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Abstract

We introduce and explore the Uniform Izumi–Rees Property in Noetherian rings with
applications to multiplicity theory and containment relationships among symbolic
powers of ideals. As an application, we prove that if R is a normal domain essen-
tially of finite type over a field, there exists a constant C such that for all prime ideals
p⊆ q∈ Spec(R), if p⊆ q(t), then for all n∈N, there is a containment of symbolic powers

p(Cn) ⊆ q(tn).

1. Introduction

Let R be a commutative excellent domain and Spec(R) the collection of prime ideals of R.
If p∈ Spec(R), then the nth symbolic power of p is the ideal p(n) := pnRp ∩R. If 0 �= f ∈R,
then the order of f at p is ordp(f) = sup{n∈N | f ∈ p(n)}. Let e(Rp/fRp) denote the (Hilbert–
Samuel) multiplicity of the local ring Rp/fRp with respect to the maximal ideal. The values
ordp(f) and e(Rp/fRp) serve as competing notions of vanishing order of the function f along
the generic point of V (p), coinciding if Rp is non-singular. An important distinction between
multiplicity and order, at singular primes, is that multiplicity enjoys a semi-continuity property,
if p⊆ q∈ Spec(R), then e(Rp/fRp)� e(Rq/fRq). Consequently, semi-continuity of multiplicity
provides the Local Zariski–Nagata Theorem for primes p⊆ q∈ Spec(R) belonging to the non-
singular locus of Spec(R); if Rq is non-singular, then for every n∈N there is a containment of
ideals p(n) ⊆ q(n).

If p⊆ q∈ Spec(R) and Rq is singular, then it is possible that there exists f ∈ p such
that ordp(f)> ordq(f), equivalently there exists an n∈N such that p(n) �⊆ q(n). The Uniform
Chevalley Theorem [HKV09, Theorem 2.3] is an adaptation of the Local Zariski–Nagata Theorem
to a singular point q∈ Spec(R), and provides a constant C, depending on q, such that for all
p⊆ q and n∈N there is a containment of ideals p(Cn) ⊆ q(n).

Theorem 1.1. Let R be a Noetherian ring of arbitrary characteristic.

(a) [Nag75, Local Zariski–Nagata Theorem, p. 143]: If p⊆ q are prime ideals belonging to the
non-singular locus of R, then p(n) ⊆ q(n) for all n∈N.

Received 25 October 2024, accepted in final form 29 October 2025, published online 22 June 2026.
2020 Mathematics Subject Classification 13H15 (primary), 13A18, 13A30, 14C17 (secondary).
Keywords: multiplicity; Izumi–Rees Theorem; divisorial valuations; symbolic powers.

C© The Author(s), 2026. This is an Open Access article, distributed under the terms of the Creative Commons
Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribu-
tion, and reproduction in any medium, provided the original article is properly cited. Compositio Mathematica is
C© Foundation Compositio Mathematica.

https://doi.org/10.1017/S0010437X26103133 Published online by Cambridge University Press

https://www.cambridge.org/core/journals/compositio-mathematica
https://doi.org/10.1017/S0010437X26103133
https://orcid.org/0000-0003-0856-9296
https://ams.org/msc
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1017/S0010437X26103133


Zariski–Nagata theorems and the Uniform Izumi–Rees Property

(b) [HKV09, Uniform Chevalley Theorem]: Let q∈ Spec(R) a prime with the property that
Rq is analytically unramified. There exists a constant C, depending on q, such that if
p∈ Spec(Rq), then p(Cn) ⊆ q(n) for all n∈N.

(c) [DSGJ22, Main Result]: Let R be a graded direct summand of either the polynomial ring
over a field or a discrete valuation ring. Suppose that the degree of the generators of R as
an algebra is bounded by D, and M the homogeneous maximal ideal of R. If p∈ Spec(R),
then p(Dn) ⊆Mn for all n∈N.

Our first main theorem is in the spirit of Theorem 1.1(c) and greatly generalizes (b). If R
is a normal domain essentially of finite type over an algebraically closed field, p⊆ q∈ Spec(R),
then we can give specific information on a constant C such that p(Cn) ⊆ q(n) for all n∈N.

Main Theorem 1. Let k be an algebraically closed field and R a normal domain essentially
of finite type over k. Let X ⊆ Pn

k be an arithmetically normal projective closure of Spec(R),
S the coordinate ring of X, and e(S) the Hilbert–Samuel multiplicity of S with respect to its
homogeneous maximal ideal. Then, for all p⊆ q∈ Spec(R), for all n∈N, there is a containment
of ideals

p(e(S)n+1) ⊆ q(n).

Our investigations are not limited to algebras over an algebraically closed field, and some
of our methods take inspiration from the proof of (b) presented in [HKV09, Theorem 2.3]. We
rely on several theorems of Rees from [Ree56, Ree61, Ree89] in our studies. A corollary of Rees’
theorems is that if R is locally analytically irreducible and q∈ Spec(R), then there exists a
constant C, which may depend on q, such that for any 0 �= f ∈ q, e(Rq/fRq)�Cordq(f). The
reference used in this context that makes it unclear if the constant C can be chosen independently
of q is the Izumi–Rees Theorem from [Ree89, Theorem C]. Essential to our investigations is the
following ‘Uniform Izumi–Rees Theorem.’

Main Theorem 2 (Uniform Izumi–Rees Theorem). Let k be a field and R a normal domain
essentially of finite type over k. Then R enjoys the Uniform Izumi–Rees Property; there exists
a constant C such that, for all q∈ Spec(R), if 0 �= f ∈ q then

e(Rq/fRq)�Cordq(f).

Remark 1.2. See Corollary 2.14 and Definition 3.1 for an equivalent characterization of the
Uniform Izumi–Rees Property.

Significant progress has been made in uniformly comparing the powers, symbolic powers,
and integral powers of ideals in regular rings. If R is a regular ring, then R enjoys the Uniform
Symbolic Topology Property. If I ⊆R is an ideal, and h the maximal height of an associated
prime of I, then I(hn) ⊆ In for all n∈N [ELS01, HH02, MS18, Mur23]. Solutions to the Uniform
Symbolic Topology Property Problem in regular rings have been transformative, with wide-
reaching connections between multiplier/test ideal theory, closure operations, perfectoid spaces,
and big Cohen–Macaulay algebras in rings of all characteristics; cf. [HH92, TY08, MS18, Die10,
RG18, Bha21]. The Uniform Symbolic Topology Property for regular rings implies the following
improvement of the Local Zariski–Nagata Theorem.

Theorem 1.3 (Corollary of the Uniform Symbolic Topology Theorem [ELS01, HH02, MS18,
Mur23]). Let R be an excellent Noetherian domain of finite Krull dimension d. Then, for all
p⊆ q∈ Spec(R), if Rq is non-singular and p⊆ q(t), then p(dn) ⊆ q(tn) for all n∈N.
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Our next main result is analogous to Theorem 1.3, applicable to any normal domain
essentially of finite type over a field, and is a generalization of Theorem 1.1(b).

Main Theorem 3 (Improved Uniform Chevalley Theorem). Let k be a field and R a normal
domain essentially of finite type over k. There exists a constant C such that, for all primes p⊆ q,
if p⊆ q(t), then for every n∈N there is a containment of ideals

p(Cn) ⊆ q(tn).

The paper is organized as follows. Section 2 contains preliminary materials on Rees valu-
ations, multiplicity, symbolic powers, and the Izumi–Rees Theorem. Main Theorems 1 and 2
are proven in § 3. Main Theorem 3 is then derived as an application of Main Theorem 2 and
equicharacteristic multiplier/test ideal theory in § 4.

2. Integral closure, valuations, multiplicity, and the Izumi–Rees Theorem

Assume that R is an excellent reduced ring, K the total ring of fractions of R, and R its integral
closure in K.

2.1 Integral closure of ideals and Huneke’s uniform theorems

The integral closure of an ideal I ⊆ is the ideal I consisting of elements x∈R that satisfy an
equation of the form xt + a1x

t−1 + · · ·+ at−1x+ at = 0, such that ai ∈ Ii for all 1� i� t; see
[SH06, Chapter 1] for an introduction to the integral closures of ideals.

Our work relies on the Uniform Artin–Rees and Uniform Briançon–Skoda Theorems of
[Hun92]. We recall the Uniform Artin–Rees and Briançon–Skoda Properties here for convenience.

Definition 2.1. Let R be a Noetherian ring.

– An ideal J ⊆R has the Uniform Artin–Rees Property if there exists a constant A such
that for every ideal I ⊆R and n∈N,

J ∩ In+A ⊆ JIn.

The constant A is a uniform Artin–Rees bound of the ideal J ⊆R. The ring R has the
Uniform Artin–Rees Property if every ideal of R enjoys the Uniform Artin–Rees Property.

– The ring R satisfies the Uniform Briançon–Skoda Property if there is a natural number B
such that for all ideals I ⊆R, for all n∈N,

In+B ⊆ In.

The constant B is a uniform Briançon–Skoda bound of R.

Huneke conjectured that any excellent Noetherian ring R of finite Krull dimension possesses
the Uniform Artin–Rees Property [Hun92, Conjecture 1.3], and that any excellent Noetherian
reduced ring of finite Krull dimension exhibits the Uniform Briançon–Skoda Property [Hun92,
Conjecture 1.4]. Strong support for these conjectures arises from the same paper, where they
are proven under certain additional mild hypotheses.

Theorem 2.2 [Hun92, Uniform Artin–Rees and Briançon–Skoda Theorems]. Let R be a
Noetherian ring which is either

– essentially of finite type over a local ring,
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– of prime characteristic and F -finite, or
– essentially of finite type over Z,

then R enjoys the Uniform Artin–Rees Property. If, in addition to one of the above properties,
the ring R is excellent and reduced, then R enjoys the Uniform Brainçon–Skoda Property.

2.2 Rees valuations

Continue to assume R is an excellent reduced ring and I ⊆R is an ideal. Introduce a variable
T ; the extended Rees algebra of I is the Z-graded ring

R[IT, T−1] = · · · ⊕RT−2 ⊕RT−1 ⊕R⊕ IT ⊕ I2T 2 ⊕ · · · .
The nth-degree component of R[IT, T−1] is InTn for n> 0, coinciding with R in non-positive
degrees. In particular,

R[IT, T−1]

T−1R[IT, T−1]
∼= R

I
⊕ I

I2
T ⊕ I2

I3
T 2 ⊕ · · ·

is the associated graded ring of I and denoted by GrI(R). If I = (f1, f2, . . . , ft), then the homo-
geneous localizations of R[IT, T−1] at the elements fiT give the Laurent polynomial ring over
the affine charts of the blowup:

R[(f1, f2, . . . , ft)T, T
−1]fiT =R

[
f1
fi
,
f2
fi
, . . . ,

ft
fi

]
[T, T−1].

