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Abstract

Let (X,{,A) be a o-finite measure space, and let ¢ be a non-singular measurable transformation
from X into itself. Then a composition transformation C, on L2(}) is defined by C,f = fo ¢. If
C, is a bounded operator, then it is called a composition operator. The space L2(}) is said to
admit compact composition operators if there exists a ¢ such that C, is compact. This note is a
report on the spaces which admit or which do not admit compact composition operators.

1980 Mathematics subject classification (Amer. Math. Soc.): 47 B 05.

1. Preliminaries

Let (X,{, 4) be a o-finite measure space, and let ¢ be a non-singular measurable
transformation (that is, one for which 1¢~'(E) =0 whenever A(E) =0) from X
into itself. Then a composition transformation C, on L?(1) (p = 1) is defined as

C,f=fop forevery feL?(4).

If C, is a bounded operator on L?(4), we call it a composition operator induced
by ¢. Every essentially bounded complex-valued measurable function 6§ on X
induces the operator M, on LP(1), which is defined by

Myf=0.f forevery fe LP(3).

The operator M, is known as the multiplication operator induced by 6. The Banach
space LP()) is said to admit compact composition operators if there exists at least
one non-singular measurable transformation ¢ such that C, is a compact com-
position operator on LP(1).

The main object of this note is to describe spaces which admit and which do
not admit compact composition operators in the case when p =2.
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For ¢ > 0, let X? denote the set {x: xe X and | 6(x)| > &} and let Z? denote the
subspace of L2(1) consisting of all those functions which vanish outside X¢, The
Banach algebra of all bounded linear operators on L*(1) will be denoted by
B(L?(%)). Now we shall prove the following lemma.

LEMMA 1.1. Let Mye B(L*(1)). Then My is compact if and only if Z° is finite
dimensional for every € > 0.

PrOOF. Suppose M, is compact. Then the restriction of M, to Z? is also compact.
Since M, is invertible on Z? (sec Halmos (1967), Problem 52), we can conclude
that Z9 is finite dimensional.

Conversely, if Z9 /n 18 finite dimensional for every natural number n, then the
operator M,, is a compact operator, where 6, =6 on X%, and 0 outside X{,. It
is clear that the sequence {M, } converges to M, in norm. Since each M, is of
finite rank, by Problem 138 of Halmos (1967), M, is compact.

The following well-known result is a corollary to the above lemma.

COROLLARY 1.1. Let A be a non-atomic measure, and let M,e B(L*(1)). Then M,
is compact if and only if M, is the zero operator.

COROLLARY 1.2. Let X = X, U X, be the decomposition of X into non-atomic and
atomic parts respectively, and let Mge B(L*())). Then M, is compact implies that
8 =0 almost everywhere on X;.

Proor. The subspace L?(4,) is invariant under M,, where A, = A—41,, 1, being
the restriction of A to X,, the atomic part of X (see Zaanan (1967)). Hence M,
is compact on L%(1,). By Corollary 1.1 My, =0 on L*(4,) from which it follows
that # = 0 almost everywhere on Xj.

COROLLARY 1.3. Let Mye B(L*(A)) be a one-to-one operator. Then My is compact
implies that A is an atomic measure.

Proor. If M, is compact, then, by Corollary 1.2, 8 =0 almost everywhere on
X, and hence L*(A,) € N(M,), where N(M,) denotes the null space of M,. Since
M, is one-to-one, it is clear that 1; =0. Hence A = A,, which shows that 4 is an
atomic measure.

2. Compact composition operators

THEOREM 2.1. Let C,e B(L*(A)). Then C, is compact if and only if ZI° is finite
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dimensional for every & >0, where f, is the Radon-Nikodym derivative of Ap~!
with respect to A.

ProoF. It is known that an operator A4 is compact if and only if 4* 4 is compact.
By a result of Singh (1974) C} C, =M, . Hence by Lemma 1.1 the result follows.

COROLLARY 2.1. Let (X, {, A) be a non-atomic measure space. Then L*()) does not
admit a compact composition operator.

ProoF. Suppose C, e B(L?*()) is compact. Then M/, is compact. By Corollary
1.1, M, is the zero operator, and hence C,, is the zero operator. But no composition
operator is the zero operator. Hence the proof is finished.

COROLLARY 2.2. If C,e B(L*(})) is one-to-one and compact, then 1. is atomic.

Let p ={p;,P2,P3, ...} be a sequence of strictly positive numbers, and let /*(p)
be the Hilbert space of all complex sequences {xy,x,,...} such that

& 2
Y 1 %al? pa < 0.
n=1

Then, in this case, for a mapping ¢ from the set of positive integers into itself the
Radon-Nikodym derivative f, is given by

_ Mo '({m}y _ 1
fO(m) 'i({m}) P e(n)=m

By Theorem 1 of Singh (1976) it follows that C, is bounded if and only if {fy(m)}
is a bounded sequence. In the light of Theorem 2.1 it is obvious that C,, is compact
if and only if fo(m) — 0 as m — c0. We shall use these two facts in the following
two theorems.

ne

THEOREM 2.2. If 0 < lim sup,_, ., p, < 0, then 1*(p) does not admit a compact
composition operator.

PROOF. Let supp, = f. There is o > 0 such that p, > o for all ne K, an infinite
subset of positive integers. If C, is compact and K, is the subset of K consisting
of those n for which ¢(n) =m,

. 1
Jom)=—~ % p > 2 > 1, wherel, =1.

pm @p(n)y=m B neKm

Thus K,, must be finite for each m and so, K being infinite, ¢(K) must be infinite.
But, for each me ¢(K), fo(m) = o/B and so fy(m)+ 0, which is a contradiction.
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COROLLARY 2.3. The Hilbert space 1*> does not admit a compact composition
operator.

