D. M. Chung and U. C. Ji
Nagoya Math. J.
Vol. 147 (1997), 1-23

TRANSFORMS ON WHITE NOISE FUNCTIONALS
WITH THEIR APPLICATIONS TO CAUCHY
PROBLEMS

DONG MYUNG CHUNG! anp UN CIG JI

Abstract. A generalized Laplacian Ag(K) is defined as a continuous linear op-
erator acting on the space of test white noise functionals. Operator-parameter
Ga,B- and F4, p-transforms on white noise functionals are introduced and then
prove a characterization theorem for G4 p and F a4 g-transforms in terms of the
coordinate differential operator and the coordinate multiplication. As an appli-
cation, we investigate the existence and uniqueness of solution of the Cauchy
problem for the heat equation associated with Ag(K).

§1. Introduction

Gross [5] initiated the study of the theory of differential equations on
infinite dimensional abstract Wiener space (H, B). Suppose ¢ is a twice
H-differentiable function on B such that its second H-derivative ¢” is a
trace class operator of H. Then the Gross Laplacian Agg of ¢ is defined
by

Agy = trace ¢

In [5] Gross studied the solution of the Cauchy problem for the heat equation
associated with the Gross Laplacian Ag:

Ou(z,0) 1
T = iAGU(.’I),G)

It has been shown [5] that the solution can be represented as an integral
with respect to the abstract Wiener measure. For further works see [10],
[15], [19].

Based on the white noise analysis, Kuo [11] formulated the Gross Lapla-

cian A¢ and the number operator N in terms of the Hida differentiation 9,
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and its adjoint 9f. In [1] Chung and Ji obtained an explicit description of
differentiable one-parameter transformation group whose infinitesimal gen-
erator is aAg + bN and applied this result to study Cauchy problem for
the heat equation associated with aAg + bN on white noise space.

In this paper we first introduce a generalized Laplacian Ag(K), called
the K-Gross Laplacian, which is a continuous linear operator acting on
the space (F) of test white noise functionals and next introduce operator-
parameter G4 g- and F4 p-transforms on white noise functionals as a gen-
eralization of scalar-parameter G, g- and F, g-transforms studied in [1, 2].
The purpose of this paper is to extend some results in [1] for the G4 p- and
F4,p-transforms and to investigate the solution of the Cauchy problem for
the heat equation associated with the K-Gross Laplacian Ag(K).

The paper is organized as follows. In Section 2, we give a brief back-
ground and known results in white noise analysis. In Section 3, we define
the K-Gross Laplacian Ag(K) and study the properties of K-Gross Lapla-
cian. In Section 4, using the characterization theorem for the symbol of an
operator acting on the space (E) due to Obata [18], we define an operator-
parameter transform G4 p acting on (E) and then define the F4 p-transform
as Fap = QZ’ p- In Section 5, we prove a characterization theorem for G4 p
and F4 p-transforms in terms of the coordinate differential operator and the
coordinate multiplication. In Section 6, we explicitly obtain a differentiable
one-parameter transformation group with infinitesimal generator Ag(K)
and use this result to study the existence and uniqueness of the solutions
of Cauchy problems for the heat equation associated with the generalized
Gross Laplacian Ag(K).

§2. Preliminaries

In this section we shall briefly recall some of concepts, notation and
known results in white noise analysis [1, 2, 8, 14, 18]. Let T be a topological
space with a Borel measure v(dt) = dt. Let H = L*(T, v) be the real Hilbert
space of all square integrable functions on 7' with norm | - [p. Let A be a
densely defined self-adjoint operator in H. We assume that there is an

orthonormal basis {e;}%2, for H contained in the domain of A such that

Aej = \jej, i=0,1,...,
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WHITE NOISE FUNCTIONALS 3
oo
l< <<+ —00, and Z/\j_2<oo.
Jj=0

In the sequel the following two constants will be used:

o \1/2
p= 14 op = Aty 6= [A " us = (z A;Z) .

=0

Note that 0 < p < 1, p < 6. For each p > 0, define

)
€15 = [AP€l5 = D" AT (€, e5)”
J=0
and let £, = {{ € H : [£], < co}. Then E, is a real separable Hilbert space
with the norm |- |,. It is easily seen that E, C E, for any p > ¢ > 0 and the
inclusion map E,, — Fj, is of Hilbert-Schmidt type for any p > 0. Let £
be the projective limit of {£, : p > 0} and E* the topological dual space of
E. Then E becomes a nuclear space since 0 < § < oo by assumption, and

we get a Gel’fand triple £ C H C E* with the continuous inclusions:
ECE,CHCE,CFE", p>0.