Let R[IT, T−1] denote the integral closure of R[IT, T−1] in its total ring of fractions K(T ).

If n� 1, we have T−nR[IT, T−1]∩R= InR ∩R= In, and R[IT, T−1] coincides with R in non-
positive degrees. Notably, if R=R, i.e. R is normal, then

R[IT, T−1] = · · · ⊕RT−2 ⊕RT−1 ⊕R⊕ IT ⊕ I2T 2 ⊕ · · · .
Homogeneous localizations of R[IT, T−1] at the elements fiT give the Laurent polynomial

ring of the affine charts of the normalized blowup:

vR[(f1, f2, . . . , ft)T, T−1]fiT =R

[
f1
fi
,
f2
fi
, . . . ,

ft
fi

]
[T, T−1].

The Rees valuations of I, denoted RI , are the discrete valuation rings obtained through
homogeneous localization of the associated primes of T−1R[IT, T−1].1 If ν ∈RI , then we typ-
ically denote the corresponding minimal primes of T−1R[IT, T−1] as Qν . Minimal primes of
T−1R[IT, T−1] are the exceptional primes of R[IT, T−1].

Example 2.3. Let R=C[x1, x2, x3]/(x1x2 + x33) and m= (x1, x2, x3). Then R is a normal domain
with an isolated rational double-point singularity at m. It is not difficult to show that mn =mn

for all n∈N, and therefore

R[mT, T−1] =R[mT, T−1]∼= C[y1, y2, y3, T
−1]

(y1y2 + T−1y33)
.

The injective C-algebra map R→R[mT, T−1] is defined by xi 	→ T−1yi for all 1� i� 3.
Observe that T−1R[mT, T−1] = (T−1, y1)∩ (T−1, y2). Therefore, Rm is a 2-element set with Rees
valuation rings (C[y1, y2, y3]/(y1y2 + T−1y33))(T−1,y1) and (C[y1, y2, y3]/(y1y2 + T−1y33))(T−1,y2).

1The normalized extended Rees algebra R[IT, T−1] enjoys Serre’s conditions (S2) and (R1). As T−1R[IT, T−1] is
a principal ideal, every associated prime of T−1R[IT, T−1] has height 1 by the (S2) property, and localizations at
such primes are discrete valuation rings by the (R1) property.
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Remark 2.4. The Rees valuations of an ideal I ⊆R are in bijective correspondence with excep-
tional components of the normalized blowup of I, Bl(I)→ Spec(R). Algebraic properties of the
(normalized) extended Rees algebra of I reflect geometric properties of the (normalized) blowup
of I, and conversely.

Remark 2.5. A divisorial valuation of R is a discrete valuation ν :K→Z, non-negative on R,
with the additional property that, if pν is the center of ν in R and mν is the maximal ideal of
Vν , then tr.degRpν /pνRpν

(V/mν) = ht(pν)− 1. Every Rees valuation of R is a divisorial valuation
and conversely, see [CS22, Lemma 6.1].

The following theorem is a list of known properties of Rees valuations used throughout this
article.

Theorem 2.6 (Properties of Rees valuations). Let R be an excellent Noetherian reduced ring
and I ⊆R an ideal not contained in a minimal prime of R. Let RI denote the set of Rees
valuations of I. For each ν ∈RI , let Qν be the corresponding exceptional prime of R[IT, T−1]
and ν(I) the unique natural number such that

T−1R[IT, T−1] =
⋂

ν∈RI

Q(ν(I))
ν .

(a) Let f ∈R. Then f ∈ In if and only if ν(f)� nν(I) for all ν ∈RI [Ree56].2 Consequently:

– ifW is a multiplicative set, then the Rees valuations of IRW are the Rees valuations
of I whose centers do not intersect W [SH06, Proposition 10.4.1];

– RI =RI ;
– if t∈N, then RI =RIt .

(b) Let p∈ Spec(R). Then p is an associated prime of In for some n if and only if p is a center
of a Rees valuation of I. If p is an associated prime of In0 , then p is an associated prime
of In for all n� n0 [Rat84, Theorems 2.4 and 2.7].

(c) If p∈ Spec(R) is of height h, then p is a center of a Rees valuation of I if and only if IRp

has analytic spread h [McA80, Theorem 3].
(d) If (R,m, k) is local and a∈ I has the property that ν(a) = ν(I) for every ν ∈RI , then RI

is the set of all valuation domains of the associated primes of the principal ideal generated
by a in the affine chart R(I/a) of the normalized blowup of I. Such an element a exists if
R has infinite residue fields [SH06, Proposition 10.2.5].

(e) If (R,m, k) is local with infinite residue field and I ⊆R is m-primary, then f ∈ I is part of
a minimal reduction of I if and only if ν(f) = ν(I) for all ν ∈RI [Sal89, pp. 437–438].

2.3 Gaussian extensions of valuations

Suppose that X is a variable and consider R→R[X]. The fraction field of R[X] is K(X). If
ν is a K-valuation then ν extends to a K(X)-valuation ν ′ via the Gaussian extension of ν; if
f ∈K[x], f = a0 + a1x+ · · ·+ anx

n with ai ∈K, then ν ′(f) =min{ν(a0), ν(a1), . . . , ν(an)}; see
[SH06, Remark 6.1.3].

Lemma 2.7. Let R be a reduced excellent ring, X a variable, R′ =R[X], I ⊆R an ideal of R
not contained in a minimal prime of R, and I ′ = IR′. Then:

(a) the ring R is normal if and only if R′ is normal;

2The criteria for containment in the integral closure of the power of an ideal are Rees’ valuation criteria.
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(b) for every n∈N, InR′ = (I ′)n;
(c) for every n∈N, In = (I ′)n ∩R.

Moreover, there is a bijection of Rees valuations RI with the Rees valuations RI′ , given by
Gaussian extension of valuations from R to R[X], with the following properties.

(d) If ν ∈RI and ν ′ the corresponding element of RI′ , then ν(I) = ν(I ′).
(e) If ν ∈RI and ν ′ the corresponding element of RI′ , then for all f ∈R, ν(f) = ν ′(f).
(f) If pν is the center of ν ∈RI , then the center of the corresponding Rees valuation ν ′ ∈RI′

is pνR
′.

(g) If ν ∈Rm, ν
′ the Gaussian extension of ν to R[X], Qν and Qν′ the respective exceptional

primes of R[IT, T−1] and R′[I ′T, T−1], respectively, then

Qν′ =QνR′[I ′T, T−1].

In particular, if (R,m, k) is local and I is m-primary, then

e

(
R[IT, T−1]

Qν

)
= e

(
R′[I ′T, T−1]

Qν′

)
.

Proof. Let K be the fraction field of R. Then K(X) is the fraction field of R′. If p is a prime ideal
of R, then p′ = pR′ is a prime ideal of R′ whose height agrees with the height of p and p′ ∩R= p.
The map R→R′ is faithfully flat with regular fibers, therefore R is normal if and only if R′ is
normal. If I ⊆R is an ideal, then it is simple to check that InR′ = (I ′)n and In = (I ′)n ∩R.

For each divisorial valuation ν of R, let ν ′ be the Gaussian extension of ν to R′. Then the
collection of valuations {ν ′ | ν ∈RI} will form the Rees valuations of I ′ and has the described
properties of the lemma. Moreover, if ν, ν ′, Qν , and Qν′ are as in the statement of (g), then
R′[I ′T, T−1]∼=R[IT, T−1][X] and hence Qν′ =QνR′[I ′T, T−1].

2.4 Multiplicity and valuations

Let R be an excellent reduced ring. If M is a finite-length R-module, then L(M) is the length
of R. If (R,m, k) is local, M a nonzero and finitely generated R-module of Krull dimension d,
and I ⊆R an m-primary ideal, then the (Hilbert–Samuel) multiplicity of M with respect to
I is eI(M) := limn→∞ d!L(M/InM)/nd. If (R,m, k) is local, then e(M) is the Hilbert–Samuel
multiplicity of M with respect to the maximal ideal. If R is Z-graded, I ⊆R a homogeneous
ideal such that R/I is of finite length and an Artin local ring in degree 0, and M =⊕n∈ZMn a
finitely generated graded R-module of dimension d, then the multiplicity of M with respect to I
is eI(M) = limn→∞ (d− 1)!�(Mn/IM ∩Mn)/n

d−1. In particular, if (R,m, k) is local and I ⊆R
an m-primary ideal, then

eI(R) = e(IT,T−1)

(
R[IT, T−1]

T−1R[IT, T−1]

)
.

If R is excellent and equidimensional, then Hilbert–Samuel multiplicity defines an upper-
semi-continuous function Spec(R)→N by p 	→ e(Rp) [Ben70, Theorem 4]. We implicitly use this
result throughout this article when we assert either of the following consequences of Nagata’s
criteria for openness [Mat89, Theorem 24.2] and quasi-compactness of Spec(R).

– If p⊆ q are prime ideals, then e(Rp)� e(Rq).
– There exists an upper bound e for the Hilbert–Samuel multiplicity of each localization of
R at a prime ideal, i.e. if p∈ Spec(R), then e(Rp)� e.
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The following theorem is Rees’ Order Ideal Theorem, which plays a crucial role in the com-
parison of divisorial valuations with differing centers in this article. We augment the Order Ideal
Theorem statement with insights not explicitly stated in Rees’ original statements. Instead, the
additional insights can be derived from Rees’ proof. We provide a streamlined and somewhat
novel proof of Rees’ result. Doing so eliminates extensive terminology translation and justi-
fications that exceed the following presentation, resulting in a more concise treatment of the
necessary materials.

Theorem 2.8 [Ree61, Rees’ Order Ideal Theorem]. Let (R,m, k) be an equidimensional local
ring and of Krull dimension d. Suppose that R is analytically reduced and I an m-primary ideal.
For each Rees valuation ν ∈RI , let Qν be the corresponding exceptional prime of the normalized
extended Rees algebra R[IT, T−1]. If f is an element of m avoiding all minimal primes of R,
then

e(I,f)/(f)

(
R

fR

)
=

∑
ν∈RI

ν(f)e

(
R[IT, T−1]

Qν

)
.

