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§1. Introduction

In a recent paper [HI2] the first named author and S. Ikeda have
investigated Gorenstein properties under blowing up of height two equi-
multiple ideals from the arithmetical point of view. The problem is to
what extent does the Gorenstein property of the Rees algebra R{a) =
@,s0a” of an equimultiple ideal a of a local ring (A, m) describe the
structure of A and a. One result is that if A is a generalized Cohen-
Macaulay ring (i.e. a ring of finite local cohomology) with dim(A) = 4
and if there is an height two equimultiple prime ideal p such that R(p) is
Gorenstein, then A is Gorenstein and p is generated by a regular sequence
(see [HIZ2], Theorem 2.6). That has led to the question whether this result
is still valid for dim(A) - 3. A partial answer was given in [HI2],
Proposition 2.10, where “equimultiplicity” was replaced by the stronger
condition “p/p* is flat over A/p”.

In this paper we extend first Theorem 2.6 in [HI2] to the Cohen-
Macaulay case in the following sense, assuming that # A/m = oo.

THEOREM (1.1). Let (A, m) be a generalized Cohen-Macaulay ring with
dim(A) = 4. Assume that there is a height two equimultiple prime ideal
v of A such that

(1) A, is regular

(i1) R(p) is Cohen-Macaulay.

Then A is a Cohen-Macaulay ring and p is generated by a regular sequence.

Since A, is regular if R(p) is Gorenstein [I], we obtain Theorem 2.6
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of [HI2] from the proof of Theorem (1.1) without using the existence of
dualizing complexes.

Note that if dim(A) = 3, the existence of such an ideal § will already
imply that A is generalized Cohen-Macaulay, see [HI2], Theorem 3.1.
Therefore it seems reasonable to conjecture that Theorem (1.1) also holds
for the case dim(A) = 3; see [HI2], Remark 3.2. We shall see that this
conjecture does not hold in general, (Example (6.2)). For that purpose
we will develop a criterion for the Cohen-Macaulayness of R(p) for almost
complete intersections p in 3-dimensional rings A. This criterion gives
an explicit description of the presentation of the graded ring gr,(p) which
depends only on the factor ring A/p.

TueoreM (1.2). Let (A, m) be a local ring with dim(A) = 3 and } € A.
Let p be a height two equimultiple ideal in A such that u(p) = 3 and A,
is regular. Then the following conditions are equivalent:

(1) R(p) is Cohen-Macaulay

(2) The associated graded ring has a presentation

gr,p) = K[X, Y, Z][(f): &*,
where X, Y, Z are indeterminates over K:= Afp, and f=aX + bY + cZe
KI[X, Y, Z] such that a +0,b,ce K and
(1) b, ¢, beced’K
(i) aK:b=aK:c=(a,c)K:b.

Remark. The notation (f):a®* will always mean f-K[X,Y,Z]:d* in
the sequel.

§2. Preliminaries

We shall see that in dealing with problems on Cohen-Macaulay Rees
algebras, one can restrict the investigation to the associated graded rings
which are easier to be handled—due to the special graded structure. We
mention two results which are used frequently in the following sections.
(A, m) is a local ring with dim(A) = d and a an ideal of A such that
aZ+/ 0, Let R(a) be the Rees algebra of a, G the associated graded ring
gr(a) and I the maximal homogeneous ideal of G. Then (see also [HIO],
Theorem (4.4.1)) we have

THEOREM (2.1) [TI, Theorem 1.1]. R(a) is Cohen-Macaulay if and only
if
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2) [HHG)], =0 for all n = 0.
In this case [HH(G)_, = Hy(A) for i =0, ..., d — 1.

ProrposiTioN (2.2) [HI2, Proposition 2.1]. Let d = 3. If there exists
an equimultiple prime ideal p C A of height 2 such that R(p) is Cohen-
Macaulay and A, is regular, then A and G are domains satisfying Serre’s
condition S,.

