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The rigorous derivation of linear elasticity from finite elasticity by means of
I"-convergence is a well-known result, which has been extended to different models
also beyond the elastic regime. However, in these results the applied forces are
usually assumed to be dead loads, that is, their density in the reference configuration
is independent of the actual deformation. In this paper we begin a study of the
variational derivation of linear elasticity in the presence of live loads. We consider a
pure traction problem for a nonlinearly elastic body subject to a pressure live load
and we compute its linearization for small pressure by I'-convergence. We allow for a
weakly coercive elastic energy density and we prove strong convergence of
minimizers.
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1. Introduction

Linear elasticity is a well-known and powerful mathematical approximation of the
nonlinear theory of elasticity, with extensive application to the structural analysis
and the numerical treatment of elastic bodies. In engineering textbooks its deriva-
tion is classical and is based on a formal linearization of finite elasticity about
a reference configuration. A rigorous mathematical derivation via I'-convergence
was developed only rather recently in the pioneering work [8], where a Dirichlet
boundary value problem was considered. A similar approach was then applied to
different frameworks in elasticity, such as rubber-like materials [3], multiwell models
[1, 2, 32], elasticity with residual stress [27, 28] and incompressible materials [21].
Beyond elasticity we also mention the papers [9, 10, 25, 26] for models in fracture
mechanics, [12] for viscoelasticity, [23] for plasticity and the recent contribution
[11] for materials with stress-driven rearrangement instabilities.

Linearization of pure traction problems has been recently studied in [14, 16, 17,
19], again in the context of elasticity. In this setting a full I'-convergence result has
been obtained in [22] and later extended to incompressible materials in [20]. As
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observed in [22], in the Dirichlet case the boundary conditions prescribe the rigid
motion to linearize about, whereas in the purely Neumann case the linearization
process occurs around suitable rotations that are preferred by the applied forces.

In all this literature the main focus is on understanding the behaviour of the
bulk elastic energy and the applied forces are usually assumed to be dead loads,
namely their density in the reference configuration is independent of the actual
deformation. This assumption is mathematically convenient, since the work done
by the loadings turns out to be a continuous perturbation of the elastic energy,
so that I'-convergence of the total energy immediately follows from I'-convergence
of the elastic energy. However, restricting the analysis to dead loads is physically
unsatisfactory, since the only realistic examples of dead loads are the gravitational
body force and the zero surface load (see, e.g. [29, 30] and [4, § 2.7]).

In this paper we begin a study of the derivation of linear elasticity in the presence
of live loads. More precisely, we consider a pure traction problem for a hyperelastic
body © C R™ subject to a (small) pressure load on its boundary. In this setting the
total energy of a deformation y: 2 — R™ is given by

L) = [ Wi Vy(a))de+ [ w(y(e) det Vy(a)da.

where the elastic energy density W: Q x R"*™ — [0, +o0] satisfies the usual
assumptions of nonlinear elasticity (see (W1)—(W5)) and er is the intensity of the
applied pressure load, with € > 0 a small parameter and 7: R" — R a given func-
tion. For simplicity in this Introduction we assume 7 to be continuous. As shown
in [30, proposition 5.1] (see also [15, proposition 1.2.8]), the second term in the
energy 7. is the potential of the pressure load

—em(y(z))(cof Vy(z))nga(x) for z € 90 (1.1)

acting on the whole boundary of €2, where cof F' denotes the cofactor of the matrix
F and npq is the outward unit normal to Q. In the deformed configuration y(2)
the pressure load (1.1) corresponds to the surface force

—em(2)ng(y)) (2) for z € d(y(2)).

Since W (z, -) is frame-indifferent and minimized at the identity, it is immediate
to see that for ¢ = 0 the minimizers of 7; are all the rigid motions of 2. When ¢
is small, it is thus natural to expect minimizers to be close to rigid motions and
their asymptotic behaviour to be described by a linearization of the energy. In pure
traction problems, as mentioned before, the applied forces select the class of rigid
motions around which the linearization takes place (see [22]). Indeed, if y. is a
minimizer of 7, then we have

T-(ye) < E/ m(Rx) dx for every rotation R € SO(n).
Q

If we assume y. to be of the form y.(x) = Ro(z + eug(x)) with Ry € SO(n), then
by a formal expansion we obtain

e? 2
5/QQ(x,e(uo)(az))dx+€/Q7T(R0x)dx—1—0(6 )<e/ﬂ7r(Rx)dx
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for every rotation R € SO(n). Here Q(x, -) is the quadratic form given by the
Hessian of W (x, -) computed at the identity and e(ug) is the symmetric gradient
of up. Dividing by ¢ and letting ¢ tend to zero, we deduce that Ry is a so-called
optimal rotation, that is, Ry belongs to the set

R := argmin {/ m(Rx) dx}.
ReSO(n) L/a

Assume now for simplicity that the identity matrix belongs to R (one can always
reduce to this case, up to rotating the whole system). The previous argument sug-
gests that in order to identify the limiting behaviour of minimizers one needs to
renormalize the energy as follows:

1 1
260 =5 <Te(y) - 5/977(33) dm)
= E%/QW($, Vy(x)) dz + é/ﬂ (W(y(x)) det Vy(z) — 71'({E)) dz. (1.2)

Under suitable assumptions for 7 and a weak p-coercivity condition on W with
1 < p <2 (see (W5)), we compute the I-limit of the rescaled energies (1/£2)€. and
we establish a compactness result for deformations with equibounded energies. Here
deformations are assumed to have zero average on 2, as it is common in Neumann
boundary value problems. More precisely, we prove the following results:

Compactness: If £.(y.) < Ce?, then there exist rotations R. € SO(n) and
displacements u. € WP(£;R™) such that

Ye(x) = Re(x + eus(x)) for x € Q (1.3)
and, up to subsequences, there holds
o u. — ug weakly in WP (Q;R"™) with ug € H'(Q;R"™),
o R. — Ry with Ry € R.