Proof. Let a=
⋂

ν∈RI
Q

(ν(f))
ν ⊆R[IT, T−1]. By the associativity formula for multiplicity [Mat89,

Theorem 14.7],

e

(
R[IT, T−1]

a

)
=

∑
ν∈RI

ν(f)e

(
R[IT, T−1]

Qν

)
.

The degree-n piece of a, denoted by an, is

an = (T−na)∩R
=

( ⋂
ν∈RI

Q(ν(I)n+ν(f))
ν

)
∩R

= {x∈R | ν(x)� nν(I) + ν(f), ∀ν ∈RI}.
By Rees’ valuation criteria for containment in integral closure,

⋂
νRI

Iν�nν(I) = In. Therefore,

g ∈ In if and only if, for all ν ∈RI , ν(gf) = ν(g) + ν(f)� nν(I) + ν(f). Hence, In = (an :R f).

If h� νi(f) for all 1� i� t, then In+h ⊆ an ⊆ In for all n, i.e. the chains of ideals {an}, {In}
are cofinal. We are assuming R is analytically reduced, therefore, {an} is also cofinal with {In}.
In conclusion,

e

(
R[IT, T−1]

a

)
= lim

n→∞
(d− 1)!

nd−1
L
(
In

an

)

= lim
n→∞

(d− 1)!

nd−1
L
(
(an : f)

an

)

= lim
n→∞

(d− 1)!

nd−1

(
L
(
R

an

)
−L

(
R

(an : f)

))

= lim
n→∞

(d− 1)!

nd−1
L
(

R

(an, f)

)

= lim
n→∞

(d− 1)!

nd−1
L
(

R

(In, f)

)

= e(I,f)/(f)

(
R

fR

)
.
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Corollary 2.9 (Corollary of Rees’ Order Ideal Theorem). Let (R,m, k) be an equidimensional
local ring and of Krull dimension d. Suppose that R is analytically reduced and I an m-primary
ideal. For each Rees valuation ν ∈RI , let Qν be the corresponding exceptional prime of the
normalized extended Rees algebra R[IT, T−1]. Then

eI(R) =
∑
ν∈RI

ν(I)e

(
R[IT, T−1]

Qν

)
.

In particular, if ν ∈RI , then ν(I)� eI(R).

Proof. By Lemma 2.7, we may assume R has an infinite residue field. Then there exists a param-
eter element f ∈ I with the property that ν(f) = ν(I) for all ν ∈RI . In particular, f is part of
a minimal reduction of I, and eI(R) = e(I,f)/(f)(R/fR). The corollary is then an application of
Theorem 2.8.

Theorem 2.8 is a generalization of the observation that, if (R,m, k) is a regular local ring,
then for all 0 �= f ∈m, e(R/fR) = ordm(f). Indeed, if R is regular then the associated graded
ring R[mT, T−1]/T−1R[mT, T−1] is a polynomial ring over k in dim(R) variables. It follows
that R[mT, T−1] is a normal domain and T−1 is a prime element. Therefore, the collection of
Rees valuations of m is the 1-element set Rm = {ω} and for all 0 �= f ∈m, ω(f) = ordm(f). By
Theorem 2.8, e(R/fR) = ordm(f)e(R[mT, T

−1]/T−1R[mT−1]) = ordm(f).
Regular local rings are not the only class of local rings whose maximal ideal admits a single

Rees valuation determined by m-adic order. The following proposition, likely known by experts,
points out that the localization of a standard graded normal domain, at the unique homogeneous
maximal ideal, produces a local ring (R,m, k) whose maximal ideal admits a single Rees valuation
that agrees with m-adic order.

Proposition 2.10. Let k be a field, S a standard graded normal domain over k with homoge-
neous maximal ideal M, and let e(S) be the multiplicity of S with respect to the maximal
ideal M. Let (R,m, k) be the local Noetherian ring obtained through (non-homogeneous)
localization of S with respect to M. Then the collection of Rees valuations of the maxi-
mal ideal of R is a 1-element set, Rm = {ω}, such that for all 0 �= f ∈m, ω(f) = ordm(f) and
e(Rm/fRm) = e(S)ordm(f).

Proof. The associated graded ring Grm(R) is isomorphic to the standard graded normal domain
S. The property of normality deforms by [Sey72, Proposition I.7.4]. Therefore, the extended
Rees algebra R[mT, T−1] is normal and T−1R[mT, T−1] is a prime element. Hence, Rm = {ω} is
a 1-element set, ω(f) = ordm(f), and by Theorem 2.8, e(R/fR) = e(S)ω(f) = e(S)ordm(f) for
all 0 �= f ∈m.

2.5 Rees’ Order Ideal Theorem and the Izumi–Rees Theorem

Let R be an excellent normal domain, p∈ Spec(R), and 0 �= f ∈ p. Intersection properties of
exceptional components of normalized blowups, described by the below-stated Izumi–Rees
Theorem, will be utilized in parallel with semi-continuity of multiplicity, the Rees Order Ideal
Theorem, and the Uniform Brainçon–Skoda Theorem in § 3 to compare the values of e(Rp/fRp)
and ordp(f).

Theorem 2.11 [Izu85, Ree89, HS01, Izumi–Rees Theorem]. Let R be an excellent Noetherian
normal domain and p⊆R a prime ideal. If R= {ν1, ν2, . . . , νt} are divisorial valuations of R
centered on p, e.g. R is the collection of Rees valuations of the maximal ideal of Rp, then there
is a constant E, depending on the collection of divisorial valuations R, such that for all f ∈R,
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for all 1� i, j,� t,

νi(f)�Eνj(f).

The constant E is an Izumi–Rees bound of the collection of valuations R.

Remark 2.12. The Izumi–Rees Theorem, as presented in [HS01], is a strengthening of the Izumi–
Rees Theorem presented in [Ree89]: If R enjoys the hypotheses of Theorem 2.11, ν a Rees
valuation of R centered on a prime ideal p∈ Spec(R), then there exists a constant C, depending
on ν, such that for all Rees valuations ω centered on p and all f ∈R, ν(f)�Cω(f).

Proposition 2.13. Let (R,m, k) be an excellent local normal domain and Rm the collection of

Rees valuations of m. Suppose that B ∈N is such that mn+B ⊆mn for all n∈N.

(a) If C ∈N is such that, for all 0 �= f ∈m, em(R/fR)�Cordm(f), then for all Rees valuations
ν1, ν2 ∈Rm and 0 �= f ∈m,

ν1(f)� (C − 1)ν2(f).

(b) If E ∈N is such that, for all ν1, ν2 ∈Rm and 0 �= g ∈m, ν1(g)�Eν2(f), then for all
0 �= f ∈m,

em(R/fR)� 2BEem(R)
2ordm(f).

Proof. Suppose that C is a constant such that, if 0 �= f ∈m, then em(R/fR)�Cordm(f) and let
ν1, ν2 ∈Rm be Rees valuations of the maximal ideal of R. There exists t� 1 such that

tν2(m)� ν2(f)< (t+ 1)ν2(m).

Then f �∈mt+1 and hence ordm(f)� t. By Rees’ Order Ideal Theorem and by assumption,

ν1(f) + ν2(f)� em(R/fR)�Ct� Cν2(f)

ν2(m)
.

In particular,

ν1(f)� (C − 1)ν2(f).

Conversely, suppose E ∈N has the property that, for all ν1, ν2 ∈Rm and 0 �= f ∈R, ν1(f)�
Eν2(f). There exists a Rees valuation ω ∈Rm such that

ω(f)� (B + ordm(f))ω(m) (because mordm(f)+B ⊆mordm(f))

� 2Bordm(f)ω(m)

� 2Bordm(f)em(R) (by Corollary 2.9).

By assumption, if ν ∈Rm then ν(f)�Eω(f)� 2BEem(R)ordm(f). Therefore,

em(R/fR) =
∑

ν∈Rm

ν(f)e

(
R[mT, T−1]

Qν

)
(by Theorem 2.8)

� 2BEem(R)ordm(f)

( ∑
ν∈Rm

e

(
R[mT, T−1]

Qν

))

� 2BEem(R)
2ordm(f) (by Corollary 2.9).
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Proposition 2.13 and the Uniform Briançon–Skoda Property provide an equivalent char-
acterization of the Uniform Izumi–Rees Property introduced in the statement of Main
Theorem 2.

Corollary 2.14. Let R be an excellent Noetherian domain that enjoys the Uniform Briançon–
Skoda Property. Then the following are equivalent.

(a) There exists constant E such that for every prime ideal p∈ Spec(R), for all Rees valuations
ν1, ν2 ∈RpRp of the maximal ideal of Rp, and for all 0 �= f ∈R,

ν1(f)�Eν2(f).

(b) There exists a constant C such that for every prime ideal p∈ Spec(R) and for all 0 �= f ∈ p,

e(Rp/fRp)�Cordp(f).

2.6 Equimultiplicity

In proofs to come, we require a comparison of multiplicities of the form e(Rp) and eq(Rq/xRq),
where p⊆ q∈ Spec(R) and qRq = (p, x)Rq. Central to our comparisons of multiplicity is the
notion of analytic spread. If (R,m, k) is a local ring and I ⊆R is an ideal, then the analytic spread
of I is the Krull dimension of the standard graded k-algebra GrI(R)⊗R R/m∼=⊕

n�0 I
n/mIn+1

and denoted by �(I). The following Theorem 2.15 is an application of the theory of equi-
multiple ideals. Theorem 2.15 and the lemma that follows provide sufficient conditions for
e(Rp) = eq(Rq/xRq) whenever p⊆ q are prime ideals such that qRq = (p, x)Rq for some x∈R.
Theorem 2.15 [Lip82, Theorem 4]. Let (R,m, k) be a formally equidimensional local ring of
Krull dimension d� 2 and I ⊆R an ideal of height d− 1. The following are equivalent:

– �(I) = d− 1;
– for some parameter element x∈m of R/I, e(I,x)(R) =

∑
p∈min(I) e(x)(R/p)eI(Rp);

– for every parameter element x∈m of R/I, e(I,x)(R) =
∑

p∈min(I) e(x)(R/p)eI(Rp).

