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1. In ano the r p a p e r [ l ] m e a s u r e s d e t e r m i n e d f r o m b a s e 
func t ions , tha t have f ini te r i g h t and left l i m i t s e v e r y w h e r e and 
a r e of g e n e r a l i z e d bounded v a r i a t i o n in the r e s t r i c t e d s e n s e , a r e 
s tudied and used to define non abso lu te ly c o n v e r g e n t i n t e g r a l s of 
Denjoy type . In th i s p a p e r b a s e funct ions of bounded v a r i a t i o n 
and the c o r r e s p o n d i n g m e a s u r e s a r e s tudied as a background for 
tha t p a p e r . The r e s u l t s s u p p l e m e n t p a r t s of [2] . 

In both p a p e r s s equen t i a l cove r ing c l a s s e s of open i n t e r v a l s 
and funct ions T on t h e s e c l a s s e s defined in t e r m s of f ini te r i g h t 
and left l i m i t s (§ 2 below) a r e used to a s s o c i a t e , with e a c h func­
t ion F € $- ( i . e . , e ach F that ha s f ini te r i g h t and left l i m i t s 
e v e r y w h e r e ) , a unique Method II pos i t i ve ou t e r m e a s u r e \f [2 ] . 
Then e a c h funct ion tha t i s of bounded v a r i a t i o n on e v e r y f ini te 
i n t e r v a l (BV f) d e t e r m i n e s t h r e e n o n - d e c r e a s i n g funct ions | F | , 

F and F c o r r e s p o n d i n g to the to ta l , pos i t i ve and nega t ive 
v a r i a t i o n s of F . The ou t e r m e a s u r e s u* , JJL̂  and JJ,* 

| F | F + F" 
d e t e r m i n e d by t h e s e funct ions coincide with the c o r r e s p o n d i n g 
v a r i a t i o n s on open i n t e r v a l s and JJLV = JJL*** + \yT 

| F | F + F" 

It i s c l e a r f r o m the def ini t ion tha t e a c h outer m e a s u r e JJL 
i s i ndependen t of the va lue of F(x) a t the points of d i scont inu i ty 
of F . On the o the r hand the ou te r m e a s u r e s d e t e r m i n e d by the 
v a r i a t i o n funct ions a r e not independen t of the va lues of F a t the 
po in t s of d i scon t inu i ty u n l e s s t h e s e v a l u e s r e m a i n be tween F ( x ) 

and F ( x ) a t e ach x . A funct ion F wil l be said to have the 
i n t e r m e d i a t e va lue p r o p e r t y (we w r i t e F has IVP) if for each 

x F(x) l i es be tween F ( x ) and F ( x ) . We show that when F 
has IVP | j * co inc ides with JJT . An a r b i t r a r y F can be 

| F | 
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expressed in the form 

(1.1) F = G +H , 

where G has IVP , H(x ) = H(x ) = 0 everywhere and u^ (for 
F or G) coincides with u^ 

Given a signed measu re v on a cr-algebra J , the Jordan 
decomposition ([5], p . 11) implies the existence of positive 

m e a s u r e s v and v on ji with v = v - v . To v then 
corresponds a Hahn decomposition X = X |J CX with 

(1.2) v (A) = v + ( A P l x ) - v"(A(lCX ) , Ac*/ . 

If F is B V with finite positive and/or negative variation, 

( 1 . 3 ) V = JUL - U 

F F" 

defines a signed m e a s u r e on ^ , the \f - m e a s u r a b l e se t s . 

Defining |v | = v + v , G and H as in 1. 1, then 

V- = V- = lv ! 
| G | 

on £ and the Jordan m e a s u r e s v and v satisfy 
F 

(1.4) v = u , v = u 
G G" 

If F has IVP then 

+ 
v = h 

F 
^ + , v = u 

and v has a Hahn decomposition. Conversely if F i G , v 
cannot have a Hahn decomposition. 

2. Functions with finite right and left l imits everywhere . 

Let a denote the family of rea l valued functions F with 

F(x ) and F(x ) defined and finite for every x in X = (-00,00) 
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T H E O R E M 2 . 1 . Le t F e ^ . T h e n F i s cont inuous in 
X with the p o s s i b l e excep t ion of an at m o s t countable s e t of 
po in t s and F is bounded on e v e r y f ini te i n t e r v a l (and on X if 
F(x) has f ini te l im i t s as x-* _+ oo ) . 

P roof . Le t S(F, x) = S(x) = m a x ( J F ( x + ) - F ( x " ) | , 

| F (x ) - F ( x ) | , | F ( x ) - F ( x " ) | ) . Then F i s cont inuous a t x 
if and only if S(x) = 0 . A s s u m e that t h e r e e x i s t s d > 0 , a 
f ini te i n t e r v a l (a, b) and a countable s e t of po in t s {x.} in (a, b) 

with S(x ) > d , i = l , 2 , . . . . T h e r e i s then a s u b s e q u e n c e con-
i 

v e r g i n g to a point x ' , a < x1 < b , and at x ! a t l e a s t one of 

F ( x ) , F ( x ) fa i l s to e x i s t . S i m i l a r l y , the a s s u m p t i o n tha t F(x) 
i s unbounded l eads to a sequence x. converg ing to a poin t x 

with l im | F ( x . ) | = oo , con t r ad ic t ing the e x i s t e n c e of f ini te r i g h t 

and left l i m i t s a t x . 

