the list

2m

m m m 2m nm nm
tj,G t,0 Yy, 0 tj,O' t,...,0°¢ O T, ..., 0 'Cj,

TR

each member is connected with (and unequal to) its predecessor, and the last
member is equal to the first member. Since the Dynkin diagram does not contain
loops, there must be a member in the list which equals the second member
following it. Hence one of the following three situations must happen:

(1) There exist integers «, B, with [ < 8 < j — 2, such that 0"t = 0" t415.
(2) There exists an integer «, such that o*"t;_; = o @ty
(3) There exists an integer a, such that 0®"t; = o @)y, ;.
Since j — [ > 2, each of these three situations contradicts with the second
condition in Definition 2.4.1(2). O
LEMMA 2.4.4. Foreach 1 <i < inax, We have

S=xuxuxl.

The sets Eib, 2, Z‘f are all o -stable. Moreover, Z‘,-b is disconnected from Eij.
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Proof. The first assertion holds because t, . . ., t, lie in distinct o -orbits in S. The
second assertion follows easily from the definition. The third assertion follows
from Lemma 2.4.3. (|

Note that each w; is o-twisted Coxeter in W, and WE; = W5 = W. We further
have the following result.

LEMMA 2.4.5. Foreach 1 <i < ipy, we have w; € ' W. Moreover,

we'W,w<,, wil={w,w, ..., w,,.}

Proof. Since £ is connected and since v, € S — J, we have w; € 'W. By
definition, w; < w; for any i.

On the other hand, let w € /W with w <,, w;. Then by [He07a, Proposition
3.8], there exists u € W, with £(wo (u)™") = £(w) — £(u) and uwo ()" < wy.
Then we have wo (u)~' € /W and wo (u)™' = w; for some 1 < i < ipnax. Then
uw; < w,. Since u € W, and w; € 'W, we have £(uw;) = £(u) + £(w;). Note
that v;,_;w; jé wi, so we have u < t;_,t;_3---tv;. By Lemma 2.4.3, the sets

{o(ti_n),0(ti_3),...,0(t))} and {v,, t,_, ..., t;} are disconnected from each
other. Hence w = w;o (u) = o (u)w;. Since w € /W, we have 6(u) = 1 and
hence w = w;. ]

By the above lemma, the fine Deligne-Lusztig variety X, is defined for each
1 < i < imax-

COROLLARY 2.4.6. We have

XJ,wl = |_| XJ,w;-

1< Simax

Proof. This follows from Theorem 2.3.1 and Lemma 2.4.5. 0

Given g € G™¢ N G(IF,), our goal in this section is to compute
tr(g5 J7 z) = tr(g | H*(X],WI))'

COROLLARY 2.4.7. For g € G** N G(IF,), we have

Imax

tr(g, J,. L) = ) (g | Hi(X, ),

i=1

Proof. This follows from Corollary 2.4.6. O
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2.5. Parabolic induction. We keep the setting of Section 2.4. Fix 1 < i < ipu-
Denote

PiI=Pb

%

I ad .__ ad ad .__ ad
izt Li=Lgyg, G i=(Lg)™,  HY = (L))"

. b . . .
Since X, is disconnected from X (see Lemma 2.4.4), we have a canonical
isomorphism

ad ~ ~ad ad
LY = GF x H*.

Let L; — L’ be the central isogeny with the smallest kernel such that L is the
direct product of the inverse images in L? of G* and H. We denote by G;
(respectively H;) the inverse image of G*® (respectively H?!) in L}. Then G
(respectively H?) is indeed the adjoint group of G; (respectively H;), so the
notation is compatible.

Thus we have L} = G; x H;. Moreover, since X, X} are o-stable, the groups
P, L;, Lf, G;, H;, as well as the central isogeny L; — L? and the decomposition
LE = G; x H;, are all defined over IF,. When we would like to emphasize the
reductive groups over I, underlying P;, L;, and so forth, we shall write ;, L;,
and so forth. We let ; denote the projection P, — L; — L? — G, and let 7]
denote the projection P, — L; — Lf — H,.

Let W; := lep. Then W; is identified with the Weyl group of G;, inside which
w; is a o-twisted Coxeter element. Let XS be the classical Deligne-Lusztig
variety associated to the element w; € W; in the full flag variety of G,. Then
we have a natural action of G, (FF,;) on X S Define the action of the group P;(IF,)
on G(F,) x X5 by

p-(g.x) = (gp™" mi(p) - x).
Let G(F,) x"" X5 be the quotient space. As a k-variety this is just a finite
disjoint union of isomorphic copies of X S

PROPOSITION 2.5.1. For each 1 < i < ima, we have a G(IF,)-equivariant
isomorphism

G(F,) x"F) X8 — X, .,
(g.8(G;NB)) > gg'P,.

Proof. We fix 1 < i < ipx. We claim that Eij is the maximal subset of J that
is stable under Ad(w;) o o. In fact, by definition Ein is a o-stable subset of J
(see Lemma 2.4.4). Since X} is disconnected from Eib by Lemma 2.4.4, X7 is
also stable under Ad(w;). Now let K be an arbitrary Ad(w;) o o-stable subset
of J. We need to show that K C Z‘f. We first show that K N X, = 0. If i =1,
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then X; = () by definition. If i = i, then X; is the o-orbit of t,, and K is
o-stable (as w;,, = 1 by convention). In this case, since t, ¢ J, we must have
KNX; =@.Nowlet2 <i < a.Then Ad(w;)t;_1 ¢ S, and forany t € X; —{v;_;},
we have either Ad(w;)t ¢ S, or Ad(w;)t = v ¢ J. Hence for all t € X; we have
Ad(w;)t ¢ J, and so K N X; = @. Thus we have shown that K N X; = @ in all
cases.

Similarly, for any integer j with i < j < a, the following holds. On the one
hand either Ad(w;)v; = v;_; or Ad(w;)t; ¢ S, and on the other hand, for any
t # v; that is in the o-orbit of t;, either Ad(w;)t ¢ S or Ad(w;))r =t ¢ J.
Moreover, we have Ad(w;)t; ¢ S if i < a, and we have Ad(w,)t, = ¢, ¢ J.
Using this and by induction on j, we see that K does not contain any element
in the o-orbit of t;, for any j > i. Therefore, K N E,.b = (). We already saw
KN X; =0, s0K C X This proves our claim that X is the maximal subset of
J that is stable under Ad(w;) o o.

By the above claim and by [Lus07, 4.2(d)] (see also [He09, Section 3]), the
projection map G/ PE? — G/ P, induces an isomorphism

X — X,

E?,w,-

Note that Py: -, Bw;B C Pi. Thus gPy: € Xy, implies that g 'o(g) € P.
By Lang’s theorem, g~ 'o(g) € P; is equivalent to ¢ € G(F,) P;. The projection
map G/Pys: — G/ P; induces an isomorphism

X — G(F,) x"® x’,

= w;
where X' is the subvariety of P;/ PZ? given by
X'={pPys: € P/Pgz; p~'o(p) € Pyz -¢ Bu;B}.
Recall that 77; denotes the projection P, — L; — Lf — G;. Note that
Pi/Pygs = L;/(Li N Pys) = L/ (wi(B) x Hy) = G,/m(B),
where G;/m;(B) is the full flag variety of G;. Under this isomorphism, the
subvariety X’ of P;/ P):,? is identified to X S The proposition is proved. O

COROLLARY 2.5.2. For each 1 < i < ipa We have an isomorphism of virtual
G (IF,)-representations

* ~ G(Fy) yy« ;
H;(X,.,) = Indy, ) HI (X)),

w;

where P;(F,) acts on XS;’ via the projection 7; : P;(F,) — G;(IF,).

Proof. This follows immediately from Proposition 2.5.1. O

https://doi.org/10.1017/fms.2019.45 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2019.45

Fine Deligne—Lusztig varieties and arithmetic fundamental lemmas 15

2.6. Review of regular elements. We recall the definition of regular elements
and some standard facts. Let G be a reductive group over k.

DEFINITION 2.6.1. Anelement g € G is called regular, if the centralizer G, of g
in G has dimension equal to the rank of G. The set of regular elements is denoted
by G™¢.

If G is semisimple, the above definition is the same as [Ste65]. In general, one
easily checks that g € G is regular in the above sense if and only if the image of
g in G* is regular. Thus we can easily transport the results from [Ste65], which
only discusses semisimple groups, to reductive groups.

THEOREM 2.6.2. Anelement g € G is regular if and only if there are only finitely
many Borel subgroups of G that contain g.

Proof. This follows from [Ste65, Theorem 1.1] applied to G*. O

PROPOSITION 2.6.3. Assume G’ is a reductive group over k that contains G as a
closed subgroup. Then G"™* N G C G™¢.

Proof. Fix a Borel subgroup B’ C G’ that contains B. By Theorem 2.6.2, it
suffices to show that the natural map between flag varieties G/B — G’/B' is
finite to one (at the level of k-points). For this, it suffices to show that B is of
finite index in B’ N G. Note that the identity component (B’ N G)° of B’ N G is a
connected solvable closed subgroup of G which contains B. Hence (B'NG)° = B.
But we know that (B’ N G)° has finite index in B’ N G because the latter is a linear
algebraic group over k. O

PROPOSITION 2.6.4. Let P = P; be a standard parabolic subgroup of G, with
standard Levi subgroup L = L. The projection P — L maps P N G™# into L™®.

Proof. The projection P — L induces a bijection from the set of Borel subgroups

of G contained in P to the set of Borel subgroups of L. Thus the proposition
follows from Theorem 2.6.2. O

The following proposition is well known and elementary to verify.

PROPOSITION 2.6.5. Let V be a finite-dimensional k-vector space. An element
g € GL(V) is regular if and only if each eigenspace of g is one-dimensional. [
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2.7. The character formula on a classical Deligne-Lusztig variety. Letg €
G(IF,) and let g = su be the Jordan decomposition of g. Assume g is regular in
G.Letw € W. Let (T, B,) be the pair associated to w as in [DL76, Lemma
1.13]. Namely, T, is a o-stable maximal torus of G, and B, is a Borel subgroup
of G containing T, such that B, and o(B,) have relative position w. The pair
(T, By) is well defined up to G (IF,;)-conjugation, but we fix a representative. We
denote by s the conjugacy class in G (k) of s, and denote by ®)s the conjugacy
class in G(IF,) of s.

PROPOSITION 2.7.1. In the above setting, we have

|Gs(IF!1)| G(F,
tr(g | HA (X)) = ——2— - |T,, N ¢Fs]. (2.7.1)
|GO(F,)] |
Proof. By [DL76, Theorem 4.2], we have
1
t H(X,) = ——— o ,
e | HE) = ops) > Qa0 (1)

g'€GFy);8'Tw(gh1CG?

where Q,7,(g-1.60 1s the Green function. Since g is regular in G, we know that u
is regular in G°. Hence by [DL76, Theorem 9.16], we have Qor,g)-tcom) =1
for every g’ that appears in the above summation. Therefore, we have

tr(g | Hi(X,)) = #{g' € GF,); T, (g™ C GY}.

|GY(F,)|
Now for g’ € G(F,), the condition g'T,(g')~" C G? is equivalent to the condition
s € g'T,(g")~", which is equivalent to the condition (g')~'sg’ € T, N “Edg.
Therefore, we have

#g' € GF,); gT,(g) "' C G =I|G,F,)|-|T, N s

by the orbit—stabilizer relation. The proposition follows. O

DEFINITION 2.7.2. For each y € T,,(IF,), define

|G, (F,)|
Taw, y) = 28
(w, y) IGO(E, ) |

GEp |,

Since T, is well defined up to G(IF,)-conjugation, the above definition indeed
only depends on w and y.
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COROLLARY 2.7.3. Let g € G(F,) N G™ and w € W. Let g = su be the Jordan
decomposition. We have

. 0, if T, NOFg =@,
tr(g | HL(XlU)) = T(w, y)’ lf‘Tw m G(]Fq)s # @‘

In the second case, y is any element of T,, N ©Fog.