Lemma 2.16. Let R be an excellent Noetherian normal domain, (I, x)⊆R an ideal with the
property that there exists n0 ∈N such that ((I, x)n :R x) = (I, x)n−1 for all n� n0. Let R(I,x)

denote the set of Rees valuations of (I, x):

– for all n∈N, ((I, x)n :R x) = (I, x)n−1;
– for all ν ∈R(I,x), ν(x) = ν((I, x));
– R(I,x) is the set of all valuation domains of the associated primes of the principal ideal

generated by x in the affine chart R[(I, x)/x] of the normalized blowup of (I, x).

Remark 2.17. Let R be an excellent Noetherian normal domain, I ⊆R an ideal, and x∈R
an element such that (I, x) is a proper ideal. If there exists n0 ∈N such that x avoids all
primes of

⋃
n�n0

Ass(R/In), then (I, x) satisfies the hypothesis of Lemma 2.16. First note that

((I, x)n :R x)⊇ (I, x)n−1 without any assumptions. If n� n0 and xr ∈ (I, x)n = (In, x(I, x)n−1),
then there exist g ∈ (I, x)n−1 such that xr− xg ∈ In. Hence, r− g ∈ (In :R x) = In and therefore
r ∈ (In, (I, x)n−1) = (I, x)n−1.

Proof. The containment ((I, x)n :R x)⊇ (I, x)n−1 is an elementary containment property of ideals
and is true without assuming ((I, x)n :R x) = (I, x)n−1. Suppose that r ∈ ((I, x)n :R x), i.e. xr ∈
(I, x)n. By [SH06, Corollary 6.8.12], there exists 0 �= c∈R such that c(xr)t ∈ (I, x)nt for all
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t
 0. Therefore, crt ∈ ((I, x)nt :R x
t) = (I, x)(n−1)t for all t
 0. Hence, r ∈ (I, x)n−1 by a second

application of [SH06, Corollary 6.8.12].
Consider the associated graded ring of the normalized extended Rees algebra of (I, x),

Gr(I,x)(R) :=
R[(I, x)T, T−1]

T−1R[(I, x)T, T−1]
=
⊕
n�0

(I, x)n

(I, x)n+1
Tn.

The equality of ideals ((I, x)n :R x) = (I, x)n−1 implies that the degree-1 element xT is a nonzero
divisor of Gr(I,x)(R) . Equivalently, the degree-1 element xT of the normalized extended Rees

algebra R[(I, x)T, T−1] avoids all exceptional primes of R[(I, x)T, T−1]. If W is the complement
of the union of the exceptional primes of R[(I, x)T, T−1], then xT belongs to W and there are
maps of homogeneous localizations

R[(I, x)T, T−1]xT
∼=R

[
(I, x)

(x)

]
[T, T−1]→R[(I, x)T, T−1]W .

Even further, x= xTT−1 and so ν(x) = ν(xT ) + ν(T−1) = 0+ ν((I, x)). Therefore, ν(x) =
ν((I, x)) for all ν ∈R(I,x). The third claim of the lemma is an application of Theorem 2.6(d).

Theorem 2.18 (An application of equimultiplicity theory). Let R be an excellent Noetherian
normal domain and p� q∈ Spec(R). Assume that qRq = (p, x)Rp. The following are equivalent:

(a) qRq �∈
⋃

n�1 AssR(Rq/pnRq);
(b) �(pRq) = ht(p);
(c) e(Rp) = e(Rq).

Moreover, if there exists an n0 such that q �∈⋃
n�n0

AssR(Rq/p
nRq), then

e(Rp) = e(Rq) = e

(
Rq

xRq

)
.

Proof. Equivalence of (a) and (b) can be derived from [Ree81, Theorem 2.6]. For a direct pre-
sentation, recall that q∈⋃

n�1 AssR(Rq/pnRq) if and only if q is a center of a Rees valuation
of p, see Theorem 2.6(b), if and only if �(pRq) = ht(q) by [SH06, Theorem 10.4.2]. Moreover,
ht(q) = ht(p) + 1 as qRq = (p, x)Rq. Note that Rq/pRq is a discrete valuation ring whose maximal
ideal is generated by the image of x. Therefore, equivalence of (a), (b), and (c) is an application
of Theorem 2.15.

If qRq is not among the elements of
⋃

n�n0
AssR(Rq/p

nRq), then qRq �∈⋃
n�1 AssR(Rq/pnRq), see Theorem 2.6(b), and hence e(Rp) = e(Rq) by the above. By

Lemma 2.16 and Remark 2.17, if ν ∈RqRq then ν(x) = ν(q). By Theorem 2.8 and Corollary 2.9,
e(Rq) = e(Rq/xRq).

The following specific corollary of Theorem 2.18 is used in the proof of Theorem 3.3.

Corollary 2.19. Let k be a field and R= k[x1, . . . , xn]/P an affine normal domain, where P
is a prime ideal. Endow the polynomial ring k[x1, . . . , xn] with the standard grading (we are
not assuming R is a graded ring). Consider ft, . . . , ft+c ∈ k[x1, . . . , xn] such that fi is either 0 or
homogeneous of degree i. Assume that the image of f := ft + ft+1 + · · ·+ ft+c in R is nonzero.
Let T−1 be a variable of degree −1 and k[x1, . . . , xn, T

−1] a Z-graded polynomial ring.
Define f ′ = ft + T−1ft+1 + · · ·+ T−cft+c in the Z-graded polynomial ring k[x1, . . . , xn, T

−1].
By changing the expansion of f ′ around T−1 = 0 to an expansion around T−1 = 1 in the poly-
nomial ring k[x1, . . . , xn, T

−1], we obtain polynomial functions gt, gt+1, . . . , gt+c ∈ k[x1, . . . , xn]

612

https://doi.org/10.1017/S0010437X26103133 Published online by Cambridge University Press

https://doi.org/10.1017/S0010437X26103133


Zariski–Nagata theorems and the Uniform Izumi–Rees Property

such that

f ′ = (ft + ft+1 + · · ·+ ft+c) + (T−1 − 1)gt + · · ·+ (T−1 − 1)cgt+c.

Abuse notation and let fi, gi denote the images of fi, gi in the quotient ring R for each t� i�
t+ c. For any Rees valuation ν ∈Rm of the maximal ideal m= (x1, . . . , xn) of R,

min{ν(ft(x) + ft+1(x) + · · ·+ ft+c(x)), ν(gt(x)), . . . , ν(gt+c(x))}= ν(ft(x) + ft+1(x) + · · ·
+ ft+c(x)).

Proof. Consider the extended Rees algebra R[mT, T−1]. Then R[mT, T−1] is a Z-graded alge-
bra. Let y1, . . . , yn denote degree-1 generators of the homogeneous ideal (mT )⊆R[mT, T−1].
Then R[mT, T−1] is the homomorphic image of the Z-graded polynomial ring k[y1, . . . , yn, T

−1].
Observe that (mT )⊆R[mT, T−1] is a prime ideal as R[mT, T−1]/(mT )∼= k[T−1]. Moreover,
R[mT, T−1]mT

∼=Rm(T ). Hence, there is a bijection between the Rees valuations of m⊆R and
mT ⊆R[mT, T−1] centered on mT given by Gaussian extension, see Lemma 2.7.

Let f ′(y) be the homogeneous degree-t element of k[y1, . . . , yn, T
−1] obtained by substituting

yi for xi. For each n∈N, the ideal ((mT )n, f ′)⊆R[mT, T−1] is homogeneous and admits a
homogeneous primary decomposition. Therefore, the non-homogeneous element T−1 − 1 avoids
such components. By Theorem 2.18,

e

((
R[mT, T−1]

(f ′(y))

)
mT

)
= e

((
R[mT, T−1]

(f ′(y), T−1 − 1)

)
(mT,T−1−1)

)
.

Observe that

R[mT, T−1]

(f ′(y), T−1 − 1)
∼= R

(ft + ft+1 + · · ·+ ft+c)R
.

Therefore,

e

((
R[mT, T−1]

(f ′(y))

)
mT

)
= e

((
R[mT, T−1]

(f ′(y), T−1 − 1)

)
(mT,T−1−1)

)
(2.1)

= e

((
R

(ft + ft+1 + · · ·+ ft+c)R

)
m

)
. (2.2)

As an element of the polynomial ring k[y1, . . . , yn, T
−1],

f ′(y) = (ft(y) + ft+1(y) + · · ·+ ft+c(y)) + (T−1 − 1)gt(y) + · · ·+ (T−1 − 1)cgt+c(y).

The Rees valuations of R(mT )(mT,T−1−1)
are the Gaussian extensions of the Rees valuations of

Rm. If ν
′ ∈R(mT )(mT,T−1−1)

, we let ν ∈Rm be the corresponding Rees valuation of m⊆R. For

every ν ′ ∈R(mT )(mT,T−1−1)
,

ν ′(f ′) =min{ν(ft + ft+1 + · · ·+ ft+c), ν(gt), . . . , ν(gt+c)}. (2.3)

By Theorem 2.8, for each ν ′ ∈R(mT )(mT,T−1−1)
there are natural numbers dν′ � 1 such that

e

((
R[mT, T−1]

(f ′)

)
mT

)
=

∑
ν′∈R(mT )

(mT,T−1−1)

ν ′(f ′)dν′

and

e

((
R[mT, T−1]

(ft + ft+1 + · · ·+ ft+c)

)
mT

)
=

∑
ν′∈R(mT )

(mT,T−1−1)

ν(ft + ft+1 + · · ·+ ft+c)dν′ .
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By (2.1) and (2.2),∑
ν′∈R(mT )

(mT,T−1−1)

ν ′(f ′)dν′ =
∑

ν′∈R(mT )
(mT,T−1−1)

ν(ft + ft+1 + · · ·+ ft+c)dν′ . (2.4)

By (2.3) and (2.4),

min{ν(ft(y) + ft+1(y) + · · ·+ ft+c(y)), ν(gt(y)), . . . , ν(gt+c(y))}= ν(ft + ft+1 + · · ·+ ft+c).