Le t "3- = { F e 3 : F ( x ) = F (x" ) = 0 e v e r y w h e r e } . Then if 

F e J- , F(x) = 0 excep t for a t m o s t countably m a n y po in t s which 
o 

m a y be d e n s e in X . F u r t h e r m o r e , if x. , i = 1, 2, . . . , a r e 

the poin ts of (a, b) , -oo< a < b < oo , a t which F(x) £ 0 , then 
| F ( X . ) | -> 0 as i -*• oo . Note tha t if F e rj. , then F has IVP 

1 O 

if and only if F = 0 . 

Le t F e C? and define H(x) = 0 if x i s a point of cont inui ty 

of F or if F(x) l i es be tween F ( x ) and F ( x ) . E l s e w h e r e 

define H(x) = F(x) - m a x {F(x + ) , F (x" )} if F(x) > F ( x + ) , F ( x ~ ) ; 

= m i n { F ( x + ) , F (x" ) } - F(x) if F(x) < F (x + ) , F (x" ) . 
Then He 5 and m e a s u r e s at each x the d i s t a n c e F(x) l i e s 

+ 
above or be low the i n t e r v a l d e t e r m i n e d by the po in t s F ( x ) , 
F (x" ) . If G = F - H , G has IVP and c o m p l e t e s ( 1 . 1 ) . 

Le t £ and c*_ denote the co l l ec t ions of a l l f ini te open in -
d 

t e r v a l s and a l l open i n t e r v a l s of length l e s s than d r e s p e c t i v e l y . 
Then £ and £ a r e cover ing c l a s s e s for X in the t e r m i n o l o g y 

d 
of M u n r o e [2] . Define T( 0) = 0 (0 the empty se t ) , 

r ( a , b ) = | F ( b " ) - F ( a + ) | on £ . Then ( £ , T ) and, for each 
d > 0 , ( £ , T ) d e t e r m i n e Method I ou te r m e a s u r e s on P (X) , 

d 
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the s u b s e t s of X . We s h a l l denote t h e m by u"s and u"% 

F , oo F , d 

If d . i 0 ( i . e . , d > d > . . . , l im . d. = 0) then 
l 1 — 2 — i l 

[JL^ = |JT = l i m u^ 
F , 0 F i->oo F , d . 

l 

d e t e r m i n e s a Method II o u t e r m e a s u r e . It is e a s y to ve r i fy tha t 
JJL'̂  does not depend on the s e q u e n c e {d.} . When a b a s e funct ion 

F i 
F has been fixed we sha l l a b b r e v i a t e jjt^ to JJT . 

If Fe^T , u* v a n i s h e s i d e n t i c a l l y on X . The func t ions 

F , F d e t e r m i n e the s a m e o u t e r m e a s u r e s if they differ by the 1 2 y y 

s u m of a c o n s t a n t and a funct ion in 3 . 
o 

Since for e a c h F € 3- , JJI* = JJI* i s a Method II o u t e r m e a s u r e 
F 

i t fol lows f r o m [2] tha t : 

I . JJT i s a m e t r i c ou te r m e a s u r e ([2], T h e o r e m 1 3 . 3 ) ; 

II . E v e r y B o r e l s e t i s C a r a t h é o d o r y m e a s u r a b l e for JJI* 
([2], C o r . 1 3 . 2 . 1 ) ; 

i n . If A t A ( i . e . , A C A C . . . , A = U A ) then 
n 1 2 n n 

, x * ( A n ) t ^ * ( A ) ([2], C o r . 1 2 . 1 . 1 ) ; 

If A , n = 1, 2, . . . , a r e C a r a t h é o d o r y m e a s u r a b l e , 
n 

if A I A and t h e r e e x i s t s n with u(A ) < oo , then UL(A ) \ UL(A) : 
n n n 

IV. Given A t h e r e e x i s t s a Gr se t B Z) A with 
|j.(B) = | J T ( A ) , i . e . , [il< is a r e g u l a r o u t e r m e a s u r e ([2], p . 108 ) ; 

V. If t h e r e e x i s t s an open s e t U conta in ing A with 
|JL(U) < oo then, g iven £ > 0 , t h e r e e x i s t s an open s e t IP D A 
with u*(A) < ^(IT) + e . 

When jjî  i s a Method I ou t e r m e a s u r e the def in i t ion and 
f i n i t e n e s s of JJL^(A) i m p l y the e x i s t e n c e of U1 in V f r o m which 

- 1 
IV f o l l o w s . If F(x) = x s in x , x t 0 ; F(0) = 0 , F is con t in ­
uous but not of bounded v a r i a t i o n on any open se t conta in ing the 
o r i g i n . Then |JL({0} ) = 0 but T h e o r e m 4 . 1 i m p l i e s tha t |a(U) = oo 
for e v e r y open s e t conta in ing 0 . F o r Method II o u t e r m e a s u r e s 
IV i m p l i e s tha t t h e r e e x i s t s {U ) wi th each U open and con-

nJ n 
ta ining A and with U I B . Then if U contain£ A and 

n r 
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jd(U)< oo, U n U \ B ' , B D B ' D A , n(B') = u*(A) , u (uH U ) | L L * ( A ) 
n n 

by III, and V fo l lows . 

The ou te r m e a s u r e s JJL̂  and \xk> need not co inc ide . 
F , d 

Cons ide r F(x) = s in x . E v e r y s e t can be covered by i n t e r v a l s 
of length 2TT (on which f v a n i s h e s ) . Thus , us ing t or £ 

d 
with d > 2TT , [iT (X) = 0 and \i^ v a n i s h e s i den t i c a l l y . 

F , d F , d 
T h e o r e m 4 . 1 wi l l show that for this F , jji(a, b) co inc ides with 
the to ta l v a r i a t i o n of F on (a, b) . 