Proof. This follows from Proposition 2.7.1, by noting that the right-hand side of
(2.7.1) only depends on the G (IF,)-conjugacy class of s. O

2.74. Letw € Wandy € T,(F,). We give a more explicit formula for 7 (w,
¥), under the assumption that G, is connected. For example, if G* is simply
connected, then our assumption is always satisfied, by a result of Steinberg [Ste68,
Corollary 8.5] (see [Kot82, page 788] or [Car93, Theorem 3.5.6]).

Assume G, is connected. We canonically identify W with Ng(T,,)/T,, via the
pair (T, B,) fixed before. Then the Weyl group of G, is a canonical subgroup
W (y) of W, generated by the reflections associated to roots « in @ (7,,, G) such
that a(y) = 1 (see [Car93, Theorem 3.5.4]). Denote by F,, the automorphism
Ad(w) o o of W. Then W (y) is stable under F,, as y is an F,-point of 7.

LEMMA 2.7.5. In the setting of Section 2.7.4, we have
T(w,y) =#"y;x e W,"y € GF)} = #W/W(y)™.
Proof. Since G, is connected, it follows from the Lang—Steinberg theorem that
H'(F,, G,) =0, and so “®)y = %y N G(F,). Therefore,
T(w,y) =|T,[F)N .

Now assume h € G satisfies hyh™' € T,,. Then h~'T,,h C G,,. Sine h~'T,,h and
T,, are two maximal tori of G, there exists ¢ € G, such that h~'T,,h = cT,,¢c™".
Then we have

hyh™ = (he)y (he)™,  he € Ng(T,).

The above analysis shows that,
|T,F) N y| =#y;x € W,"y € GF,)}

This proves the first equality in the lemma. To prove the second equality, note that
#'ysx e W'y € GE)) = #W/ W)™,

where W, is the stabilizer of y in W. Since G,, is connected, we have W, = W (y),
see [Car93, Theorem 3.5.3]. O

https://doi.org/10.1017/fms.2019.45 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2019.45

X. He, C. Liand Y. Zhu 18

2.8. Combining the results. Keep the setting of Section 2.4. For each 1 <
I < Imay, X @ o-stable maximal torus 7; in G; of type w;. Fix I'; C T;(IF,) tobe a
complete set of representatives of elements in 7;(IF,) modulo G;(IF,)-conjugacy.
Fix g € G(F,). Foreach 1 <i < ima and each y € I3, define

M = {r e G(F,); rlgre P‘(Fq)}7

l

M7= {r € ME; (mi(r ' gr)), € STy},

Here (7;(r~'gr)), denotes the semls1mple part of m;(r~'gr) € G, (F,) in the
Jordan decomposition. Note that Mg and /\/lg ¥, if nonempty, are stable under
right multiplication by P;(IF,). We denote

M¢ = MEJP(F,),  MET = M7 /P(F,).
Fory € I C T;(F,), we also define 7 (w;, y) as in Definition 2.7.2, with respect
to G; and w; € W,.

THEOREM 2.8.1. Fix g € G(IF,) N G™®. Then

Imax

(g, J.L) = Y #MET T (w, p).

i=1 yel;

Proof. By Corollaries 2.4.7 and 2.5.2, we have

Imax

(g, 1. L) =Y |PEH] D w(m(rgr) | HIXE)). (2.8.2)

rEM}Q

Fix 1 < i < ipy. Foranyr € ﬂlg , it follows from Proposition 2.6.4 that the
image of r“'gr under P; — L; is regular in L;. It easily follows that 7r; (r “'gr) is
regular in G;. We may hence apply Corollary 2.7.3 to get

3 g THXE) =37 3T Twiy) = Y #MEY - Tw, y).

reMj veli re 87 yel;
(2.8.3)
Combining (2.8.2) and (2.8.3), we obtain
tr(g. . L) =Y Y |PE)| T #MET T wiy) =Y Y #ME T (w, ).
i=1 yel; i=1 yel;
O
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Table 1. o-unbranched data

Enhanced Tits datum o-unbranched datum (G, J, £ = (t1, v, ..., t,))

(A, ®,8S) (trivial group, @, )

(By, /., S) CDu,S = {su-1)s (51, -5 Su1))
(ana)]vvg_{n}) (Bn—l’S_{sn—l}s (Slv---vsn—l))

(B-C, @/, S) CDu,S — {Suc1)s (515 - -+ Sum1))
(B-Cy, o/, S —{n}) (Ba1,S — {su=1}, (51, -+, $=1))

(C-B,, w/,S) (B, S — {sn}, (51, ..., 8,))

(C-BC,, w,S) (B, S — {sn}, (51, ..., 8,))
(C-BCy, 0/, S—{n}) (G, S —{sa}, (51,-- -, 50))

(D,, w),S) CDyet,S — {su2}y (515« ..\ S5-2))

CAL, w,S) CArn, S = (s}, (51, -, 8w)), m =[]

CBio/,S—{n)  (BuS—{s:). (1,0, 5)
(2B_Cnva);/7§_{n}) (CYHS_{SH}’ (Slﬂ"'isn))

Dy, o/, S) CDu,S — {Suc1}s (515 - -+ Sum1))

(A3, 0], S) C(A; x A, {51}, (52))

(CA,, ), S) (As, {52, 53}, (52, 51)) *
(Cy, wzv, @) (2(A1 x Ay), {51}, (52)) *
(G, 07,8 — {1}) (A1, 9, (s1)

(Zcz,wz;V,Sj{l}) (B3, {51}, (51, 52))

(CC-By,w/,S—{1})  (By, {52}, (52.51)) *

3. Basic loci of Shimura varieties of Coxeter type

The notion of basic loci of Coxeter type in Shimura varieties is introduced in
[GH15]. The basic loci in these cases can be decomposed into a finite union of
Ekedahl-Oort strata indexed by the set EO([i «ox defined in [GHI1S, Section 5.1],

and each Ekedahl-Oort stratum is a union of classical Deligne—Lusztig varieties
of Coxeter type. We have the following classification theorem.

THEOREM 3.0.1 [GH15, Theorem A]. The irreducible enhanced Tits data of
Coxeter type for o -stable maximal K are classified in the first column of Table 1.

We list in the second column of Table 1 the associated o-unbranched data.
In each case, let w be the maximal element in EOY  computed in [GHI5,
Section 6]. Then the reductive group G over F, is the reductive quotient of the
parahoric subgroup associated to supp,(w), and we have J = K N supp, (w).

In each case it turns out that J is o-unbranched, and that there is a unique o-
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unbranched datum of the form (J, .Z). In Table 1, we record the type of G, the
set J, and the nodes (ty, ..., t,) of the unique . in the order as in (2.4.1). We let
s; € S denote the i-th node, according to Bourbaki’s numbering [Bou68]. In all
except the four cases marked with %, we have v; = s; forall 1 <i < a.

Consequently, the associated fine Deligne—Lusztig varieties come in four
infinite families:

(1) G is the nonsplit even special orthogonal group SO,,, J =S — {s,_1}, £ =
(S5 v vy Sue1).

(2) G is the odd special orthogonal group SOz,41, J =S — {s,}, Z = (54, ...,
Sp).

(3) G is the symplectic group Sp,,, J =S — {s,}, Z = (51, .-, Sp)-
(4) G is the odd unitary group Uy, 11, J =S — {s,}, £ = (51, ..., 8n).

4. Explicit character formulas

In this section, we use Theorem 2.8.1 to compute tr(g, J, -Z) for the four
infinite families specified at the end of Section 3. We shall only consider g €
G(IF,) whose image in GLy under the standard representation is regular. This is a
stronger hypothesis than requiring g to be regular in G, except for the unitary case.
However, for the known arithmetic applications this is enough (see Section 5). We
first need some preparations in Sections 4.1 and 4.2.

4.1. Reciprocal of polynomials. We shall work with the base field I, but
we shall consider polynomials f(A) in F,[A] or F,2[A]. These will appear as
characteristic polynomials of elements in orthogonal or symplectic groups over
IF,, or unitary groups of IF 2 /IF,-Hermitian spaces. Recall that o is the Frobenius

automorphism of k = I, over IF,,. For x € k, we write x° for the image of x under
o, thatis, x? := x9.

DEFINITION 4.1.1. For a polynomial f € F:[A] with f(0) # 0, we define its
reciprocal polynomial as

FrO) = (FO)7)- 2% f(1/3)7 € Felh].

We call f € F2[A] self-reciprocal, it f(0) # 0 and f = f*. (In particular, self-
reciprocal polynomials are monic.) These definitions restrict to polynomials in
F,[A]
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REMARK 4.1.2. If f(A) € F,2[A] is monic and has factorization f(A) = ]—[j r—
A;) with each A; € k*, we have f*(A) = Hj(k — ()»7)71). If in addition f(A) €
IF,[], then we also have f*(1) = [];(» — )»;').

DEFINITION 4.1.3. We denote by Irr™ the set of monic irreducible polynomials
in IF,[A] with nonzero constant terms. We let SR C Irr” be the subset of self-
reciprocal irreducible polynomials, and let NSR := (Irr* — SR)/x* be the set
of unordered pairs {Q, Q*} of monic irreducible polynomials reciprocal to each
other with nonzero constant terms. Similarly, we denote by Irr; the set of monic
irreducible polynomials in F 2 [A] with nonzero constant terms. We let SR, C Irr;
be the subset of self-reciprocal irreducible polynomials, and let NSR, := (Irr; —

LEMMA 4.1.4. If f € F,[)\] is self-reciprocal, then its irreducible factorization
is of the form

r=11e~” [ oyrea?, (4.1.1)

QeSR {Q,0*}eNSR

for unique nonnegative integers my(f), mig o (f). Similarly, if f € Fp[A] is
self-reciprocal, then we have

r=11e~" [ oyen?, (4.12)

QeSR, {0,0*}eNSR;

for unique nonnegative integers mo(f), mig, o+ (f).
Proof. This easily follows from unique factorization in IF,[A] and IF 2 [A]. ]

DEFINITION 4.1.5. Let f € F,[A] be self-reciprocal. Define m o (f), mg, 0+ (f)
asin (4.1.1). Define

A(f) =[] A+mpgoy(h).

{Q.0*}eNSR

Similarly, let f € F,2[A] be self-reciprocal. Define my(f), mg o+ (f) as in
(4.1.2). Define

() =[] A+mi.og().

{Q.0*}eNSR,
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LEMMA 4.1.6. Let f € F,[A] be self-reciprocal. Assume there is a unique
element Qo € SR such that my,(f) is odd. Let m be an odd integer such that
1 <m < mg,(f). Then

#{U e F A" UU* = f/Q4 ) = A (f).

Similarly, let f € Fp.[A] be self-reciprocal. Assume there is a unique element
Qo € SR, such that mo,(f) is odd. Let m be an odd integer such that 1 < m <
mo,(f). Then

#{U e Fa[M ™™ UU” = f/QF ) = Ma(f).

Proof. We only prove the statement about .Z (f), the other statement being
similar. Write h := f/Qj'. For any Q € SR, m(h) is even. For any {Q, O*} €
NSR, mg.o+(h) = mg.o+(f). Now any U € F [A]™" with UU* = h is given

by
U= 1_[ Qw l_[ Ui0.0%)

QeSR {Q,0%}eNSR

where each Ujp o+ = Q'(Q*)/, for any of the 1 + m g, o+ (h) possible choices of
pairs of nonnegative integers (i, j) satisfying i + j = mg g+ (h). O

DEFINITION 4.1.7. Let f € SR of even degree d. By an admissible enumeration
of the roots of f, we mean an enumeration of the d distinct roots of f in k* of
the form A4, ..., k%, Afl, R A;l such that

2

o o o o —1
M =0, a3 = Aa o A = Ag A = A0

LEMMA 4.1.8. Let f € SR of degree d. Then either d is even or f(\) = A £ 1.
When d is even, there are precisely d distinct admissible enumerations of the roots
of f, all obtained from a given one by powers of a cyclic permutation of order d.