I'-convergence: Under the above notion of convergence y. — (ug, Ro), the
rescaled energies (1/¢2)&. T-converge to

Eo(ug, Ro) : / Q(z,e(ug)(x))dx + /c‘m 7(Rox)naa(z) - uo(z) dH™ 1 (x).

We also deduce strong convergence of (almost) minimizers: if (y.) is a sequence of
(almost) minimizers, then we have in addition that u. — ug strongly in W1 (Q; R")
and the pair (ug, Rp) is a minimizer of &.

We now comment on the expression of the limiting energy &p, which features
two terms: the usual linear elastic energy and a potential term accounting for the
surface load —mw(Roz)naq(z) on 092. The emergence of this boundary term can
be explained by the following heuristic considerations: on the one hand, a formal
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linearization of (1.1) leads to a pressure load of the above form; on the other hand,
if y is smooth enough, the force term in (1.2) can be written as

é (/y(ﬂ) m(x)de — /Qw(w) dx) .

Hence, taking into account (1.3), computing the limit of the above expression on
sequences (y.) with equibounded energies corresponds to a sort of shape derivative
of the functional Q — [, w(x)dz (see, e.g. [18, proposition 17.8]). However, we
stress that in the present setting deformations y. are only of Sobolev regularity
and are close to rigid motions only in the sense of WP (Q; R"™), therefore the usual
arguments in the context of shape derivatives do not apply.

From a mathematical viewpoint the main difference with respect to previous
contributions dealing with dead loads, is that the force term in (1.2) is not a con-
tinuous perturbation of the elastic energy. Indeed, our assumptions on W imply
that deformations are at most strongly convergent in W5HP(; R") with 1 < p < 2
and this is not enough to guarantee convergence of the determinants. Moreover, the
crucial step in the proof of compactness is to show that deformations satisfying the
bound & (y.) < Ce? have an elastic energy of order £2. Once this is established, one
can apply the rigidity estimate by Friesecke et al. [13] and deduce (1.3), together
with a uniform bound for (u.) in W1?(£2;R™). In the case of dead loads deducing
the e2-bound on the elastic energy is straightforward, since the force term is linear
with respect to the deformation. In our setting, instead, this is one of the main
difficulties. We show that the problem can be solved under two different sets of
conditions:

e 7 Lipschitz continuous in a suitable neighbourhood of 2 and nonnegative;

e 7 Lipschitz continuous in a suitable neighbourhood of €2, with a growth con-
dition on its negative part (see (73)) and an additional coercivity property for
W (-, F) in terms of det F' (see (W6)).

We note that this additional coercivity condition on W is satisfied by a large class
of elastic materials (see, e.g. [3, remark 2.8]).

We also observe that both the nonlinear energy (1.2) and the I'-limit &, are well
defined if 7 is merely a continuous function. However, because of the low regularity
of deformations, in our proofs we need 7 to be Lipschitz continuous, at least in a
suitable neighbourhood of 2. How to extend our analysis to less regular pressure
loads is an interesting question that we plan to consider in a future work.

In the case of dead loads the set R of optimal rotations is a submanifold of
SO(n) and, as a consequence, one can prove that the distance of the approximating
rotations R, in (1.3) from R is at most of order /¢, see [22]. In the last part of the
paper we show that neither of these properties is true, in general, in the present
setting.

Finally, we mention that the displacement-traction problem, where a Dirichlet
condition is prescribed on a part dp2 of 92 and the remaining part of the bound-
ary is subject to a pressure load, can be treated combining the techniques of this
paper with the results in [3]. More precisely, assuming deformations y to satisfy a
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boundary condition of the form y(z) = = + cw(x) for x € 9p?, the compactness and
I'-convergence results still hold with Ry = I and the boundary condition uyg = w on
Opf). In particular, one can show that the approximating rotations R, in (1.3) are
e-close to the identity, see [3, lemma 3.3]. Therefore, there is no need to introduce
the set of optimal rotations and the analysis turns out to be simpler than the one
considered here.

Plan of the paper: In § 2 we set the problem and we state the main assumptions.
In § 3 we discuss the case of a nonnegative pressure intensity 7. We then extend
our analysis to pressures with arbitrary sign in § 4. Finally, in § 5 we compute a
refined I'-limit, which takes into account how much deformations differ from being
optimal rotations, and we make a comparison with the results proved in [22] in the
case of dead loads.

2. Setting of the problem

2.1. Notation and preliminaries

Throughout the paper, the symbols C or ¢ will be used to denote some positive
constants not depending on e, whose value may change from line to line.

Given two (extended) real numbers a and b the notation a V b (respectively, a A b)
stands for the maximum (respectively, the minimum) between the two numbers.
Given a scalar function f, we denote its positive and negative part by f™ and f—,
respectively, so that f = f+ — f~. By B, C R" we mean the open ball with radius
r > 0 centred at the origin.

Let © be an open set in R™. For p € [1, o] the norms in LP(§2) and LP(§2;R™)
will be simply denoted by | - ||,. The conjugate exponent of p € [1, oo] will be
denoted by p’. The notation WLP(Q; R™) stands for the space of Sobolev functions
y € WEP(Q;R") with zero average; if p = 2, we shall write H!(Q;R") instead of
Wh2(Q; R™).

