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1. Introduction
Let X be a finite alphabet and let S be the shift on the shift space %%,

S((xi)iez) = (Kit1)iez,  (x)iez € L.

An S-invariant closed subset X of ¥Z is called a subshift. For an introduction to the theory
of subshifts, see [Ki] or [LM]. In [Kr2], a Property (A) of subshifts was introduced that is
an invariant of topological conjugacy. Also, in [Kr2], there was constructed for a subshift
X with Property (A) a semigroup S(X) that is invariantly attached to X. Prototypes of
subshifts with Property (A) are the Dyck shifts [Krl]. To recall the construction of the
Dyck shifts, let N > 1 and let ™ (n), at(n),0<n < N, be the generators of the Dyck
inverse monoid (the polycyclic monoid [NP]) Dy that satisfy the relations

1 ifn=m,

-t (m) =
@ (e (m)_{o ifn#m.
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The Dyck shifts are defined as the subshifts
DyC (e~ (n):0<n<N}U{aT(n):0<n<N}H?

with the admissible words (0;)1<i<s, I € N, of Dy, N > 1, given by the condition
]‘[ oi #0.
I<i<I
The semigroup S(Dy) is the Dyck inverse monoid Dy, N > 1.

We denote a finite directed graph with vertex set I3 and edge set £ by G(, £). As
notation for the source (target) vertex of an edge or directed path in a directed graph, we
use s (¢). We recall from [Kr4] the notion of an R-graph. Let there be given a finite
directed graph G(V, £). Assume also that we are given a partition

E=EUET.
We set
E(gv={e €& s(e7)=q, t(e7) =1},
Ef@vy=(et et iseM) =1, t(e)=q), q,reP.
We assume that £~ (g, v) # @ if and only if £¥(q, v) # ¥, g, v € B, and we assume that the
directed graph G (3, £7) is strongly connected or, equivalently, that the directed graph

G(B, £T) is strongly connected. We call G(B, £~ U E™) a partitioned directed graph.
Let there further be given relationst

R, v) CE (g, v) x EX (g, v), g, veP,

and set
R = U R(q, v).
q.ve’P

The resulting structure, that we call an R-graph, we denote by Gr (B, £~ U £T). We also
recall the construction of a semigroup (with zero) S(Gr (B, £~ U £T)) from an R-graph
GRr(B, £~ UET) as described in [Kr3]. The semigroup S(Gr (B, £~ U ET)) contains
idempotents 1, p € B, and has £ as a generating set. Besides 1]2J =1,, p €°B, the defining
relations are

1, iff"€e€@0v,e7€fM @0, (f7,¢")eR@ 1), q, teP,
fTg" =10 iff ef (. g7 e, (fT.egH)ER@. V), g reP,
0 iff-e&(gv),g7 €T v),qq9,.veP, a4,
and
lqe_ze_ltze_, 6_65_(% t)a
Let=etlg=et, et c&t@v). qreP,

and
141, =0, q,veP, q#r

+ We consider complete heterogeneous relations.
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We call S(GRr (B, £~ UET)) an R-graph semigroup. We write S~ (Gr (B, £~ UE™))
(ST(GR(B, £~ UE™))) for the set of non-zero elements of the subsemigroup of
S(GR(B, £~ UET)) that is generated by £~ (£7).

Special cases are the graph inverse semigroups of finite directed graphs G (B, &) (see
[AH] and [L, §18.7] and compare [CK]). With the edge set £~ = {e™ : ¢, € &} of a copy
of G(B, &), and with the edge set ET = {e™ : e € £} of the reversal of G (B, &), the graph
inverse semigroup S(G (B, £)) of G(B, &) is the R-graph semigroup of the partitioned
graph G(B, £~ U £T) with the relations

R, v)={(e ,et):ec& s(e)=q,t(e) =1}, q,teP.

In [HI], a criterion was given for the existence of an embedding of an irreducible
subshift of finite type into a Dyck shift and this result was extended in [HIK] to a larger
class of target shifts with Property (A). These target shifts were constructed by a method
that presents the subshifts by means of a suitably structured irreducible finite labelled
directed graph with labels taken from the inverse semigroup of an irreducible finite directed
graph, in which every vertex has at least two incoming edges. This method was extended
in [Kr4] by the use of R-graph semigroups. Following [HIK, Kr4], we describe this
construction.

We denote a finite labelled directed graph with vertex set V, edge set £ and a label map
A by G(V, =, 1). Let there be given an R-graph Gr = GRr (P, £~ UE™T) and a finite
strongly connected labelled directed graph G (V, X, 1) such that:

(GD) A(0) € ST(GR)U{1lp :pePLUST(GR), 0 € =.
The label map A extends to finite paths (0;)1<;<; in the graph G(V, ¥) by

Mo=i=n= [] ron.
1<i<I
Denoting for p €’PB by V(p) the set of V €V such that there is a cycle (07)1<i<J,
I € N, in the graph G(V, ¥) from V to V such that

Moi<i<r) =1y,

we require the following Conditions (G2)—(G5) to be satisfied.

(G2) V(p) #9, p €B.

(G3) {V(p) : p € P} is a partition of V.

(G4) For V € V(p), p € B, and for all edges o that leave V, 1,A(0) # 0, and for all edges
o that enter V, A(o)1, # 0.

(G5) For f € S(GR(PB, E-UEM)), q, t€P, such that 1, /1, #0, and for U € V(q),
W € V(v), there exists a path b in the labelled directed graph G(V, X, A) from U to
W such that L(b) = f.

A finite labelled directed graph G(V, X, X) that satisfies Conditions (G1)—(GS5) gives
rise to a subshift X (G(V, X, 1)) that has as its language of admissible words the set of
finite paths b in the graph G(V, X, A) such that A(b) # 0. We say that X (G(V, X, X)) is
presented by G(V, 2, 1) or that G(V, £, A) is an S(Gr (B, £~ U £T))-presentation of
X(G(V, £, A)). From an R-graph G (B, £~ UE™), by using the identity map on the
edge set £~ U ET as label map, one obtains a particular case of an S(GRr (B, £~ U ET))-
presentation of a subshift X (G(B, £~ UET, idg-yg+)) that we call the R-graph shift of
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GRr(B, £ UET). In the case of the graph inverse semigroups S(G (3, £)) of strongly
connected finite directed graphs G (3, &), the subshifts X (G (3, £)) are the Markov—Dyck
shifts [M]. The Dyck shifts Dy can be obtained in this way from the one-vertex directed
graph with N > 1 loops. Also, the Markov—Motzkin shifts [KM1] of strongly connected
finite directed graphs G (R, &) have S(G (B, £))-presentations.