Proof. The map x — x~! induces an involution on the set of all d distinct roots
of f.If d is odd, this involution has a fixed point, which means 1 or —1 is a root
of f.Hence f =X £ 1.

We assume d is even. We first prove the existence of one admissible

enumeration. The d distinct roots of f are of the form Ay, ..., A4, )Ll_l, e, A;/lz.
Since they form precisely one o-orbit, we may reorder the A;’s or switch the
roles of A; and A; ', to arrange that A, = AJ, ..., Agjp = Ag /2-1- We claim that we

must then have 17, = A7'. In fact, since the d distinct roots form precisely one
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o-orbit, we have A7 , = )\Jf] for aunique 1 < j < d/2.If j > 2, then

—1 51 -1
VIS ST YL YR S TR NSO VI
2

Jj+

already form one o -orbit, which does not contain 1;, a contradiction. Thus we
have shown the existence of an admissible enumeration. The rest of the lemma is
clear. OJ

DEFINITION 4.1.9. Let d > 2 be an even integer. Given a tuple A = (A4, ...,
Jg) € (K*)®%, we define
AT =00 L AGD, A= (s A A,
2 2
All] := ()»%, My vvns )\%,1).

By induction we also define A[j] for all j € Z. Let A be as above and let f
be an element of SR of degree d. We say that A is admissible with respect to
f,if (A, A7) is an admissible enumeration of the roots of f in the sense of
Definition 4.1.7.

DEFINITION 4.1.10. Let f € SR, of odd degree d. By an admissible
enumeration of the roots of f, we mean an enumeration A, ..., A; of the d
distinct roots of f such that

0'2 02 02
A =R MG = A A = A

LEMMA 4.1.11. Let f € SR, be of odd degree d.

(1) There are precisely d distinct admissible enumerations of the roots, all
obtained from a given one by powers of a cyclic permutation of order d.

(2) Assume d > 3. Let Ay, ..., Ay be an admissible enumeration of the roots of
f. For any integer j we define X to be A, for 1 < j' < d such that j = j'
mod d. Then for all j € 7 we have

(A7 = gy (4.1.3)
Proof. Part (1) follows immediately from the fact that the d distinct roots form
precisely one o 2-orbit. We prove part (2). Since for all j we have A; = o2V=D (%)),

it suffices to prove (4.1.3) for j = 1. Since the set of the roots is closed under the
map x — (x~1)°, we have ()»1_1)” = ), for some 1 <1 < d. We get

AT = (GTH) T = 07N = e = 02V () = gy,

On the other hand )\‘1’2 =X, 802l —1=2 modd.Sincel <I<dandd >3
is odd, the only solution of this congruence is / = (d 4 3)/2, as desired. ]
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4.2. Eigenvalues 1. Fix a nondegenerate quadratic space (V, [-, -]) over k.
We would like to control the multiplicities of the eigenvalues %1, for elements
g € O(V) N GL(V)™. For g € GL(V) and A € k, we write V (g, A) for the
generalized eigenspace of g belonging to A, thatis, V (g, A) = ker(g — A)4mV.

PROPOSITION 4.2.1. Let g € O(V)NGL(V)™8. Let j = 1 or —1. Then dim V (g,
J) is either zero or odd.

Proof. Firstly, it is easy to see that V (g, j) is orthogonal to V (g, 1) for any A €
k — {j}. In particular, the quadratic form restricted to V (g, j) is nondegenerate,
and we obtain a quadratic space (V (g, j), [+, -]1). By Proposition 2.6.5, gy, ) is
in GL(V (g, j))™. Thus we may and shall assume that V = V (g, j).

Assume that dimV = dim V (g, j) = 2n, with n > 1, and we are to deduce a
contradiction. Under this assumption we have g € SO(V) (since detg = j** = 1).
In particular g lies in a Borel subgroup of SO(V), and so g stabilizes a maximal
totally isotropic subspace M C V. Let N be a maximal totally isotropic subspace
of V suchthat V. = M @ N. Since g € GL(V)™®, the Jordan canonical form of
glu € GL(M) must be one Jordan block of eigenvalue j (see Proposition 2.6.5).
We thus find a k-basis ey, ..., e, of M, such that (g — j) sends each ¢, to e,
(with eg := 0). Let fi, ..., f, be the basis of N satisfying [e,, fg] = 8q,5. Using
g € SO(V) itis easy to see that

gfn = .]fn + Z Na€u

a=1

for some 7, € k. Then we have

0= [fnv f;z] = [gfna gfn] = 2j77n-

Hence 71, = 0. It follows that (g — j) maps the k-span of ey, ..., e,, f, into the
k-span of e}, ..., e, 1. Hence the nullity of (g — j) is at least 2, a contradiction
(see Proposition 2.6.5). O

4.3. The nonsplit even special orthogonal group. In this subsection we
consider case (3) in Section 3.

We fix a nondegenerate nonsplit 2n-dimensional quadratic space (V, [-, -]) over
F,, with n > 1 (the case n = 0 being trivial). Let G = SO(V, [+, -]). Let V :=
V ®r, k. By the classification of quadratic forms over I, ([Kit93, Section 1.3],
also see [DM91, Section 15.3]) there exists a k-basis {e, ..., e,, fi,..., fu} of
V, satisfying

lews es]l = [far f51 =0,  lew, fg] =8up, V1< B<n;
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= €y, f;:fa’ V1<a<n_1’
=fn7 fnazew

Foreach 1 <i < n, we define

Vi = span;(e;, €ir1, .- -, €n, fis fivtsooos fu) CV,
W, := span,(e;, ..., e;) C V.

Foreach 1 <i < n — 1, we have W; = W7, and we write W; for the IF,-form of
W;.For 1 <i < n, we have V; = V7, and we write V; for the IF,-form of V;.

Let G = Gy. Let B C G be the common stabilizer of either of the following
two flags in V:

W[CWZC"'CWn—lCWni
W]CWQC"'CWn_1CW:.

Then B is a o-stable Borel subgroup of G. Let T be the intersection of G with
the diagonal torus in GL(V) under the basis {ey, ..., e,, fi,..., fu}. Then T is
the maximal torus of G contained in B.

We number the simple roots of (G, B, T) according to Bourbaki [Bou68].
We consider the o-unbranched datum (J = S — {5,.1},.Z = (51, ..., Su_1))-
Following the notation of Sections 2.4 and 2.5, we have i, = n, and for
1 <i < nwehave

P; = Stabe(W,;_;), L; =L = GL(W,_;) x SO(V,),
G; = SO(V;) = SOy¢41-iy (nonsplit), H, = GL(W,_;) =GL;_,.

Here by convention W, = 0 and GL, = {1}. As in Section 2.5, we have natural
projections 7; : P; - G; and o/ : P; — Hi.

For any h € G;(k), we denote by f;, € k[A] the characteristic polynomial of
h acting on V;, which has degree 2(n + 1 — i). Thus if 1 € G;(F,), then f; is
self-reciprocal in I, [A]. Similarly, for any h € H;(k), we denote by f,(A) € k[A]
the characteristic polynomial of / acting on W;, which has degree i — 1.

We fix 1 < i < n. Write n’ for n + 1 — i. Thus G; = SO,,, with
n’ > 1. Let B] (respectively 7)) be the intersection of G; with the upper
triangular subgroup (respectively diagonal subgroup) of GL(V;), under the k-
basis {e;, ..., e, fu, ..., fi} of V;. Then B! is a o-stable Borel subgroup of G,
and 7} is a o-stable maximal torus of G; contained in B;. Thus 7/ is a o-stable
maximal torus of type 1 € W;. Forany (A, ..., Ay) € ()@, let Y (A1, ..., Ay)
be the diagonal matrix diag(Aq, ..., Ay, )»;,l, R )\fl) in GL(V;) under the same
basis. Then y’ is an isomorphism G,';l’, . —> T/ (defined over k). The Weyl group
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W; can be identified with ({£1}1") x S,/, where ({££1}*")’ denotes the kernel of
(£1P" — (£1)
(Uy)g —> Hua.
For 1 < « < n/, the nontrivial element in the «-th copy of {£1} sends y'(A4, ...,

)"n’) to
y/(xl’ ey )"ot—lv )";19 )"Ot+17 ceey )‘4n’)-

For p € S,, we have p(y' (A1, ..., Aw)) = V' (Ap-100)s -+, Ap1(nn). We easily
compute that w; acts on 7} in the following way:

w; . )/,()\.1, ey )‘-n’) > )/,()\.n/, )\.1, ey )‘-n’—l)‘
Also, o acts on 7} in the following way:
o Y Ay A) > YA, A ()»Z,)*l).

Remember that 7; is by definition a o -stable maximal torus of G; of type w;. From
the above discussion, we see that on 7; we have coordinates

K ST Oy d) > Yty ooy A),

such that the eigenvalues (with multiplicities) of y (A, ..., A,) acting on V; =
k" are
RV SR S Y

and such that
Yy ooy k) =y () AT A, A% ). (4.3.1)

Moreover, the action of W; = ({:I:I}X"/)’ x S, on T; (which is no longer defined
over [F,) is described in terms of these coordinates similarly as before: The
nontrivial element in the «-th copy of {1} sends y(Ai,..., ) to y(Aq, ...,
At oo Aw).Forp € Sy, wehave p(y (A, .. s An)) = Y (A pmiqtys + ooy Apiar))-

THEOREM 4.3.1. We have the following statements about T;(FF,).

(1) Ify € T;(F,), then f, = Q™ for some Q € SR, and some positive integer m.
Moreover, either Q(A) = A £ 1, or m is odd.

(2) Let Q € SR. Assume m is an odd integer such that mdeg Q = 2n'. (In
particular Q(X) # A £ 1). Then there exists y € T;(IF,) with f, = Q™.
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(3) Let Q and m be as in part (2). Let y € G;(k) be a semisimple element such
that f, = Q™. Then y is G;(k)-conjugate to an element of T;(F,).

(4) Foranyy € T;(F,), the centralizer G;,, is connected.

(5) Lety e T;(IF,). Write f, = Q™ as in part (1). Assume Q(X) # A £ 1. Then
T (w;i, y) = (deg Q) /2. Here T (w;, y) is defined in Definition 2.7.2.

Proof. (1) Write y = y(Ay, ..., Ay). Since y° = y, it follows from (4.3.1) that
we have the following equality between two 2n’-tuples in k*:

A A AT Y = Gy A AT L ATY. (4.32)
We remark that (4.3.2) is valid even for i = i,,,, = n. In fact, in that case 7; = G;
is the kernel of the norm map RCSFq2 /k, G = Gy, and (4.3.2) reads A] = Xfl.

Therefore, all eigenvalues of y are in one o -orbit. It follows that f, has a unique
monic irreducible factor Q. Since f,, is self-reciprocal, so is Q.

Now assume m is even. Then d := deg Q divides n’. Since (4.3.2) holds and
since there are precisely d distinct eigenvalues of y, we know that A; is fixed by
o Since d divides n', it follows that A; is fixed by 0. By (4.3.2) 17" = ;.
Hence A; = A", and so A; = 1. It follows that Q(A) = A % 1.