We denote by R™*" REX™ and RG S the set of (n x n)-matrices and the subsets
of symmetric and skew-symmetric matrices, respectively. The set of rotations is
denoted by SO(n), namely

SO(n)={ReR™™: RFR=1, detR =1}.
Finally, we recall that for every F' € R™*™ and ¢ > 0 there holds
det(I +eF) =1+ eku(F), (2.1)
k=1

where ¢ (F) is a homogeneous polynomial of degree k in the entries of F. In
particular, there exists a constant C' > 0, depending only on n, such that

lu(F)| < C|F|* for every F € R™*". (2.2)

For k =1 and k = n we have that (1 (F) = tr F' and ¢,,(F) = det F.
For the definition and the properties of I'-convergence we refer to the monograph
(7).
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2.2. The main assumptions

Let Q C R™, with n > 2, be a bounded domain with Lipschitz boundary repre-

)

senting the reference configuration of a hyperelastic body. Up to a translation of
the axes, we can assume without loss of generality that the origin is the barycentre

of 0, i.e.
/ xdz =0. (2.3)
Q

For future use we also introduce the set
o= |J Ro
ReSO(n)

which is an open annulus (if 0 € §2; an open ball if 0 € ) centred at 0 and containing
Q.

The stored energy density of the body is assumed to be a Carathéodory function
W:Q x R"™™ — [0, 400] satisfying the following conditions for almost every x €
Q:

(W1) W(z, F) = 400 if det F' < 0 (orientation preserving condition);

(W2) W(z, RF)=W(x, F) for every F' € R"*™ and R € SO(n) (frame indiffer-
ence);

(W3) W(x, I) =0 (the reference configuration is stress-free);

(W4) W(z, -) is of class C? in a neighbourhood of SO(n), independent of z, where
the second derivatives of W are bounded, uniformly with respect to x € €;

(W5) W(x, F) = c1g,(dist(F; SO(n))) for every F' € R™*™ and for some p € (1, 2],
where g, is defined as

t2
5 ift € [0, 1],
t) .= 2.4
wO=1, ., (2.4)
- ift>1,
p 2 p

and ¢ > 0 is a constant independent of z (coercivity).

Assumptions (W1)—(W3) are natural conditions in elasticity theory (see, e.g. [4,
15]), assumption (W4) is the minimal regularity hypothesis needed to perform
the linearization, while condition (W5) is satisfied by a large class of compressible
rubber-like materials (see, e.g. [2, 3, 19-21]).

We note that

1
gp(t) = 5(152 AtP) for every t > 0. (2.5)
Moreover, condition (W5) implies the following bound:

W(z,F)>c|det F — 1> for a.e. x € Q and for every F' € R™*"
with |det F — 1] < 1, (2.6)
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for a suitable constant ¢ > 0, independent of z. Indeed, by (W5) the bound (2.6)
is satisfied for F' outside a neighbourhood of SO(n). If instead dist(F; SO(n)) is
small enough, then one has

cldet F — 12 < dist®(F; SO(n)),

which implies (2.6) by using again (W5).
We assume the body to be subjected to a pressure load, whose (unscaled) intensity
is a Borel measurable function 7: R™ — R such that

(1) 7 is Lipschitz continuous in an open set containing O.

Since we do not prescribe any Dirichlet boundary condition, the linearization pro-
cess will naturally select, as in [22] in the case of dead loads, a particular set of
rotations that are ‘preferred’ by the force. This set is called the set of optimal
rotations and in our framework it is defined as

R = argmin { /Q ~(Rz) dx}. 2.7)

RESO(n)

Since the map R +— [, m(Rx)dx is continuous and SO(n) is compact, the set of
optimal rotations is not empty and is a compact subset of SO(n). For simplicity
we assume that

IeR, (2.8)

where [ is the identity matrix. Indeed, if this is not the case, we can always replace
7 by m(Ro-) and deformations y by RIy, where Ry is a given optimal rotation.
Let Ry € R. By computing the first variation of the functional in (2.7) along the

curve t — Roe!! with A € RI", we deduce that any optimal rotation Ry satisfies

the following Euler—Lagrange equation:

/ Vr(Roz) - RgAzdx =0 for every A € R\ (2.9)
Q

skew *

Applying the divergence theorem, condition (2.9) can be rewritten as

skew?

/ 7(Rox)naq(z) - Az dH" () =0 for every A € RIX" (2.10)
o0
where ngq is the outward unit normal to 0f).

3. Nonnegative pressure loads

We start our analysis by considering a pressure load with nonnegative intensity,
that is,

(72) m(y) = 0 for every y € R™.

This includes, for instance, the relevant case of hydrostatic pressure m(y) = gpys ,
where g is the gravitational constant, p is the constant density of the fluid and y5
denotes the negative part of the third component of y.
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For every ¢ € (0,1) we consider the energy &.: W1P(Q;R") — (—o0, +o]

defined as
E(y) == /QW(I’ Vy(z)) da + 5/Q (m(y(x)) det Vy(z) — m(x)) dz  ify € Y?P,
oo otherwise,
(3.1)

where the set of admissible deformations is
Y? = {y e W'P(Q;R") : det Vy(z) > 0 for a.e. z € Q} .

In other words, admissible deformations are orientation preserving and, as it is
common in Neumann boundary value problems, have zero average on ).
By (2.3) any rigid motion of the form

yr(z) := Rz with R € SO(n) (3.2)

belongs to YP. Moreover, under the assumption (72), the energy is well defined
since the two integrands W (-, Vy) and 7(y) det Vy are nonnegative for y € Y?.

REMARK 3.1. Here we do not assume deformations to be injective in any sense.
However, one can easily include the requirement that admissible deformations are
a.e. injective (see, e.g. [4]), without affecting the results of the paper, see also remark
3.13.

The key ingredient in the proof of compactness is the following variant of the
celebrated rigidity estimate by Friesecke et al. [13], whose proof can be found, e.g.
in [3, lemma 3.1]. Similar variants of the rigidity estimates with mixed growth
condition have been proved in [5, 24, 31].