It is known that E* is the inductive limit of {£; : p > 0} and that the
inductive limit topology of E* coincides with the strong dual topology. We
denote by (-,-) the canonical bilinear form on E* x E.

We further assume that the Gel’fand triple £ C H C E* satisfies the
hypotheses (H1)-(H3):

(H1) For each £ € F there exists a unique continuous function E on T such

that £(t) = £(¢) for v-a.e. t €T.

(H2) For each t € T the evaluation map é; : £ — £(t), £ € E, is a continu-

ous linear functional, i.e., §; € E*.

(H3) The map t — é; € E*, t € T, is continuous with respect to the strong
dual topology of E*.

Let © be the Gaussian measure on E* whose characteristic functional

is given by

|| exvlite, utde) = exp{ e}, ¢e B
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We denote by (L?) = L2(E*, i) the complex Hilbert space of u-square inte-
grable functions on E* with norm | - ||o. By the Wiener-Ité6 decomposition

theorem, each ¢ € (L?) admits an expression

o0

o(x) = Z(:a:‘gm:,fn), x € E*,

n=0

where f, € Hg@" (the n-fold symmetric tensor product of the complexifica-
tion of H) and :z®": denotes the Wick ordering of z®" (see [8]). Moreover,
the (L?)-norm [|¢||o of ¢ is given by

oo

Il = (X atlsl)

n=0

=

where | - |g denotes the HE"-norm for any n.

Let I'(A) denote the second quantization operator of A which is densely
defined on (L?) as follows: For ¢(z) = Y00 ((:z®™:, f,), D(A)é(z) is given
by

I'A)o(z) = Z (:x®m: ACT .

For each p € R, define

ol = Aol = (S niia)

Let (E,) = {¢ € (L?) : ||¢]l, < c}. Then (E,) is a Hilbert space with
the norm || - ||,. Obviously, (E,) C (Ey) for any p > ¢ > 0. Let (E)
be the projective limit of {(E,) : p > 0} and (E)* the topological dual
space of (E). Then (FE) is a nuclear space and we have a Gel'fand triple

(E) C (L*) C (E)* with the following continuous inclusions:
(B) C (By) C (L) C (Bp)* C (B)',  p>0.

It is known that (E)* is the inductive limit of {(E,)* : p > 0} and that
the inductive topology of (E)* coincides with the strong dual topology. An
element in (E) (resp. in (£)*) is called a test (resp. generalized) white noise
functional. It is obvious that ¢ € (L?) belongs to (E) if and only if f,, € Eg’"
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WHITE NOISE FUNCTIONALS 5

for all n and ||¢]l, = (Cneon! [fnl:?))l/2 < oo for all p > 0. We denote by
{(-,-)) the canonical C-bilinear form on (F)* x (E). For each ® € (E)*, there
exists a unique sequence {F,}5%, F,, € (E™)%,,, such that

sym
«(ba d)» = Z n!<Fn> fn)a
n=0

for all ¢ € (E) with ¢(z) = 500 (:a®™:, f), fn € Eéé". Moreover >~ n!
]Fnlzp < oo for some p > 0. In this case we use a formal expression for

® c (B)*:

[e o]
(z) =Y (:2¥",F,), =x€E"

n=0

For each £ € E¢, an exponential vector ¢¢ is defined by

o §®n
pe(x) = Z(:x®":, —T), x € B
o n!

It is well-known that {¢¢ : £ € Ec} spans a dense subspace of (E).
The S-transform of ® € (E)* is a function on FE¢ defined by

S®(§) = (@,0¢), &€ Ec

_For F, € (EZ™)* and frin € E(?(ﬂl+n), we denote by Fy, Qm frnin €
E2™ uniquely determined by

<Gn ® Fm> fm+n> = <Gna Fm ®m fm+n>> Gn S (E((Q:bn)*

where F,,, @, frm4n is a left contraction (see [18]).
Let ¢ € (E) be given by ¢(z) = 3% ((:2®™:, f,,). For y € E*, put

Dyote) = iy A2 =000

, x € E”.

It is known that the limit always exists and D¢ is given by

[o @]

Dyp(z) = > n{zax® ' y®1 f), x € B
n=0

Furthermore, Dy becomes a continuous linear operator from (E) into itself.