T H E O R E M 2 . 2 . if F is n o n - d e c r e a s i n g , - oo< a< b<oo , then 

|d"N (a, b) = r ( a , b) = F(b ) - F ( a ) and |JL* co inc ides with 
F , d 

|i* , 0 < d < oo . 
F , d 

P roof . If (a, b) is a cove r ing se t we obtain 

u* ( a , b ) < r ( a , b ) = F(b" ) - F ( a + ) t r i v i a l l y . If 0 < d < b - a 
F , d 

take a sequence of poin ts of cont inui ty x. with a < x < x . . . 

< x < b with x. - x. J < d , x j - a < d , b - x < d . T h e r e 
n l i - l 1 n 

then e x i s t po in t s of cont inui ty x . ! with x. < x ' , x ' - a , 
l l i 1 

x x. < d , 
i i - 1 

n 
F ( x , ' ) - F ( a + ) + 2 {F(x . ' ) - F (x . )} - [F(x ) - F ( a + ) 

1 . _ l l - l 1 
i=2 

+ 2 {F(x . ) - F(x . )} ] < e 
i=2 1 1_ 

Then (a, b) C ( a , x ' ) U ( x n > b)|J ( U (x , x » ) } and 
i=2 

+ - n 

Hv ( a , b ) < F ( x •) - F ( a ) + F(b ) - F ( x ) + S {F(x . ' ) - F (x i _ 1 ) } 
F , d i = 2 

+ n 

< F ( b ) - F (a ) + F ( x ) - F (x ) + S {F(x.) - F ( x . _ 1 ) } + e 
i = 2 
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= F(b") - F(a+) +e . 

Pass ing to the limit as d -> 0 , fi(a, b) = ^(a, b) as well. 

To prove that >. holds, let a ! , b ' be points of continuity 
of F, a < a' < b ! < b with F(a !) - F(a+) < e/2 and 
F(b") - F(b !) < e/2 . Then |i* (a, b) > |i* [ a ' , b ' ] and it is 

F ,d F ,d 
sufficient to show that 

* [a«,b ' ]> F(b') - F(a<)> F(b") . F ( a
+ ) „ E . r F , d 

By compactness, any covering of [a^b 1 ] by open intervals in 
>> can be replaced by a finite subcovering, and simple ar i thmet ic 

shows that 

^ [ a ' , b ' ] > ^ * d [ a ' , b ' ] > F(b') - F(a ') . 

It follows that LL̂  coincides with LI* n , 0 < d < oo , on the 
±f , d — 

Borel se t s . Both JJL and JJL are regular outer m e a s u r e s , 

which implies that ^* = JJI_ . 
F , d 

We note that when F is not monotone the Borel sets , and 
in fact open intervals , need not be JJL - measurab le , 

F, d 
0 < d < oo . Let F(x) = 0 , x < 0 and x > l ; = x , 0 < x < l . Then 
F is BV and has IVP , but ^ ± (0, 1) = 1 , ^ [1, 2) = 1/2 

^F, l / 2 ( ° , 2 ) = d < 4 , 1 / 2 ( 0 , 1 ) + 4 , 1 / 2 [ 1 , 2 ) a n d ( 0 , 1 ) i S n 0 t 

u* - m e a s u r a b l e . However, we have 
F , 1/2 

THEOREM 2 . 3 . If F e ? is continuous, then the Bore l 
sets a re Carathéodory measurable for each outer m e a s u r e 

4 , d - d > 0 -
Proof. It is sufficient to show that for an a rb i t r a ry open 

interval (a, b) , e > 0 , and any set B with |i* (B) < oo , 
F , d 

4, a(B) - 4, d(Bf1 (a-b)) + 4, d(Bfl c(a> b)) • £ • 

Given B , there exist intervals (a. ,b.) in C covering 

B with 
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V* , ( B ) > 2°° T ( a . , b . ) - e/2 . 
F , d — 1 1 1 

We sha l l show that the co l l ec t ion { ( a . , b . ) } can be r e p l a c e d by 
l l 

co l l ec t i ons {(a. , b . )) and {(a. , b . )) with the f i r s t of t h e s e 
l l J i l 

cove r ing Bfl (a, b) , the second cove r ing Bfl C(a, b) . If 

(a., b.) C (a, b) , se t (a. , b. ) = (a., b.) , (a. , b . ) = (h , the empty 
i l i i i i i i r 

s e t . If ( a . , b . ) C C(a, b) , s e t (a! , b | ) = é> , (a! \ b! ' ) = (a. , b.) . 
i l i i r i i i l 

A s s u m e that a. < a < b . < b , F (a . ) < F(b , ) < F(a) . The 
i l i l 

cont inui ty of F(x) i m p l i e s the e x i s t e n c e of a point a* , 

a < a! < a with F (a?) = F(b . ) . We r e p l a c e ( a . , b . ) by ( a ! , b ! ) 
i l i l î i i i 

and (a. , b . ) with a. = a? , b . = b . = b . , a. -a. . Then 
i l l i i i i i i 

-r-(a.,b.) = r ( a ! , b! ) + r ( a ! \ b " ) . 
i l i l i l 

If F (a . ) < F(a ) < F(b . ) we can take a!' = a. , b! = b . and 
l l l i i i 

d e t e r m i n e b . > a , a. < a with 
l l 

r ( a ! , b ! ) + V . ' . b ! ' ) - r ( a . , b ) < e / 2 1 + 2 . 
i l i l i l 

Other p o s s i b i l i t i e s can be t r e a t e d s i m i l a r l y . Then 

IJL* J ( B ) > S ° ° Y ( a . , b . ) - e/2 > S r ( a î , b î ) + Z r ( a ! , , b ! ' ) - e , 
F , d "• 1 l l "~ i l i l 

>Fi* d ( B r i ( a , b ) ) +^L* ( B n C ( a , b ) ) - e . 