THEOREM 3.2. There exists a positive constant C = C(£2, p) > 0 with the following
property: for everyy € WHP(Q;R™) there exists a constant rotation R € SO(n) such
that

/Q 6p([Vy(x) — Rl)dz < C / gy (dist(Vy(z); SO(n))) da.

The following generalized rigidity estimate will be used in theorem 3.14 to infer
strong convergence of almost minimizers. For a proof we refer to [6, theorem 1.1].

THEOREM 3.3. Let 1 < p; < pa < co. Then there exists a positive constant C =
C(Q, p1, p2) > 0 with the following property: for every y € WH1(Q; R™) with

dist(Vy; SO(n)) = f1 + f2 for some f; € LPI(Q), i=1,2,
there exist a constant rotation R € SO(n) and two functions g; € LP*(Q) such that
Vy=R+gi+g and |gilp <Clfillp =12

Our arguments will strongly rely on the Lipschitz continuity of the pressure
function 7. This, however, holds only in a suitable set €’ containing € (see (71)).
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Since deformations y € Y? may be a priori valued outside §’, it is convenient to
introduce an auxiliary Lipschitz continuous function that coincides with 7 in €’/
and is bounded on the whole of R™. This is the content of the following lemma,
which is clearly not necessary if 7 itself is Lipschitz continuous and bounded.

LEMMA 3.4. Assume (w1) and (w2). Then there exists a Lipschitz continuous func-
tion 7: R™ — [0, +00), with compact support, such that T coincides with w in
an open neighbourhood of O and 7(y) < w(y) for all y € R™. In particular, T is
bounded.

REMARK 3.5. Note that the set of optimal rotations (2.7) stays the same if 7 is
replaced by 7, since m and 7 coincide in a neighbourhood of O.

Proof of lemma 3.4. Assume 0 € €2, so that O is an open annulus centred at 0 (the
case where 0 € Q) can be treated similarly). Let 0 < r; < r9 and 0 < § < r1 be such
that O C B,, \ B, and 7 is Lipschitz continuous in B, s \ By, _s with Lipschitz
constant L. Let M >0 be the maximum of 7 on 9B, UdB,,. We first define

T :Bryis \ Br—s — Ras

w ()~ K=l itm s <yl <,
#y) = { 7() i <yl <z
7 (raty) = Kyl —r2) ifra <yl <ra 5,

where K := LV M/§. It is easy to see that 7 is Lipschitz continuous in its domain;
moreover, by construction it coincides with 7 in an open neighbourhood of @. We
now show that 7 < 7 on By, 15 \ By, —s. Indeed, if 1 — 6 < |y| < r1, by the Lipschitz
continuity of = we have

7(y) < m(y) + L

r1|%| - y‘ —K(ri —|yl) = (y) — (K = L)(r1 — ly]) < 7(y),

and similarly if 7o < |y| < ro2 4+ 0. Finally, we note that, if y € 9B, _s U 0B, s,
then

7(y) < M - Ko <0.

We now conclude by considering 7 (y) :=7(y) VO for y € Bry1s \ Br,—s, T(y) :=0
otherwise in R™. t

We are now in a position to state and prove some estimates which will be crucial
to infer compactness of deformations with equibounded (rescaled) energy.
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LEMMA 3.6. Assume (W1)~(W5), (1), and (72). If E-(y.) < Ce? for every e €
(0, 1), then there holds

/ |det Vy.(z) — 1|2 dz < Ce?  for every e € (0, 1). (3.3)
{l det Vy. —1|<1}

Furthermore, there exist constant rotations R. € SO(n) such that the rescaled
displacements u. € WHP(Q;R™) defined by

1
Ug = ER?(ys —YR.) (3.4)

(see (3.2) for the definition of yr.) satisfy
/ 9p(e|Vu(x)])dz < Ce*  for every e € (0,1) (3.5)
Q

and are uniformly bounded in WP (£;R™).
If, moreover, (RL) C SO(n) is another sequence for which the rescaled displace-
ments, defined as in (3.4), satisfy (3.5), then

|R: — R| < Ce (3.6)
for every e € (0, 1).

Proof. Let E. be the auxiliary energy defined as in (3.1) with 7 replaced by the
function 7 given by lemma 3.4. Since ™ > 7 everywhere and 7 = 7 on €2, we have

that
E(y) <E(y)  for every y € W'P(Q;R™). (3.7)
For the sake of brevity we introduce the notation
Q- ={xeQ: |det Vye(z) — 1| < 1}, QF =0\ Q. (3.8)

Since éA’g(yE) < &-(y.) < Ce?, we have that y. belongs to YP, hence in particular
det Vy. > 0 a.e. in 2. By (W5) and theorem 3.2 we infer the existence of R, €
SO(n) such that

/Q V(@) = Belydo < C [ W(w. V() da. (3.9)

By (2.8) we deduce that

/ Wz, Vy.)do = Ex(y.) + / (#(x) — #(ye) det Vi) da
Q Q

<O 4e / (#(yn.) — #(y2) det V) do
Q

< Ce?+ E/ |7 (ye) — w(yr.)|dax + 5/ (y:)(1 — det Vy.) dz.
Q Q

Since @ > 0 by construction, the integrand in the last integral above is nonposi-
tive on QF. Thus, using the fact that 7 is Lipschitz continuous and bounded, and
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applying Holder’s inequality we deduce that
/QW(x,VyE)dx < C=2 4+ Celly. — yn |y + Celldet Ve — 1l pagey. (3.10)
By (2.6) this implies
Idet Vye — 1|7, ) < O + Cellye — yr. 1 + Cell det Vye — 1 2oy,
which, in turn, by Young’s inequality yields

|| det Vy. — < Ce? + Celly- — yr.|1- (3.11)