Béal, Blockelet and Dima [BBD1, BBD2] have introduced the notions of a Dyck
automaton and of a sofic Dyck shift. Strengthening the Condition (G1) to

Mo)eE Ul :pePlUET, (1.1)

one obtains labelled directed graphs G(V, X, 1), that are Dyck automata, and the subshifts
X(G(V, , 1)) that arise from S(G(B, £~ U ET))-presentations G(V, ¥, L) are sofic
Dyck shifts. The alphabet of a sofic Dyck shift is partitioned into a set of call symbols,
a set of internal symbols and a set of return symbols. Under the assumption (1.1), the
corresponding partition of the alphabet of the subshift X (G(V, ¥, 1)) that is given by an
S(G(B, £~ U ET))-presentation G(V, X, A) is the partition of its alphabet into the sets
E7, {1y, p € B}, ET. The set of matched edges that appears in the construction of a Dyck
automaton is provided by the relation R. The R-graph shifts are finite-type Dyck shifts in
the sense of [BBD3].
Given finite sets £~ and £ and arelation R € £~ x £, we set

ETMR)={e €& {e ) xETCR)Y, ETR)={et€&ET:E x{eT}CR)

For a partitioned directed graph G(B, £~ U ET), denote by PN the set of vertices in
B that have a single predecessor vertex in G (3, £7) or, equivalently, that have a single
successor vertex in G(, £7). For p € P the predecessor vertex of p in G(P, £7),
which is identical to the successor vertex of p in G(3, £1), is denoted by n(p). For an
R-graph Gr (B, £~ UE™T), we set

tr= U E®Raw.o. &= ] ETRO®.p).
pePp® pep®

and

PR =tp e BY RGP, p) =E~ (). ) x ETMP), p)).

The subshift X(G(V, =, 1)) that is given by the S(Gr (B, £~ U ET))-presentation
GV, X, 1) is a Markov shift if and only if 3 = ‘;3%). We formulate three Conditions
(D), (IT) and (IIT) on R-graphs G (B, £~ U £T) such that

PPy #0.

Condition (IT) comes in two parts (II—) and (II+) that are symmetric to one another.

(D) Forpe PO\PL, E-(RMp), p) = or EFRP), p) = 1.

(IT-) There is no cycle in the directed graph G (1, ER)-

(I1+) There is no cycle in the directed graph G (P1, 572).

(IIT) For q(—), q(+) € PD, q(—) # q(+), there does not simultaneously exist a path in
GPWD, £F) from q(—) to q(+) and a path in G(PL, £5) from q(—) to q(+).
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We show in §2 that the subshift X (G(V, X, 1)) that is given by an S(Gr (B, £~ U
E1))-presentation G(V, X, 1) has Property (A) if and only if the R-graph G (3, £~ U
&™) satisfies Conditions (I), (II) and (III). In particular, the R-graph shifts X (G (33, £~ U
£1)) have Property (A) if and only if the R-graph G (33, £~ U £™) satisfies Conditions
(D, I) and (III). This implies that Markov—Dyck shifts of strongly connected finite
directed graphs have Property (A). Also, the Markov—Motzkin shifts of strongly connected
finite directed graphs have Property (A). Property (A), and the semigroup S(X) of
subshifts X with Property (A), in particular of R-graph shifts, are invariants of flow
equivalence (see [CS, §9] and [Kr3]).

In §3, we describe how one can obtain from an R-graph G (B, £~ U E™) such that
P\ P # ¢ that satisfies Conditions (D), (II) and (III), an R-graph Gz (P, £~ UEH)
such that one has for the subshifts X (G(V, X, 1)) that are given by an S(Gr (B, £~ U
ET))-presentation G(V, X, A), that

S(X(G(V, T, 1) =S8(Gx(R, EUEH).
To obtain the R-graph Gﬁ(‘/ﬁ, E-UE *), we apply a procedure that extends a procedure
for Markov—Dyck shifts that was described in [HK2] and [KM2].

In §4, we consider examples. We characterize by invariants of topological conjugacy
the R-graph shifts of one-vertex R-graphs. We show how the isomorphism class of a one-
vertex R-graph can be recovered from the topological conjugacy class of its R-graph shift.
For certain R-graph semigroups of a one-vertex graph, see [HK1, §4].

We also introduce a family F of two-vertex R-graphs. We characterize by invariants
of topological conjugacy the R-graph shifts of the R-graphs in F and we show how the
isomorphism class of an R-graph in F can be recovered from the topological conjugacy

class of its R-graph shift. For other results on the reconstruction of a directed graph from
its Markov—Dyck shift, see [KM1, §3] and [HK2].

2. S(GR(B, £~ UET))-presentations of subshifts
We consider an R-graph
Gr=GRr(B,.E UE).

The symbol £ denotes the length of a directed path. There is the one-to-one correspondence
between the non-empty directed paths in the directed graph G(3, £7) (G(B, £T)) and
the elements of S™(GR) (ST(GRr)). We will use the same symbol to denote a non-
empty directed path in G(B, £7) (G(B, £1)) and the corresponding element of S~ (G )
(ST(GR)) (as we have already done for the edges in £~ U £1). It will be clear from the
context which one is meant. For the elements of S™(GR) (ST(Gx)), the notation £, s, ¢
is also used. We set £(1,) =0, p € B. An element g of S(Gr) \ {0} determines uniquely

9(e) €P. 1" (8) € {lqe} UST(GR). 1™ (8) € {lqp} US™(GRr).
such that its normal form is given by

g=uT(@lgu ()
We write the normal forms of elements g~ of S™(GR) and of elements g* of ST(G) as

g‘=1q<g>( I e,-‘(_)[g—]>, g+=( I1 e,-+(+)[g+])1q(g+>.

1<i(—)=<l(g™) I<i(+)<t(gh)
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We denote the set of non-zero elements of the subsemigroup of S(G) that is generated
by &5 (E) by Sp(GR) (S (GR)).

2.1. Contextin S(Gr (B, £~ UET)). In this subsection, we consider an R-graph
Gr=GRr(P.E-UE)
such that
PP #0. @.1)
that satisfies Conditions (I), (I) and (III). For f € S(GR), we set
I (f)={g€S(GR):gf #0}, TT(f)=1{geS(GR): fg #0},
F(f) = {(8(-). g(+)) € S(GR)*: g(=) fg(+) # O},

and we refer to I'(f) as the context of f.

We denote for q,t€P by £_(q,v) (£4(q, v)) the length of a path in G(B, &)
(G, 5;5)) from q to v, provided such a path exists. By Condition (II), this notation
is meaningful.

We denote for q € BV by D (q) the maximal length of a path in G (33, 873) that leaves
g, and by D_(q) the maximal length of a path in G(B, £5) that enters q. We also set

Do) — {min{D+<q), D_(@) ifqeP®,

if g P\ pW.
We set inductively
(@ =11 (@), 1<k<max{D_(q), D+(q)}), qePL.