(2) Letd = deg Q. Then d is even since dm is even. We fix a tuple A € (kx)@%
admissible with respect to Q, see Definition 4.1.9. Then

yi=yA, A7, A AT A)

m

is an element of T;(IF,) satisfying f, = Q™.
(3) Let d = deg Q. We know d is even. We assume without loss of generality
that y € T;(k). Since f, = Q™, the n’ coordinates of y must contain elements

Ay oens A such that all roots of Q are given by A, .. M kf e )f We
temporarlly assume m > 1. By Lemma 4.1.8, there exists an adm1s51ble tuple
A with respect to Q(A), obtained by permuting A, ..., A4 and replacing some

of them with their inverses. Up to replacing y by *y for some x € W;, we may
arbitrarily permute the coordinates of y, and we may replace an arbitrary even
number of coordinates of y by their inverses. As m > 1, we may therefore arrange
that either

y=yA, A7 A AT A)

or _
y=yp(A, A7 A AT A).
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In the first case we already have y € T;(IF,). Assume we are in the second case.
Since m is odd, we may simultaneously replace each of the first m — 1 appearances
of A or A~! by its bar, that is, y is W;-conjugate to

y(A, AL AAT A =y (A AT L A AT A).
But the above element is W;-conjugate to
y(ANL AT, AN AT AND = p(2, 271, 2,271, 2),

where £2 := A[1]. Note that £2 is admissible with respect to Q, and using this
fact it is easy to check that the above element is in 7; (IF, ).

Now we treat the case m = 1. In this case y is W;-conjugate to either y (A) or
y(A), for a tuple A admissible with respect to Q. The element y (A) is already in
T;(IF,). The element ¥ (A) is W;-conjugate to y (A[1]), which is in T;(IF,) since
A[1] is admissible with respect to Q.

(4) We claim that any element x € W; fixing y is a certain product of reflections
associated to roots that send y to 1. Once the claim is proved, it will follow that
G, is connected, see [Car93, Theorem 3.5.3]. We now prove the claim.

Foreach 1 < @ < n/, we let ¢, € X*(T;) be the character on 7; sending y (A1,
..., Ay) to Ay. Then {ey, ..., €y} is a Z-basis X*(T;), and the roots in X*(7;) are
{:I:ea Tega# /3}. For each x € W;, define

A) ={o; 1 <a <n',x(e) ¢ {£e.}}.

Now assume that x fixes y, and assume that A(x) # @. Take ¢ € A(x). Then
x(ey) = *ep for some B # o. If x(e,) = €p, then we left multiply x by the
reflection €, > €g, €5 > €,. If x(€,) = —eg, then we left multiply x by the
reflection €, > —eg, €g > —¢,. In either case, we have left multiplied x by a
reflection associated to a root (that is, €, — €4 in the first case and €, + €5 in the
second case) which sends y to 1, and the product is an element y € W; which also
fixes y and which satisfies #A(y) < #A(x). In this way, we reduce to the case
where A(x) = . Now assume A(x) = @, and let

B(x) ={a;1 <a < x(€) # €}

Then x € ({£1J) C W, and if we write x = (x;,...,x,) € {£1}*",
then B(x) = {«; x, = —1}. In particular, #B(x) is even. Since x fixes y, we
know €,(y) = +£1 for each ¢ € B(x). By part (1) we know that £1 cannot
simultaneously be eigenvalues of y, so these €,(y) must all be 1 or all be
—1. Write #B(x) as 2/, and enumerate the elements of B(x) arbitrarily as
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{ar, ... e, Biy ..., Bi}. Thenforeach 1 < j <[, the roots €,, + €5, and €,, — €p,
both send y to 1. We easily see that

!
X = | |seaj+€5j . seajfeﬁjs
j=1

where Seu; e, denotes the reflection associated to the root €, =+ €g,. The claim is
proved. '

(5) Let d = deg Q. By part (1) we know that m is odd and d is even. Write
Yy =y (A1, ..., Ay). Since (4.3.2) holds, we know that A, ..., A, are the d distinct
roots of Q(A), and that k‘l’d = A;. As m is odd, we write m = 2t + 1. Using
n' =md/2 =td + ¢ and using (4.3.2), we see that

’ td+4 d
Mt=a0 =2 = a0 =00t =g,
It then follows from (4.3.2) that A := (Ay, ..., A4/2) is an admissible tuple with
respect to @, and that we have
y=y(A, A7, A). (4.3.3)
———

m

(Here if d = 2n’ and m = 1, the last equality is understood as y = y(A).)
By part (4) and Lemma 2.7.5, we have

T(w;,y) =#y e T,(F,); y' ="y forsome x € W,}.

By the above argument, any such y’ must be of the form y’' = y (A’, (A)7!, ...,
A"), for a tuple A’ which is admissible with respect to Q. Let N be the number
of admissible tuples A’ with respect to Q, such that y (A’, (A")~!, ..., A") equals
*y for some x € W;. To finish the proof, it remains to show that N = d /2.

We now compute N. By Lemma 4.1.8, there are precisely d distinct admissible
tuples with respect to Q, and they are of the form A, A,, ..., Ay, with A = A,
and A; = (/},-,1)[1] for 2 < j < d. See Definition 4.1.9 for the notation. For
1< j<d,welet

yi =y (A, AT LAY,

-

m

(If m =1, then y; := y(A;).) Thus N is equal to the cardinality of
{j; 1<j<d,y;="y forsomex € W,-}.
If j > 3, then we have A; = (/ij_l)[l] = A;»[2]. It easily follows that the
Weyl orbit of y; depends only on the parity of j, forany 1 < j < d. We claim that
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> is not in the same Weyl orbit as y = y,. Once the claim is proved, it follows
that N is equal to the number of odd integers j with 1 < j < d, thatis, N = d/2.
To prove the claim, remember that m is odd. Hence y, is W;-conjugate to

y(A, AT LA AT A). (4.3.4)

m—1
Comparing with (4.3.3), and using the fact Ay, ..., Agp, Af', e, A;/lz are all
distinct, we easily see that the element (4.3.4) is not conjugate to y by the group
W; = ({(£17") x S, O

LEMMA 4.3.2. Let g € G(F,) NGL(V)™. For each 1 <i < n, let M$ be as in
Section 2.8. We have a bijection

ME — U e F,[A]™"; degU =i — 1, UU* divides f, in F,[1]}
rP(Fy) = foign-

Proof. Let (M?)' be the set of g-stable (i — 1)-dimensional totally isotropic
[F,-subspaces of V. We know that all (i — 1)-dimensional totally isotropic IF,-
subspaces of V are in the same G (IF,;)-orbit, because i — 1 < n. (In contrast, even
over the algebraically closed field &, there are two G (k)-orbits of n-dimensional
totally isotropic k-subspaces of V.) Thus we have a bijection

M — MY
rP(F,) — rW,.
Now given W € (M) corresponding to r P;(F,) € M¢, the characteristic
polynomial f, of glw is equal to fr/,-1,,. Hence it suffices to show that the
map

(M) — {U eF, [A]™MC deg U =i — 1, UU* divides feinF, [A]} 4.3.5)

sending W to f,, (which is obviously well defined) is a bijection.

Given any element U (A) of the right-hand side of (4.3.5), we obtain the F,-
subspace ker U(g) C V, which is g-stable. Let § := f,/(UU*) € F,[A]. We now
claim that ker U(g) has dimension i — 1 and is totally isotropic. To check this
it suffices to replace ker U(g) by its base change to k. Since g € GL(V)™®, we
know that the Jordan canonical form of g over k has only one Jordan block for
each eigenvalue, by Proposition 2.6.5. Analyzing each Jordan block one by one,
we see that (ker U(g)); is equal to (SU*)(g)(V), and has dimension i — 1. To
check that (ker U(g)); is totally isotropic, let v € (ker U (g));. Let w € V such
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that v = (SU*)(g)w. Then

[v, v] = [v, (SU*)(9)w] = [v, U*(g)S(g)w] = [U*(g v, S(g)w]
=[UO)"'¢""U(®v, S(ew] =0,

where the last equality holds because U (g)v = 0. The claim is proved.

By the claim, ker U (g) is an element of (M?)’. It then follows from the Cayley—
Hamilton Theorem that U +— ker U (g) is the inverse map of (4.3.5). Hence (4.3.5)
is a bijection as desired. O

THEOREM 4.3.3. Let g € GIF,) N GL(V)*¢. We use the notations in
Definition 4.1.5. For each Q € SR, we simply write mgy for mo(f,). The
following statements hold.

(1) We have m.41y = 0, and m,_y, is zero or odd.

(2) Iftr(g, J, L) # O, then there is a unique element Qo € SR such that m, is
odd. In this case we also know that Qo # A £ 1. (In particular, by part (1)
we have mg.11) = mg._1y, = 0 in this case.)

(3) Assume there is a unique element Qo € SR such that mg, is odd. Assume
Qo #A =L 1. Then

deg Qo Mo, + 1

tr(g, J, L) = > 5

A (fo).

Proof. Part (1) follows from Proposition 4.2.1 and the fact that m_,, must be
even in order for detg = 1.

By Proposition 2.6.3, we have g € G(F,) N G™, and so we may apply
Theorem 2.8.1 to compute tr(g, J, .£) in the following.

Firstly, assume 1 < i < n and M;” # @ for some y € Zg,(F,). Here Zg,
denotes the center of G,. Take r P;(F,) € M$7. Then fr,-1gy = (A — j)2"H0
for j = 1 or —1, and it follows from Lemma 4.3.2 that

fe) = G = DU U

for some U (1) € FF,[A]. Then m,_;, must be positive even, a contradiction with
part (1). Hence M$” = ¢ forall 1 <i <nandall y € Zg, F,).

We now prove part (2) of the theorem. Assume tr(g, J, .Z) # 0. Then there
exist 1 <i < nand y € I; such that M$" # (. By the previous paragraph,
we know that y ¢ Zg,(F,). Take r P;(F,) € M$”. Then by Theorem 4.3.1(1),
we have fr, -1,y = Q", for some Q € SR — {A £ 1} and some odd m. Here
Q # X £ 1because y ¢ Zg,. By Lemma 4.3.2 we have f, = Q"UU™ for some
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UeF, [A]menic Tt then follows that Q, which is not A & 1, is the unique element
of SR with m ¢ odd. Part (2) is proved.
We now prove part (3). By Lemma 4.1.8 we know deg Q, is even. Define

S ={i;1 <i<n2n+1-—1i)/degQyis an odd integer < my,}.

Fori € #, define m; :== 2(n + 1 —i)/deg Q,. Note that i — m; is a bijection
S — {1,3,5,...,mgp,}. In particular |.¥| = (mQ0 1)/2. In the proof of part
(2), we saw that 1frP (F,) € M?7 for some 1 <i < nand some y € I}, then

i€, and foo1gy = QM. (4.3.6)

Conversely, assume i € .# and assume r P;(F,) € M¢ is such that (4.3.6) holds.
Then m; (r "' gr), is G, (k)-conjugate to an element of 7; (F,), by Theorem 4.3.1(3).
By Theorem 4.3.1(4) and the Lang—Steinberg theorem, 7;(r~'gr), is in fact
G;(F,)-conjugate to an element of 7;(F,). Thus r P;(F,) € M?” for a unique
y € I;. In conclusion, we have a bijection

Gy, rPF)); 1 <i<n,yel,rP[F,)e M7} = 4.3.7)
{G.rP(F));i € I, rPi(F,) € ME, fripmien = 05"}
(i, v, rPi(Fy)) — (@, rPi(IFy)).

We also note that if (i, y, r P;(IF,)) is in the left-hand side of (4.3.7), then f, =
o', and so by Theorem 4.3.1(5) we have

T(wi,y) = @. (4.3.8)
Now we compute
(g, J.L) =Y Y #MET T (w;.y) (by Theorem 2.8.1)
i=1 yel;
d
=Y #{rP(F,) € ME: frpren = 04} - engo (by (4.3.7), (4.3.8))
ied
_ deg Qo Z# U e F [\™; UU* = f,/Qy'}  (by Lemma4.3.2)
iced
deg % {f| A (f,) (by Lemma 4.1.6)
_ deg Qomg, +1
=— 5 M (f)- 0
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4.4. The odd special orthogonal group. In this subsection we consider case
(3) in Section 3.