2
Uzear)
By combining (3.10) and (3.11) we deduce

/ W(z, Vy.)de < Ce? + Celly. — yr_||1, (3.12)

and, as a consequence of (3.4), (3.9) and (3.12), we obtain

/Qgp(|€Vus|) dz = /QgPOVys — R.|)dz < Ce® + Celly —yr.llh = 052(1 + [luel1)-

(3.13)
Using the definition (2.4) of g, this implies that
/ leVu,|? dz < 2/ gp(|eVue]) dz < Ce2(1 + |Juc|1)- (3.14)
{leVu.|<1} Q
By Holder’s inequality we obtain
p/2
/ [eVu|Pde < C / |eVu,|? dz
{|leVu|<1} {|eVu|<1}
< CeP(1+ |[ucl[)P? < CeP(1 + ||uch), (3.15)

where the last inequality follows from the fact that /2 <1+t fort > 0.
Again from (2.4) and recalling that p < 2 we also have that

/ eV P dz < / ap(|eVue)) dz < C2(1 + [Juelly) < CeP(1+ [lucly).
{|eVu|>1} Q
(3.16)

By (3.15), (3.16) and the continuous embedding of W1P(Q; R") into L'(;R™) we
deduce that

IVuellp < C + Cllucllwr.
Since u. has zero average, Poincaré—Wirtinger inequality finally yields
el < C+ Clluellwr,

which implies [Juc||ywr.» < C. This inequality, combined with (3.11) and (3.13),
provides (3.3) and (3.5).
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Finally, if (R.) is a sequence of rotations whose corresponding rescaled displace-
ments satisfy (3.5), then

|Rs - Rlsl < C(”Vys - REH;D + Hvﬁye - Rla”p) < Ce.
This concludes the proof. O

As an immediate corollary we obtain that the infimum of the energy &, is of order

2.

COROLLARY 3.7. Assume (W1)-(W5), (x1) and (w2). Then

—Ce? < inf  E.<0  for everye € (0,1). (3.17)
WLp (Q;R™)

Proof. Let (y.) be a minimizing sequence satisfying

E(ye) < inf & +&2
WLr(Q;R™)

Using the fact that W is nonnegative and arguing as in the proof of lemma 3.6, we
deduce that

Ey) > e /Q (# () det Ve — #(yr,)) do

2 —Cellye —yr.[lh — Celldet Vye — 1|12

2 _0527

where the last inequality follows from lemma 3.6. This proves the first inequality

in (3.17).
The other inequality in (3.17) follows trivially by the fact that the energy & is
zero on the identity map. O

We now have all the main ingredients to prove compactness of deformations with
equibounded rescaled energies.

PRrROPOSITION 3.8 (Compactness). Assume (W1)-(W5), (w1) and (72). If
E-(y:) < Ce? for every e € (0, 1), then for any R, u. given by lemma 3.6 we have
that, up to subsequences,

o u. — ug weakly in WP (Q; R™) with ug € H(Q;R™),
o R. — Ry with Ry € R,

as € — 0. Moreover, Ry is independent of the choice of R. and ug is independent
up to infinitesimal rigid motions of the form Ax, with A € R\

skew *

Proof. By lemma 3.6 the sequence (uc) is uniformly bounded in Whe(Q; R™).
Hence, up to subsequences, u. — ug weakly in WHP(Q; R"). We now show that
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ug belongs to H(€2;R™). We first introduce the set
G. = {x €Q: eV (z)| < 1} : (3.18)
and we observe that by Tchebichev inequality
1\ G| < CeP/2. (3.19)
We claim that
(i) xq.Vue is bounded in L?(Q;R"*");
(ii) Vug € L2(;R™™) and, up to subsequences, xg.Vu. — Vug weakly in
L2(Q; R™<m),

Assertion (i) easily follows from (3.5) arguing as in (3.14) and using that G. C
{|eVu.| < 1}. To prove (ii) we first note that (i) ensures that yg,. Vu. — v weakly
in L2(Q; R™ ™) up to subsequences, for some v € L?(£2; R"*"). On the other hand,
by (3.19) we have that y. converges to 1 boundedly in measure. Since Vu, — Vug
in LP(Q; R™*"), we conclude that xa, Vue — Vug in LP(Q;R"*"). Hence, v = Vug
and (ii) is proved. By Sobolev embedding we have that ug € H'(2;R").

Since SO(n) is a compact set, there exists Rg € SO(n) such that R. — Ry, up
to subsequences. To prove that Ry € R we argue as in the proof of lemma 3.6 and

deduce
1
c> ?ge(ye)
1. L[ R 1
> —5&(ye) = - / (7 (ye) det Vy. — 7t(x))de > —c+ — / (m(R.x) — m(x)) da.
3 g Jo g Jo

Note that in the last integral we used that @ = 7 on O.
Multiplying by € and then letting ¢ — 0 we infer that

/(W(Rol‘) —7(z))dx < 0.
Q

This implies that Ry € R since by assumption the identity matrix is an optimal
rotation.

Uniqueness of Ry is a straightforward consequence of (3.6). Uniqueness (up to an
infinitesimal rigid motion) of ug follows by arguing as in [22, theorem 5.1], recalling
that displacements have zero average in our setting. O

The following proposition will be useful in both the liminf and the limsup inequal-
ities to characterize the asymptotic behaviour of the rescaled pressure potential.
Note that, besides the presence of 7 in place of m, the integral at the left-hand side
of (3.20) differs from the rescaled pressure potential in the total energy whenever
R, is not an optimal rotation.