§3. Proof of Theorem (1.1)

From the assumption (ii) of the theorem we get by [HIO], Proposition
(45.4) that

depth (A) > dim (A/p) + 1 = 3.

Let (x,y) be a minimal reduction of p. Since A is a generalized
Cohen-Macaulay ring which satisfies Serre’s conditions S,, the elements
x,y form an A-regular sequence. Moreover (x,y)A has no embedded
components in this case because of depth(A) = 38, and further p4, = (x, y)A,
by condition (i). Hence p = (x,y)A. Consequently

R(p) = A[X, Y]/(xY — yX),

where X, Y are indeterminates over A. Therefore A is a Cohen-Macaulay
ring since xY — yX is a nonzerodivisor in A[X, Y]. For the same reason
A is Gorenstein if R(p) is so.

Remark. 1If dim(A) = 3 then by [HI2], Theorem 3.1:
pl(x, A = H(A),

where H:(A) denotes the local cohomology of A with respect to mt.
Moreover, H(A) = HL(A) = 0, because A satisfies S,, Hence A is Cohen-
Macaulay if and only if p = (x,y)A. But H2(A) needs not to be zero
as we will see in the example (6.2).

§4. Proof of Theorem (2.1), (1) = (2)

Under the general assumptions of Theorem (1.2), condition (1) implies
by Proposition (2.2) that G:= gr,(p) is a domain and Gy (and A) satisfy
Serre’s condition S,. [P denotes the maximal homogeneous ideal of GJ.

Let (y, 2) be a minimal reduction of p. Since u(p) = 3 by assumption,
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we find an element ¥ e A such that p = (%, y, 2)A, and % e (y, 2)p by [HI1],
Proposition 1.5. Hence:

x4 l§5’y+é’iz+ﬁy2+l§yz+ﬁzz=0
for some B, ---,Fe A. Put x:= & + (B/2)y+(é/2)z. Then
X+ Dy + E'yz2+4+ F'2* =0,

with some D', E’, F’ ¢ A.

Since A, is regular, we have pA, = (y, 2)A and therefore xA, C (¥, 2)A,,
ie. axe(y,2)A for some we A, agp. Hence we find 8, 7€ A such that
ax + By +12=0, aep. Let

K:.= A/p, R:=K[X,Y,Z] and
M := maximal ideal of K.

Clearly mR is a prime ideal with ht(mR) = 1. Consider the natural
epimorphism ¢:

R—> G =gr,p.

Since G is a domain by (2.2), kerp =:I is prime in R with ht(I) = 1.
We denote the images of I, E’, F’ in Afp by D, E and F. Moreover we
denote by a, b, c the images of &, 8,7 in Afp. Put

fi=aX+ bY 4+ ¢Z and
g:=X'+DY'+EYZ+ FZ?c K[X, Y, Z] .

Then f,gel and f, g + 0.
CLamvm 4.1. (f):a* = L

Proof. Since R[1/al/(f) = K[1/a][Y, Z] is a domain, fR[1/a] is a prime
ideal. On the other hand, I is a minimal prime ideal over (f) and a¢ I
Therefore fR[1/a] = IR[1/a]. From this fact one can conclude that fR =
IN @, where @ is an mMR-primary ideal. Since ge I and fR[1/a] = IR[1/a],
a"g € fR for some neN, i.e.

(1) a*g = fu,
where u = u,X + w,Y 4+ u,Z, u;€e K. If n = 3, comparing the coefficients
on both sides of (1), we get u,, u,, u;€ aK, hence ueaR. Therefore (1)
implies a¢""'g e fR, so we may assume

(2) d’gefR.

Since g¢ MR (and @ is fR-primary), a*e Q. Hence
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(flrd=U:aHYN(Q:a")=INR=1.
Cramm 4.2. b° ¢, be e @*K.