We remark that a path b in G (3, 57‘;) that starts at q € BV and that has length less than or
equal to D, (q) traverses the vertices nk (g9), 1 <k < £(b), before entering its target vertex.
Similarly, a path b in G (B, &) that enters q € B and that has length less than or equal
to D, (q) traverses the vertices r;k (¢), €£(b) > k > 1, after leaving its source vertex.

For q € PV, we set n°(q) = q and

Ro(@ = @:0<k<D_(@) K@= @):0<k<Di@)}
and, for q(—), q(+) € BD, such that
A=) #q(H),  Re@(=) NRA_Q) #9,

we denote by Hi(q(—), q(+)) (H-(q(—), q(+))) the minimal length of a path in
G(B, 575) (G(B, &) that has q(—) (q(+)) as source (target) vertex and a vertex in
R_(q(+)) R+(q(—))) as target (source) vertex.

LEMMA 2.1. For q(=), q(+) € BDY such that
q(=) #q(+), R (@(=) NR_(q(+)) # 9,

one has that
771‘1+(l1(—)’q(+))(q(_)) — nH—(Q(—),Q(-F))(q(_*_))_ (2.2)
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Proof. The inequality
,’H+(q(—),q(+))(q(_)) + an(q(—),q(+))(q(+))

would imply that one has ﬁ+, H_ € N such that

gt A9 gy =0 q(). Ao > H_@a(-). a(+).

pf- @O q(4)) =y @), Hy > Hy@(=). a(+).
It follows then from the irreducibility assumption on G (3, £) that

PB=0' @) : He@(-), a() <k < Hy)
U n* @) : H-@(=), a(+) <k < H_-}.
Condition (III) leads to contradictions: if there is no path in G (33, 5%) from g(—) to

q(+), then .
q(+) & (1" (q(=) : Hy(q(=), q(+) <k < Hy),

and, by Condition (I-),
q(+) € (" @) : H-(a(=). q(+) <k < H_},
and, if there is no path in G(B, £5) from g(—) to g(+), then
q(=) & (@) : H_(a(-), a(+)) <k < H_},
and, by Condition (II+),
q(=) & (n*(@(=) : Hy(a(=). q() <k < Hy}. O

We denote the vertex that appears in (2.2) by p(q(—), q(+)).
LEMMA A. Let q e B, For

fTe{lgUSL(GR), f~ e{lg}USL(GR), (2.3)
such that
s(fH=13=1(f7), t(fH=s(f), (2.4)

all elements of S(GR) of the form f+ f~ have the same context.

Proof. One notes that
0<e(fH) =€(f7) < Do(q).
Set
T (@ ={g(=)eT (@) : £ (g(-)) < Do(a)},
I'F (@) ={g(+) eI (@): L (g(+) < Do(a)},

Lo (q) ={(g(—), gH) e T @\ TS @) x TF@\ TS (@):

( I1 e,-‘(_)[u<g<—>>])lnno<q>(q)

1<i(=)<t™(g(=))—Do(q)

x ( I1 e,.t+)[u+(g<+>>]) 7&0}.

Lt (g()—Do () <i(H) =Lt (g(+)
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By Condition (II), one has for f*, £~ asin (2.3) and (2.4),
T(fTf) =@ @ x T (@) U@ (g x I'T(q) UTL(q).

LEMMA B. Let q(—), q(+) € BL be such that
q(=) # a(-H).
(B—) Let there exist a path in S%(GR) from q(—) to q(+). Then, for
hteSH(GR), fellypntUSHGR), [~ ellyn)}USx(Gr),  (2.5)
such that
s =1q),  1(hT) = 1q(e), (2.6)
s(fH) =144, tFH=s(f7), t(f7)=1q),
all elements of S(GR) of the form h™ £ f~ have the same context.
(B+) Let there exist a path in S5 (GR) from q(+) to q(—). Then, for
fTelqo)USK(GR), [~ e{lq}USR(GR), h™ € Sx(GRr),
such that
s(h™) =1q—), t(h7)=1q4),
s =Ly, =5, 1(f) =10,
all elements of S(GRr) of the form f+ f~h™ have the same context.

Proof. We prove (B—). We note that
0<L(fT)=L(f7) < Do(q(+)).
Set

U5 (=), 4() = {g(=) € T (g : L™ (g(—))) < £(q(=), a(H) + Do (@)},
TFa) ={g(+) e T Agw) €™ (g(+)) < Do(q(+))},

Lo (q(=), q(+)
=(g(=), g(H) € T™ @D\ TS @), a(+) x TT@E) \TT @) :

( l—[ e [u‘(g(—))]> L pe@on (q(4)

1<i (=)<t (g(=)))—£+(q(=),q(+))—Dos(q(+))
x ( I1 e,-t+)[u+<g(+)>]) #0.
Do(q(H)<i(H)<L(ut(g(+))
By Condition (II), one has for ™, T, f~ asin (2.5) and (2.6) that
L fo)
= (U7 (@(=), q() X T (q(+) U T (@q(=) x T (@(+))) U To(@(=).q ().

The proof of (B+) is symmetric.
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LEMMA C. Let q(—), q(+) € BL be such that

q(—=) #q(+)
and
Re@(=)NR_@(+H) #0, p@(=), q9(+) € {g(=), q(H}.
Then, for
ht, ffeSh(GRr), fT.h €Sh(GR), 2.7)
such that
s(h™) =1qy, 1) =1pq).qe) (2.8)

s =Ty, (FH=s) 1(F7) =1p@.q@n

s(h™) =1p@g),q+), A7) =144,

all elements of S(GR) of the form h™ fT f~h™ have the same context.

Proof. One notes that

0=<L(fH=40(f") < Do(p(a(-=), g(H)).
Set

Iy @(=), q(+)

={g(=) eI (g : Lu" (g(—))) < H_(q(=), () + Do (p(a(=), ()},
' @(=), q(+))

={g(+) eI Aq3) : LT (g())) < Hy(q(=), g(+) + Do(p(q(—), a(-H))},
Fo(q(=), q(+))

= {(g(—), g(H) € T~ Mg \To(@(=), () x T M) \ T @), a(+) :

( [1 ei()[u—<g(—>)]>

1<i(=) <t (g(=)=H+(q(=),a(+)=Do(p(q(=),a(+))
X lnDo(p(q(*)qu’)))(p(q(—)’q(-}-))

) ( [1 eI+)[u+(g(+)))]> £ 0}.