PROPOSITION 3.9. Let 7t be a function as in lemma 3.4 and let y. € WP (Q; R™)
satisfy (3.3). Assume there exist R. € SO(n) converging to Ry € R such that the
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corresponding displacements u, defined as in (3.4), weakly converge in Wl’p(Q; R™)
to ug € H'(Q;R™). Then,

1
lim inf — / (7 (ye) det Vy. — 7(yg.)) dx
Q

e—0 ¢
.1 . .
> lim — (7(ye) det Vy. — 7(ygr.)) dz
€0 € Jy|det vy —1/<1}
- / (Roz)non(@) - uo(x) dH"(z). (3.20)
00

Proof. We write

> [ (#loe) det V.~ #(um.)) da

:éﬁﬂ%mMV%—DM+§L@%%4@&DM

= I +1I.. (3.21)

We start by considering I.. Let 7 and G, be defined as in (3.8) and (3.18). Since
(uz) is bounded in WP (Q;R™), property (3.19) still holds. Moreover, by (2.1)

det Vye(z) = det(I + eVu(x)) =1+ ZskLk(Vua(x)) for a.e. x € Q.
k=1
Since by (2.2) we have that for k=1, ..., n
P 1 (Vue (z))] < CeF|Vue (z)F < CeF/? < Ce/? for ae. z € G,

we deduce that G. C 17 for € small enough. Therefore, using the nonnegativity of
7 and (2.1) again, we obtain

1
IL> g/ 7 (ye)(det Vye — 1) dz
o

:/ 7 (ye )div u,. dz
G

- 1
+Zak_1/ fr(yg)Lk(VuE)dm—i—f/ #(ye)(det Vy — 1) dz
s G € Jar\G.

€

= J+ I+ 2
We first show that

1ir% J = / 7(Rox)div ug(x) de. (3.22)
e— Q
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Indeed, since 7 = 7 on O, we may write

Jal—/w(Rox)divuo(x) dx
Q

</ [T (Rex + eReue () — 71(Rox)||div ue| da
G

€

+

/ m(Rox)divue do — / m(Rox)divug dzx| .
G. Q
(3.23)

Using the Lipschitz continuity of & and the definition of G., the first integral at the
right-hand side can be bounded as follows:

/ |T(Rex 4+ eReue () — 71 (Rox)||div ue | da
Ge

< C|R5—R0|||Vu5||p—|—05/ .|| V.| da

Ge

< C|R: — Ro| + 051/2||u8||p
< C|R. — Ro| + Ce'/?,

where the last term goes to zero, as ¢ — 0. Since x¢, converges to 1 boundedly in
measure, we have that yg.divu. — divug weakly in LP(Q), hence the second term
in (3.23) goes to zero, as well. This proves (3.22).

We now prove that both J2 and J3 converge to 0, as € — 0. By (2.2) and (3.4),
since 7 is bounded, we obtain

PAIRS czsk-l/
k=2 G

Since |Vu.| < e7/2 on G., we have that

|V, ¥ de = CZsk_l / |V |F=P|Vu|P da.
e k=2 Ge

2] < CY eIV b < CeP? — 0.
k=2

To bound J3 we use (3.3) and deduce
C
2] < Zlldet Ve = 1 2oz [0\ Ge['/? < CI\ G2,

which vanishes by (3.19).
By combining the previous inequalities we conclude that

1
liminf 7. > lim — 7(ye)(det Vy. — 1) dz = / m(Rox)divug(x)dz.  (3.24)
e—0 e—0 ¢ Qc Q

We now claim that

1
lim 71, = lim — (7(ye) — w(yr.)) do = / Vr(Rox) - Roug(z)dz.  (3.25)
e—0 e—0 ¢ o) Q
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Assuming this is true, the thesis follows by (3.21), (3.24), (3.25) and the divergence
theorem, since

W(Rom)div U()(l') + V?T(R@’E) . Rou(](ﬁ) = div (’R’(R()SIJ)'LL() (.’E))
To conclude we only need to prove (3.25). We can write the integrand in I, as

Lre) ~ #(m) = L(F(Rer 4 eRee(2)) ~ 7(Rex)  (326)

and owing to the Lipschitz continuity of © we have

™ | =

|7 (ye) — 7(yr.)| < Clue(z)] for a.e. x € Q. (3.27)

Since (uc) is bounded in LP(Q;R™) and |Q\ Q7| < |2\ G| — 0 by (3.19), we
deduce that

.1 . .
lim — (7(ye) — 7(yr.))dz = 0.
=o0e Joar

Hence, proving (3.25) is equivalent to show that
lirr(l) 11, = / Vr(Rox) - Rouo(x) dz. (3.28)
E— Q

On the other hand, u. — ug strongly in L!'(Q;R™) by compact embedding. Thus,
by (3.27) and the generalized dominated convergence theorem, (3.28) is proved if
we show that the integrand (3.26) converges a.e. to Vm(Rox) - Rouo(x).

To this aim, we first note that, up to subsequences,

lir% Vi(Rex) = Va(Rox) for a.e. x € Q.

E—

Indeed, the convergence is actually in £1(O;]R”). This can be easily proved by
approximating V# with functions in C°(O;R"). Now, by Rademacher theorem (we
point out that we are working with a countable sequence of rotations R.) for almost
every x € ) we have

T(Rew + eReus(z)) — (Rex)
€

— V#(R.x) - Rou.(x) + §0(€|ug(x)|).

Since u. — ug a.e., up to subsequences, and * =7 on O, we deduce the desired
convergence. This concludes the proof. |

With the result of proposition 3.9 at hand, we are now in a position to state and
prove the liminf and the limsup inequalities for the energy functionals (1/&2)&..

PROPOSITION 3.10 (Liminf inequality). Assume (W1)-(W5), (x1) and (w2). For
every € € (0, 1) let y. € WHP(Q;R™) be such that there exist R. € SO(n) converg-
ing to Ryg € R and the corresponding displacements u., defined as in (3.4), weakly
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converge in WhP(Q;R™) to ug € H(Q; R™). Then
o1
Eo(uo, Ro) < lim inf ?56(y5>7
where E: HX(;R™) x R — R is defined by

Eo(uo, Ro) : /Q x,e(up)( )dx+/m7r(Rox)nm(x).uo(x)dmfl(z).