COROLLARY. If F € $ i s con t inuous , then for e a c h 
d > 0 P r o p e r t i e s I-V hold for uuL _ . 

F , d 

Since open i n t e r v a l s a r e m e a s u r a b l e the B o r e l s e t s a r e 
m e a s u r a b l e and ([2], E x e r c i s e (a), p . 104) g ives I. IV c o m e s 
f r o m ([2], C o r o l l a r y 1 2 . 3 . 1 ) , III f r o m C o r o l l a r y 1 2 . 1 . 1 . 

3 . M e a s u r e s d e t e r m i n e d by funct ions of bounded v a r i a t i o n . 
F o r X = (-oo , oo) we define 

3 B V = { F € ? : F i s BV on X } ; 
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J = { F € 3- : F i s BV on e v e r y f ini te i n t e r v a l } ; 
B V 

# = { F e i : F h a s IVP} . 

F o r A C X define 

VF(A) = sup 2 | F ( b . ) - F ( a . ) | , 
l l 

P V F ( A ) = sup 2 {F(b . ) - F (a . )} , 

NVF(A)= sup 2 ( F ( a . ) - F(b . )} , 
l l 

w h e r e the s u p r e m a a r e t aken ove r a l l f in i te c o l l e c t i o n s of non-
ove r l app ing i n t e r v a l s ( a . , b . ) , b . > a. wi th a l l a . , b . in A . 

î i i i i l 

T h e s e v a l u e s wi l l be cal led the to ta l , p o s i t i v e and nega t ive v a r i a ­
t ions of F over A r e s p e c t i v e l y . 

(3 .1 ) VF(A) = PVF(A) + NVF(A) for e v e r y A C X . ( C o m p a r e 
[4], T h e o r e m 6 . 2 4 . ) 

(3 .2 ) If a e A , VF(A) = V F ( A p (-oo, a]) + VF(Af) [a, oo)) . 
T h e r e a r e ana logous r e s u l t s for P V F and N V F . 

(3 .3 ) If b < oo, V F ( a , b ] = V F ( a , b ) + |F (b ) - F ( b " ) | , 
P V F ( a , b] - P V F ( a , b) + m a x {0, F(b) - F (b" ) } , 
NVF(a , b] = N V F ( a , b ) + m a x {0, F (b" ) - F(b) } . 

Analogous r e s u l t s hold for [a, b) . 

(3 .4 ) V F ( a , b ) = * i m V F f e p) = l im VF[ f f , p] . 
c*->a+, (3->b~ c*->a+, (3-*b~ 

A s s u m e F e ^ with F(0) = 0 . If F(0) i 0 we c o n s i d e r 
F(x) - F(0) . Define 

| F | ( 0 ) = F + ( 0 ) = F~(0) - 0 ; | F | ( x ) = VF[0 , x] , F + ( x ) = P V F [ 0 , x ] , 

F" (x ) = N V F [ 0 , x ] , x > 0 ; 

| F | ( x ) = - V F [ x , 0] , F + ( x ) = - P V F [ x , 0 ] , F _ ( x ) = -NVF[x , 0], x< 0 . 

F r o m (3 . 1) 

| F | ( x ) = F + ( x ) + F~(x) < oo, 
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with both sides finite for every x when F€jf__ri . Below we 
DV 

shall assume that Fe 3 unless we specify otherwise. 
BV 

(3.5) F(x) = F+(x) - F~(x) 

for every x whence 

F+(x) = f { |F|(x) + F ( X ) } , F"(x) = | { | F | ( x ) - F(x)} . 

The equalities in (3.5) are immediate if x = 0 . Assume 
x > 0 . Given £ > 0 there is a partition 0 = x < x < . . . < x = x 

o 1 n 
with 

0< PVF[0,x] - 2_{F(x.) - F(x. )} < e/2 , 
— P i l-1 

0 < NVFfO, x] - S {F(x. t ) - F(x.)} < e/2 . 
— •- N l-1 i 

Then 
n 

F(x) = S*{F(x.) - F(x. )}; | S {F(x.) - F(x. )} 
1 l l-1 J ' l l-1 

1 

- (PVF[0,x] - NVF[0,x])| = |F(x) - { F+(x) - F_(x)} |<e . 

A similar argument holds if x< 0 . We next observe 

VF[a, b] = | F | (b) - |F|(a) , PVF[a, b] = F+(b) - F+(a) , 
(3.6) 

NVF[a, b] = F (b) - F (a) . 

If a < 0 < b , VF[a, b] = VF[a, 0] + VF[0, b] by (3.2) 

= |F|(b) - |F |(a) . 

If 0 < a < b , VF[0, b] = VF[0, a] + VF[a, b] leads to the result. 

|F|(x") = lim VF[0,x!] = VF[0,x) , x> 0 , using (3.4), 

xf -* x~ 

|F | (x + )= lim | F | ( X ' ) = lim VF[0, xf] = VF[0f x] + 

xf-*x xf-*x 

(3.7) l i m VF[x,xf] = |F|(x) + |F(x) - F(x+) | , x> 0 

x' -*- x 
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| F | ( x + ) = - VF(x , 0] , x < 0 , 

| F | ( X ~ ) = - VF[x , 0 ] - | F (x ) - F ( x " ) | = 

- | F | ( x ) - | F (x ) - F ( x " ) | , x < 0 . 