Lt (g()N)—H-(q(=),q(+)— Do (p(q(—)) <i (H) =Lt (g(+))

By Condition (I), one has for ™, f, £, h™ as in (2.7) and (2.8) that

T Y f~h) =T, @), q(+) x TT1g) U (T~ (1g-))
x TF(@(=), () UTo(q(=),q(+)). 0
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2.2. Property (A) and R-graph shifts. We introduce notation and terminology for
subshifts. The set of periodic points of a subshift X we denote by P(X). The smallest
period of p € P(X) we denote by (p). We denote the language of admissible words of a
subshift X ¢ £Z by L£(X). The context of a word b € L(X) is defined as the set

T(b) = {(c(=), c(+)) € LX) : c(—)be(+) € L(X)}.

Concerning the subshifts X(G(V, %, 1)) that are given by S(G(B,E~ UET))-
presentations G(V, X, A), we remark that

L) ={(c(=), c(+)) € LX(V, T, 1)))* : 1(c(=) = s(b), 1(b) = s(c(+)),
A (c(=), M) e T D)}, be LXYV, X, 1)).

Given a subshift X ¢ X%, we set
xXig =G)i<j<k, x€X,i,k€Z,i<k,

and
X[,’)k]Z{X[i’k]:XGX}, i,kelZ,i <k.

We set

T(a) = U, ment®, ©) € Xji—n.iy X Xikk+m) : (b, a, ¢) € X{i—n ktm]},
aceXin, i, ke, i <k,
and call I"(a) the context of the block a. With the notation
(@ ={ceXji-ni:(c, a)eXi-nk), neNaeXyn i kel i<k,

we set

of@=J ) () theXaktm:(cab)eX, b

meN neN cely (a)
ae€Xjik, i, keZ,i<k.
Given a subshift X C £%, we define a subshift of finite type (more precisely, an n-step
Markov shift) A7 (X) by
A, X)) =(xeX x et (xini)). neN,
i€Z
and we set

A~ x) = 4, 0.

neN

The symbol A™ has the time-symmetric meaning. We set
AX)=A"(X)NAT(X).

We recall from [Kr2] the definition of Property (A). For n € N, a subshift X C £% has
property (a, n, H), H e N, if, for h, h > 3H and for I_, I, I_, I+ € Z, such that

I —1_,I,—1_>3H,
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and for
a€AnX)u_1;1, A€AX) G T

such that
AU I-+H1 = 4T T 4+H)»  OU—H I =T —H T,

one has that ¢ and @ have the same context. A subshift X C £Z such that A(X) # @
has Property (A) if there are H,, n € N, such that X has the properties (a, n, H,), n € N.
Subshifts of finite type have Property (A).

THEOREM 2.2. Let
Gr=GRr(B,E-UEM),

be an R-graph such that
POABL £0. 2.9

For a subshift X(G(V, %, 1)) that is given by an Sr(B, E~ U ET)-presentation
G(V, , ) to have Property (A), it is necessary and sufficient that G (B, E~UE™T)
satisfies Conditions (1), (II) and (I11I).

Proof. We prove necessity. We choose vertices V, € V(p), p €°B, and simple cycles
¢p, p €, in the graph G(V, X) such that

S(Cp)=t(Cp)=Vp, )\.(Cp)zlp, pem

For k € N, we denote by c’; the cycle that traverses k times the cycle cp. Also, we choose
for all e~ € £~ apath a,- in the graph G(V, ¥) such that

s(a,-) = Ve)s 1(ae-) = Vi) Mae-)=e",

and we make similar choices for all et € £T. For a path £~ in the graph G(, £7), we
set

ap-=(a,-)<i<e(r+)

and we use similar notation for paths f~ in the graph G (3, £T).
We set

M =max({l(a,-):e” € ETYU{l(cp) :p € PIU {L(ap+) T € ET)).
One has that
ey €LAMX(V, Z, 1)), keN pe®p.

(I) Assume that the R-graph G (B, £~ U ET) does not satisfy Condition (I). Under
this assumption, we can choose a vertex p € P \ ‘B%) and edges

e” €ERp),p), €T eELHmp), p), (2.10)

together with edges
e eE )P, T eETmp). ),

such that
@ .2H ¢ RM®), p). (2.11)
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By construction,
(Cpr et @, cp) € LAM(X(V, 2, 1)), keN.
It follows from (2.10) that
(az-, az+) € I‘(c/;, Aot A ];), k eN,
and it follows from (2.11) that
(ag-. az+) ¢ T(cp"). kel

We have shown that X (G(V, X, 1)) does not have Property (A).

(IT) Assume that the R-graph G (B, £~ U £T) does not satisfy Condition (II-). By
(2.9), every cycle in G(, £7) traverses at least one vertex in (D \$%). We can
therefore choose a cycle

ST = ) i<i<er)
in the graph G(B, £5) and a vertex p € pd \‘ﬁ%) such that
s(f)=p=1t(f),

together with edges
T gy, p), T eELMP), ), (2.12)

such that
1@ =p=s@"h),
and such that
@, 2% ¢ RO, p)- (2.13)
By construction,
(cy-as-.cp) € LAMX (G, =, 1)), keN.
It follows from (2.12) that
(az-.az+) €T(cy. ap-. cy), keN,
and it follows from (2.13) that
(az-.az+) ¢ T(cy"), keN.

We have shown that X (G(V, X, 1)) does not have Property (A).
For Condition (II4) one has the symmetric argument.
(TIT) Assume that the R-graph G (B, £~ U £T) does not satisfy Condition (IIT). Under
this assumption, we can choose by (2.9) vertices q(—), q(+) € BD, together with a path
T = (e, 1=ih =14 from (=) to q(+) in the graph G (R, %) and a path [~ =
(ei_(_))15i(_)51(_) from q(—) to q(+) in the graph G(BD, &x)s such that

{s(efl,) 11 <i(+) S T\ PR #0, (2.14)
or such that
(sefi_ )1 =i(0) S TEI\RR #0. (2.15)
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Assume (2.14). Set
g+ = (ef)lfiSDo(q(—))v p= f(ezo(q(,))),
and let g~ be a path in G(PD, &x) from p to q(—). Choose a path f+ in the graph
G(B, &) from q(+) to q(—) such that
T =140,
Also, choose
e €&, P, et eETmp). p),

such that
(e”, ") €RMmp), p). (2.16)

By construction,

(Cy» @g—r aps, afr, age, cy), (Cp, Ay, g, afs, age, c§) € LAM(X(V, T, 1)),
k e N.
One has that
(a,-, a.+) € l"(c]g, Ag—, Af+, AFy, dgt, c];), keN,
and, by (2.16), one has that
(Ap-, ap+) & F(CI;, Ag—, Af—, Ay, g+, c];), k e N.