2.7 Homogenization and projective closures

Let k be a field and R= k[x1, x2, . . . , xn]/P an affine domain, W a multiplicative set, and
RW = (k[x1, x2, . . . , xn]/P )W . The homogenization of R, with respect to the presentation
R= k[x1, x2, . . . , xn]/P , produces a standard graded domain S that is the coordinate ring of
a choice of projective closure of Spec(RW ). The graded ring S can be derived as follows: Let
X0, X1, . . . , Xn be variables, xi =Xi/X0,

hP =

(
F ∈ k[X0, X1, . . . , Xn] | F is homogeneous and

F

X
deg(F )
0

∈ P
)
,

and S = k[X0, X1, X2, . . . , Xn]/
hP . The homogeneous maximal ideal M= (X0, X1, . . . , Xn) is

the irrelevant homogeneous ideal of S. Given a homogeneous element F ∈ S, we can lift F to a
homogeneous element of the polynomial ring k[X0, X1, . . . , Xn] and define aF to be the image

of F/X
deg(F )
0 in R. The operation a− is well-defined as R is a domain. Given an ideal I ⊆R,

hI is the ideal-generated homogeneous element F such that aF ∈ I. The operation h− is not
well-defined on elements of R, only the ideals of R. The affine variety Spec(R) is the open subset
of the affine piece D(X0) of Projk(S).

If RW is normal, normalization commutes with localization, allowing us to adjust the pre-
sentation of R such that R is also normal. Moreover, by embedding Projk(S) into projective
space, we can refine the presentation of R further to assume that the homogenization S of R is
a standard graded normal domain. Consequently, every normal domain essentially of finite type
over a field can be viewed as an open subset of an arithmetically normal projective variety.

The following proposition points out a well-known relationship between an affine domain
R= k[x1, x2, . . . , xn]/P and the homogeneous ring S = k[X0, X1, X2, . . . , Xn]/

hP .

Proposition 2.20. Let k be a field, R= k[x1, x2, . . . , xn]/P an affine domain, X0, X1, . . . , Xn

homogeneous variables of degree 1 such that Xi/X0 = xi, and S the standard graded domain
k[X0, X1, . . . , Xn]/

hP . Abuse notation by letting Xi denote the image Xi in S. Then, as subsets
of the fraction field of S,

S

[
X1

X0
, . . . ,

Xn

X0

]
∼=R[X0].

Proof. The algebra S[X1/X0, . . . , Xn/X0] is an affine chart of the blowup of the
homogeneous maximal ideal of S. Therefore, dim(S[X1/X0, . . . , Xn/X0]) = dim(R) + 1.
Moreover, S[X1/X0, . . . , Xn/X0] is the homomorphic image of the polynomial alge-
bra k[X0, X1/X0, . . . , Xn/X0] and the kernel p of k[X0, X1/X0, . . . , Xn/X0]→
S[X1/X0, . . . , Xn/X0] contains the extension

hP to k[X0, X1/X0, . . . , Xn/X0]. The element X0

is a nonzero divisor of S[X1/X0, . . . , Xn/X0], therefore(
hPk

[
X0,

X1

X0
, . . . ,

Xn

X0

]
:k[X0,X1/X0,...,Xn/X0]X

∞
0

)
⊆ p.
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Recall that hP = (hf | f ∈ P ). Therefore, Pk[X0, X1/X0, . . . , Xn/X0]⊆ p. But Pk[X0, X1/X0,
. . . , Xn/X0] is a prime, so dim(k[X0, X1/X0, . . . , Xn/X0]/Pk[X0, X1/X0, . . . , Xn/X0]) =
dim(R) + 1. Therefore, p= Pk[X0, X1/X0, . . . , Xn/X0] and S[X1/X0, . . . , Xn/X0]∼=R[X0], as
claimed.

3. The Uniform Izumi–Rees Property

This section presents the proof of Main Theorems 1 and 2. The below definition is well-defined
by Corollary 2.14.

Definition 3.1. Let R be an excellent Noetherian domain that enjoys the Uniform Briançon–
Skoda Property. We say that R enjoys the Uniform Izumi–Rees Property if the following
equivalent properties are enjoyed by R.

(a) (Valuation criteria of the Uniform Izumi–Rees Property). There exists a constant E such
that for every prime ideal p∈ Spec(R), for all Rees valuations ν1, ν2 ∈RpRp of the maximal
ideal of Rp, and for all 0 �= f ∈R,

ν1(f)�Eν2(f).

The constant E is a uniform Izumi–Rees bound of R.
(b) (Multiplicity criteria of the Uniform Izumi–Rees Property). There exists a constant C such

that for every prime ideal p∈ Spec(R) and for all 0 �= f ∈ p,

e(Rp/fRp)�Cordp(f).

Remark 3.2. The Uniform Izumi–Rees Property is most naturally studied in a normal domain.
Indeed, the Uniform Rees Property cannot be enjoyed by an excellent Noetherian domain R that
admits a prime p∈ Spec(R) such that the normalization of the localization Rp exhibits branching
at the maximal ideal. Suppose p∈ Spec(R) is a prime of height h, s� 2, and q1, . . . , qs ∈ Spec(R)
are primes of height h lying over p. Choose an f ∈ q1 that avoids ∪s

i=2qi. Let 0 �= x∈AnnR(R/R)
be an element of the conductor. Then, for all t∈N, the element xf t ∈R and νi(xf

t) = νi(x)
for all 2� i� s. By Theorem 2.6(a), there exists an n0 such that ordm(xf

t)� n0 for all t. By
Theorem 2.8, e(Rm/xf

tRm)� ν1(xf
t)� t.

3.1 Quasi-projective varieties over an algebraically closed field

Main Theorem 1 is Corollary 3.6 of the following theorem.

Theorem 3.3. Let k be an algebraically closed field and R a normal domain essentially of
finite type over k. Let S be a coordinate ring of an arithmetically normal projective closure of
Spec(R) and M the homogeneous maximal ideal of S. Then for all prime ideals p∈ Spec(R) and
all 0 �= f ∈ p,

e

(
Rp

fRp

)
� e(SM)ordp(f).

Proof. Suppose that R∼= (k[x1, . . . , xn]/P )W , X0, X1, . . . , Xn are variables such that xi =
Xi/X0, and S = k[X0, X1, . . . , Xn]/

hP is a standard graded normal domain with homogeneous
maximal ideal M= (X0, X1, . . . , Xn). We may assume that R is the affine normal domain
k[x1, . . . , xn]/P . Let p∈ Spec(R). We abuse notation by letting X0, X1, . . . , Xn denote the
images of the graded variables in S and x1, . . . , xn the images of the variables in R. By [EH79,
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Theorem], there is an open subset of maximal ideals U ⊆ V (p)∩Max(R) such that

p(ordp(f)) =
⋂
m∈U

mordp(f)

and a dense open subset of maximal ideals V ⊆ V (p)∩Max(R) such that

p(ordp(f)) =
⋂
m∈V

mordp(f) + 1.

Therefore, there exists a maximal ideal m∈Max(R) such that ordp(f) = ordm(f). By semi-
continuity of multiplicity, we can assume p=m is a maximal ideal of Spec(R). By Zariski’s
Nullstellensatz, every maximal ideal of R has the form (x1 − a1, . . . , xn − an) for some
(a1, . . . , an)∈ V (P )⊆An

k . After a linear change of coordinates, a process that does not change
the homogeneous coordinate ring S = k[X0, X1, . . . , Xn]/

hP ,3 we may assume m= (x1, . . . , xn).
Suppose that f ∈m and ordm(f) = t. There exists a lift of f in the polynomial ring

k[x1, . . . , xn] = k[X1/X0, . . . , Xn/X0], f = ft + ft+1 + · · ·+ ft+c, such that each element fi, if
a nonzero element in R, is a homogeneous polynomial of degree i with respect to the maximal
ideal (x1, . . . , xn)⊆ k[x1, . . . , xn]. For each t� i� t+ c, let Fi be the corresponding homogeneous
polynomial of k[X1, . . . , Xn]⊆ k[X0, X1, . . . , Xn] and F = Ft + · · ·+ Ft+c.

The ring S is a standard graded normal domain. By Proposition 2.10, the (non-homogeneous)
local ring SM enjoys the property that the collection of Rees valuations of the maximal ideal
MSM is a 1-element set, RMSM = {ω}, ω(g) =max{n∈N | g ∈MnSM}, and e(SM/gSM) =
e(S)ω(g) for all 0 �= g ∈MSM.

If 0� i� t− 1, then F ∈Mi and represents the 0-element of Mi/Mi+1. The elements F and
Ft represent the same element of Mt/Mt+1. Note that Ft/X

t
0 = ft is a nonzero element of R.

Therefore, Ft is a nonzero element of S ∼=GrM(S). Hence, the image of F in Mt/Mt+1 ⊆ S is
nonzero, ordM(F ) = t, and

e

((
S

FS

)
M

)
= e(S)t= e(SM)ordm(f). (3.1)

Note that S/(X1, . . . , Xn)∼= k[X0]; in particular, the ideal (X1, . . . , Xn) is a prime ideal. By
semi-continuity of multiplicity,

e

((
S

FS

)
(X1,...,Xn)

)
� e

((
S

FS

)
M

)
. (3.2)

The element X0 avoids the prime ideal (X1, . . . , Xn)S. Therefore, as subsets of the fraction
field of S,

S

[
X1

X0
, . . . ,

Xn

X0

]
(
X1
X0

,...,Xn
X0

)

= S(X1,...,Xn).

By Proposition 2.20, S[X1/X0, . . . , Xn/X0] =R[X0]. Let

F ′ =
F

Xt
0

= ft +X0ft + · · ·+Xc
0ft+c.

By the above,

e

((
S

FS

)
(X1,...,Xn)

)
= e

((
R[X0]

F ′R[X0]

)
(x1,...,xn)R[X0]

)
. (3.3)

3See § 2.7 for more on homogenization.
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Claim 3.4. Let A=R[X0]/F
′R[X0]. Then

e((A)mA) = e

((
A

(X0 − 1)A

)
(m,X0−1)A

)
= e

((
R

fR

)
m

)
.

Proof of Claim. Observe that

A

(X0 − 1)A
∼= R

(ft + ft+1 + · · ·+ ft+c)R

and consequently

e

((
A

(X0 − 1)A

)
(x1,...,xn,X0−1)

)
= e

((
R

(ft + ft+1 + · · ·+ ft+c)R

)
m

)
= e

((
R

fR

)
m

)
. (3.4)

It remains to show e((A)mA) = e((A/(X0 − 1)A)(m,X0−1)A).
Recall that F ′ = ft +X0ft+1 + · · ·+Xc

0ft+c. We change the expansion of F ′ around X0 = 0
to an expansion around X0 = 1. Then, if gt, . . . , gt+c are the polynomials described by
Corollary 2.19,

F ′ = (ft + · · ·+ ft+c) + (X0 − 1)gt+1 + · · ·+ (X0 − 1)cgt+c.