This operator D, is called a Gateaux differential operator in the direction
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y € E*. Since the delta functions é; are in E* by (H2), we define 0; = Ds,,
t € T'. This operator 0; is called Hida’s differential operator.
Let ¢, n € E denote the multiplication by (-,7). Then g, is a continu-
ous linear operator from (E) into itself. Moreover, we have ¢, = D,, + Dy.
Let L((E), (E)*) (resp. L((E),(E))) denote the space of all continuous
linear operator from (E) into (E)* (resp. from (F) into itself). For ¢,
¢ € (E), define a function by

h¢71ﬂ(317' Cry St ’tm) = <<8s*1 e 'a;ah e 'atm¢7 ll)»

Then hg . € E?(Hm), and for any k € (E?

linear operator = ,,,(k) € L((E), (E)*) such that

l ) )
( +m))*, there exists a continuous

(Erm (K)o, ) = (K how), 6,9 € (E).
We sometimes use a formal integral expression:
Zm (k)
= / /{,(51’ <, 8, t17 e ,tm) 8:1 PN 8;lat1 oo 3tmd81 .. dSldtl [N dtm
Tl+m
We call Z;,, (k) an integral kernel operator with kernel distribution & (see

8, 18]).
For any Z € L((E), (E)*), a function Z on E¢ x Ec defined by

an

(57 77) = <<E¢§7¢77>>’ f»"l € EC

is called the symbol of =. We note that the map = — Zis injective.
The following theorem is an analytic characterization theorem for sym-

bols of operators on white noise functionals due to Obata [18].

PROPOSITION 2.1. Let © be a function on Ec X Ec with values in C.
Then there exists a continuous operator = € L((E), (E)) such that © =
if and only if

(i) for any &, &1, n, m € Ec, the function
z,w — O(2€ + &1, wn + 1)

1s an entire holomorphic function on C x C;

https://doi.org/10.1017/50027763000006292 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000006292

WHITE NOISE FUNCTIONALS 7

(i1) for any p > 0 and € > 0, there exist constants C > 0 and q > 0 such
that

10(&,m)| < Cexple(|€fpug + 02} &n€ B
In this case,
IIE¢||I)—1 S CM(Ea q, T)||¢llp+q+r+1a ¢ S (E)a
where M (€,q,7) is a (finite) constant for € < (2¢36%)~%, r > ro(q) > 0.

PROPOSITION 2.2. ([18]) For any E € L((E),(E)*), there exists a

unique family of distributions {Kym}im=0, Kim € (E?(Hm)):ym(l‘m) such
that

o
(2.1) E= Y Eimlkim),

1,m=0
where the series converges in L((E), (E)*). If 2 € L((E), (E)), then Ky, €
(EZHY ® (EE™)tym and the series (2.1) converges in L((E), (E)).

The unique expression given in (2.1) is referred to as the Fock expansion

of E.

§3. Generalized Gross Laplacians

Let L(Ec, E{) and L(E¢, Ec) be the set of all continuous linear op-
erators from E¢ into E¢ and those from E¢ into itself, respectively. In
this section, we define, for K € L(Ec, Ef), a generalized Gross Laplacian
Ag(K), called the K-Gross Laplacian.

We denote by 7(K) the corresponding distribution to K € L(Eg, Ef)
under the canonical isomorphism L(E¢, Ef) = (Ec ® E¢)*, i.c.

(T(K),6®@n) = (K&m),  &mne Eg.

In particular, 7(7) is a usual trace, i.e. 7(I) = 7. It can be easily shown
that

[o. o]

T(K) =) (K'¢) ®e¢j,
1=0

where K* is the adjoint operator of K. We note that the integral kernel
operator Zg2(7(K)) associated with 7(K) € (E¢ ® Ec)* is a continuous
linear operator from (F) into itself.

https://doi.org/10.1017/50027763000006292 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000006292

8 D. M. CHUNG AND U. C. JI

DEFINITION 3.1. For K € L(Ec, Ef), the K-Gross Laplacian Ag(K)
is defined by the integral kernel operator given by
Ac(K) = Zoa(r(K)) = /TQ 7(K)(s,t) 0, 0y ds dt.
In particular Ag(l) = Ag. If f is a function such that £ — f¢€ gives

a continuous operator My € L(Ec, E¢) (see [3]), then we see that the M-
Gross Laplacian Ag(My) is given by

Ac(My) = [ sttt

Moreover, if K is the corresponding operator to k € (Fc ® E¢)* under the
canonical isomorphism (Eg ® E¢)* = L(Ec, Ef), then we have Ag(K) =
5072(,‘{).

The following two lemmas are easily proved by direct computations.

LEMMA 3.2. Let K € L(Ec, Ef). For any &, n € Eg,
Ac(K)(€n) = (K& ).