Proof. By (2) in the proof of Claim (4.1) we have a¢’¢ = f-u for some
u=uX-+uY+ uZecR Comparing the coefficients on both sides of
this equation we will obtain

B+ a'D=0, ¢+ aE=0, 2bc+ *F=0
which proves the claim since ¢ A.
Cramm 4.2. aK:b = aK:c.
Proof. We will first show that aK:c < aeK: b0, If deaK:c, then
(*) adbYe (f,a)R < (I, a")R .

Note that ¢%, Y, Z ¢ R is a homogeneous s.0.p. on G. Moreover G, satisfies
Serre’s condition S,, and G, is a generalized Cohen-Macaulay ring by
[HI2], Theorem 3.1. Therefore «’, Y is a regular sequence on G,, hence
on G too. Using this fact we conclude from (*) that

adbe(,a ) RN K = ¢’K ,

hence deaK:b.
By the symmetry between b and ¢ we get aK:b < aK:c.

Croamm 44, (a, K : b aK:c.
Proof. I ec(a,¢c)K: b, then
aceZ* = aeZ(f — aX — bY)e{f, da", acDYZ)R < ([, &*, acYZ)R,
where acYZ = aY(f — aX — bY)e(f, &*, Y)R. Hence
acee((I,a*, YYDR: ZH) N K =: S.

To complete the proof, it is enough to show that S =a*K because then
ceeak, ie. ecaK:c.
Since

Sl*K = (Y2, a*, DR : Z*/(Y?, &%, I)R),
=(0: G/(Y2.a.‘~’)GZ2)U S Hy(G/(Y?, a%), ,

we need only to show that HY%G/Y? ), = 0. Since ¢, Y* is a regular
sequence on G, we have the following exact sequences:
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0 = Hy(G/Y'G)y —> Hy(G/(a", Y*)G), —> Hy(G[Y*G), and
Hy(G)y —> Hu(GY*G)y —> Hiy(G)-. .

By (2.1), Hy(G), = 0 and H%(G)_, = 0. Therefore, from the above exact

sequences we obtain
Hy(G/(@, Y)G), © HW(G/Y*G), = 0.

This proves Claim 4.4.

§5. Proof of Theorem (1.2), (2) = (1)

Let K be a local domain of dimension 1 and let f = aX + bY + ¢Z be
an element in the polynomial ring K[X, Y, Z] =: R with a 0. We put

G = R/(f):d*, M = maximal homogeneous ideal of R,
Hi, = the i-th local cohomology functor on the category
of graded R-modules.

By Theorem 2.1 we only need to prove:

H(G) = Hi(G) = 0
HY(G), =0 for n + —1
H(G), =0 for n=0.

Let S denote the graded ring R/(f, a®)R. Then there is the exact sequence

(1) 0—> G- RIfR—>8—>0.

Since R/fR is a Cohen-Macaulay ring, we have

) H3(G) =0, HyY(G) = Hi(S)

for i = 0, 1, where the isomorphism is of degree zero.
CrLamv 5.1. HY(S) =20

Proof. We will show that Y is a nonzerodivisor of S. Let T be a
form in (a% f) :xY. We will denote by K the ring K/a’K and by X the
image of an element x of K in K. If A is a polynomial in R = K[X, Y, Z],
we denote by % the corresponding polynomial in K[X, Y, Z]. Then

TY = Hf  for some form H.
Write H = H, + H,Y with
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H =aqX"+aX""'Z+ - +0a,Z2"cK[X, Z].
Then (T — Hb — H,f)Y = H(@X + ¢Z)e K(X, Z]. Hence
T—Hb—Hf=H- -@X+¢Z)=0.