Hence if ν ′′ ∈RmR[X0] is a Gaussian extension of a valuation ν ∈Rm to R[X0] =R[X0 − 1] then

ν ′′(F ′) =min{ν(ft + ft+1 + · · ·+ ft+c), ν(gt), . . . , ν(gt+c)}.
By Corollary 2.19,

ν ′′(F ′) =min{ν(ft + ft+1 + · · ·+ ft+c), ν(gt), . . . , ν(gt+c)}= ν(ft + ft+1 + · · ·+ ft+c).

Theorem 2.8 and Corollary 2.19 imply

e(AmA) =
∑

ν′′∈RmR[X0]mR[X0]

ν ′′(F ′)e
(
R[X0]mR[X0][mT, T

−1]

Qν′′

)

=
∑

ν∈Rm

ν(f)e

(
R[mT, T−1]

Qν

)
(by Lemma 2.7(g))

= e(Rm/fRm).

This completes the proof of the claim.

We continue with the proof of the theorem and let A be as in Claim 3.4, such that

e

((
A

(X0 − 1)A

)
(m,X0−1)A

v

)
= e

((
R

fR

)
m

)

and then, by (3.3),

e

((
R

fR

)
m

)
= e

((
S

FS

)
(X1,...,Xn)

)
.

By (3.2),

e

((
R

fR

)
m

)
� e

((
S

FS

)
M

)
.

Finally, by (3.1),

e

((
R

fR

)
m

)
� e(SM)ordm(f).
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Corollary 3.5 (Main Theorem 1). Let k be an algebraically closed field and R a normal
domain essentially of finite type over k. Let S be a coordinate ring of an arithmetically normal
projective closure of Spec(R), M the homogeneous maximal ideal of S, and e(S) the multiplicity
of S with respect to M. Then, for all prime ideals p⊆ q∈ Spec(R) and for all n� 1,

p(2e(S)n) ⊆ p(e(S)n+1) ⊆ q(n).

Proof. It is clear that p(2e(S)n) ⊆ p(e(S)n+1). If f ∈ p(e(S)n+1), then by semi-continuity of multi-
plicity

e(S)n+ 1� e

(
Rp

fRp

)
� e

(
Rq

fRq

)
.

By Theorem 3.3, f ∈ q(n).

Corollary 3.6. Let k be an algebraically closed field and R a normal domain essentially of
finite type over k. Let S be a coordinate ring of an arithmetically normal projective closure of
Spec(R), M the homogeneous maximal ideal of S, and e(S) the multiplicity of S with respect
to M. Then, for every p∈ Spec(R), for every pair of distinct Rees valuations ν1, ν2 ∈RpRp of
the maximal ideal of Rp, and 0 �= f ∈ p,

ν1(f)� (e(S)− 1)ν2(f).

Proof. The corollary is a direct application of Theorem 3.3 and Proposition 2.13(a).

3.2 Reduction to an algebraically closed field

The valuation criteria of the Uniform Izumi–Rees Property (see Definition 3.1), Lemmas 3.8
and 3.10, are utilized to reduce the Uniform Izumi–Rees Property for an algebra essentially of
finite type over a field to the Uniform Izumi–Rees Property for an algebra essentially of finite
type over an algebraically closed field.

If k is a field and k an algebraic closure of k, then the extension k→ k can be factored as

k−→ ksep −→ k,

where ksep denotes the separable closure of k, and the extension ksep → k is purely inseparable.
To establish the Uniform Izumi Property for a normal domain essentially of finite type over k, we
examine the behavior of Rees valuations and the Uniform Izumi–Rees Property (Definition 3.1)
separately along separable and inseparable field extensions. We remark that if k→ k′ is an
algebraic extension, R an algebra essentially of finite type over k, and R′ =R⊗k k

′, then R→R′

is a faithfully flat ring extension. By lying over, the map of spectrum Spec(R′)→ Spec(R) is
surjective, and for all p∈ Spec(R), the minimal primes of the extended ideal pR′ have the same
height as p, see [SH06, § 2.2] for necessary details.

Now let k→ k′ be a separable field extension. If R is a normal domain essentially of finite type
over k, then R⊗k k

′ is not necessarily a domain, but instead decomposes as a product of normal
domains (see [SH06, Corollary 2.1.13 and Theorem 19.4.3]). However, the study of the Uniform
Izumi–Rees Property naturally extends to products of normal domains: Since the Uniform Izumi–
Rees Property is local, a product of normal domains satisfies the Uniform Izumi–Rees Property
if and only if each factor does.

Remark 3.7. Let k be a field, k→ k′ an algebraic separable field extension, R an integral domain
essentially of finite type over k with field of fractions K, and R the normalization of R. Then
R⊗k k

′ ⊆R⊗k k
′ ⊆K ⊗k k

′ and K ⊗k k
′ is the total ring of fractions of R⊗k k

′ and is a product
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of separable field extensions of K. It follows that R⊗k k
′ →R⊗k k

′ is finite, birational, and
R⊗k k

′ is normal by [SH06, Theorem 19.4.3]. Therefore, R⊗k k′ ∼=R⊗k k
′.

Lemma 3.8. Let R be a normal domain essentially of finite type over a field k. Let k→ k′

be a separable algebraic extension of k and R′ =R⊗k k
′. If R′ enjoys the Uniform Izumi–Rees

Property with uniform Izumi–Rees bound E, then R enjoys the Uniform Izumi–Rees Property
with uniform Izumi–Rees bound E.

Proof. The algebra R′ is integrally closed in its total ring of fractions [SH06, Theorem 19.4.3]
and therefore is a product of normal domains [SH06, Corollary 2.1.13].

Consider the map of extended Rees algebras

ϕ :R[pT, T−1]→R′[p′T, T−1]

and the induced map of normalizations

ϕ :R[pT, T−1]→R′[p′T, T−1].

By Remark 3.7,

R′[p′T, T−1]∼=R[pT, T−1]⊗k k
′.

Claim 3.9. Let p∈ Spec(R) and p′ = pR′. For each ν ∈Rp and ω ∈Rp′ , let Qν and Qω, denote

the corresponding height-1 prime ideals in R[pT, T−1] and R′[p′T, T−1], respectively.

(a) There is a partition of the Rees valuations p′, indexed by the Rees valuations of p,

Rp′ =
⋃

ν∈Rp

Λν ,

with the defining property that if ν ′ ∈Rp′ , then ν ′ ∈Λν if and only if ν ′(Qν)� 1, if and
only if ν ′(Qν) = 1.

(b) If ν ∈Rp, ν
′ ∈Λν , and f ∈R, then

ν(f) = ν ′(f).

(c) Let ν1, ν2 ∈RpRp and q a minimal prime of p′. There exists ω1, ω2 ∈RqRq such that Qω1
∩

R[pT, T−1] =Qν1
and Qω2

∩R[pT, T−1] =Qν2
.

Proof of Claim. In general, if S is a k-algebra, S′ = S ⊗k k
′, and p⊆ S a prime ideal, then S/p→

S′/pS′ is flat and algebraic, implying that S′/pS′ injects into S/p⊗k k
′, the latter of which is a

product of normal domains by [SH06, Theorem 19.4.3] and [SH06, Corollary 2.1.13]. In particular,
pS′ is a reduced ideal whose components have a common height. In the context of extended Rees
algebras and Rees valuations, for each Rees valuation ν ∈Rp, there are unique prime components

of Qν′
1
, . . . , Qν′

t
of T−1R′[p′T, T−1] such that

QνR′[p′T, T−1] =Qν′
1
∩ · · · ∩Qν′

t
.

Hence, there is a partition of the Rees valuations p′, indexed by the Rees valuations of p,

Rp′ =
⋃

ν∈Rp

Λν ,

with the defining property that if ν ′ ∈Rp′ , then ν ′ ∈Λν if and only if ν ′(Qν)� 1, if and only
if ν ′(Qν) = 1, as the extension of Qν to R′[p′T, T−1] is reduced. This completes part (a) of the
claim.
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Now suppose that ν ∈Rp is a Rees valuation of p. Let Λν = {ω1, . . . , ωt} be the correspond-
ing Rees valuations of p′, let W be the complement of the union of the prime ideals Qωi

in
R′[p′T, T−1], and consider the map of localizations

ϕQν
:R[pT, T−1]Qν

→R′[p′T, T−1]W .

Let f ∈R and consider the principal ideal

fR[pT, T−1]Qν
= (Qν(f)

ν )Qν
,

and its expansion under ϕQν
,

fR′[p′T, T−1]W =

( t⋂
i=1

Qωi(f)
ωi

)
W

.

Therefore, ωi(f) = ν(f)ωi(Qν) = ν(f) for each 1� i� t, as claimed.
Only part (3.9) of the claim remains to be proven. Assume that

p′ = pR′ = q1 ∩ · · · ∩ qt

is the minimal decomposition of p′ as a reduced ideal of R′. Since R→R′ is algebraic, the primes
{q1, q2, . . . , qt} are precisely the primes of Spec(R′) lying over p∈ Spec(R). The claim in (3.9)
is that for each 1� i� t, there exist Rees valuations ω1, ω2 ∈Rqi

such that

Qω1
∩R[pT, T−1] =Qν1

and Qω2
∩R[pT, T−1] =Qν2

.

The minimal prime components of T−1R[pT, T−1] that contract to p in R are in bijection
with the minimal prime components of

Rp[pRpT, T−1]

T−1Rp[pRpT, T−1]
.

Similarly, the minimal prime components of T−1R′[pR′T, T−1] lying over a minimal prime of
p′ = pR′ correspond to the minimal prime components of

R′
p[pR

′
pT, T

−1]

T−1R′
p[pR

′
pT, T

−1]
.

Now, since p′ = pR′ = q1 ∩ · · · ∩ qt is the minimal decomposition of p′ as a reduced ideal of
R′, and R→R′ is algebraic, we have

R′
p

pR′
p

∼=
t×

i=1

R′
qi

qiR′
qi

.

By Remark 3.7, it follows that

Rp[pRpT, T−1]

T−1Rp[pRpT, T−1]
⊗k k

′ ∼= R′
p[pR

′
pT, T

−1]

T−1R′
p[pR

′
pT, T

−1]
∼=

t×
i=1

R′
qi
[qiR′

qi
T, T−1]

T−1R′
qi
[qiR′

qi
T, T−1]

.