We fix a nondegenerate 2n + 1-dimensional quadratic space (V, [-, -]) over I,
withn > 0. Let G = SOV, [,]). Let V .=V ®r, k. By the classification
of quadratic forms over I, (see [Kit93, Section 1.3]), there exists an F,-basis
{e1, ..., e} of V, satisfying

lea, egl = brnyra4p, Yo,B #n+1,

[en-Ha en-H] € ]F;
Foreach1 <i <n+ 1, we define
V; = spang, (e, €it1y sl i) CV, W,:= spang, (er,...,e;) CV.

WedefineV =VQk, V., =V, k, W, =W, ®k.

Let G = G;. Let B C G be the stabilizer of the flag W, c W, C --- C W,
inside V. Then B is a o-stable Borel subgroup of G. Let T be the intersection of
G with the diagonal torus in GL(V) under the basis ey, ..., e5,.1. Then T is the
maximal torus of G contained in B.

We number the simple roots of (G, B, T') according to Bourbaki [Bou68]. We

consider the o-unbranched datum (J =S — {s,,}, Z = (s1, ..., s,)). Following
the notation of Sections 2.4 and 2.5, we have i, =n+ 1,andfor 1 <i <n+1
we have

P; = Stabg(W,_;), L; = L] = GL(W,_;) x SO(V,),
Gi = SO(V;) = SOsur1-iys1,  Hi = GL(W,_;) = GL_; .

Here by convention W, = 0 and GL, = {1}. As in Section 2.5, we have natural
projections 7; : P; — G; and 7/ : P; — Hi.

For any i € G;(k), we denote by f, € k[A] the characteristic polynomial of &
acting on V;, which has degree 2(n + 1 — i) + 1. Thus if 1 € G;(F,), then f} is
self-reciprocal in I, [A]. Similarly, for any & € H;(k), we denote by f,(A) € k[A]
the characteristic polynomial of / acting on W;, which has degree i — 1.

We fix 1 <i < n. Writen' forn+ 1 —i. Thus G; = SO,,;1, withn’ > 1. Let
B! (respectively T) be the intersection of G; with the upper triangular subgroup
(respectively diagonal subgroup) of GL(V;), under the k-basis {e;, ..., €12_;}
of V;. Then B! is a o-stable Borel subgroup of G;, and 7 is a o-stable maximal
torus of G; contained in B]. For any (A, ..., Ay) € k)®" let (A, ..., Ay) be
the diagonal matrix diag(Ay, ..., Ay, 1, )»;,1, el kfl) in GL(V;) under the same

. . . . ’
basis. Then y’ is an isomorphism G”

ek — T/ (which is in fact defined over F,)).

The Weyl group W; can be identified with {£1}*" % S,,. We easily compute that
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w; acts on T in the following way:

wi 2 Y (A, Ay) —> y’()»n_,], Ay eeos Ap_t).
Also, o acts on T in the following way:

oY Otsees ) = VAT, AL A0,

Remember that 7; is by definition a o -stable maximal torus of G; of type w;. From
the above discussion, we see that on 7; we have coordinates

)" S T s ees d) > POty ey A,
such that the eigenvalues (with multiplicities) of y (A, ..., A,) acting on V; =
K>+ are
R VIUUR YR S S
and such that
YOy oo k) =y (DT AT A, A% ). (4.4.1)

THEOREM 4.4.1. We have the following statements about T;(FF,).

(1) If y € T:(F,), then f,(A) = Q)" (x — 1) for some Q € SR, and some
positive integer m. Moreover, either Q(A) = A £ 1, or m is odd.

(2) Let Q € SR. Assume m is an odd integer such that mdeg Q = 2n'. (In
particular Q(A) # A £ 1 for degree reasons). Then there exists y € T;(F,)

with f,(A) = QW)™ (A — 1).

(3) Let Q and m be as in part (2). Let y € G;(k) be a semisimple element such
that f,(A) = Q)" (A — 1). Then y is G;(k)-conjugate to an element of
T (F,).

(4) Forany y € T;(F,) such that (A 4 1) does not divide f, (L), the centralizer
G, is connected.

(5) Lety € T;(F,). Write f,(A) = Q(AM)" (A — 1) as in part (1). Assume Q(A) #
A £ 1. Then T (w;, y) = deg O.

Proof. Observing that (4.4.1) has the same form as (4.3.1), one proves parts (1)
(2) (3) in exactly the same way as parts (1) (2) (3) of Theorem 4.3.1. (In fact the
proof of part (3) here is even easier, due to the fact that the Weyl group W; in the
current case is larger.)
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The proof of part (4) is also similar to the proof of Theorem 4.3.1(4). In fact,
using the same notation as the proof of Theorem 4.3.1(4), we can again reduce to
the case A(x) = @. Then the new feature is that #B(x) need not be even. However,
since —1 is not an eigenvalue by assumption, we know that €,(y) = 1 for all
o € B(x). Then x is the product of the reflections associated to the roots €,, for
o € B(x).

The proof of part (5) is again similar to the proof of Theorem 4.3.1(5), the only
difference being that here all deg Q admissible tuples A’ show up in the counting,
as opposed to only (deg Q)/2 of them. This is due to the fact that the Weyl group
W; is larger in the current case. O

LEMMA 4.4.2. Let g € G(F,) NGL(V)™. Foreach1 <i < n+1, let ME be
as in Section 2.8. We have a bijection

Mé — {U e F,[A]™™; degU =i — 1, UU* divides f, in F,[A]}
}"P,(Fq) = fni’(rflgr)~

Proof. The proof is identical to the proof of Lemma 4.3.2, based on the fact that
all (i — 1)-dimensional totally isotropic IF,-subspaces of V are in the same G (F,)-
orbit. ]

THEOREM 4.4.3. Let g € GF,) N GL(V)*.. We use the notations in
Definition 4.1.5. For each Q € SR, we simply write my for mo(f,). The
following statements hold.

(1) We have m. 41y = 0, and m,_y, is odd.

2) Iftr(g, J, L) #0, then inside SR — {\ — 1} there is at most one element Qg
with m g, odd.

(3) Assume there exists a unique Qg € SR — {A — 1} such that m ¢, is odd. Then

on_i_1

tr(g’ Ja g) = deg QOT%(fg)

(4) Assume there is no element Qo € SR — {A — 1} such that m g, is odd. Then

mo—1 + 1

tr(g, J, Z) = 5

A (fo).

Proof. Part (1) follows from Proposition 4.2.1, the fact that A — 1 always divides
f%» and the fact that m ;) must be even in order for detg = 1.
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By Proposition 2.6.3, we have g € G(F,) N G™, and so we may apply
Theorem 2.8.1 to compute tr(g, J, -£) in the following.

We prove part (2). Assume tr(g, J, -£) # 0. Then there exist 1 <i <n+1and
y € I such that M7 £ (). Take r P;(F,) € M7 . Ifi = n+ 1, then fy, (1) =
A—1.If 1 <i < n, then by Theorem 4.4.1(1), we have fr, ;1) = QM) (A —1),
for some Q € SR and some integer m > 0. To simplify notation we set Q := 1
and m := 0 when i = n + 1. Then in all cases fr,,-1,y = Q)" (A — 1). By
Lemma 4.4.2 we have

o) = 0" —DHUMU () (4.4.2)

for some U € F,[A]™". Now if Q(A) = A — 1 or m = 0, then it follows from
(4.4.2) that » — 1 is the only element of SR whose multiplicity in f is odd. On
the other hand, if Q(A) # A — 1 and m > 0, then Q(A) # A £ 1 by part (1),
and we know that m is odd by Theorem 4.4.1(1). In this case, we conclude from
(4.4.2) that m is odd, and that Q is the unique element of SR — {X% — 1} whose
multiplicity in f is odd. Part (2) is proved.

We remark that the above analysis shows that under the sole assumption that
SR — {X — 1} has an element Q with m ¢ odd, we have

SV =, Vye Ly (4.4.3)

(where I, in fact has only one element, the identity).
We now prove part (3). Under the hypothesis of part (3), the assertion (4.4.3)
holds. Since Q¢ # A £ 1, by Lemma 4.1.8 we know that deg Q is even. Define

I o={i;1<i<n2(n+1-1i)/deg Qo is an odd integer < Mo, )
Fori € Z, define m; :== 2(n + 1 —i)/deg Q,. Note that i — m; is a bijection

S —{1,3,5,...,mg,}. Inparticular |.#| = (mg,+1)/2. Similar to the bijection
(4.3.7), we obtain a bijection

{Gy. rPF)); 1 <i<n,yelrPF,)eM7"} — (4.4.4)
{(lv rPi(Fq));i € j’ rPi(Fq) € M;’Z’ fm(r"gr) = gli (A= 1)}
(i, y,rP(Fy) — @, rP(F,)),

based on parts (3) (4) of Theorem 4.4.1 (part (4) being applicable because
m+1y = 0). We also note that if (i, y, r P;(IF,)) is in the left-hand side of (4.4.4),
then f, () = Qp(X)" (A — 1), and so by Theorem 4.4.1(5) we have

T (w;, y) = deg Q. 4.4.5)
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Now we compute

n

(g, J.L) =Y Y #M” T(w;.y) (by Theorem 2.8.1,and (4.4.3))

i=1 yel;
=Y #{rP(F,) € M frren = Qp' - (k= 1)} - deg Qo
ies
(by (4.4.4), (4.4.5))

monic * f
:dengg#{Uqu[k] :UU =m} (by Lemma 4.4.2)
=deng|f|///(A]El) (by Lemma 4.1.6)

o +1
= deg Q25— (fy).

In the second last step Lemma 4.1.6 is applicable because Q, is the unique
element of SR such that m o, (f,/(A—1)) is odd, which follows from the definition
of Oy and part (1). Part (3) is proved.

Finally we prove part (4). By the proof of part (2), we know that for any 1 <
i <n+1,wehave M7 # @only if £, (1) = (A —1)*"H1=D1 The last condition
is equivalent to y =1id € T;.

Define
meap-1y — 1

2

Now assume r P;(IF,) € Mf’id for some 1 < i < n+ 1. Then we have

f:{ieZ;n+1— <i<n+1}.

Frrtgn(A) = (A — 1)2H=D+L (4.4.6)

In particular, 2(n + 1 — i) + 1 < m;_;, and so i € .#. Conversely, assume i €
#, and r P,(F,) € M such that (4.4.6) holds. Then r P;(F,) € M*™ because
the only semisimple element of G; whose characteristic polynomial equals (A —
1)2(+1=0+1 ig the identity. Therefore, similar to the proof of part (3), we have

twr(g. J.L) =Y T(w;.id) - #{U € Fy[A]™: UU* = f,/(x — 1>+
ied
=Y T (w;, id). A (f,).
ied
By Definition 2.7.2, we have T (w;, id) = 1 for each i € .#. Hence

mo—1) +

1
tr(g, J, L) = |I| A (f,) = 5 M (f). O
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4.5. The symplectic group. In this subsection we consider case (3) in
Section 3.

We fix a 2n-dimensional symplectic space (V, [-, -]) over F,, with n > 0. Let
G = Sp(V, [, -]). We fix an IF-basis {ei, ..., e,} of V, satisfying

[eoza eﬂ] = 82n+1,a+ﬁy vl g o g :3 < 2n.
Foreach1 <i < n+ 1, we define
V; = spang, (ei,€it1,--semr1—) CV, W, := spang, (e1,...,e) CV.

Wedefine V.=VQk, V, =V, Qk, W, =W, Q k.

Let G = Gy. Let B C G be the stabilizer of the flag W, ¢ W, C --- C W,
inside V. Then B is a o-stable Borel subgroup of G. Let T be the intersection
of G with the diagonal torus in GL(V) under the basis ey, ..., e;,. Then T is the
maximal torus of G contained in B.

We number the simple roots of (G, B, T') according to Bourbaki [Bou68]. We

consider the o-unbranched datum (J =S — {s,,}, Z = (s1, ..., $,)). Following
the notation of Sections 2.4 and 2.5, we have i, =n+ 1,andfor 1 <i <n+1
we have

P; = Stabg(W;_;), L; =L = GL(W,_,) x Sp(V)),
Gi =Sp(V;) = sz(,pr],i), H; = GL(W;_;) = GL;_, .