T h e r e a r e s i m i l a r r e s u l t s for F and F . With (3 .2) they lead 
to 

V F ( a . b ) = | F | ( b " ) - | F | ( a + ) > | F ( b " ) - F ( a + ) | , 

(3 .8 ) P V F ( a , b ) = F + (b~ ) - F + ( a + ) , 

NVF(a, b) = F~"(b~) - F " (a ) . 

Applying T h e o r e m 2 . 2 to the n o n - d e c r e a s i n g funct ions | F | , 
+ 

F and F we obta in 

H i F | ( a , b ) = V F ( a , b ) , 

(3 .9 ) u + ( a > b ) = P V F ( a , b ) , 
F 

H _ (a, b) = NVF(a , b ) , - o o £ a < b < o o . 
F 

We then ob ta in e a s i l y 

N ^ | ( { x } ) = lF<x> " F ( x + ) l + lF(x> - F<x~)l 
(3 .10) 

| F ( x + ) - F ( x ~ ) | if F ha s I V P at x ; 

(3 .11) H i | F | [ a , b ] = V F [ a , b ] + | F ( b + ) - F ( b ) | + | F ( a ) - F ( a " ) | 

T h e r e a r e e q u a l i t i e s s i m i l a r to (3 .10) and (3 . 11) for P V F 
and NVF . We show 

# # # 
(3 .12) i i | F | = ^ F + + ^ F _ . 

Using the countab le addi t iv i ty of the m e a s u r e s and (3 .9 ) , 
(3 .12) holds on open s e t s and t h e r e f o r e , us ing III, on bounded 
G s e t s . Since the i n t e r s e c t i o n of t h r e e G s e t s i s a G se t , 

Ô o 6 
IV i m p l i e s tha t t h e r e e x i s t s a G s e t B D A with 

o 
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H | F | ( B ) = ^ L | ( A ) , fi + ( B ) = fi + ( A ) , ji _(B) = u (A) . 

Thus (3 .12) holds for a r b i t r a r y bounded s e t s and f inal ly , us ing 
III, for a l l s u b s e t s of X . 

# # % 
We show tha t if JJL , M-, > HU a r e ou te r m e a s u r e s with 

[i = u a + [x^ and if So, JQ' , d denote the LL , UL t and 
1 2 1 2 1 

|JL - m e a s u r a b l e s e t s r e s p e c t i v e l y , then Jv - Jd \ IfiS . 
ù J. & 

Tha t i s t r i v i a l . A s s u m e tha t AeJo , 

jjf (B) < oo . Then JJL (B) = |i (B(l A) + JJL (B (1 CA) . The a s s u m p t i o n 
of addi t iv i ty i m p l i e s that 

>i*(B) - n * ( B 0 A ) - H L * ( B O C A ) = - { j i * ( B ) - n * ( B n A ) - ^ ( B f l C A ) } . 

A s s u m i n g one s ide to be d i f ferent f r o m z e r o i m p l i e s tha t 
one of the d i f f e r ences is g r e a t e r than z e r o , con t r ad i c t i ng the 
countable subaddi t iv i ty of the c o r r e s p o n d i n g ou t e r m e a s u r e . Thus 
$<Z J&a D A . F r o m (3 .12) we obta in 

1 2 

(3. i3) ^ ( F | = JF+[\JF_ . 

If He Sf , 9$ \ „ \ = ^ ( X ) . Thus , for the d e c o m p o s i t i o n ( 1 . 1), 
o H 

(3 .14) ^ | F | = ^ | G | -

4 . The r e l a t i o n be tween the ou te r m e a s u r e s \x - JJL and 

JJL i i w h e r e F e jf . With each F € J we have a s s o c i a t e d 

^ # # 5ÎC 5}C 

ou te r m e a s u r e s JJL = JJL , |JL I I , JJL and JJL . If F does not 
F * * F 

have IVP i t fol lows f r o m (3 .10) tha t JJL 4 JJLJ J . 
I * I 

THEOREM 4 . 1 . If F e 3 and F = G + H a s in (1 .1 ) then 
for e v e r y i n t e r v a l (a, b) over which F i s of bounded variat ion 

|i(a, b) = VG(a,b) . 
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If F € $ , then for e v e r y a, b , - oo£ a < b £ 
B V 

^ ( a , b ) = VG(a ,b ) 

fi = JJL « « and fx = (JL I I if and only if F h a s I V P . 

P roo f . To p r o v e the f i r s t p a r t s e t G (x) = G(x) , 
. • + - ° 

a < x < b ; = G(a ) , x < a ; = G(b ) , • x > b ; G(x) = G (x) - G (0) . 
— —• o o 

Then G t ^ n S o v ' Le t T (a, |3) = | G | (p~ ) - | G | ( a + ) . Then if 
BV 

a < ot < P < b , 

* ( * , p ) = | G | ( p ~ ) - \G\\a+)> | G(p~ ) - G(<*+) | = | F(p~ ) - F(a+) | = r(a, (3). 

It fol lows tha t for a < a' < b1 < b , A C (a ' , b1) , d < (b -b 1 , a ' - a ) , 

H-IQI d ( A ) > ^ p d ( A ) and thus J J L J - , ( A ) > | I (A) . Using i n , §2 , 

ULI ^ I > JJL on s u b s e t s of ( a , b ) and in p a r t i c u l a r 
l G l 

Ht(a,b) < j i | - | ( a , b ) = VG(a, b) . 

Note tha t if F e 3 B V ! , |±* < |ju , . 