We have shown that X (G(V, X, 1)) does not have Property (A). Under the assumption
(2.15) one has the symmetric argument.

We prove sufficiency. Let n € N and let a(—), a(+) € L(X(G(V, Z, X)), £L(a(—)) =
£(a(+)) =n. For m € [1, n], denote by a(—)[1,m] (@(+)[m,x)) the prefix (suffix) of length
mmn—m+1)ofa(—=) (a(+)). Set

M(—)= max{m € [1, n]: Aa(=)pm) =u*(ra(=)} ifut(r(a(-)) e ST(GR),

0 if ut (r(a(=)) = 1qac-y.
M(+) = max{m € [1, n]: @) p-mn) =u~ (@)} ifu” (@) € S7(GR),

0 if u™(Aa(+) = Lgaa(+)-
Let _ _

K(=), K(+), K(-), K(+) € Z,
KH+) —K(=), K(+)— K(=)>2n

and let

be AuX(GNik) .k bEANXGD Ry k] (2.17)
be such that

bik (), K (—)+n1 = big (), & (—)4m = (),

bk (+)—n.K ()] = bR (4)—n, R (+7) = ¢ ()
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Set
C=bK() + M) K -MH)], €= 5[1%(—) +M(=).K(+) — M)
‘We consider the four cases (A), (B—), (B+) and (C).
(A) In the case that q(A(a(—))) = q(a(—)), set
fP=um0ue), [fT=u"(e), [fr=at0), [~ =ua" ().
It follows from (2.17) that
f+’ f_‘+ € S’];(GRL f_’ f_‘_ € S%(G'R)
By Lemma A, o
T =T ). (2.18)
(B—) In the case that
q(A(a(—))) #q(a(+)), qr(a(-))) =p@A(a(-))), q(r(a(+))),

one has
£ (M), LT (A (0) = €4 (q(A(a(=)), a(i(a(+))).
Let
A N A

be given by

eh™) = £(h™) = L4 @q(A(a(=)), aG(a(+),

W =ut e f*, bt =ut@ s
By (2.17),

W T T T eSR(GR). 7L T e SE(GR).
By Lemma B(—),
PFfFf)=Th* ). (2.19)
The case B(+) is symmetric.
(C) In the case that
q(r(a(=))) # qr(a(+)),
pa(i(a(=-))), (i (a(+)) ¢ {a(r(@(-))), g (a(+H)},
let
hoht, fF T eSE(GR), T, f T R T € Sx(GR),
be given by
€h™) = £(h™) = 4 @(a(=))), p(aGi(a(=))), ar@(+))))),
£h™) =L(h™) = L_(p@((a(—)))), a0 (a()), aA@(+)))),
ut(@)=hTf*, ut@=htf*, u(@©)=h"f, u @=hf".
By (2.17),
R Rt T eSR(GR).  fT.L f Rt RT € SH(GR).
By Lemma C,
Tt f~h)y=0htffh). (2.20)
It follows from (2.18)—(2.20) that in all cases the context of b is equal to the context of
b. It is shown that X (G(V, X, 1)) has properties a(n, n), n € N. O
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3. The R-graph semigroup S(X(G(V, X, 1))

Following the terminology that was introduced in [HI], we say, given an R-graph
GRr(B, £~ UET) and a subshift X (G(V, ¥, A)) thatis given by an S(GR (B, £, £T))-
presentation G(V, X, A), that a periodic point p in X(G(V, X, X)) has a negative
(positive) multiplier if there exist I € Z such that A(p[r,14x(py) €S (P, ETUET)
(ST(¢B, £ET UET)). A periodic point that has neither a negative multiplier nor a positive
multiplier is called neutral. For V € V;, p € 3, denote by P (V) the set of periodic points
in X(G(V, Z, 1)) that carry the bi-infinite concatenation of a cycle ¢ at V such that
A(c) = 1p. The set of neutral periodic points is equal to (,cqs Uy ey P(V).

LEMMA 3.1. Let GRr (B, £~ UE™) be an R-graph such that 5B \ 2]3%) = () that satisfies
Conditions (1) and let G(V, £, 1) be an S(Gr (B, £, ET))-presentation of a subshift
X(G(V, 2, X)). Then

Axcw.z.on= U pPw.
peP VeV(p)

Proof. Let
peAX(GV, Z, 1)), (3.1)

and let I € Z be such that
AP I+r(p)) €SB, ETUENH UL, :pePrUSTER, E-UEN).

If
AP 147(p) € SRR, E7UET),

then it follows from (3.1) that A(p(z,747(p))) is given by a cycle in the directed graph
G (B, £), contradicting Condition (II—). For the case that

AP I+a(py) €STER, E-UED),

one has the symmetric argument.
For the converse, note that A(p(s, 11z (p))) = 1, implies that

P E A p(X(GV, X, 1))). O

Given finite sets £~ and £ and a relation R C £~ x £, we say that e~ € £~ and
e~ €& are ~ (R, —)-equivalent if
{ete&t: (e, e eRl={et et (67,6 eR).
An equivalence relation ~ (R, +) on £ is defined symmetrically.

Given an R-graph Gr (B, £~ UE™), we construct an R-graph G (B, £~ UET) by
setting

£ =@ r- E@vY=1E@ DR,
R@o={E,eNHef (qv)yxET(qv):e xet CR(q,v)}), g reP.

We denote by .7:"7% the set of edges in £~ that are the single incoming edges of their
target vertices, and we denote by F, ;% the set of edges in £ that are the single outgoing
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edges of their source vertices. Observe that the set fﬁ%) is the set of target vertices of the
edges in ]-'7%, which is equal to the set of source vertices of the edges in ]-"7%, and that

B\ ‘,)3%) is the set of vertices that have at least two incoming edges in £~ or, equivalently,
that have at least two outgoing edges in £*. We set

T =P\ By,

and we denote by ‘43‘ the set of vertices in &B that are source vertices of an edge in ]-' f
or, equivalently, that are target vertices of an edge in ]—" t Forte ‘B' we denote by &B(t)
the set of p € 3 that are target vertices of a path in the graph G(pB, F R) that leaves v or,

equivalently, that are source vertices of a path in the graph G (33, ]-_'7%) that enters v. We
also set