Here by convention W, = 0 and GL, = {1}. As in Section 2.5, we have natural
projections 7; : P; = G; and 7r/ : P, — Hi.

For any h € G, (k), we denote by f, € k[)A] the characteristic polynomial of
h acting on V;, which has degree 2(n + 1 —i). Thus if h € G;(IF,), then f, is
self-reciprocal in IF,[A]. Similarly, for any & € H;(k), we denote by f, (1) € k[A]
the characteristic polynomial of 4 acting on W;, which has degree i — 1.

THEOREM 4.5.1. We fix 1 <i < n. Writen' forn + 1 —i. Thus G; = Sp,,,, with
n' = 1. We have the following statements about T;(F,).

(1) Ify e T,(F,), then f,, = Q™ for some irreducible, self-reciprocal Q € IF,[A],
and some positive integer m. Moreover, either Q(A) = A £ 1, or m is odd.

(2) Let Q € IF,[A] be an irreducible, self-reciprocal polynomial. Assume m is an
odd integer such that mdeg Q = 2n’. (In particular Q(\) # A £ 1). Then
there exists y € T;(F,) with f, = Q™.

(3) Let Q and m be as in part (2). Let y € G;(k) be a semisimple element such
that f, = Q™. Then y is G;(k)-conjugate to an element of T;(IF,).
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(4) Lety € T;(F,). Write f, = Q™ as in part (1). Assume Q(A) #= A = 1. Then
T (wi, y) = deg Q.

Proof. Since the root datum of G; is dual to that of an odd special orthogonal
group, the torus 7; has a similar description as the torus 7; in Theorem 4.4.1.
Thus the proof of the theorem is identical to the proof of Theorem 4.4.1. O

REMARK 4.52. In Theorem 4.5.1 we do not state the analogue of
Theorem 4.3.1(4) and Theorem 4.4.1(4). This is because G being simply
connected, the centralizer in G of any semisimple element is automatically
connected, see Section 2.7.4.

LEMMA 4.5.3. Let g € G(F,) N GL(V)™®. Foreach1 <i <n+1, let M be
as in Section 2.8. We have a bijection

ME — {U € F [A]I™"; degU =i — 1, UU" divides f, in F,[A]}
VPI(]Fq) = fni’(r"gr)'

Proof. The proof is identical to the proof of Lemma 4.3.2, based on the fact that
all (i — 1)-dimensional totally isotropic F,-subspaces of V are in the same G (IF,)-
orbit. O

THEOREM 4.54. Let g € GF,) N GL(V)*.. We use the notations in
Definition 4.1.5. For each Q € SR, we simply write my for mo(f,). The
following statements hold.

(1) Assume tr(g, J, L) # 0. Then inside SR there is at most one element Qy
with m g, odd. Moreover, if such Q exists, then Qo # A £ 1.

(2) Assume there exists a unique Qo € SR such that m, is odd. Assume Qy #

A= 1. Then
mo, + 1

2

(3) Assume there is no element Q, € SR such that m g, is odd. Then

tr(g’ J7"§’ﬂ)=degQ0 %(fg)

tw(g, J, L) = ("“;‘” S+ @) (L.

Proof. By Proposition 2.6.3, we have g € G(IF,) N G™¢, and so we may apply
Theorem 2.8.1 to compute tr(g, J, -£) in the following.

We prove part (1). Assume tr(g, J, .Z) # 0. Then there exist 1 <i <n +1
and y € I} such that M{" # . Take rP;(F,) € M{7. If i = n + 1, then
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Sfr—1gn = 1.If 1 <0 < n, then by Theorem 4.5.1(1), we have f;, -1,y = O™,
for some Q € SR and some integer m > 0. To simplify notation we set Q := 1
andm := 0 wheni =n+1. Thenin all cases fy,,-1,-) = Q. By Lemma4.5.3 we
have f, = Q"UU* for some U € F,[A]™". It immediately follows that inside
SR there is at most one element whose multiplicity in f, is odd. Moreover, if
such an element exists, denoted by Q,, then Q in the current discussion must
equal to Qg, and m must be odd. (In particular, i < n.) In this case, we show that
Qo # A £ 1. Infact, if Qp = A £ 1, then m is even because Q" = Q' has even
degree. This contradicts with our previous assertion that m must be odd. Part (1)
is proved.

We remark that the above analysis also shows that under the sole assumption
that SR has an element Q with m odd, we have

M =0, Vy el 4.5.1)

(where I, in fact has only one element, the identity).
We now prove part (2). Under the hypothesis of part (2), the assertion (4.5.1)
holds. Since Qy # X £ 1, by Lemma 4.1.8 we know that deg Q is even. Define

F={i; 1 <i<n2n+1—1i)/deg Qo isan odd integer < mg,}.

Fori € Z, define m; ;== 2(n + 1 —i)/deg Q,. Note that i — m; is a bijection
S —{1,3,5,...,mg,}. Inparticular |.#| = (m,+1)/2. Similar to the bijection
(4.3.7), we obtain a bijection

{G,y. rPF)); 1 <i<n,yel,rPF,)eM?’} — 452)
{(l’erGFq)),l ej’rpi(}Fq) EM[gafm(r‘lgr): gl}
(@, vy, rP(F)) — (,rP(E))

based on Theorem 4.5.1(3) and Remark 4.5.2. We also note that if (i, y, r P;(FF,))

is in the left-hand side of (4.5.2), then f, = Qy, and so by Theorem 4.5.1(4) we
have

T (w;, y) = deg Q. (4.5.3)

Now we compute

n

tr(g, J. L) =) Y #M" - T(w;,y) (by Theorem 2.8.1, and (4.5.1))

i=1 yel;

=Y #{rP(F)) € M frp1en =04’} -deg Oy (by (45.2), (4.5.3)
iced
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=deg Q, Z# {U e F,[\™ UU* = f,/Qy"} . (by Lemma 4.5.3)

ied
=deg Qo |7 | #(f,) (byLemmad4.1.6)
o 1
= deg Qo L—. A ().
Part (2) is proved.

Finally we prove part (3). We claim that for each 1 < i < n + 1, we have
MEY £ @ for some y € I3 only if f,(A) = (A £ 1)*"*17)_ In fact, assume
this is not the case. Take r P;(F,) € M$”. Then by Theorem 4.5.1(1), we have
frio-1gry = Q", for some Q € SR and some odd integer m. By Lemma 4.5.3 we
have f, = Q"UU* for some U € F,[A]™", contradicting with the assumption
that there is no element in SR with odd multiplicity in f,. The claim is proved.

Define

m.—1)

f:{ieZ;n+1— 5

<i<n+1},

/:{iez;njul—%gign}.

Now assume r P;(F,) € M{"” forsome 1 <i < n+1and some y € I;. Then by
the previous claim one of the following two statements holds:

o i€ and fr () = (o= DN,
e c /, and fm(r—lgr)()L) = (}L + 1)2(n+1—i)‘

Moreover, in the above two cases, the image of y in GL(V;) is id and —id
respectively. Conversely, if i € . andif r P;(F,) € M; is such that f,, 14, (1) =
(O — DX+1=D then r P;(F,) € M. Similarly, if i € _# and if r P,(F,) € M
is such that fr,,-1gny(A) = (A + 1)*"1=) then r P,(F,) € M~ Therefore, as
in the proof of part (2), we have

tr(g, J, L) = ZT(wf’ id) - #{U € F [A]™"; UU* = f,/ (L — 1)*" 170}
ied
+ Z T(w,‘, _ld) . #{U € Fq[)\‘]mﬁnic; UU* — fg/()\, + 1)2(n+1—i)} .
ie 7

Leti € .#. By the obvious analogue of Lemma 4.1.6 applied to f, /(A — )2 1=
and Qy = 1, we have

#{U € F,L0"™ UU* = £,/ — DX} = g (fo)(h — DX+,
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which is equal to .# ( f,). Similarly, fori € _#, we have
#{U € F [\]™" UU* = fo/ (L4 1?0} = A (f).

On the other hand by Definition 2.7.2 we have T (w;,id) = 1 foralli € .# and
T (w;, —id) = 1 foralli € _#. Therefore,

tr(g, J. L) = (|.I| + | Z A (S, = (m(;‘” Fl+ m(;“)) M(f). O

4.6. The odd unitary group. In this subsection we consider case (3) in
Section 3.

We fix a (2n + 1)-dimensional Hermitian space (V, [-, -]) over F, (for the
quadratic extension F,./IF,), with n > 0. Let G = U(V, [+, -]). By [PR9%4,
Proposition 2.15], the Witt index of (V, [+, -]) is equal to the F,-rank of G, which
we know is n. Also the norm map IE‘ — F is surjective. Hence there exists an
F2-basis {e}, ..., ez,41} of V, satlsfylng

[eq, eﬂ] = 52n+2,a+ﬁ-
Foreach1 <i <n+ 1, we define
V; = spang , (ei,€ir1, s emni) CV, W, := span , (er,...,e;) CV.

We fix an embedding F,: — k, viewed as the identity, and we let V :=V ®1qu k.
Foreachl <i <n+1wealsoletV, =V, ®]Fq2k cV,and W, =W, ®]Fq2k c V.

Let G = Gy. The action of G on Vg, k =V & (V ®qu k) preserves
the subspace V, and this induces a k-isomorphism G = GL(V). Let B C G
(respectively T C G) be the upper triangular subgroup (respectively diagonal
subgroup) under the basis {ey, . .., e2,+1}. Then B is a o -stable Borel subgroup of
G, and T is the maximal torus of G contained in B.

We number the simple roots of (G, B, T') according to Bourbaki [Bou68]. We

consider the o-unbranched datum (J =S — {s,,}, Z = (s1, ..., s,)). Following
the notation of Sections 2.4 and 2.5, we have i,,,, =n + 1, and for 1<i<n+1
we have

P, = Stabg(W,_1), L; = Li = GLx,(W;_) x U(V)),

G, =UV)) = Uogupi—ip+1, Hi = GL]qu (W) = ReS]qu/]Fq GL,_,.

Here by convention W, = 0 and GL, = {1}. As in Section 2.5, we have natural
projections 7r; : L; - G; and 7/ : L; — Hi;.
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The action of G; on V; ®p k = V;® (V; ®qu o k) preserves the subspace V;, and
this induces a k-isomorphism G; = GL(V;) = GLy(,11-i+1- For any h € G;(k),
we denote by fj, € k[A] the characteristic polynomial of /& acting on V;, of degree
2(n+1—1i)+ 1. When h € G;(F,), we know that f, is self-reciprocal in F2[A].
Similarly, for any h € H;(F,) = GL]Fq2 (W;_,), we denote by f,(1) € F2[A] the
characteristic polynomial of / acting on W;_;, which has degree i — 1.

We fix 1 <i <n+ 1. Write n/ forn + 1 —i. Thus G; = Uy, ;. It is easy to
show that in G; there is a o -stable maximal torus 7 of type 1, with coordinates

(kx)@zn,+1 —~> T‘i/a ()"17 ) )\'Zn’+1) = y’()"la ceey )\'211’+1)’

satisfying the following conditions:

e The eigenvalues (with multiplicities) of y'(Ay, ..., Azy11) acting on V; are A,
e )‘-211/4—1-

e The action of o on 7} sends y'(Ay, ..., Aswi1) 0 Y Aoy iy - A7 D).

e The action of w; on T/ sends y’ (A1, ..., Aow41) 0 ¥ (Aws1s Aty o ooy Awry Aprgas
] )"2n’+1)'

Then it easily follows that on 7; we have coordinates

S ST s Aawgt) = Yo(rds - Aawgt),s

such that the eigenvalues (with multiplicities) of yy(Aq, ..., Azyy1) acting on V;
are A, ..., Ayyyq, and such that
)/()()L] ey )\,2,,/4,])0 = ]/0()»;/11, )\.2_”(1,+1, ey )\;,{12, )\,n_,q, ey )\.l_q)

We define new coordinates on 7;
(kP Ty Gy Do) = YOy s M),
by setting
YAl evos A1) = Yoty o ooy Aty Aorgts + - o5 Arg2).
Then we have
Yoo hoe)” =y A A A, (4.6.1)

In particular, we have

0.2 0.2 (72 0.2
YOuds ey haw 1) = YA AL A5, (4.6.2)
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THEOREM 4.6.1. We have the following statements about T;(IF,).