LEMMA 3.3. Let ¢(z) = 300 (:2®™:, f,) € (E). Then for any x € E*,
the series

oo o0

S ST+ 2)(n+ 1) (%, (K e ® e)@2fnse)
k=0n=0

absolutely converges.

THEOREM 3.4. Let ¢p(z) = 300 o(:2®™:, f,) € (E). Then for any z €
E*,

(o]

Ac(K)¢(a) = D (n+2)(n+ 1) (:a®":, 7(K) @2 fns2)-

n=0

Proof. From Lemma 3.3 we note that

(3.1) i Do, Dey () = io:(n +2)(n + 1) (:2®", 7(K)®2 fraia).
k=0 n=0

Put E = 332 Di+e, De,,. Then by (3.1) and Lemma 3.2,

(Ede, dn)) = ((T(K), %% e, b)) = A (K) (€, ).
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Hence Z¢(z) = Ag(K)¢(x) for any ¢ € (£) and € E*. This completes
the proof.

Remark. For M € L(E¢, Ec), put K = M*M. Then K € L(E¢, Ef).
Hence by Theorem 3.4, the K-Gross Laplacian Ag(K) is given by

Ag(K) = Die,-
k=0

—

Moreover, the symbol Ag(K) of Ag(K) is given by
AG(K)(&,m) = (ME M, &ne Ee.

84. G p- and F4 p-transforms on white noise functionals

Let GL((E)) (resp. GL((E)*)) denote the group of all linear homeo-
morphisms from (F) (resp. (E)*) onto itself.

LEMMA 4.1. For any A € L(Ec, EY) and B € L(Ec, Ec), there exists
an operator Ga g € L((E), (E)) such that
(A€, §)

GA,BYc = PBe eXP{T}’ § € Ec.

Proof. The proof follows from a simple application of Proposition 2.1.

Now we define operator-parameter G4 p-transforms (A € L(Eg, E{),
B € L(Ec, Ec)) as a generalization of scalar-parameter G, g-transforms
(o, € C).

DEFINITION 4.2. The operator G4 p € L((E), (E)) obtained in Lemma
4.1 is called the G4 p-transform and the adjoint operator G g of G4 p is
denoted by F4 p and is called the F4 p-transform.

THEOREM 4.3. Let A, A' € L(Ec,E{) and B, B' € L(Ec, Ec). Then
in order that G4 pGa,pp = ¢ for any ¢ € (E), it is necessary and sufficient
that

B'B=1 and B*A'B+ A=0 (zero operator).
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Proof. By Lemma 4.1, we have, for any ¢¢ € (E)

A'Be, BE) + (A
gA’,B'(gA,Bqﬁs)=¢BfBgexp{< & 52>+< 5,5)}

<(B*A’B+A)€,é>}
2

= ¢B'B¢ eXp{

=GB~ A'B+A,B' B -
Hence we complete the proof.

By duality we have the following theorem.

THEOREM 4.4. Let A, A’ € L(E¢,E¢) and B,B' € L(FEg, Ec). Then
in order that Fa pFap® = ® for any & € (E)*, it is necessary and
sufficient that

BB =1 and B"AB'+ A" =0 (zero operator).

Remark. {Gap | A € L(Ec,Ef),B € GL(Ec)} (resp. {Fap | A €
L(Ec,E¢),B € GL(Ec)}) is a subgroup of GL((E)) (resp. GL((E)*)).

The following result shows that the G4 p-transform has the integral

representation.

PROPOSITION 4.5. Let A € L(E¢,E{) and B, C € L(E¢, E¢) such
that C*C = A— B*B + 1. Then for any ¢ € (E), Ga ¢ is represented by

@) Gande) = [ G(Cy+Bayduty),  ael
Proof. Tt is known [4] that the linear operator ¢ — [g. #(C*y +
B*z)du(y) is a continuous from (E) into itself. Hence it suffices to show

that (4.1) holds for all exponential vectors ¢¢ since {¢¢ : £ € Ec} spans a
dense subspace of (E). Note that ¢, is given by

delw) = exp{(2,€) — 5(6,0)}.
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Using the fact that [. e du(y) = e(4648/2 we have

(CE, C¢) + (BE, BE) — (&6)}
2

/E* ¢¢(C™y + B x) du(y) = ¢pe(z) exp{

A€, €
{ . )}

= ¢pe(x) exp{
= GaBoe(z).
Thus we complete the proof.

The following theorem gives a characterization for the F4 p-transforms.