Fr={feFq:t(f) P},
Fro={f"eFt:s(fHeP®} ceP"
Fort e ‘1\3 \ ‘1\3', we set P (r) = ). We have obtained partitions
P=JdUBW).
eP
T=E\FHUlJ Fr, EF=ENFHulJ Fro.
tef:]\’.? fef:ﬁ
For all v e ﬁ’, the directed graph G ({t} UL (v), ]:'7%(0) is an outward directed tree, the
directed graph G ({t} U B(x), F ;%(t)) is an inward directed tree, the directed trees G ({t} U
PB(v), ]:" —(v)) and G({r} UP(v), ]:" T (v)) are reversals of one another, and the set £(t) of

their leaves is given by the set of Vertlces in 3 (¢) that are source vertices of an edge in £~ \
F~ or, equivalently, that are target vertices of an edge in £ \ F+. To a vertex t € 3 \ P°
we associate the degenerate tree G ({t}, ) with its leaf v. For v € ‘B, if the source (target)
vertex of anedgee™ € £\ }'7% (et eET\ }"7%) is in *P(v), then this source (target) vertex
is necessarily in £(t).
From the R-graph G (B, £~ U ET), we construct an R-graph G5 (B, E-UET). We
postulate that there are bijections
i €l (@ e \F), et—setelt (@ el \F.
We specify the source and target mappings of the graph G (‘,’ﬁ, EUé *) by setting
1@ ) =1@"), & e \F,
s@h) =s@), &te&r\Ft,
and by assigning for v € ‘i} and for e~ € £~ (et € £1) to the edge = (54\‘) the vertex t as
source (target) vertex. We set

R={G,eN)eE xET:(@,eNHeRNE\F ) xEF\FH)L

In the R-graph QR(‘B E-u 5“') every vertex has at least two 1ncom1ng edges in g,
which means that every vertex in £ ET has at least two outgoing edges in £ Et.
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We introduce additional notation for subshifts. We denote the set of periodic points in
A(X) by P(A(X)). The subshifts X C >Z that we consider in this paper are such that
P(A(X)) is dense in X. We introduce a pre-order relation 2 into the set P(A(X)). For
q,r € P(A(X)), g 2 r means that there exists a point in A(X) that is left asymptotic to
the orbit of ¢ and right asymptotic to the orbit of . The equivalence relation on P(A(X))
that results from the pre-order relation 2 we denote by ~.

LEMMA 3.2. Let GRr(B, £~ UET) be an R-graph such that 3 \ ‘13%) = () that satisfies
Conditions (II) and let G(V, X, A) be an S(GRr (B, £, ET))-presentation of a subshift
X(G(V, 2, 1) Forq,q € B,q#1,

< U P(V))m( U P(V)):QJ.

veV(q) VeV(q)

Proof. Let p,p' €P, VeV(p),V eV@p),qge P(V),q € P(V') and assume that
q = q'. We show that
p=yp. (3.2)
Let ¢(c’) be simple cycles such that
re)=1p, i) =1y, (3.3)
whose bi-infinite concatenations are carried by ¢. Let w denote the period of g. Let I € Z
be such that

qi1.1+47) = ¢, (3.4
andlet I’ € [I, I + 7) be such that

qir r4m) =¢. (3.5)
In the case that I’ = I, (3.3) implies (3.2) and in the case that I’ > I, (3.3) together with

(3.4) and (3.5) imply that
My, cip pim) €Lp i p ePLUST(GREPB, €7, ),

and, more precisely, that

)\(C[],]/)) = lp, )\.(CEI/’IJ'_T[)) = lp/,
which gives

L1y =1y,
and (3.3) is shown. O
LEMMA 3.3. Let GRr(B, £~ UET) be an R-graph such that 3 \ ‘Bgy # 0 that satisfies
Conditions (II) and let G(V, £, 1) be an S(Gr (B, £, E1))-presentation of a subshift
X(GW, 2, L)). Let
t(—), v(+) € B.

Let

V(=) eV@(=)), V() eV((+)),

and let
p(=) € P(V(=)), p(+)ePV(+).

If p(=) 2 p(H) orif p(+) < p(=), then v(=) =t(+).
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Proof. We derive a contradiction from the assumptions that p(—) 2 p(+) and that

t(—) #r(+). (3.6)

Let ¢(—) (c(+)) be the simple cycle whose bi-infinite concatenation is carried by p(—)
(p(+)). Let x € A(X(G(V, Z, 1))) be left asymptotic to p(—) and right asymptotic to
p(+). By Lemma 3.2,

p(=) # p(H).

Let I1(—) ({(+)) denote the maximal (minimal) index such that x(—co,7(=)) (X[1(+),00))
carries the left (right) infinite concatenation of c¢(—) (c(+)). From (3.6), it is seen that
I(—) < I(4). Write

+ +
u ()\(x(l(f),l(+))) = ( 1_[ ek(+)>1q(k(x(1(),1(+)))’
O<k(H)=<K(+)

U X ), 1¢00) = 1q(x(x<1<>,1<+>)>< [1 ek_<_>>-
0<k(=)<K(-)

Assume that K (4) > 0. The source vertex of e™(K(+)) is t(—), which has more
than one outgoing edge in G(B, £F), which implies that x € A= (X (G(V, Z, 1))). If
K(+) =0, then one has by (3.6) that K(—) > 0. The target vertex of e~ (K(—)) is
t(+), which has more than one incoming edge in G(3, £~), which implies that x ¢
AT(X (G, =, 1)).

The proof under the assumption that p(—) < p(—) is symmetric. O

The following theorem is proved for Markov—Dyck shifts in [KM2].

THEOREM 3.4. Let Gr (B, £, ET) be an R-graph such that B \ ‘ﬁ%) # () that satisfies
Conditions (I), (II) and (IIl), and let G(V, =, X) be an S(GRr (B, £~, ET))-presentation
of a subshift X(G(V, X, 1)). Let p e V(p), p €V, and p’' e V(p'), p' €B. For p and p’
to be ~-equivalent, it is necessary and sufficient that p and p' are in the same element of
the partition {{t} UB(v), v € ‘f?}.

Proof. Choose for t € 5\3 a vertex Vi, € V(v) and a cycle ¢, at V; such that A(c,) = 1.
Then choose a periodic point r that carries the bi-infinite concatenation of c,. Let c(p)
be the simple cycle at V (p) that has its bi-infinite concatenation carried by p. Choose a
path (elf(f))lf,-(_)s 1(-) in GCB, 575), with source vertex s(e;) equal to v and with target
vertex t(e;(_)) equal to p, and choose a path f(—) in G(V, X, A) from V; to V (p) such
that A(f (=) = [Tj<i(_y<1(-) €y~ Choose also a path (¢;,)i<ir)<i(+) in GCB, Ex),
with source vertex s(ef) equal to p and with target vertex t(e[_( +)) equal to t, and choose
a path f(+) in G(V, X, 1) from V(p) to V; such that A(f(+)) = Hlfi(+)§[(+) e?z+).
The periodic points p and r are ~-equivalent: points in A(X(G(V, £, 1))) that are
left asymptotic to p and right asymptotic to r are given by the points that carry a left
infinite concatenation of c(p), followed by the path f(+), followed by the right infinite
concatenation of ¢, and points in A(X(G(V, X, 1))) that are left asymptotic to r and
right asymptotic to p are given by the points that carry a left infinite concatenation of ¢,
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followed by the path f(—), followed by the right infinite concatenation of c(p). This
proves sufficiency.
To prove necessity, apply Lemma 3.3. O