Comparing the coefficients of this equation we get:

Ql

0

l
Q ©

QY
Q <«
+

1

S
3
e
I
o

From the first n equations we can deduce that there exist elements
by, - -+, b, e K such that

<*) ao = boa

a, = bja — b

a, = b,a —b,_c.
Since b = ¢ = bé = 0 by assumption (2), (1) in Theorem (1.2) we get
b,ac = d,c = 0; hence b,caK:c = aK:b (by (2), (ii) in (1.2)) and there-
fore b,@b = 0. Thus, using (*) and the fact that @bX = bf, we obtain
Hbe(f). Since T=Hb+ Hf, we get Te(f), too, ie. Te(af)R.
This proves Claim 5.1.
Cramm 5.2. [HY(S)], =0 for n + —1.
Preoof. By the proof of Claim 5.1, Y is a nonzerodivisor of S. Hence
we have the exact sequence
Y2
0—>S—S— S/Y'S—0.
From this it follows that
&) [Ous : Yo = [HWS/YS)],.00

for all n = 0. By the definition of local cohomology, H%(S/Y%S) is sub-
module of the module  J;2, (Y*S: Z!)/Y*S.

Assume that [\ i, (Y*S:Z%)/Y*S], =0 for n 1. Then [Oyy: Y],
=0 for n+ 1. Hence Y-[Oyy,: Y’] = 0 or equivalently

. . 2
OH}{(S) . Y = OH};,(S) . Y .

From this we can deduce that
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Oy 1 Y2 = Oy 1 Yo = -+ = U (Ouy0 1 Y) = HI(S).

Hence from (3) we get for all n # —1
[H(D)], = [Ouys): Yilowe = 0.

Therefore, it suffices to show that for all n # 1
U[Y*S: 21, = [Y*S],.
t=1

We will first show that
[Y*S:Z%], = [Y*S],
or equivalently
(£, 0%, Y)R: 2"], = [(f, &", Y))R],

for n+ 1. Consider the case n=0. Let deK be an element of
[(f, &®, YHR: Z*,. Then
dZ'ed¥X,Y,Z)R + (f, Y)R.
Hence there exist elements u, v, we K such that modulo the ideal
(@*YZ, oa*Z%, Y*, )R we have:
dZ* = ' (uX® + vXY + wX7Z)
= wbY + ¢Z) — avY(bY 4+ ¢Z) — awZ(bY + cZ)
= —a(vc + wb)YZ — awcZ*,
because (bY + cZ)*R e a¥(Y, Z)'R by assumption (2), (i) of (1.2). From this
we obtain modulo the ideal fR a quadratic relation in the variables Y, Z.
Since Y, Z form a regular sequence on the factor ring R/fR, all coeffi-
cients of this quadratic form must be zero. Therefore, we can conclude
that
d + awc e d’K
a(ve + wbd) e a’K .

We can now use assumption (2), (ii) of (1.2) to deduce that
wel(a,c)K:b=aK:c

and therefore d e o’K = [(f, a*, Y*)R)],.
Now consider the case n > 2. Let F be an arbitrary element of
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I(f, a*, YHR: Z%],. Then
FZ*e o’ (X, Y, Z)R + (f, YOR.
Using (2), (1) of (1.2) we can easily see that
(X, Y, Z)R < oXY*, Z)R + fR.
Therefore, there exists a form H, such that
(F — H)Z* e (f, YO)R .

Since Y?, Z? form a regular sequence on R/fR,

F - dHe(f, Y)R.

Hence Fe(d f, Y)R, as required.

So we have proven that [Y%S: Z?], = [Y*S], for n = 1. Similarly as
for (Ouy : Y?) above, we can deduce from this relation that Y*S:2Z* =
Ui (Y2S: ZY) and therefore [\, (Y:S:ZY], = [Y*S], for n 1. The
proof of Claim 5.2 is complete.

From (2), Claim 5.1 and Claim 5.2 we get HL(G) = 0, H}(G) = 0, and
H%(G) =0 for n #+ —1. Now we are going to prove that [H3(G)], = 0
for n = 0.