Since k→ k′ is separable and algebraic, we deduce that

Rp[pRpT, T−1]

T−1Rp[pRpT, T−1]
−→

t×
i=1

R′
qi
[qiR′

qi
T, T−1]

T−1R′
qi
[qiR′

qi
T, T−1]

is algebraic. Equivalently, for each 1� i� t,

Rp[pRpT, T−1]

T−1Rp[pRpT, T−1]
−→ R′

qi
[qiR′

qi
T, T−1]

T−1R′
qi
[qiR′

qi
T, T−1]

is algebraic.

620

https://doi.org/10.1017/S0010437X26103133 Published online by Cambridge University Press

https://doi.org/10.1017/S0010437X26103133


Zariski–Nagata theorems and the Uniform Izumi–Rees Property

Therefore, the minimal primes Qν1
and Qν2

of T−1Rp[pRpT, T−1] are contractions of

minimal primes of T−1R′
qi
[qiR′

qi
T, T−1]. These, in turn, correspond to minimal primes of

T−1R′[qiR′T, T−1] that contract to qi in R
′, completing the proof of the claim.

We continue with the proof of the lemma. Let ν1, ν2 ∈Rp be Rees valuations of p centered
on p and choose Rees valuations ν ′1, ν ′2 of p′ belonging to Λν1

and Λν2
, respectively. By (3.9)

of Claim 3.9, we can choose ν ′1 and ν ′2 to be centered on a common minimal prime component
of p′. If E is a uniform Izumi–Rees bound of R′, then by (3.9) of Claim 3.9,

ν1(f) = ν ′1(f)�Eν ′2(f) =Eν2(f).

Therefore, the Uniform Izumi–Rees Property of R′ descends to R with uniform Izumi–Rees
bound E.

Let k be a field of prime characteristic p > 0 and k→ k′ an algebraic and purely inseparable
field extension of k, i.e. for each α∈ k′, there exists e∈N such that αpe ∈ k. Let R be an algebra
essentially of finite type over k, R′ =R⊗k k

′. If p∈ Spec(R), then the extended ideal pR′ is easily
checked to be primary to

√
pR′. Therefore, pR′ omits a unique minimal prime, namely

√
pR′,

and the induced map of spectrum Spec(R′)→ Spec(R) is a bijection.
Unlike a separable base change, if R is a normal domain essentially of finite type over k,

and k→ k′ purely inseparable, the algebra R⊗k k
′ no longer has to be integrally closed in its

total ring of fractions as R⊗k k
′ can be non-reduced. The following lemma reduces the study of

the Uniform Izumi–Rees Property of R to a normal domain obtained from R⊗k k
′, namely the

normalization of the integral domain (R⊗k k
′)/

√
0.

Lemma 3.10. Let R be a normal domain essentially of finite type over a field k of prime char-
acteristic p > 0. Let k→ k′ be a purely inseparable algebraic extension of k, R′ = (R⊗k k

′)/
√
0,

and R′ the normalization of R′. If I ⊆R is an ideal and I ′ = IR′, then there is a bijection of
Rees valuations ψ :RI →RI′ . Moreover, for all ν ∈RI , if ν

′ = ψ(ν), pν the center of ν in R, then√
pνR′ = pν′ is the center of ν ′ in R′, and for all f ∈R,

ν(f)

ν(I)
=
ν ′(f)
ν ′(I ′)

.

Let e and e′ be respective uniform upper bounds of the Hilbert–Samuel multiplicities of the
localizations of R and R′ at their prime ideals. If R′ has the Uniform Izumi–Rees Property
with uniform Izumi–Rees bound E, then R has the Uniform Izumi–Rees Property with uniform
Izumi–Rees bound Eee′.

Proof. Let K ′ be the field of fractions of R′. Then R→R′ and K→K ′ are purely inseparable.
The extension R→R′ is purely inseparable. Indeed, if f ∈K ′ and satisfies a polynomial equation

f t + a1f
t−1 + · · ·+ at−1f + at = 0

with each coefficient ai belonging to R′, then we can choose e
 0 such that fp
e ∈K and ap

e

i ∈R.
If we raise the above equation of integral dependence to pe, then

fp
et + ap

e

1 f
pe(t−1) + · · ·+ ap

e

t−1f
pe

+ ap
e

t = 0.

Therefore, fp
e

belongs to the normalization of R. The ring R is assumed to be normal, therefore
fp

e ∈R.4
4If R was not assumed to be normal, then the argument shows that the map of normalizations R→R′ is purely
inseparable.
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Consider the map of extended Rees algebras

ϕ :R[IT, T−1]→R′[I ′T, T−1]

and the induced map of normalizations

ϕ :R[IT, T−1]→R′[I ′T, T−1].

The extension ϕ is purely inseparable. Therefore, ϕ is a purely inseparable extension by the
footnote. Hence, there is a bijection of the components of T−1R[IT, T−1] with the components
of T−1R′[I ′T, T−1]. Equivalently, there is a bijection of Rees valuations

ψ :RI →RI′

defined as follows: If Qν is the component of T−1R[IT, T−1] corresponding to ν and Qν′ is the

prime ideal

√
QνR′[I ′T, T−1], then ψ(ν) = ν ′.

Let W be the complement of the union of the components of T−1R[IT, T−1]. Consider the
map ϕW of localizations

ϕW :R[IT, T−1]W →R′[I ′T, T−1]W .

We examine the decomposition of the localized principal ideal

T−1R[IT, T−1]W =

( ⋂
ν∈RI

Qν(I)
ν

)
W

and its decomposition under ϕW ,

T−1R′[I ′T, T−1] =

( ⋂
ν∈Rp

Q
ν′(I′)
ν′

)
W

.

Then the bijection of components under expansion implies

ν ′(I ′) = ν(I)ν ′(Qν). (3.5)

Let f ∈R and consider the principal ideal

fR[IT, T−1]W =

( ⋂
ν∈RI

Qν(f)
ν

)
W

,

and its image under ϕW in R′[I ′T, T−1]W ,

fR′[I ′T, T−1]W =

( ⋂
I′∈RI′

Q
ν′(f)
ν′

)
W

.

The bijection of exceptional components and (3.5) implies

ν ′(f) = ν(f)ν ′(Qν) = ν(f)
ν ′(I)
ν(I)

.

Therefore,
ν(f)

ν(I)
=
ν ′(f)
ν ′(I ′)

,

as claimed.
Suppose that I = p∈ Spec(R). Let ν1, ν2 ∈Rp be Rees valuations of p, both centered on p,

and ν ′1, ν ′2 ∈Rp′ the corresponding Rees valuations of p′, both of which are necessarily centered
on p′. By the above and the assumption that R′ enjoys the Uniform Izumi–Rees Property with
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uniform Izumi–Rees bound E,

ν1(f)

ν1(p)
=
ν ′1(f)
ν ′1(p′)

� Eν ′2(f)
ν ′1(p′)

=
Eν ′2(p′)
ν ′1(p′)

· ν
′
2(f)

ν ′2(p′)
=
Eν ′2(p′)
ν ′1(p)

· ν2(f)
ν2(p)

�Eν ′2(p
′)ν2(f).

Therefore,

ν1(f)�Eν1(p)ν
′
2(p

′)ν2(f).

The values ν1(p) and ν ′2(p′) are bounded from above by the Hilbert–Samuel multiplicities of
Rp and R′

p′ , respectively by Corollary 2.9, values that are bounded from above by e and e′,
respectively. Therefore, R enjoys the Uniform Izumi–Rees Property with uniform Izumi–Rees
bound Eee′.

Theorem 3.11 (Main Theorem 2). Let k be a field and R a normal domain essentially of finite
type over k. Then R enjoys the Uniform Izumi–Rees Property.

Proof. If k is an algebraic closure of k, then we can factor k→ k by a separable field extension
and then a purely inseparable extension. By Lemmas 3.8 and 3.10, we can replace k with k and
R with the normalization of (R⊗k k)/

√
0 such that our ring R is essentially of finite type over

an algebraically closed field. The theorem then follows by Theorem 3.3 and Corollary 2.14.

4. Zariski–Nagata for singularities

This section contains the proof of Main Theorem 3. Let R be a Noetherian ring, I ⊆R, n∈N,
and W the complement of the union of the associated primes of I. The nth symbolic power of I
is the ideal I(n) := InRW ∩R. We begin with a lemma.

Lemma 4.1. Let (R,m, k) be an excellent normal local domain and E an Izumi–Rees bound of
the Rees valuations Rm of the maximal ideal m. If t∈N, then for every ideal I ⊆R, if W is the
complement of the union of the minimal primes of I,

IEte(R)2RW ∩R⊆mt.

Proof. By Lemma 2.7 and Rees’ valuation criteria for containment in integral closure, see
Theorem 2.6(a), we may assume R has infinite residue fields. If R is at most 1-dimensional,
then R is either a field or a discrete valuation ring. Either case, the content of the lemma is
trivial. In what follows, R has dimension at least 2.

Suppose p is a minimal prime of I. Then

InRW ∩R⊆ pnRW ∩R⊆ pnRp ∩R.
We therefore may reduce our considerations to I = p∈ Spec(R) and show

pEte(R)2Rp ∩R⊆mt.

Claim 4.2. For each Rees valuation ν ∈Rm of the maximal ideal m, there is a containment of
ideals

Iν�Ete(R) ⊆mt.

Proof of Claim. If f ∈ Iν�Ete(R), then ν(f)�Ete(R). For all ω ∈RmR, ν(f)�Eω(f), hence

Eω(f)� ν(f)�Ete(R).

In particular, ω(f)� te(R). By Corollary 2.9, e(R)� ω(m). Therefore, for every ω ∈Rm,

ω(f)� tω(m). (4.1)
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Thus, f ∈mt by Rees’ valuation criteria for containment in mt; see Theorem 2.6(a). This
completes the proof of the claim.

Continue the proof of the lemma and let f ∈ pEte(R)2Rp ∩R and suppose by way of contra-

diction that f �∈mt. Because f ∈ pEte(R)2Rp ∩R, by Rees’ Order Ideal Theorem, Theorem 2.8,
there are constants dν ∈N associated to each Rees valuation ν ∈RpRp such that

e(Rp/fRp) =
∑

ν∈RpRp

ν(f)dν � ν(pEte(R)2Rp)dν =Ete(R)2
∑

ν∈RpRp

ν(pRp)dν .

By Corollary 2.9,
∑

ν∈RpRp
ν(pRp)dν = e(Rp). Therefore,

e(Rp/fRp)�Ete(R)2e(Rp)�Ete(R)2.