THEOREM 4.6. Let A € L(Eg, E¢) and B € L(Ec,Ec). Then Fu p-
transform is the unique operator in L((E)*, (E)*) such that for each ® €
(E)*, the S-transform of Fa p® is given by

S(Fape)e) = Se(B ep{ U9V ce B

Proof. Let ® € (E)* and £ € E¢. Then by the definition of Fy4 g,

S(Fa,p®)(€) = (Fap®,¢¢) = (G4 5P, ¢e)) = (P:Ga,Box)-

Hence by Lemma 4.1, we have

—~

Ag,€)
2

(A&S)},

S(Fap®)(€) = (@, ép¢e)) exp{ :

} = S®(BE) exp{
so that we complete the proof.

We now obtain an explicit expression of F4 p®.

THEOREM 4.7. Let A € L(Ec, EY), B € L(Eg, Eg) and let ® € (E)*

be given by
®(z) = Z(:x®":,Fn>, F, € (Eg"):ym.
n=0
Then F 5 p® is given by
o] [n/2] 1 N
Fap(z)= Z<iﬂf®"% > W((B*)®(nkzm)Fn~2m)®T(A)®m>-
n=0 m=0 """
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Proof. Since S(®)(&) = 302 o(Fn, £%™), we have, by Theorem 4.6

S(Fap0)() = 0(BE) exp{ 154

o0 o 1
= 3 2 g (i (BOT)(AEO)"
= io i — ®nF )®T(A)®m’§®(n+2m)>
oo [n/ ]
3P 3= ETEE o) BT(4)5T, €5).

Hence we obtain the desired expression of F4 p®.

The following theorem gives an expression of the G4 p-transforms.

THEOREM 4.8. Let A € L(Ec,E{), B € L(Ec,Ec) and ¢ € (E) be

given by
o0

=3 @ fh e E&".

Then G4 p¢ is given by

> = (n+2 .
Oandle) = 3 (" 3 (nt2m) B®"(T(A)®m®2mfn+2m)>.
n=0 m=0

Proof. For any ® € (E)* with ®(z) = Y02 ,(:2®":, F,,), we have

(®,G4,89) = (Fa,B2,9)
w2

= Lt (3 (BRI )G (AP fa)
n=0 m=0 """
0o oo 2m)! R

=22 %«(B*)@"Fn)@r(m@m,fn+2m>
n=0m=0 :

= Z n! <Fn7 Z %r—:n—?—zn%){B®n(T(A)®m®2mfn+2m)>~
n=0 m=0 "

Hence we obtain the desired expression of G4 p¢.
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THEOREM 4.9. Let A € L(Ec,Ef) and B € L(Ec,Ec). Then the
symbols of G4, and Fa p are given by

Gap(&m) = exp{M + (Be,n) }

2
Fapl€n) =Gap(n€) = eXp{@ + (Bn,@}-

Further, the Fock expansion of Ga.g and Fa g are given by

o0
1 _ m
GaB = Z W:l,l+2m(T(B—]>l)®T(A)® )
I;m=0 """
= = m,m A ® - I) )
Fa,B sz:ol!m!Ql 2A+mm(T(A)Y @ 7(B m))

where T(B — 1,1) € (E®?)* is given by

TB-Il)= Y (B*-D)e;® - @(B* —I)e;®e; @@ ey,

i,y =0

Proof. By the definition of symbol of operator, we have

— A
Gaplen) =exo{ 258 1 (pe ).
Thus we have
e MG p(E ) = exp{uig£> +((B=Dgm)}.

Hence by using the Taylor expansion, we obtain

[eo]
1 m
m=0 m.

The rest of proof follows from the duality.

§5. Characterizations of G4 g- and F4 p-transforms

Let D,, denote the Gateaux differential operator in the direction n € E*.
Then D, € L((E), (E)) and D} € L((E)*, (E)*) for any n € E. For each
n € E, let ¢, denote the multiplication by (-,n). Then ¢, € L((E), (E)) for
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any n € . For n € I, the operators D, and g, are continuously extended
to operators in L((E)*, (E)*), which are denoted by Dv,, and ¢y, respectively.
Moreover, we have g, = 57 + Dy.

In [7], Hida, Kuo and Obata proved a characterization theorem for the
Fourier-Mehler transform in terms of the operators 5;7 and ¢,. In [1], Chung
and Ji proved a characterization theorem for the F, g-transform in terms
of the operators D, and g,. In this section, we extend some results in [1]

for the operator-parameter G4 p- and F 4 g-transforms.

DEFINITION 5.1. For each y € E* the translation operator Ty is de-
fined by
Tyo(z) = ¢z +y), ¢€(E), z€E*.