We next show tha t \x(a,, b) >_ VG(a, b) and obv ious ly m a y 
a s s u m e tha t |a(a,b) < oo . We a s s u m e in i t i a l ly tha t G i s con t i nuous . 
F ix ing e > 0 , t h e r e e x i s t n o n - o v e r l a p p i n g i n t e r v a l s ( x . , y . ) , 

i = l , 2 , . . . , n , with 

n - 1 
(4 .1 ) 0 < V G ( a , b ) - Z |G(y.) - G(x . ) | < e/4 . 

i = l 1 X 

Using ( 3 . 8 ) , th i s i m p l i e s 

n - 1 
(4 .2 ) 0 < V(a, b) - Z V G ( x . , y ) < e/4 

" ' A 1 i 

1 = 1 

and 

(4 .3 ) Z ! N V G ( x . , y . ) + Z n P V G ( x . , y.) < e/4 , 
i l i l 

w h e r e Z ' deno t e s s u m m a t i o n over the i n t e r v a l s with 
G(y ) > G(x ) , Z " ove r those wi th G(y ) < G(x ) . 

i i i i 
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By cont inui ty t h e r e ex i s t po in ts x. f , y.1 , x. < x. f < y. f < y. , 
l l l l l l 

i = l , 2 , . . . , n , with 

(4.4) 0 < | S . | G(y ) - G(x )| - S | G(y ») - G(x.») 11 < e/4 . 

\ 
Let E = U .[x.1 , y . ' l . Then for d < - m i n {y. - y . ! , 

i l l 2 i l 
x ' - x , i = 1, 2, . . . , n) , e v e r y cover ing of E by s u b s e t s of 

i l 

£ can be r e p l a c e d by a f ini te s u b c o v e r i n g w h e r e each cove r ing 

i n t e r v a l i n t e r s e c t s one and only one of the i n t e r v a l s [x . ' , y . ' ] and 

w h e r e no point of E is in m o r e than two of the cover ing i n t e r v a l s , 
no po in t x . ' , y f in m o r e than one ([3], L e m m a 2, p . 57). Denote 

i i 
the i n t e r v a l s cove r ing [x.1 , y. ' ] by (a.., p. .) , j = 1, 2, . . . , n(i) . 

Then 

2 . { G ( p . . ) - G ( * . ) } = G ( y . ' ) - G ( x . ' ) + G ( x . ' ) - G ( a . . ) + G ( p . ) 
J ij ij i i i ij m(i) 

- G ( y . ' ) + 2 . {G(p . . ) -G(ûr . . ) } 
i J ij ij 

and, if G(y. !) > G(x. ' ) , 

( 4 .5 ) S . |G( (3 . . ) - G{a..)\ > G(y.«) - G(x. ') - NVG(x. ,y . ) 

with a s i m i l a r r e l a t i o n us ing PVG if G(y. f) < G(x. f) . 

T h e r e ex i s t s such a cove r ing with 

V* ( E ) > Z |G(p. . ) - G(ÛT..)| - e/4 
G, d . . ij ij 

i , J J J 

> 2 |G(y . ' ) - G(x. !)[ - e/4 - Z 'NVG(x. , y.) - Z M PVG(x. , y.) 
i = l 

n 3 
> 2 |G(y. ) - G(x . ) | - ~ e 

1 

> VG(a ,b ) - e ; 

Ht(a, b) > HL(E) > ^ d ( E ) > VG(a, b) - e . 

When G is not cont inuous (3 .8) a s s e r t s that 
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VG(a, (3) ,> J G(p ) - G(a ) | but m a y be s t r i c t l y l e s s than 
| G(j3) - G(Q) I so tha t (4 .1) does not i m p l y ( 4 . 2 ) . A s s u m i n g G 
not con t inuous , let {x.} denote the po in t s of d i s con t inu i ty in 

(a, b) . Then , if S'(x.) = JG(x.+) - G ( x . " ) | , 
l 

i i l 

2 S'(x.) < VG(a, b) < oo . 

Le t {(a . , b ), i = 1, 2, . . . , k+1} denote the i n t e r v a l s in (a, b) 
i i 

c o m p l e m e n t a r y to {x. , i = 1, 2, . . . , k} . F o r e a c h k t h e r e 

e x i s t n o n - o v e r l a p p i n g i n t e r v a l s (x. ., y. .), j = 1, 2, . . . , n(i) in 

(a. , b ), i = 1, 2, . . . , k+1 , wi th 
l i 

k+1 
(4 .1 ! ) 0 < Z { V G ( a . , b . ) - 2 . | G ( y . . ) - G(x. . ) |} < e/8 . 

i= l 1 J 1J 1J 

Now 
00 

S J |G(y ) - G(x ) | - |G(y ") - G(x + ) | | < 2 S'(x ) , 
J iJ -U 1J iJ k+1 

so tha t for k suff ic ient ly l a r g e we have 

k+1 
(4.1M ) 0 < 2 {VG(a , b . ) - 2 . |G(y . . " ) - G ( x . . " ) | } < e/4 . 

~ 1 i i J i j iJ 

With ( 4 . 1 n ) r e p l a c i n g (4 .1 ) the p r e c e d i n g a r g u m e n t with m i n o r 
m o d i f i c a t i o n s g ives 

k+1 k 
ïi[\A ( a - b - ) } > S V G ( a . , b . ) - e , ^ u l i i 1 i i 

k+1 k k+1 k 
H(a,b) = 2 |JL(a.,b.) + 2 fi({x. })> 2 V G ( a . , b . ) + E S ' ( x . ) - e 

1 l i 

= V G ( a , b ) - e . 

A X l A X ^ X 1 A ! 

I l l 1 

Since £ i s a r b i t r a r y we have p roved tha t |j.(a,b) = V G ( a , b ) . 