(3.29)
The density Q(x, ) is the quadratic form given by

Q(z,F) = DiW (x,I)F : ' for F € R™*",
and e(ug) denotes the symmetric gradient of ug.

REMARK 3.11. For any optimal rotation Ry € R the functional & (-, Ry) is invari-
ant under perturbations by infinitesimal rigid motions. Indeed, if uf(x) = ug(x) +
Az with A € R'" then clearly e(uf) = e(ug) and by (2.10)

/ m(Rox)naq(x) - ug(z) dH"* (x) :/ T(Rox)naq(x) - uo(z) dH" " (x).
o0 o0

Proof of proposition 3.10. Without loss of generality we can assume
|
hgn_)l(l)lf E—QEE(yE) < 400,

so that y. € Y? and, up to subsequence, &.(y.) < Ce?. By lemma 3.6 and proposi-
tion 3.8 there exist a (possibly different) sequence (R.) C SO(n) such that, up to
subsequences, R. — Ry, the corresponding displacements . satisfy (3.5) and, up to
subsequences, weakly converge to ug + Az for some A € Rkaeg However, by remark
3.11 we can assume, without loss of generality, that R. = R. and so, u. = u. and
A=0._

Let &, be the auxiliary energy defined as in (3.1) with 7 replaced by the function
7 given by lemma 3.4. By the properties of 7 we have

1 ~ 1 . .
5800 > 580 = 5 [ W Vu)do+ 2 [ () det V. — #(un) do
1 . .
+ - / (7(yr.) — 7(x)) dz. (3.30)
Q
Arguing as in [3, proof of theorem 2.4] one can prove that
hmmf—z/WxVyE /Qxeuo )) dx
e—=0 ¢
Since condition (3.3) is satisfied by lemma 3.6, we can apply proposition 3.9 and
we obtain
1
lim inf 7/ (7(ye) det Vy. — 7t(yg.)) dz > / 7(Rox)naa(x) - up(x) dH™ (x).
e=0 & Jo a0

Finally, assumption (2.8) guarantees that the last term in (3.30) is nonnegative.
This proves the desired inequality. O
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PROPOSITION 3.12 (Limsup inequality). Assume (W1)-(W5), (x1) and (72).
For every (ug, Ro) € H'(Q; R"™) x R there exist (ue, R.) € WLr(Q;R™) x SO(n )
such that ue. — ug weakly in WHP(Q;R"), R. — Ry and, setting y(z) :== R.(x +
eus(x)), there holds

1
lim sup 25 (ye) < Eo(uo, Ro),

e—0

where &y is the functional defined in (3.29).

Proof. Let (uo, Ro) € HY(Q;R") x R. By mollification there exists (u.) C
Whee (€Q; R™) such that

ue — ug strongly in H'(;R™)  and  &?|lufpr~ < 1. (3.31)

We define R, := Ry, so that y.(z) = Ro(z + cu.(x)).
We first observe that y. € Y? for £ small enough. Indeed, by (2.3) it has zero-
average and by (2.1) it satisfies

det Vye(z) = det(I + eVue(z)) = 1+ Y ", (Vue(z)) for ae z€ Q. (3.32)

k=1
Since by (2.2) we have that for k=1, ..., n
b1 (Ve (2))| < Ce®|Vue(x)|F < Ce*/? < Cet/? for a.e. z € Q,
for € small enough we obtain
|det Vy.(z) — 1| < Ce¥/? < = for ae. z € Q, (3.33)

[\V]

and thus, det Vy. > 0 a.e. in .

By (3.31) we have that for £ small enough the set y.(Q2) is contained in the
neighbourhood of O where 7 and 7 coincide. Therefore, using also that Ry € R, we
can write

1 1 1 . .

SE0) = 5 [ W T+ eVus(o)do+ - [ (#(u) det Vyo—i(u,)) da.
Q Q

Arguing as in [3, proof of theorem 2.4], one can show that

limsup /Wgcl—i—EVu6 /Qxeuo ) dx

e—0

On the other hand, by (3.32) we have that
|det Vy.(z) — 1| < e|Vue(z)| + Ce  for ae. x € Q,

hence condition (3.3) is satisfied and we can apply proposition 3.9. By (3.33) we
deduce

lim 1 (7 (ye) det Vye)—7(yg,)) do = /69 7(Rox)noq(x) - ug(x) dH" ().

e—0 ¢ Q

This concludes the proof. O
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REMARK 3.13. If we include a.e. injectivity in the definition of the space Y7 of
admissible deformations (see remark 3.1), the limsup inequality can be proved
by means of the same recovery sequence. Indeed, by [4, theorem 5.5-1(b)] the
deformations y. are a.e. injective owing to (3.31).

Combining together the previous propositions, we can prove the main result of
this section. It ensures that almost minimizers of the nonlinear energy strongly
converge to minimizers of the limiting energy.

THEOREM 3.14 (Convergence of almost minimizers). Assume (W1)-(W5),
(r1) and (72). If (ye) is a sequence of almost minimizers for the energies &, that
18,

E(y.) < inf & +o(e?), (3.34)
Wp(Q;R™)

then there exist R. € SO(n) such that, up to passing to a subsequence, we have
e u. — ug strongly in WhP (S R™) with ug € H*(Q;R™),
e R. — Ry with Ry € R,

as € — 0. Furthermore, the pair (ug, Ro) is a minimizer of & on ]fll(Q;R") xR
and

inf &) =min{&(u.R): (u,R) € H'(UR") xR} (335
EHOgQ(Wl,;?Q;Rn) ) min {&(u, R) : (u,R) € H'( ) X R} (3.35)

Proof. Let (y.) be a sequence of almost minimizers. By corollary 3.7 we have that

~inf & <0,
Wip(Q;R?)

hence by proposition 3.8 there exist ug € f[l(Q; R™) and Ry € R such that, up to
a subsequence,

u. — ug  weakly in WP (Q; R™) and R. — Ro.