Note that the operator T) is a continuous linear operator from (E) into
itself (see [21]).

THEOREM 5.2. Let A € L(Ec,Ef) and B € GL(E¢). Then the Ga B-
transform has the following properties:

(i) Ga,BDy = Dp-1+,Ga,B, y € E™,
(ii) Ga,BD; = DE“B_%B_I*(AJFA*)MQA,B ta1p-14(a4a 94,8, M € E,
(iii) Ga,Bay = DE(B—%B“”(A—I—A*)—B‘l*)ngA’B 91 B-1* (At A*)+B-17)794,B;
(iv) GapTy = Tg1+,Gap, y € B,
(v) Ga,AG(K) = Ag(B~Y' KB 1)Ga 5,

(vi) GapN = NGap + Ac(B Y "AB™1)Ga 5.

Proof. Since {¢¢ : £ € Ec} spans a dense subspace of (E) and the
operators Ga g, Dy, T,, N and Ag(K) are continuous linear operators
from (E) into itself, it is sufficient to prove that for any ¢, with § € Eg,
the properties (i)—(vi) hold. Let £ € Ec. Then

(i) Since for any y € E*, Dy¢e = (y,£)d¢, by Lemma 4.1, we have
(A€ ,€>}

Ga,BDyde = (y,€)PBe exp{T
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and

<A€,§>}_

DyGa,pde = (y, BE)dpe eXp{ 5

Hence we have
Ga,BDype = Dp-1+,G 4 BPs.

(ii) By applying Theorem 4.8 and using the relation:
(n 4 20+ 1)7(A)®' &g (nRe®m+20)
A + ll - n S n
=20 ( )1 €048 UMD 4 (n 4 1) (A€, )@,

2
we obtain
Ga,BD;0¢(z)
< 1 ~
= QA,B(Z E<3$®("+1)17n®§®n>> (z)

oo 00 S £ (n+21)
=3 (:a®rH), (n+20+1 B®(n+1) A)®S n®E® >
;<'x ; (n+41)1112 (A)~ @2 (n + 21)!

e}

2l
2 (A Ba @)
=1

o]
— < ®(n+1).
- ]
l:

n=0

n+1
11121

Mg

f,5>lB®<"“>(n®f®”>>

0

—+ <:m®("+l):,
n=0

ket !
2 }TQ)W! ((A+ A%, )A€, &)\ B+ g0t >

[o.¢] 1 R ~
+ Z _*T(A)®(l+1)®2(l+1)(77®§®(21+1))

_ i<:-’3®(n+l):’ BEMH) (n®eem) > exp{ (A, ) }

n=0 n! 2
+ %«A + A%)n,€) ni;o<::r®”:, B®;§®" > exp{ <A§2, 3 }

= D, Ga,pde(@) + (A -+ A')0, )G 5e(a)
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Since g,=Dy, + Dy, gA’BD:I¢§:D{B~%B"l*(A—kA*))ngA’B(é& + q1p-1+(Ata)y
Ga,Bde. We complete the proof.
(iii) Note that g, = Dy + Dj. So by (i) and (ii) we have

gA,B(In = D?BA%B'I*(A+A*)AB*1*)17QA»B + q(%B*l*(A+A*)+B*1*)ngA,B'

(iv) We note that for any y € E*, T,¢¢ = exp{(y,§)}¢¢. So we obtain
(A€, €)
2

GaBTyde = dpe eXp{ }GXP{@,@} =Tp-1+,94,B%.

(v) We note that Ag(K)pe = (K&, &) ¢e. So we have

A *
Ga,BAG(K)pe = (K&, &) bpe eXp{<—§—§>} = Ac(B™V KB "G4, é.
(vi) We note that Nog(z) = Yoo qn(:z®":,£%"/nl). So by Theorem

4.8, we obtain

A A
Ga.5Noe = Nope exp{ﬁ} + (A&, ) bpe exp{< 52"9}

= NGa pde + Ac(B"AB )G 4 poe.

This completes the proof.

Now we will prove a characterization theorem for the G4 p-transform.
For the proof we adopt the method used in [1, 7].

THEOREM 5.3. Let A € L(E¢, Ef) and B € GL(Eg). Suppose Aa p
is a linear operator in L((E), (E)) satisfying the properties (ii) and (iii) in
Theorem 5.2. Then Ay p ts a constant multiple of G4 p.

For the proof we need the following proposition.

ProprosITION 5.4. ([7]) Let L € L((E),(E)) satisfy
(i) Lgy = gL for everyn € E;
(ii) LD, = Dy L for everyn € E.