We recall at this point from [Kr1] the construction of the semigroup S(X) for a subshift
X with Property (A). Given a subshift X C »% with Property (A), we denote by Y (X) the
set of points in X that are left asymptotic to a point in P(A(X)) and also right asymptotic
to a point in P(A(X)). Let y, y € Y(X), let y be left asymptotic to ¢ € P(A(X)) and
right asymptotic to r € P(A(X)) and let y be left asymptotic to ¢ € P(A(X)) and right
asymptotic to 7 € P(A(X)). Given that X has the properties (a, n, H,), n € N, we say that
y and y are equivalent, y & y, if ¢ ~ ¢ and r & and, if for n € N such that ¢, r, g, 7 €
P(Ap,(X)) andfor I, J,I,J €Z,I <J, I < J such that

Y(=00,1]1 = {4(—00,0]s  Y(J,00) =¥(0,00)»
)7(_00’1”] = 6j(—oo,OL &(f,oo) = F(O,OO)!
one has for 7 > 3H,, and for
a€Xa-nitn, a€Xi_y jiny

such that

A(1—Hy, J+Hy) = YU —Hy J+Ha)s Qg J+H,] = Y(I—H,, J+H,]*
A ~h, I —h+Hp) = & F_p [—h+-Hy,)

A(J+h—Hy,J+h] = Q(f1n—H, J+h]’

and such that
aiq—n1 € An(X)a-nn1> gy i) € AnX) Gy i)

ag+n € An(X) @ a+n1s Acj jin € An (XD G jonp

that a and a have the same context. To give [V (X)]~ the structure of a semigroup, let
u,veY(X), let u be right asymptotic to g € P(A(X)) and let v be left asymptotic to
r € P(A(X)). If here g 2 r, then [u]~[v]~ is set equal to [y]~, where y is any point in ¥
such that there aren e N, I, J, f, Je Z, I <J, I< j, such that ¢, r € A, (X), and such
that

U(l,00) =4q(1,00)»  V(-00,J] = F(~00,J]
y(—oo,f+Hn] = U(=co,I+Hy] y(f_[-],,,oo) = V(J—Hy,00):
and
Yi. i € An(X) i s
provided that such a point y exists. If such a point y does not exist, [u]~[v]~ is set equal
to zero. Also, in the case that one does not have g 2 r, [u]~[v]~ is set equal to zero.

THEOREM 3.5. Let GR (B, £~ U E™T) be an R-graph such that
PABR ~0,
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that satisfies Conditions (1), (II) and (Ill), and let a subshift X (G(V, X, A)) be given by
an S(Gr (B, EY U E7))-presentation G(V, X, 1). Then

S(X(GW, £,1) =8GxP, EUEY),

and X (GR (B, ETUET)) is given by an S(Gﬁ(‘i\?, ET UE))-presentation.
Proof. We choose for t € Ra periodic point y°(r) € X (B3, X, A) such that

A(o.7 (o) = le.

By Lemma 3.1 and by Theorem 3.2, we can choose a system of representatives Y ° of the
equivalence relation ~ such that Y° D {y°(r) : v € Rz}, and such that every point in Y°
is left asymptotic to a point in {y°(v) : v € R} and also right asymptotic to a point in
() :te Rz}

We set
ple)=[e"lwr -y, e €&,
p(f) =1, [fTlhreFsM),teR,
(1) =1;, peP., reR,
e(fH =1 [fflrs e Fi0. veR,
plet) =leTlury) et e€h,
and, for

() €ST(GR(B, ETUET)), gH)eST(GRP, E-UEN),

we set
)= [] o@D eeH= [] eimlD.
1<i(—)<t(g(-)) I1<i(+H)<l(g(+))
‘We set
o) =9((0), oEX,
and

J_(y*) =max{J < 0:y0_ sy € {¥°()(—o0.s) i T € R},
J_(y)=min{J >0:y% o € (3O —o0) i tERY, €Y

An isomorphism W of S(X (V, £, 1) onto (S(Gz (B, ET U E™))) is given by

IO = [ *ep. yere 0
J-(y)<j<J+ (¥
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4. Examples
Consider an R-graph G (B, £~ U £T) such that

PAPR £ 0
that satisfies Conditions (I), (II) and (III). We say that a periodic point
pPEXGR(P,E-UEN)

has multiplier @~ € £~ (€+ € £*) if there is an I € Z such that [1/<i<r4n(p) Pi is equal
to a power of €~ (€T). Fore~ €&~ (@t &™), we denote by A(€™) (A(@™)) the
minimal period 7 such that X (Gr (B, £~ UET)) has a penodlc pomt of period w with
multlpher ¢~ (¢1). The mappingse~ — A@") @ €& )andet > AET) (@
£) are invariantly associated to X (G (B, £~ U ET)) [HIK, §4].

4.1. One-vertex R-graphs. In this subsection, we consider one-vertex R-graphs
G=Gr({p), ETUED)

that satisfy Conditions (I), (I) and (IIT) such that X (G) is not of finite type. Given the
graph G, we denote the set of fixed points of X (G) with negative (positive) multiplier by
P (X(G)) (P1+ (X (G))) and we define a relation

Q1(X(G)) C P (X(G)) x PF(X(G))
as the relation that contains the pairs
(p(=), p(+)) € P (X(G)) x P (X(G))

such that X (G) has a point that is negatively asymptotic to p(—) and positively asymptotic
to p(+).

THEOREM 4.1. Let
G=Gr({p}. £ UED

be an R-graph that satisfies Conditions (I), (II) and (IIl) such that X (G) is not of finite
type and let

G=Gp(P, & UE)
be an R-graph such that the subshift X (5) is topologically conjugate to the subshift X (G).
Then the R-graphs G and G are isomorphic.