(1) If y € T;(F,), then f, = Q™ for some Q € SRy, and some positive integer
m.

(2) Let Q € SR,. Assume m is an integer such that mdeg Q = 2n’ + 1. Then
there exists y € T;(IF,) with f, = Q™.

(3) Let Q and m be as in part (2). Let y € G;(IF,) be a semisimple element such
that f, = Q™. Then y is G;(F,)-conjugate to an element of T;(IF,).

4) Lety € T;(F,). Write f, = Q™ as in part (1). Then T (w;, y) = deg Q.

Proof. (1) Writey =y (Ay, ..., Aows1). Since y° = y, it follows from (4.6.2) that
all eigenvalues of y are in one o2-orbit. Hence f, has a unique monic irreducible
factor Q € F2[A]. Since f, is self-reciprocal, so is Q.

(2) Let d = deg Q. Then d is odd by hypothesis. Let A = (A, ..., A,) be an
admissible enumeration of the roots of Q, in the sense of Definition 4.1.10. Then
y = y(A,..., A) (with m appearances of A) is an element of 7;(k). We now
show that y € T;(F,).

Ifd =1,then A, = A, and it is clear that y € T;(IF,) by (4.6.1). Now assume
d > 3. By (4.6.1), we need only show that A9 = Ay, 1, where the subscripts
are in Z/dZ, for all « € Z/dZ. By Lemma 4.1.11(2), it suffices to show that
n+1=(d+1)/2 mod d. Since d is odd, the last congruence is equivalent to
2n'+2 =d + 1 mod d. But the last congruence is true because 2n’ + 1 = md.
We have proved that y € T;(IF,). By construction, f, = Q™. Part (2) is proved.

(3) Firstly, as G; is isomorphic to GL(V;) = GL,, 4 over k, we know that
two semisimple elements in G, (k) are conjugate if and only if they have the
same characteristic polynomial. Secondly, since G; has simply connected derived
subgroup, by the Lang—Steinberg theorem we know that any two semisimple
elements in G;(F,) are G;(IF,)-conjugate if and only if they are G, (k)-conjugate
(see Section 2.7.4 and the proof of Lemma 2.7.5). The assertion now follows from
part (2).

(4) Let d = deg Q. Since G; has simply connected derived subgroup, we may
use Lemma 2.7.5 to compute T (w;, y). We have

T(w;,y) =#y e T,(F,); y' ="y for some x € W;}.

By (4.6.2), it is clear that any y’ € T;(IF,) with characteristic polynomial Q" must
be of the form ' = y(A’, ..., A’), for some admissible enumeration A’ of the
d roots of Q. There are d such admissible enumerations (Lemma 4.1.11), and all
of them correspond to elements in 7;(IF,) by the proof of part (2). Moreover, it
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is clear that these d resulting elements of 7;(IF,) are in the same W;-orbit. Hence
T(w;,y) =d. O

LEMMA 4.6.2. Let g € G(F,) N G™®. Foreach 1 <i < n+1, let ./\/ljZ be as in
Section 2.8. We have a bijection

M¢ — {U € Fp[A]™"; degU =i — 1, UU* divides f, inF2[A]}
rPl(Fq) e fni’(r’lgr)'

Proof. The proof is completely analogous to Lemma 4.3.2, based on the fact that
all (i —1)-dimensional totally isotropic IF,2-subspaces of V are in the same G (IF,))-
orbit. O

THEOREM 4.6.3. Let g € G(IF,) N G™®. We use the notations in Definition 4.1.5.
For each Q € SR,, we simply write mg for mo(f,). The following statements
hold.

(1) Ifte(g, J, L) # O, then there is a unique element Q, € SR, such that m,
is odd.

(2) Assume there is a unique element Qo € SR, such that m g, is odd. Then

mo,

1
2+ M f).

tr(g, J, L) = deg Qo

Proof. We apply Theorem 2.8.1 to compute tr(g, J, -Z) in the following.

We prove part (1). Assume tr(g, J, -Z) # 0. Then there exist 1 <i <n+1and
y € I such that M{” # (). Take r P;(F,) € M%”. Then by Theorem 4.6.1(1), we
have fr, -1,y = Q", for some Q € SR, and some positive integer m. In particular
m is odd because Q™ has odd degree. By Lemma 4.6.2, we have f, = Q"UU*
for some U € F,. [A]™monic Tt then follows that Q is the unique element of SR,
such that m is odd. Part (1) is proved.

We now prove part (2). Since f, has odd degree, it immediately follows from
the hypothesis that deg O is odd. Define
S ={i;1<i<n+l1, M is a (necessarily odd) integer < mg,}.

deg Qo

Fori € 7, define m; := [2(n + 1 — i) + 1]/ deg Q. Note that i +— m; is a
bijection . — {1,3,5,...,mg,}. In particular |.¥| = (mg, + 1)/2. Similar to
the bijection (4.3.7), we obtain a bijection

{G.y. rPBE);1<i<n+1,y el rP®F,) e M7} — (4.6.3)
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[G.rPE))ii€ I, rP(F) € ME, friign = O )
Gy, rPi(E)) > (i, rPi(F,))

based on Theorem 4.6.1(3). We also note that if (i, y, r P;(FF,)) is in the left-hand
side of (4.6.3), then f, = Q", and so by Theorem 4.6.1 (4) we have

T (w;, y) = deg Q. (4.6.4)
The rest of the proof is identical to the proof of Theorem 4.3.3(3), based on (4.6.3),
(4.6.4), and Lemma 4.6.2. I

5. Application to arithmetic intersection

In this section we apply Theorem 4.6.3 to prove the arithmetic fundamental
lemma in the minuscule case, generalizing the main result of [RTZ13] and
[LZ17]. We also apply Theorem 4.3.3 to compute certain arithmetic intersection
in GSpin Rapoport-Zink spaces, generalizing the main result of [LZ18].

5.1. The arithmetic fundamental lemma in the minuscule case. We follow
the notation of [RTZ13] and [ILZ17]. Let p be an odd prime. Let F be a finite
extension of @, with residue field I, and a uniformizer . As usual we denote
k= Fq. Let E/F be a quadratic unramified extension. Let E be the completion
of the maximal unramified extension of E. Let § = Spf Op. Fix an integer n > 2.
Let N, be the unitary Rapoport-Zink space of signature (1,n — 1), which is a
formal scheme over S parameterizing deformations up to quasi-isogeny of height
0 of unitary Oz-modules of signature (1, n — 1). For details on N, see [KR11],
[Mih16], and [Cho18].

Let C, be a nonsplit Hermitian space of dimension n, for the quadratic
extension E/F. Here nonsplit means that the discriminant has odd valuation. We
identify C, with the space of special quasihomomorphisms for the framing object
in the moduli problem of N,, see [KR11] for F = Q » (see [LZ17, Sections 2.2,
2.3]), and [Cho18] for general F. Similarly, we form V,_; and C,_,. We identify
C,_; with the orthogonal complement in C, of a fixed vector u € C, of norm 1,
thus C,, = C,_; @& Eu. We have a natural closed immersion

(S:./V’n_lc—>./\/‘n.

In fact § identifies A, _; with the special divisor in V, associated to u, see [KR11]
for F = Q,, and see [Cho18] for general F.
The unitary group J(F) := U(C,)(F) acts on ,. Let g € J(F). Define

L) =0p -u+0g-gu+---+0g-g"'uccC,.
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Throughout we make two assumptions on g. Firstly, we assume that g is regular
semisimple minuscule, in the sense that L(g) is a full-rank Opg-lattice in C,
satisfying

mL(g)" C L(g) C L(g)".

Secondly, we assume that g has nonempty fixed points in N, (k). By [RTZ13,
Section 5], our second assumption implies that both L(g) and L(g)" are stable
under g.

Define V := L(g)Y/L(g). This is an odd-dimensional vector space over
F,., with a natural structure of a Hermitian space, see [LZ17, Section 2.4].
Let V := V(L(g)Y) be the smooth projective generalized Deligne-Lusztig
variety associated to the vertex lattice L(g)" as in [Vol10] and [VW11]. (These
references assume F = Q,,, but see [Chol8] for general F.) The finite group
U(V)(F,) naturally acts on V. Let G = U(V), G = Gy, and let (J, .Z) be the
o-unbranched datum for G specified in Section 4.6.

LEMMA 5.1.1. The variety V is G(IF,)-equivariantly isomorphic to X  ,,,.

Proof. Since G; = P; = G, by Proposition 2.5.1 we have an isomorphism

le ;> XJ,wl C G/PJ
g§B— gPy,

where X, is the classical Deligne-Lusztig variety associated to w; in the full flag
variety G/ B. The lemma then follows from [Vol10, Theorem 2.15], which asserts
that V is also the closure in G/P, of the image of X, . (Again, the reference
[Vol10] assumes F' = Q, and F, = F,, but the result [Vol10, Theorem 2.15]
easily generalizes.) O

The action of g on V defines an element g € G(F,). We also know that g
is regular, because V is a cyclic F2[g]-module. Let f = f; € F,2[A] be the
characteristic polynomial of g. Thus f is self-reciprocal. We use the notations in
Definition 4.1.5.

THEOREM 5.1.2. As before, assume g € J(F) is regular semisimple minuscule,
such that N'¢ # 0. The following statements hold.
(1) The formal scheme §(N,,_1) N N& over S is a k-scheme.

(2) The k-scheme §(N,_) N N is nonempty if and only if there is a unique
element Qo € SR, with my,(f) odd. In this case, §(N,_y) N N$ has finitely
many k-points, and is in particular Artinian, and moreover, Int(g) is equal to
the total k-length of §(N,_;) N N&.
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(3) Assume there is a unique element Qo € SR, with my,(f) odd. Then the total
k-length of §(N,—1) NN is equal to

1
deg(Qo)%

Ao(f).

Proof. We temporarily assume that F' = Q,. Then part (1) follows from [LZ17,
Proposition 4.1.2] (see [RTZ13, (9.6), Theorem 9.4]). Part (2) is proved in
[RTZ13, Proposition 8.1 (i)] and [RTZ13, Proposition 4.2(iii)].

For part (3), we first apply [LZ17, Proposition 4.1.2] to identify § (N, _;) NN
with V%, the scheme theoretic fixed points of V under g € G(F,). By part (2), V¢
is an Artinian scheme. Since V is smooth over k and since V? is Artinian, it is well
known (see for instance [Ser(00, page 111]) that the intersection multiplicities of
the graph of identity and the graph of g in )V x; V are simply given by the lengths
of the local rings of V¢, as the higher Tor terms vanish. It then follows from the
Lefschetz fixed point formula [GD77, Corollaire 3.7] that the k-length of V¥ is
equal to tr(g, H*())). By Lemma 5.1.1, the last number is equal to tr(g, J, .%).
Hence part (3) follows from Theorem 4.6.3 and the fact that g is regular. We have
proved the theorem assuming F = Q,,.