We consider again the exact Sequence (1). Since Y, Z is a regular
sequence on R/(f) and Y is a nonzerodivisor on S, we can deduce that Y, Z
is a regular sequence on G. Hence there are the following exact sequences

4) [HAGIYG), —> [HY O, — %> [HYG)],
&) [HY(GI(Y, Z)O), —> [HWGIYO), , —2> [H(GIYG)], .
By assumption (2), (i) of (1.2) there are D, E, Fe K with

faX — bY — ¢Z) = a¥(X* — DY® — EZ* — FYZ).

Therefore [G/(Y, Z)G], = 0 for n = 2. This implies by [HIO], Corollary
(35.21):
[HA(GI(Y, Z)F)], = 0 for n = 2.

Since [H2(G/YG)}, = 0 for n large, from (5) we can deduce that [H3(G/YG)],
=0 for n=1. Hence from (4) we similarly obtain [H5(G)], = 0 for
n=0.

This completes the proof of Theorem (1.2), (1) = (2).
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§6. Example

First we show that condition (2) of Theorem (1.2) already implies
that p is equimultiple and A, is regular in the following sense:

LEmMA (6.1) Let K be a one-dimensional local domain, s.t. e K.
Let a + 0, b, ¢ be non-units in K which satisfy the following conditions:

(1) b, beea’K

(i) aK:b=aK:c=(a,c)K:b.
Let R be the polynomial ring K[X,Y,Z] and put G:=R/(f): o, where
f=aX+ bX + cZ. Let M denote the maximal homogeneous ideal of G.
Assume that A = Gg and p = (X, Y,Z)Gy,. Then A is a domain with
dim(A) = 3 and 9 is a height 2 equimultiple prime ideal of A such that
A, is regular and R(p) is Cohen-Macaulay.

Proof. We know from [T], Korollar 1.6, that
fR=INQ,

where I is a prime ideal such that I N K = (0) and @ is an mR-primary
ideal, where m is the maximal ideal of K. By (i) we know that

f-(@aX — bY —cZ) = a* (X* — DY* — EZ* — FYZ)
for some elements D), E, Fe K. Therefore
1) X' —DY* —EZ'* — FYZe(f):a*=1IN(Q:a?).

Since X? — DY? — EZ* — FYZ does not belong to any mR-primary ideal,
we can deduce that Q:a* = R. Hence (f):a’*= 1. That means A is a
domain with dim(A4) = 3. By (1) the prime ideal p is equimultiple (of height
two). Since pA, = (Y, Z)A,, A, is regular. Using the fact that gr,(p) is
isomorphic to G we get by Theorem (1.2) that R(p) is Cohen-Macaulay.

According to the lemma, to find a counterexample to the conjecture
mentioned in section 1 we only need to find a one-dimensional local
domain K which contains appropriate elements «, b, c:

ExampLE (6.2). Let K be the ring k[t &, ¢, &8, 1], where k is a field
with char(k) #+ 2. Put

a:=1, b=t c:=, d:=1, e:=1.

Then we have:
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(a) b* = a'd, = a’h, bc = a’e
(b) aK:b=aK:c=(a,c)K:b = (a, b,c,d, e)K.

Let A, m, and p be defined as in Lemma (6.1). Using the computer
system COCOA developed by G. Niesi and F. Giovani we obtain A =
(K[X, Y, Z1/I),;, where M is the maximal homogeneous ideal of K[X, Y, Z]
and I is generated by the polynomials

aX + bY + cZ, bX + adY + acZ,
dX 4+ bY + cZ, cX + acY 4+ abZ,
eX — a*Y — adZ, X? —dY? — ZeYZ — bZ*.

By Lemma (6.1) we know the Rees ring R(p) is a Cohen-Macaulay

ring. But A is not Cohen-Macaulay because Y, Z, @ form a s.o.p. on A
but not a regular sequence: XA C (Y, Z)A:a, XA Z (Y, Z)A.
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