All associated primes of R/fR are height-1 primes of the catenary ring R. Hence, by the semi-
continuity of multiplicity and by Rees’ Order Ideal Theorem, Theorem 2.8, for each ν ∈Rm there
exist a constant dν , not depending on f , such that

Ete(R)2 � e(Rp/fRp)� e(R/fR) =
∑

ν∈Rm

ν(f)dν .

We are assuming f �∈mt. Hence, ν(f)<Ete(R) for each Rees valuation ν ∈Rm by Claim 4.2.
Therefore,

Ete(R)2 <Et
∑

ν∈Rm

e(R)dν .

The constants dν are such that e(R) =
∑

ν∈Rm
ν(m)dν ; see Corollary 2.9. Therefore,

Ete(R)2 <Ete(R)
∑

ν∈Rm

dν �Ete(R)
∑

ν∈Rm

ν(m)dν =Ete(R)2,

a contradiction.

Definition 4.3. Let R be a Noetherian ring, I ⊆R an ideal, and q a prime ideal containing I.
Then the normalized order of I with respect to q is ordq(I) :=max{t∈N | IRq ⊆ qtRq}.
Theorem 4.4 (Improved Uniform Chevalley Theorem Criteria). Let R be an excellent normal
domain of finite Krull dimension that enjoys the following properties.

(a) The Uniform Izumi–Rees Property with uniform Izumi–Rees bound E.
(b) The Uniform Briançon–Skoda Property with uniform Briançon–Skoda bound B.
(c) There exists an element 0 �= c∈R and a constant C such that for all ideals J ⊆R, for all

n∈N, if W is the complement of the associated primes of J , then cn(JCnRW ∩R)⊆ Jn.
(d) The containment (c)⊆R enjoys the Uniform Artin–Rees Property with uniform Artin–

Rees bound A.

Let e=max{e(Rp) | p∈ Spec(R)}. For every ideal I ⊆R, if W is the complement of the union of
the associated primes of I, then for all n∈N, for all primes q containing IRW ∩R:

– ICE(A+1)2e2nRW ∩R⊆ qordq(I)nRq ∩R;
– I(CE(A+1)2e2(B+1)n) ⊆ q(ordq(I)(B+1)n−B) ⊆ q(ordq(I)n).

Proof. First consider the case that ordq(I)�A+ 1. If f ∈ ICnRW ∩R, then
cnf ∈ In ⊆ qordq(I)nRq ∩R. (4.2)
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The constant A is a uniform Artin–Rees bound of (c)⊆R. Therefore,

c(qordq(I)n :R c) = (c)∩ qordq(I)n ⊆ cqordq(I)n−A.

Hence, (qordq(I)n :R c)⊆ qordq(I)n−A. By induction, if k ∈N, then (qordq(I)n :R c
k)⊆ qordq(I)n−Ak,

such that when n= k, one has

(qordq(I)n :R c
n)⊆ q(ordq(I)−A)n.

The containment persists upon taking integral closure and localization. Therefore,

(qordq(I)nRq :Rq c
n)∩R⊆ q(ordq(I)−A)nRq ∩R (4.3)

for every n∈N. By (4.3) and (4.2), for every n∈N, there is a containment of ideals

ICnRW ∩R⊆ q(ordq(I)−A)nRq ∩R.
Apply the above containment with respect to (A+ 1)n,

IC(A+1)nRW ∩R⊆ q(ordq(I)−A)(A+1)nRq ∩R. (4.4)

The current assumption is that ordq(I)�A+ 1. An elementary inequality shows (ordq(I)−
A)(A+ 1)n� ordq(I)n for all n∈N.5 Hence, if n∈N, then by (4.4) there are containments

IC(A+1)nRW ∩R⊆ qordq(I)nRq ∩R. (4.5)

This completes the proof of the claim if ordq(I)�A+ 1.
Now consider the case that ordq(I)�A. By Lemma 4.1 applied with respect to the constant

t=A+ 1 and the maximal ideal qRq of the local ring Rq,

IE(A+1)e2RW ∩R⊆ IE(A+1)e(Rq)2RW ∩R⊆ qA+1Rq ∩R.
Therefore, ordq(IE(A+1)e2RW ∩R)�A+ 1 and we can apply the containment of (4.5) with

respect to J = IE(A+1)e2RW ∩R. Then for every n∈N, there is a containment of ideals

ICE(A+1)2e2nRW ∩R= JC(A+1)nRW ∩R⊆ qordq(J)nRq ∩R⊆ qordq(I)nRq ∩R.
The remaining uniform ideal containment is an application of the assumption that R enjoys the
Uniform Briançon–Skoda Property with uniform Briançon–Skoda bound B:

I(CE(A+1)2e2(B+1)n) ⊆ ICE(A+1)2e2(B+1)nRW ∩R⊆ qordq(I)(B+1)nRq ∩R
⊆ q(ordq(I)(B+1)n−B)

⊆ q(ordq(I)n).

The above criteria for a ring to enjoy the improvement of the Uniform Chevalley Theorem
that accounts for the initial degree of vanishing required the existence of an element 0 �= c∈R
and a constant C such that for all ideals I ⊆R, for all n∈N, if W denotes the complement of
union of the associated primes of I, then cn(ICnRW ∩R)⊆ In. Similar notions have been studied
by others in [HH02, HKV15, HKV09, HK19, HK24]. In particular, it is known by experts that if
R is a domain that is either essentially of finite type over a field of characteristic 0 or is of prime
characteristic p > 0 and F -finite, then any 0 �= c∈R with the property that Rc is non-singular
will have a power with the desired property. We sketch a proof and provide suitable references for
details. Properties of gamma constructions given in [Mur21] then allow us to extend the result
to rings essentially of finite type over any field, i.e. we do not require a restriction to F -finite
rings if R is essentially of finite type over a field of prime characteristic.

5If x, a > 0, then x� a+ 1 if and only if xa� (a+ 1)a, if and only if (x− a)(a+ 1) = xa− (a+ 1)a+ x� x.
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Theorem 4.5 [HH02, HKV15, HKV09, HK19, HK24]. Let R be a Noetherian normal domain
containing a field. Assume either

– R is essentially of finite type over a field, or
– R is of prime characteristic p > 0 and F -finite.

If c∈R and Rc is non-singular, then there exist constants C, t such that for all ideals I ⊆R, for
all n∈N, ifW is the complement of the union of the associated primes of I, then ctn(ICnRW ∩R)
⊆ In.

Proof. By the Uniform Briançon–Skoda Theorem, it will be enough to show that there exists an
element c and constant C such that for all ideals I, cnI(Cn) ⊆ In; see [SH06, Proposition 1.5.2].
If R is essentially of finite type over a field of characteristic 0, by [HH02, Theorem 4.4(c)], any
element belonging to the square of the Jacobian ideal has the desired property.

Suppose that R is of prime characteristic p > 0 and F -finite and let F e∗R denote the finitely
generated R-module obtained via restriction of scalars under the eth iterate of the Frobenius
map. Then F∗R is generically free and hence there exists a parameter element c such that F∗Rc

is a free R-module. Replacing c by a suitable power, there exists a free submodule F1 ⊆ F∗R
such that cF∗R⊆ F1. It follows that for each e∈N, there exists a free module Fe ⊆ F e∗R such
that c2F e∗R⊆ Fe; cf. [HKV09, Proof of Proposition 3.4]. We can replace c by c2 and repeat the
argument of [HKV09, Proof of Theorem 3.5, p. 335, starting at second paragraph], replacing the
m-primary ideal J in [HKV09, Theorem 3.5] with the element c; cf. [HK24, Lemma 3.3].

The only consideration left is if k is a field of prime characteristic p > 0, but not necessarily
F -finite. Let Λ denote a p-basis of k1/p as a k-vector space. There exists a cofinite subset Γ⊆Λ
such that, if kΓ = k[Γ], then RΓ :=R⊗k k

Γ is an F -finite normal domain essentially of finite type
over kΓ and RΓ

c is regular [Mur21, Theorem A]. Therefore, RΓ enjoys the claim of the theorem.
If I ⊆R is an ideal of R, let IΓ = IRΓ. By Lemma 3.10, if I ⊆R is an ideal, then there is a
bijection of Rees valuations ψ :RI →RIΓ . Moreover, for all ν ∈RI , if ν

Γ =ψ(ν), pν the center

of ν in R, then
√
pνRΓ = pνΓ is the center of νΓ in RΓ, and for all f ∈R,

ν(f)

ν(I)
=

νΓ(f)

νΓ(IΓ)
. (4.6)

Let W ′ denote the complement of the union of prime ideals belonging to Ass(R/I)∩
(
⋃

n∈N Ass(R/In)), then for every n∈N,

InRW ∩R= InRW ′ ∩R.
By the F -finite case of the theorem, we can replace c by a suitable power and there exists a
constant C such that for all ideals I ⊆R,

cn((IΓ)CnRΓ
W ′ ∩RΓ)⊆ (IΓ)n.

The bijection of Rees valuations of I and IΓ, equality of values described by (4.6), and the
valuation criterion of Rees, see Theorem 2.6(a), imply the same containment properties in R;
that is, for all ideals I ⊆R,

cn(ICnRW ∩R) = cn(ICnRW ′ ∩R)⊆ In.

Corollary 4.6 (Main Theorem 3). Let k be a field and R a normal domain essentially of
finite type over k. There exists a constant C such that for all ideals I ⊆R and for all primes
q∈ Spec(R), if IRq ∩R⊆ q(t), then

I(Cn)Rq ∩R⊆ q(tn).
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Proof. It suffices to verify the ring R enjoys all hypotheses of Theorem 4.4.

(a) The ring R enjoys the Uniform Izumi–Rees Property by Theorem 3.11.
(b) The ring R enjoys the Uniform Briançon–Skoda Property by [Hun92, Theorem 4.13].
(c) By Theorem 4.5, there exists an element 0 �= c∈R and a constant C such that for all ideals

J ⊆R, for all n∈N, if W is the complement of the union of the associated primes of J ,
then cn(JCnRW ∩R)⊆ Jn.

(d) The containment (c)⊆R enjoys the Uniform Artin–Rees Property by [Hun92,
Theorem 4.12].

Therefore, R enjoys the hypotheses of Theorem 4.4, the conclusion of which implies the statement
of Main Theorem 3.
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Sey72 H. Seydi, La théorie des anneaux japonais, in Colloque d’algèbre commutative (Rennes,
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