Proof. The hypothesis that the subshifts X (5) and X (G) are topologically conjugate
implies that

AE)=1, e €&,

A@RH =1, ete&t.
This means that G is a one-vertex R- -graph. This hypothesis also implies that G
satisfies Conditions (I), (II) and (III), and that the relations Ql(X(G)) and Ql(X(G))

are 1sorn0rphlc The relations R and o1 (X (G)) are isomorphic and so are the relations R
and Q1 (X (G)). O

https://doi.org/10.1017/etds.2019.105 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.105

902 T. Hamachi and W. Krieger

4.2. A family of two-vertex R-graphs. In this subsection, we consider two-vertex
‘R-graphs
G=Gr(P),EUED, P=1{p q),
that satisfy Conditions (I), (II) and (IIT) such that
P = {a).
Given the R-graph G, we set
G=Gz(p), EUEM),
and we set
Er=(e e :A@)=1), & =feTeEr:A@EH=1).
One notes that
Er=le e e (pp) & =(eF:et e p.p)

We denote by P (X (G)) (P1+ (X (G))) the set of fixed points of X that have a multiplier
in& (51+ ) and we define a relation

Q1(X(G)) C P (X(G)) x PF(X(G))

as the set of pairs
(p(=), p(+) € P (X(G)) x P (X(G))

such that X has a point that is left asymptotic to p(—) and right asymptotic to p(+). This
relation Q1 (X (G)) is an invariant of topological conjugacy. We set

EXG)=( e AC) =2}, &XG)={TeEt: aEh =2}
One notes that
EXG)={e e €& @p), EXG)={e:et e p)

Fore™ e 52_ (e € §2+), we denote by (’)gﬁ ( Oéﬁ) ) the set of orbits of length two in

X (G) with multiplier 2~ (). We set

p~(X(G)) = ged{ card(OF )y :e~ € &),

pT(X(G)) = ged{ card(OF ) : 2" € &),
and .

o;xGn= |J of). ofxen= |J of".
e e0f) e+eof"
We define a relation
(X (6)) C O, (X(G)) x OF (X(G))

as the relation that contains the pairs

(0(—), o(4)) € 07 (X(G)) x OF (X(G))
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such that X has an orbit that is left asymptotic to o(—) and right asymptotic to o(+). This
relation Q7 (X (G)) is an invariant of topological conjugacy.
We set

a(X(G)) = 3V (X(G)) — card(Q1(X(G))),
B(X(G)) = card(Q2(X(G))),
A(X(G) = a*(X(G)) — 4B(X(G)).
We introduce a condition
ged{a(X(G)) — VAX(G)), a(X(G)) + VAX(G))} = 1. (%)
Condition () is an invariant of topological conjugacy.
LEMMA 4.2. Let
G=Gr({P},EUET), P={p. ql,
be an R-graph that satisfies Conditions (1), (II) and (IIl) such that
213%) = {q},
and that also satisfies Condition ().
Then either a(X(G)) — v A(X(G)) or a(X(G)) +/AX(G)) is a divisor of
P~ (X(G)pT(X(G)).
Proof. One has that
a(X(G)) = card(E™ (p, q)) card(ET (p, q)) + Z card(e ™) card(e ™)), (4.1)
@ e+t)ekR
B(X(G)) = card(E™ (p, q)) card(E™T (p, q))( Z card(e 7) card(?+)>
(@-et)eR
> p~ (X(G)pT(X(G)) card(R) > p~ (X (G))pT(X(G)). 4.2)

One sees that card(E~(p, q)) card(ET (p, q)) is a root of the equation 2 —a(X(G)z+
B(X (G)) =0, which does divide p~ (X (G))p T (X (G)). It also follows from (x) that

P~ (X(G)p(X(G)) _Ppm(X(G)pT(X(G) 1

@(X(G)) — VAX(G))(@(X(G)) + VAX(G)))  4card(Q(X(G))) Sy

For ‘R-graphs G that satisfy the hypothesis of Lemma 4.2, we set
Y (X(G))
_ {Oé(X(G)) ~VAX(G) ifa(X(G) — VAXG)Ip™ (X(G)p*(X(G)),
| e(X(G) + VAX(G))  if a(X(G)) + VAXG)p~ (X(G))pt (X(G)).
We say that a relation is indecomposable if it is not isomorphic to a direct sum of relations.
We define a family F of R-graphs G as the family of R-graphs that satisfy the hypothesis

of Lemma 4.2 that are such that the relation Q>(X (G)) is indecomposable and that also
satisfy the following condition:

Y(X(G) = p~ (X(G)pT(X(G)). ()

Condition (x«) is an invariant of topological conjugacy.
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LEMMA 4.3. For R-graphs G = Gr({p, q}, £~ U E™) in the family F, one has that
card(€™(p, 9) = p~ (X(G)),  card(ET(p, q)) = pT (X (G)).

Proof. One has that
P~ (X(G)) = card(E™(p, ) ged{ card(@) : 2~ €&},
o T(X(G)) = card(EF(p, q)) ged{ card(@h) : e+ e £}

and therefore

v (X(G))
= card(E~(p, q)) card(ET (p, q)) ged{ card(@ ) : e~ € &) ged{ card(e™) : et € Ty

By Lemma 4.2, y(X(G)) is equal to the root of the equation Z2 —a(X(G))z +
B(X(G)) =0 that divides p~(X(G))pT(X(G)). One has that this root is equal to
card(E~(p, q)) card(EF (p, q)) and it follows that

ged{ card@ ) : e~ € &} =ged{ card(eh) :et e £} = 1. O

THEOREM 4.4. Let
G=Ggr(p,q}, EUEN

be an R-graph that belongs to the family F and let G bean R-graph such that the subshifts
X (G) and X (G) are topologically conjugate. Then the R-graphs G and G are isomorphic.

Proof. From the hypothesis that the subshifts X (G) and X (G) are topologically conjugate,
it follows by Theorem 2.2 that G satisfies Conditions (I), (I) and (III). It also follows that

(A@T):e” eE {1, 2)
and that
(@ e A@ ) =2} #0.

At this stage one sees that there is a K € Z such that G appears as an R-graph

G=GzP,.EUEN, P=(p. UG 1<k<K),
such that
PP =@ UG 1<k <K).

One notes that the relation QZ(X(G)) is indecomposable precisely if K =0 and the
relation R (4, p) is indecomposable. It follows that G belongs to the family F.

From the hypothesis that the subshifts X (G) and X (5 ) are topologically conjugate, it
follows by [Kr4, Theorem 2.1] that the R-graphs G and G are isomorphic. It also follows
that

P~ (X(G) =p (X(G)), pT(X(G))=pT(X(G))

and, by Lemma 4.3, one has that

card(€~ (P, ) = card(€~(p, q)), card(E1 (P, ) = card(ET (p, q)).
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The proof is completed by observing that, for the R-graphs G in the family F, the relation
R(p, p) is isomorphic to the relation Q(X (G)), and the relation R(q, ) can be obtained
from the the triple that consists of the relation R and the pair of mappings

,_ 4@) card(Pz(f)) o c f—)
e — card(e )=———F5—F— (€ >
card(E~ (p, q))
card(P(?F)) ~
e — card(e) = 2 (et e&h)

card(E* (p, 9))

and by noting that this triple is also an invariant of the topological conjugacy of X (G). O
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