THEOREM 2.3. If supp, = o, then 1*(p) admits a compact composition operator.

ProoF. Define inductively a strictly increasing sequence {¢(n)} such that, for
each n, p, >n.p, Then for this C,, fo(m) =0 if m is not ¢(n) for some n, while
JSo(@() =pu/Ppm < 1/n. Thus C, is compact. This proves the theorem.

THEOREM 2.4. Let p ={py,p,, ...} and Y 2 | p, < co. Then I*(p) admits a compact
composition operator.

PrOOF. Let m be an arbitrary fixed positive integer. Then define the function ¢ as
n ifn<m,
n)=—
o(m) {m if n =z m.

The operator C, is bounded and compact.

In the proof of the above theorem we have obtained a finite rank composition
operator. But, in this case, there do exist compact composition operators which
are not of finite rank. This is shown in the following example.

ExAMPLE 2.1. If p, = a*", where 0 < a < 1, and @(n) =n/2 in case n is even and
@) = (n+1)/2 in case n is odd, then C, is one-to-one and compact on *(p).

In support of Theorem 2.3 we cite the following example.

ExaMPLE 2.2. Let p, = 1/n if n is even and p, =n if n is odd. Let ¢(n) =(n—1)
if n is even and ¢(n) = n® if n is odd. Then C, is bounded and compact.

Let (X,{,A) be a o-finite measure space, and let X = X; U X, be the decom-
position of X into non-atomic and atomic parts respectively. From now on we
shall assume that X, and X, are non-null measurable subsets of X. Without any
loss of generality we can assume that atoms are points. First, we shall prove the
following lemma.

LEMMA 2.5. If C,eB(L*2)), then C, is compact implies that X = ¢~ '(X,).

Proor. If C, is compact, then M, is compact, and hence by Corollary 1.2
Jo =0 almost everywhere on X;. Therefore ip~!(X,) =0. Since
X=9 ' (XYuo (XY,
we have X = ¢~ 1(X,).
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COROLLARY 2.4. Let X = X, U X, be the decomposition of X, and let (X) =
and A(X;) < . Then L*(%) does not admit a compact composition operator.

ProoF. The proof follows from Lemma 2.5 and Theorem 1 of Singh (1976).

COROLLARY 2.5. Let X = X U X, be the decomposition of X, and let \(X) = .
Then L*(1) admits a compact composition operator only if J(X,) = c0.

THEOREM 2.6. Let (X, {, A) be a o-finite measure space, and let
0<a<A({x}) <P <o forevery xeX,.

Then L%(A) does not admit a compact composition operator.

ProofF. If X contains finitely many atoms and there exists a compact com-
position operator C,, then by Lemma 2.5 ¢~ '(X,;) = X, which contradicts the
boundedness of C, (see Singh (1976)).

If X has infinitely many atoms and I*(1) admits a compact composition operator
C,, then Zfo is finite dimensional for every 6 > 0. This implies that XJ° has
finitely many atoms. Since A(X,) = oo, C, cannot be bounded, which is a contra-
diction.

THEOREM 2.7. Let X be a o-finite measure space of infinite measure with infinitely
many atoms, and let inf {A({x}): xe X,} =a > 0. Then L*(1) admits a compact
composition operator if and only if sup {A({x}): xe X,} = co.

ProoF. The necessary part follows from Theorem 2.5 and the proof of the
sufficient part is analogous to the proof of Theorem 2.3.

THEOREM 2.8. Let X be a o-finite measure space of infinite measure with infinitely
many atoms, and let sup {1({x}): xe X,} =B > 0. Then L*(%) admits a compact
composition operator only if inf {A({x}): xe X,} =0.

Proor. The proof follows from Theorem 2.6.

The converse of the above theorem is not true as is shown in the following
example.

ExaMPLE 2.3. Let X =[0,4] U N, where N is the set of natural numbers, and
let A be the Lebesgue measure on [0,4] and A({n}) =1 if n is odd and 1/2" if n is
even. Then L?(A) does not admit a compact composition operator.

THEOREM 2.9. Let X be a o-finite measure space with infinitely many atoms and
sup {A({x}): xe X,} = 0o. Then L*() admits a compact composition operator.
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Proor. The proof is analogous to the proof of Theorem 2.3.

THEOREM 2.10. Let (X, {, ) be a totally finite measure space with finitely many
atoms, and let C,e B(L*(4)). Then C, is compact if and only if X = ¢~(X,).

Proor. The proof is obvious.
The following two examples illustrate Theorems 2.9 and 2.10.

ExaMPLE 2.4. Let X=]—00,0]u N, where N is the set of natural numbers.
Let A be the Lebesgue measure on ]—0,0], and A({n}) =n* if n is odd and 1/2"
if n is even. Then, if ¢(x)=2n+1 for xe]—00,0] and (r—1)< —x<n,
@(x) = x? in case x is an odd positive integer and ¢(x) = (x+1)? in case x is an
even positive integer, C, is a compact composition operator.

EXAMPLE 2.5. Let X =[0, 1] u {2, 3}. Let 4 be the Lebesgue measure on [0, 1]
and A({2}) =A({3}) =1. Let ¢(x) =2 if xe[0,1] U {3}, and @(2) =3. If { is the
o-algebra of A-measurable subsets of X, then ¢~!() has finitely many elements
and L*(X, ¢~({), 4) is the range of C,. Hence C, is of finite rank and therefore
it is compact.
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