I f F . o T B V ! , Gc ^ n ^ B V ! , HL(a,b) = HL|G j (a ,b) = VG(a ,b ) 

for e v e r y open i n t e r v a l , f ini te or in f in i t e . Thus UL = \± • i on 
lG l 

the open s e t s . F r o m V they co inc ide on a l l bounded s e t s and 
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f inal ly, f r o m III, JJT = JJL , , . 
I G I 

If F € | D ? B V ! , F = G and ^ = ^T , . If F + G and 

H(x) * 0 , HH F | ( {x ) ) = ^ | G | ( { ^ } ) + 2 | H ( x ) | > H I ( { X } ) . 

We o b s e r v e that if A C X conta ins an i n t e r v a l (a, b) on 
which G is not BV , tha t i s a union of i n t e r v a l s on each of 

which G is BV then, us ing III, JJL (A) :> ja(a, b) = oo . In p a r t i c u l a r 
- 1 

if F(x) = x s in x , x i 0 ; F(0) = 0 , (JL(U) = oo if U is an open 
se t containing 0 . Our m e t h o d s do not p rove tha t VG(a, b) = oo 
a lways i m p l i e s that |d(a, b) = oo . T h e r e ex i s t cont inuous funct ions 
( e . g . the W e i e r s t r a s s e cont inuous non-d i f f e r en t i ab l e function) for 
which G is not BV on any i n t e r v a l . 

5 • Signed m e a s u r e s and J o r d a n and Hahn d e c o m p o s i t i o n s . 
A s s u m e tha t F e ^ T D „ . and tha t a t l e a s t one of PVF(x ) , NVF(x) 

B V 
i s f in i t e . On define the s e t funct ion 

F | F | X J
F + M ^ 3 F -

v = v ( F ) = | i - n 
F F " 

Then v i s a s igned m e a s u r e on Jo . The J o r d a n d e c o m p o s i t i o n 
F + 

([5], p . 11) i m p l i e s the e x i s t e n c e of pos i t i ve m e a s u r e s (|JL ) and 
r 

(|JLF) on a wi th 

(HF) (A) = sup v ( e ) , ( | iF )"(A) = sup [-v p ( e ) ] . 
e€*fF e € ^ F 

eCA eCA 

S e t 

|v | = | v ( F ) | = (H . F ) + + (HF)" . 

Then \v | i s a pos i t ive m e a s u r e on so and 

(|± ) (A) = sup v (e) = sup [JJL (e) - (JL _(e)] 
eCA eCA F F~ 

< sup |i (e) < JJL +(A) ; 
eCA F F 
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•(HF) (A) < K _ ( A ) ; f v | ( A ) < H | F | ( A ) • 
F 

We o b s e r v e tha t s t r i c t inequa l i ty m a y o c c u r . F o r e x a m p l e 
let F(0) = 1, F(x) - 0, x ^ 0 . Then Ft jf fl 1 B y , V + ( { ° ) ) 

F 
= ^ _({0}) = 1, v ( { 0 } ) = 0, ^ | F | ( { 0 } ) = ^ . 

In g e n e r a l w r i t e F = G + H as in ( 1 . 1 ) . Then if Ae Ji 
F 

H (A) = ,± (A) +H, (A) , 
F G H 

Ht (A) = HI (A) + HL (A) . 
F G H 

Now jj, +(A) = ,0, (A) = Z | H ( x . ) | , w h e r e H(x) = 0 , 
H H" (i:x. € A) 1 

l 

x i- x , i = 1, 2, . . . . It fol lows tha t 
l 

v (F)(A) = v (G)(A) , ( H * F ) + ( A ) = ( K G ) + ( A ) ; ( H L F ) " ( A ) = ( ^ " ( A ) , 

|v | (F) (A) = |v |(G)(A) . 

T H E O R E M 5 . 1 . If F « § c l r , A ^ , , , then 

| v | ( A ) = J X | F | ( A ) • 

P roo f . We have s e e n tha t <_ h o l d s . We f i r s t show tha t 
>_ ho lds for e v e r y open i n t e r v a l . Le t (a, b) be a f in i te open 
i n t e r v a l , e > 0 a r b i t r a r y . 

T h e r e ex i s t po in t s x , i = 1, 2, . . . , n , wi th v < v . , , 
l i l+ l 

n - 1 
(5 .1 ) 0 < V F ( a , b ) - 2 | F ( x . ) - F (x . j | < £ , 

— , 1 l - l 

1 
and the i n e q u a l i t i e s r e m a i n valid if add i t iona l po in t s a r e added to 
the s e q u e n c e . We show tha t the IVP ( F e Gf ) i m p l i e s tha t we 

BV 
can a s s u m e the po in t s x. to be po in t s of con t inu i ty . If x is a 

i i 
po in t of d i scon t inu i ty we can a s s u m e (adding po in t s if n e c e s s a r y ) 
tha t x , x a r e po in t s of cont inui ty with 

i - 1 i+1 ^ y 
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| F ( x . , .) - F ( x . + ) | + | F ( x . ) - F ( x . " ) | < e/2n 
l + l l l - l l 

Then, s ince F e *?, 

I | F ( x ) - F (x . ) | - S ' (x . ) | < e /2n , 
1 ' l + l l - l l 

S'(x.) - e / 2 n < | F ( X . J - F ( x . ) | + | F ( X . ) - F (x . J I 
l ~ ' l + l l ' ' l l - l ' 

< S'(x.) + e/2n , 
l 

I | F ( x . . , ) - F (x . ) | - | F ( x . , , ) - F ( x . ) | - | F (x . ) - F (x . ) | | 
1 ' 1+1 1-1 1+1 1 1 1-1 ' ' 

< e/n . 