We now explain the proof when F is an arbitrary finite extension of Q,. In
fact, the reason that the references [RTZ13] and [LZ17] assumed F = Q, was
because two ingredients needed in the arguments depended on this assumption.
The first is the theory of special cycles considered in [KR11], and the second is
the Bruhat-Tits stratification of the reduced subscheme of N, into generalized
Deligne-Lusztig varieties, worked out in [Vol10] and [VW11]. Both of these
ingredients have now been generalized to arbitrary F in [Cho18]. Based on this,
all the previous arguments carry over. (It should be pointed out that in [LZ17,
Section 2.6], for a vertex lattice A the notation A, denotes the special cycle in A,
associated to A". Thus a priori N, is a formal scheme over S, but it is a theorem
([RTZ13, Theorems 9.4, 10.1], see also [ILZ17, Corollary 3.2.3]) that \/,; is in fact
areduced scheme over k. This result plays a key role in [RTZ13] and [I.Z17], and
its proof depends on Grothendieck—Messing theory. In contrast, in [VW11] and
[Cho18] the notation V; is by definition a scheme over characteristic p. Thus the
two notations agree only a posteriori.) O

REMARK 5.1.3. Theorem 5.1.2(3) was previously proved in [RTZ13] and
[LZ17], under the assumption that ' = Q, with p > (mg, + 1)/2. This
assumption is removed in Theorem 5.1.2. On the other hand, under the same
assumption on p the papers [RTZ13] and [I.Z17] determine each local ring of
8(N,_1) NN This is a result not revealed by the methods of the current paper.
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COROLLARY 5.1.4. The minuscule case of the arithmetic fundamental lemma
conjecture [RTZ13, Conjecture 7.4] (see [RSZ17a, Section 1]) holds.

Proof. This follows from the formula for the arithmetic intersection number
Int(g) in Theorem 5.1.2(2-3) and the explicit computation of the analytic side
in [RTZ13, Proposition 8.2]. O

5.2. Arithmetic intersection on GSpin Rapoport-Zink spaces. We follow
the notation of [ILZ18]. Let p be an odd prime, and fix an integer n > 4. Let RZ
(respectively RZ”) be the GSpin Rapoport—Zink space associated to a self-dual
quadratic Z,-lattice of rank n (respectively n — 1). We have a natural closed
immersion

§:RZ - RZ

of formal schemes over Spf W (k). These are specific Hodge-type Rapoport—Zink
spaces introduced by Howard—Pappas [HP17]. Associated to the precise data used
to define RZ" and RZ, we have a pair of quadratic spaces V,';‘d) and V¢ over Q,,
and V,z’q) can be identified with the orthogonal complement in V¢ of a fixed vector
x, € V¢ whose norm is 1. (The triple (V,z’(p, V&, x,) is analogous to the triple
(C,_1, C,, u) in Section 5.1.)

The group J(Q,) = GSpin(VZ)(Q,) acts on RZ. As in [HP17, Section 4.3],
RZ is the disjoint union of open and closed formal subschemes RZ”, indexed by
I € Z. The action of any g € J(Q,) on RZ maps each RZ" isomorphically to
RZ(* where [ ¢ 1s the p-adic valuation of the spinor norm of g in Q. We view
p as an element of J(Q,) by viewing it as an scalar in the GSpin group. Thus p
maps each RZ” isomorphically to RZ/*?.

Let g € J(Q,). Define

L(g) = Zp - Xp +Z[1 - gXy, + ...Zp ,gnflxn C V;(P

Here g acts on V¢ via the natural map GSpin(VZ) — SO(V2). Throughout
we make two assumptions on g. Firstly, we assume that g is regular semisimple
minuscule, in the sense that L(g) is a full-rank Z ,-lattice in V¢ satisfying

pL(g)” C L(g) C L(g)".

Secondly, we assume that g has nonempty fixed points in RZ(k). By [LZ18,
Section 3.6], our second assumption implies that both L(g) and L(g)" are stable
under g. It also directly follows from our second assumption that [, = 0. In
particular g stabilizes each RZ?.

Define V := L(g)"/L(g). This is an even-dimensional, nonzero vector space
over IF,, with a natural structure of a nonsplit quadratic space, see [LZ18,
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Section 2.7]. Let § = Sp()v be the smooth projective k-variety associated to
the vertex lattice L(g)" as in [HP17, Section 5.3]. The finite group O(V)(F,)
naturally acts on S. By [HP17, Proposition 5.3.2] and its proof, we know that
S has two connected components S*, S~, that the action of SO(V)(F,) on §
stabilizes each of S*,S~, and that any element of O(V)(F,) — SO(V)(F,)
interchanges S*,S™. Let G = SO(V), G = Gy, and let (J, %) be the o-
unbranched datum for G specified in Section 4.3. For definiteness, we fix the
convention so that our w; corresponds to the Weyl group element w™ in [HP14,
Section 3.2]. (This is harmless because up to outer automorphism of G, our w;
corresponds to either w~ or w* in [HP14, Section 3.2]. All the arguments below
are the same in the two cases.)

LEMMA 5.2.1. The variety S~ is G(IF,)-equivariantly isomorphic to X ; ,,.

Proof. Since G| = P, = G, by Proposition 2.5.1 we have an isomorphism

le ;> XJ.w1 C G/P]
8B — gPy,

where X, is the classical Deligne-Lusztig variety associated to w; in the full flag
variety G/B. The claim then follows from [HP14, Proposition 3.8], which asserts
that S~ (denoted by 2~ in loc. cit.) is also the closure of the image of X,, in
G/P;. O

The action of g on V defines an element g € O(V)(IF,). The following result
is implicitly assumed in [LLZ18], but is not explicitly stated and proved there. We
give two proofs here, for the sake of completeness.

LEMMA 5.2.2. The element g € O(V)(F,) lies in SO(V)(FF),).

Proof. First proof. Let S = S, be as before. By [HP17, Theorem 6.3.1], we

have an isomorphism pZ\RZrLef‘g)v —> S, where Reréig)v is a certain g-stable

subscheme of RZ. It is easy to see that this isomorphism intertwines the action
of g on the left and the action of g on the right, for example by checking the
statement on k-points. Since g stabilizes each RZ", by [HP17, Corollary 6.3.2]
we know that g stabilizes each of the two connected components of pZ\Rerd.
Therefore, g stabilizes each of the two connected components of S. By the proof
of [HP17, Proposition 5.3.2], any element of O(V)(IF,) —=SO(V)(IF,) interchanges
the two connected components of S. It then follows that g € SO(V).

Second proof. The result follows from Lemma 5.2.3 in the following, applied
to W := V¢, L := L(g), and h := the image of g under GSpin(V¢)(Q,) —
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SO(V,? )(Q,). The hypothesis on the spinor norm of & is satisfied because
l, =0. O

LEMMA 5.2.3. Let (W, [-, -]) be a quadratic space over Q,,. Let h € O(W)(Q),)
be an element whose spinor norm (see [Kit93, Section 1.6]) in Q; / Q;'z has even
valuation. Let L be a full-rank lattice in W satisfying pLY C L C L". Assume L
is stable under h. Then the induced action h of h on the IF,-vector space L /L
has determinant 1.

Proof. Since h stabilizes L, by [Kit93, Theorem 5.3.3] we have h = 7, --- T,
where each 7; € O(W)(Q),) is the reflection associated to an anisotropic vector
v; € L (namely 7;(x) = x — 2[x, v;][v;, v;]7"'v;, Vx € W), such that 7; also
stabilizes L. By rescaling, we may and shall assume that each v; € L — pL. We
now fix 1 < j < m.

Since 7, stabilizes L, we have [x, v;] € [v;, v;]1Z), for all x € L, or equivalently
that

V; € [Uj, Uj]Lv. 5.2.1D)

Since pLY C L C LY and v; € L — pL, it follows from (5.2.1) that [v;, v;]
has valuation 0 or 1. If [v;, v;] has valuation 0, then 7; maps each x € LY into
x+7Z,v; C x+ L, and so the image of 7; in GL(L" /L) is trivial. Assume [v;, v;]
has valuation 1. Then v; € pL" by (5.2.1), and so v; = pw, forsome w; € LY —L.
In this case we have

) =x —2 Pl e (5.2.2)
plw;, w;l
Now the map
LYxL"—TF,

(x,y) = plx,y] mod p

is well defined and descends to a nondegenerate bilinear pairing on the IF ,-vector
space LY /L (see [HP17, Section 5.3.1]). Noting that p[w;, w;] = p‘l[vj, v;]is
by assumption in Z, we see from (5.2.2) that the image of z; in GL(LY/L) is
given by the reflection associated to an anisotropic vector in LY /L, namely the
image of w;.

In conclusion, the image of & in GL(LY/L) is the product of m’ reflections,
where m' is the number of the v;’s such that [v;, v;] € pZ~, whereas the m — m’
other v;’s satisfy [v;, v;] € Z. Since the spinor norm of / has even valuation, we
know that m’ is even. The lemma follows. O
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By Lemma 5.2.2 we have g € SO(V)(F,). We also know that the image of g in
GL(V) is regular, because V is a cyclic F,[g]-module. Let f = f; € F,[A] be the
characteristic polynomial of g. Thus f is self-reciprocal. We use the notations in
Definition 4.1.5.

THEOREM 5.2.4. As before, assume g € J(Q,) is regular semisimple minuscule,
such that RZ® # (. The following statements hold.

(1) The formal scheme 8(RZ") N RZE over Spf W (k) is a k-scheme.

(2) The k-scheme 8§(RZ’) N RZE is nonempty if and only if there is a unique
element Qo € SR with my,(f) odd. Moreover, when this is the case
PP\ (8(RZ") N RZ?®) has finitely many k-points, and is in particular Artinian.

(3) Assume there is a unique element Qo € SR with my,(f) odd. Then the total
k-length of p™\(8(RZ") N RZ?) is equal to

mo,(f) +1
2

Proof. Part (1) follows from [ILZ18, Corollary 5.1.2], and part (2) is proved in
[LZ18, Theorem 3.6.4].

For part (3), we first apply [LZ18] to identify p”\(§(RZ’) N RZ®) with
S8, the scheme theoretic fixed points of S under g. Since g is in SO(V) (F,)
(Lemma 5.2.2), it stabilizes ST and S~. Hence S¢ = (5§7)% L (§7)%. By the same
arguments as in the proof of Theorem 5.1.2(3), the k-length of S¢ is equal to
tr(g, H'(S)) = tr(g, H'(S)) + tr(g, H*(S7)).

By Lemma 5.2.1 and by the fact that g is regular in GL(V), we know that
tr(g, H*(S7)) is given by the formula in Theorem 4.3.3(3). Fix g, € O(V)(F,) —
SO(V)(F,). Then under the natural action of O(V)(F,) on §, the element g
interchanges S* and S—, by the proof of [HP17, Proposition 5.3.2]. Hence we
have tr(g, H*(S1)) = tr(goggo_1 , H*(§7)). Since the formula in Theorem 4.3.3(3)
only depends on the characteristic polynomial, and since g and gogg, ' are
elements of SO(V)(IF,) which are both regular in GL(V) and have the same
characteristic polynomial, we have tr(g, H (ST)) = tr(g, H(57)). It follows that
tr(g, H*(S)) is equal to twice the formula in Theorem 4.3.3(3). The proof of part
(3) is finished. O

deg(Qo) A (f).

REMARK 5.2.5. Theorem 5.2.4(3) was previously proved in [ILZ18], under the
assumption that p > (mg, + 1)/2. This assumption is removed in Theorem 5.2.4.
On the other hand, under the same assumption on p the paper [LLZ18] determines
each local ring of §(RZ’) N RZ#. This is a result not revealed by the methods of
the current paper.
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REMARK 5.2.6. We correct two mistakes in [I.Z17] and [I.Z18]. Firstly, in both
the papers the definition of the reciprocal of a polynomial should be normalized
so that the reciprocal is monic, as in Section 4.1. This mistake does not affect the
correctness of any of the proofs. Secondly, in [ILZ18, Theorem A (2), Theorem
3.6.4], the product should be over pairs of non-self-reciprocal irreducible monic
factors, as in Theorem 5.2.4 and Definition 4.1.5, as opposed to over single non-
self-reciprocal irreducible monic factors. To correct the proof of [LLZ18, Theorem
3.6.4], one interprets the symbol [ [ g7z« (7, in the proof as the product over such
pairs {R(T), R*(T)} rather than over such R(T)’s.
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