Then L is a scalar operator.
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Proof of Theorem 5.3. Suppose A4 g is in L((E), (E)) and satisfies the
properties (ii) and (iii) in Theorem 5.2. Let A’ € L(Ec, Ef) and B’ €
L(E¢, E¢) satisfy the following equations:

(5.1) B'B=1 and B*A'B+A=0 (zero operator).

Then, using the equations (ii), (iii) in Theorem 5.2 and (5.1), we obtain

(52) (gA/,B'AA,B)D'I] = DngA’,B’AA,B~

Next using (ii) and (iii) in Theorem 5.2 and the equations (5.1) again, we
obtain

(5.3) (Ga g AaB)D;y = DiGa prAa B

Note that Dy = ¢, — D;. Using (5.2) and (5.3), we have

Gar g Aa gy = qGa .5 AaB.

Hence by Proposition 5.4, G4 g A4 B is a scalar operator. Equivalently,
A4 p is a constant multiple of the G4 p-transform.

By duality argument for Theorems 5.2 and 5.3, we obtain a character-

ization theorem of the F4 p-transform.

THEOREM 5.5. Let A, K € L(E¢,Ef) and B € GL(Ec). Then the
Fa,p-transform has the folllowing properties:
(i) FapD;, = Dg.,Fan, y € £,
(i) FapDy = Dg-1y1ayanp-1nFAB ~diaranp-1g7AB 1€ E,

(i) Faply = Dp-111a1a8-1- BT AB + 41 (aranB-148mT A B
nekr,

(iv) Fap(Ac(K))" = (Ag(B*KB))"Fa B,

THEOREM 5.6. Let A € L(Ec, Ef) and B € GL(E¢). Suppose Ay p is
a linear operator in L((E)*, (E)*) satisfying the properties (ii) and (iii) in
Theorem 5.5. Then A4 g is a constant multiple of F4 p.
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§6. Applications to Cauchy Problems

A one-parameter subgroup {Vp}ger of GL((F)) is called differentiable
if for every ¢ € (E),
i V22— 9
im
6—0 0

converges in the topology of (E). In this case, a linear operator X from
(E) into itself defined by

Vop — ¢
9 )

X¢ = lim ¢ (B)

is called the infinitesimal generator of {Vjp}per. It is shown that X €
L((E), (F)) and that for any € R and ¢ € (E), we have

‘/9+e¢ - V:%b

€

VoX¢ = XVp¢ = lim
€—>
where the right hand side converges in the topology of (F).

DEFINITION 6.1. A differentiable one-parameter group {Vp}ger with
the infinitesimal generator X is called regular if for any p > 0, there exists
q > 0 such that

“V9¢—¢

lim sup 0

60 g1, <1 - X(b”P =0

In this section we investigate the following Cauchy problem:

Ou(z, )
09

(6.1) = Ag(K)u(z, ), u(z,0) = (),

where Ag(K) is the K-Gross Laplacian and ¢ € (E).

We easily see that {Gagk 1 }oer is a one-parameter subgroup of GL((E)).
The following theorem shows that for any K € L(Eg, Ef), {G2ok 1}ocr is
differentiable. For the proof, we will adopt the method used in [1, 18].

THEOREM 6.2. Let K € L(Ec,Ef). Then {Gapk 1}tocr ts a differen-
tiable one-parameter subgroup of GL((E)) whose infinitesimal generator is

Ag(K). Moreover, {Gagk 1 }oer is Teqular.
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Proof. Note that {Gogx 1 }oer is a one-parameter subgroup of GL((E)).
Now we consider the operator symbol gAng’I of Gogr 1. For any &, n € Eg,
we put

£(6) = Gaoxc1(6,m) = exp{0(KE &) + (&)}

Then we have

F1(0) = (K&, €)f(0) and  f"(0) = (K& €)*F(0).

Let 6y > 0 be fixed. Whenever 0] < g, | ()] < exp{(6o + 1)|(KE, &)| +

€)1} Now we put go(€,7) = £(6) — £(0) — J(0)6. Then by the Taylor
theorem, we have |go(&,n)| < |0]*/2 maxjg <, | f”(6)]. Hence for any p > 0
and € > 0, there exists ¢ = q(K,p, €,6p) > 0 such that
0 2
o€l < O exple€)pn + N2} 10l <60, Eme B

It then follows from Proposition 2.1 that there exists Z9 € L((E), (E)) such
that ég = gy and

6]

(6.2) IZ6¢llp-1 = =5-M(e, @, ") Qllprgersr, ¢ € (E)

for some r > 0. On the other hand, by Lemma 3.2, we see that

F(0) = &7 = I(&,n)
F1(0) = (K& €)™ = AG(K)(€,7).
Hence we have
Zo = Gogr,1 — I — 0AG(K).
From (6.2), it follows that

Gk, ¢ — ¢

7 CM(e,q,7) — 0

w | e

Iollp+qrr+1<L

Ac(K ¢H <

as 8 — 0. Hence we complete the proof.