It fol lows that we can drop x. f r o m the s equence without 

changing the sum by m o r e than e/n and thus can r e m o v e a l l 
po in t s of d i scon t inu i ty of {x. } , i = l , 2 , . . . , n , wi thout changing 

the s u m s by m o r e than e . 

Where 2 and Z denote s u m m a t i o n ove r the t e r m s with 
p o s i t i v e and nega t ive i n c r e m e n t s r e s p e c t i v e l y , (5 .1) i m p l i e s that 

| 2 + | F (x . ) - F (x . ) | - P V F ( a , b ) | < e , 
l l - l 

| Z " | F (x . ) - F (x . J I - NVF(a, b ) | < e . 
l l - l 

We can a s s u m e tha t the i n t e r v a l s in S a r e d is jo in t and let U 
denote t he i r union. Then 

Hi (U) = Z"V (x x ) = 2+n[F+(x.) - F+(Xi J] 
F F 

> S + [ F ( x . ) - F t x . ^ ) ] 

> 2 + P V F ( x . J ( x . ) - 2e = u , (U) - 2e 
i - l i ^ F + 

> (JL (a, b) - 3e ; 
F 

H- (U)< e , 
F~ 

( | j i_)+(a,b) > p- ,(U) - HL (U) > y ( a ,b ) - 4e . 
F " F + F " F + 
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Since e i s a r b i t r a r y (JJL ) (a, b) > JJL (a, b) . By a s i m i l a r 

. F 

a r g u m e n t we show tha t (u_) (a, b) > JJL (a, b) and conc lude 
F F~ 

tha t |v | ( a , b ) = |JL • • (a, b) . 

The addi t iv i ty of the m e a s u r e s (H1-^)
 a n ^ H1 i m p l i e s 

F + 

tha t they co inc ide on a l l open s e t s . S i m i l a r l y (u^ ) = JJL on 
F

 F" 
open s e t s and thus | v | (U) - JJL i i (U) for e v e r y open s e t . If 

1 1 + + 
U i A , with each s e t U open, (u ) (U ) I (u ) (A) 

n n F n F 
([2], C o r o l l a r y 1 0 . 3 . 1 ) , ,± (U ) | JJL (A) by II and 

+ F n F 
(u ) (A) = |JL (A) . F i n a l l y , if B i s an a r b i t r a r y m e a s u r a b l e 

F F + 

s e t t h e r e e x i s t s a G s e t A t h a t i s a m e a s u r a b l e c o v e r for B , 
6 

A = B U ( A - B ) , y. ,(A) = p (B) , y. (A-B) = 0 . Then 
F + F + F + 

(ji )+(A) = H- + (A) , (n ) + (A-B) < fx (A-B) = 0 and (ji )+(B) = V- + 

F F F 
S i m i l a r l y (u ) (B) = \x (B) w h e n c e | v | (B) = \± , , (B) for e v e r y 

F F~ ' ' 
B « V 

COROLLARY. If Fc^T __, and one of P V F ( x ) , NVF(x) 
BV 

if and only if F e *J . 

i s f ini te then a lways JJL = Ivl = \x i i and they co inc ide with \i. . 

BV 

If F € ? B V I - - J B V and PVF(X) = NVF(X) = oo , 

JJL - |JL need not be defined on unbounded s e t s . Wri t ing v 
F F " 

and |v I as be fo re v need not be a s igned m e a s u r e on J . 
F 

However the above d i s c u s s i o n and e q u a l i t i e s a r e val id w h e r e v 
i s def ined . 

Again let F e 3--T. and a s s u m e one of PVF(X) , NVF(X) 

to be f i n i t e . Then the H a h n - L e b e s g u e d e c o m p o s i t i o n ([5], p . 32) 
g ives the e x i s t e n c e of a m e a s u r a b l e s e t X' wi th 

v (A) = (u )+(A) , G O " (A) - 0 , A C X ' ; 
F F 
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v (A) = - (HF) (A) , (JJ, ) (A) = 0 , A C C X 1 . Thus , if F h a s 

IVP , t h e r e e x i s t s a m e a s u r a b l e s e t X ' such tha t for e v e r y 

ji(A) = |v | (A) = K | F | (A ) = n + ( A n X ' ) + ^ J A O C X ' ) 

F F 

v (A) - | V | ( A D X») - |v | (A fïCX») . 

F o r 0 ^ F € GT such a d e c o m p o s i t i o n i s not p o s s i b l e for \± . 

REFERENCES 

1. H. W. E l l i s and R. L. Jeffery , D e r i v a t i v e s and I n t e g r a l s 
with r e s p e c t to a b a s e function of g e n e r a l i z e d bounded 
v a r i a t i o n . Canadian J o u r n a l of M a t h e m a t i c s , Vol . 19 
(1967), p a g e s 2 2 5 - 2 4 1 . 

2 . M . E . M u n r o e , In t roduc t ion to M e a s u r e and I n t e g r a t i o n . 
A d d i s o n - W e s l e y , C a m b r i d g e , M a s s . , 1953. 

3 . I . P . Na tanson , T h e o r y of F u n c t i o n s of a R e a l V a r i a b l e , 
t r a n s l a t e d f r o m the R u s s i a n by L . F . Boron , F r e d e r i c k 
Ungar , New York, 1955. 

4 . W. Rudin, P r i n c i p l e s of M a t h e m a t i c a l A n a l y s i s , M c G r a w -
Hil l , New York , 1953 . 

5 . S. Saks , T h e o r y of the In t eg ra l , second r e v i s e d edi t ion, 
Warsaw, 1937. 

S u m m e r R e s e a r c h Ins t i tu te of the 
Canad ian M a t h e m a t i c a l C o n g r e s s 

225 

https://doi.org/10.4153/CMB-1967-019-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-019-7