THEOREM 6.3. Let K € L(Ec,E{) and ¢ € (E). Put u(z,b) =
Goox,19(x). Then we have
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(1) u(-,0) € (E) for any 6 € R.
(2) u(-,0) is differentiable with respect to 6 in the topology of (E).

(3) u(z,0) is a unique solution of (6.1) such that u(z,0) satisfy (1) and
(2).

(4) If there exists C € L(Ec, Ec) such that K = C*C, then u(z,0) is
represented by an integral:

u@,0) = [ 6(20):C"y + ) du(y)

Proof. (1) Follows from the fact that Gogr,r € GL((E)).
(2) Since {Gagk,1}oer is differentiable, it follows that the limit

. 92010 K,10 — G20Kk,19
iy 02

exists in (F). Hence (2) follows.

(3) Since 9/00 Gogr,1¢ = A (K)Ga0k 19, u(z, ) is a solution of (6.1).
To show the uniqueness, let v(z,6) be any solution of (6.1) such that (1)
and (2) hold. Fix 6 € R. Set w(-,€) = Gog_e)k,10(; €), € € R. Then it easily
see that w(-,€) is differentiable and

a a
é_ew(" €) = —AG(K)g2(0—e)K,IU('a€) + gz(e—e)K,IaU(', €)

= —G9—e)k, 1A (K)v(-, €) + Gog—o k1A (K)v(-, €)

=0.
This implies that w(-,e) = M (a constant) for € € R. Setting € =0, ¢ = 0
yields w(-,0) = w(-,0) = Gagk 1v(-,0) = Gagk,1¢. But w(-,0) = Go rv(-,0) =

v(-,6). Hence we have v(x,0) = Gog 1¢(x) for every xz € E*.
(4) Follows from Proposition 4.5.

Remark 6.4. A similar result of (4) in Theorem 6.3 is given in [4, The-
orem 8| with different proof.
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Let {ex}72, C E¢ be a complete orthonormal basis for He given in Sec-
tion 2 and let {ax}32, C C be a sequence such that there exists p > 0,
S o lagA P|? < oo. Then for any n € E¢, > 5o ax(n, ex)er converges in
E¢. Moreover, the operator K defined on E¢ by

(6.3) K(n) = i ax(n, er)eg, n € Fe.

is a continuous linear operator from F¢ into K.

COROLLARY 6.5. Let K € L(Ec,Ef) be defined by (6.3). Then
{Gaok 1}ocr is a differentiable one-parameter subgroup of GL((FE)) whose
infinitesimal generator is Ag(K) =Y pep aszk. Moreover, {Gagr 1}oer s
regular.

COROLLARY 6.6. Let K € L(Ec, Ef) be defined by (6.3) and ¢ € (E).
Put u(x,0) = Gogi 19(x). Then we have

(1) u(-,0) € (E) for any 6 € R.
(2) u(-,0) is differentiable with respect to 6 in the topology (E).

(3) u(z,0) is a unique solution of the following equation

Bu (z, 9 (Z aD? >u (x,0), u(zx,0) = ¢(x)

such that u(zx, ) satisfy (1) and (2).

(4) u(z,0) is represented by an integral:

0

1
u(z,0) = /E* ¢<Z(2ak0)5<y, exexr + :r) du(y).
k=0
Now we consider the following Cauchy problem:
0 6
(6.4) QB _ Ayl 0), ulr,0) = B(a),

where ¢ € (E)*.
By duality of Theorem 6.2 and Theorem 6.3, we have the following
theorems.
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THEOREM 6.7. Let K € L(Ec,Ef). Then {Faok 1}ocr is a differ-
entiable one-parameter subgroup of GL((E)*) with infinitesimal generator
AG(K).

THEOREM 6.8. Let K € L(Ec, Ef). Let ® € (E)* with ®(z) = >_0°

n=0
(:2®™:, Fp). Put u(z,0) = Fopx 1®(x). Then u(z,8) is a solution of (6.4)
and u(z, 0) is given by

o [n/2]
om ~
u(zx,8) = Z<:x®":, Z ﬁFn_gm®T(K)®m>.

n=0 m=0 "
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