We now show that (ug, Ro) is a minimizer of &. To this aim let (v, S) €
HY(Q;R") x R and let (v., S.) be a recovery sequence for (v, S), as in proposition
3.12. Let z.(z) := S-(x 4 ev:(z)). By proposition 3.10 we have

o1 . ) 1
Eo(uo, Ro) < lim inf ?gs(ys) < lim inf (VQVL;J&E;RH) 52£5>

1
< lim sup < _inf 255)
Wip(QRn) €

e—0
1
< limsup 6—256(,25) < & (v, S). (3.36)
e—0

This implies that & is minimized at (ug, Ro) and, as a consequence, (3.35) holds.
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To conclude, it remains to prove that u. — ug strongly in W (Q; R™). We adapt
the argument in [3, theorem 2.5] to our framework. We claim that the following
properties hold:

(a) xa.e(uc) — e(ug) strongly in L*(Q; RIS, where the set G- is defined as in
(3.18);

(b) the sequence ((1/£P) dist”(Vye; SO(n))) is equi-integrable;
(¢) the sequence (|Vu.|P) is equi-integrable.

The thesis follows from (a) and (b), by using Vitali’s convergence theorem together
with Korn’s second inequality, see [3, proof of theorem 2.5] for more details.
We now prove (a). By choosing (v, S) = (ug, Ro) in (3.36) we deduce

1
lim gga(yg) = 50(1&0, RO)

e—0

By (3.30) and assumption (2.8) we have

1 1 1 . .
—E(ye) = E—2/QW(:L’,Vy5) dz + E/Q(ﬂ(ys)det Vy. — 7(yr.)) dz.

3

Therefore, letting € — 0 and applying proposition 3.9 yield

1
limsup ;2/ W(z, Vy.) dz < & (uo, Ro) — / m(Roz)noa(z) - ug(z) dH" ' (z)
e=0 Q o9

1
= 5/§2Q(x,e(u0))dx

On the other hand, by Taylor expansion of W around I and by the weak convergence
of xa.e(ue) to e(ug) in L*(Q; RIS (see property (ii) in the proof of proposition
3.8) we obtain

1
limsup?/ W(x,Vy.)dx > limsup = /Q (x, xa.e(ue))dx
)

e—0 e—0

hmmf /Q x,xag.e(us))dz

5/9@(:6,6(110)) dx

see, e.g. [3, 8, 22]. Combining the previous inequalities yields

lim — /Q x, xa.e(ue) dxz%/ﬂ@(x,e(uo))dz. (3.37)

e—0 2

Since x@.e(ue) — e(ug) weakly in L?(Q;RI!) and the quadratic form Q(z, -) is
coercive on RET by (W2), (W4) and (W5), equation (3.37) proves claim (a).
To show claim (b) one can repeat verbatim the proof in [3, theorem 2.5].
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We now prove claim (c¢). Given o > p and n > 0, we deduce by (b) that there
exists M, > 0 such that, setting

fr(x) == dist(Vye(2); SO(n))xgen (z), f3"(x) = dist(Vy:(2); SO(n))xo\ gen (),
where

1
E®" = {x eN: > dist? (Vy.(x); SO(n)) > Mn} ,

Theorem 3.3 now ensures the existence of R, ,, € SO(n) and of ¢;, g5 such that

we have that

< |QME/P. (3.38)

[e%

p 2
J2
€

f1€»77
S

<nand‘

p

Vye = Reyy+ 95" + 65" and g5, < CIFE o 1957 e < OIS - (3:39)
Since Vy. = R. + eR.Vu., we deduce that

Re,n _ R giﬁ? ggﬂl

S = R.Vu, — 24— -2 (3.40)
I3 3 3
hence
Ee . RE p e,m [|P g,m [|P
|ﬂ77|<c IIVuEII£+‘gl +‘92 SCA+n+ M), (3.41)
ep £ p 3 p

where the last inequality follows from Hélder’s inequality, (3.38), and (3.39).
On the other hand, by (3.40) we can write

E —R &,M £,mM
VuE—R5T<€’”E€+gl+92 .

Thus, by (3.38), (3.39) and (3.41) we have that for every measurable set A C Q2

R _R.Ip .1 |P en |p
/|Vu8|pdx<0<|RE’"RE|A|+/ L da:+/ J2 dx)
A ep Al € Al €

en ||P

<C’<(1+n+Mn)|A+n+’

A

<C (U n+ My Al + 1+ My A7),

J2
€

«

Now, for every 6 > 0 we can choose first 7 = 7(J) and then w = w(d, ) in such a
way that the right-hand side above is less than ¢ for every measurable set A C )
with |A| < w. This proves claim (c) and concludes the proof of the theorem. O

https://doi.org/10.1017/prm.2022.79 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.79

1950 M. G. Mora and F. Riva

4. Pressure loads of arbitrary sign

Here we extend the results of the previous section to pressure loads whose intensity
7 is not necessarily nonnegative (and still satisfies (71)). To deal with the negative
part of m we need to assume an additional bound from below for W (-, F') in terms
of det F":

(W6) W(x, F) > cagq(| det F' — 1]) for a.e. 2 € Q and for every F € R"*", for some
g€l 2],

where g, is defined as in (2.4) and ¢ > 0 is a constant independent of z. According
to the value of ¢ in (W6), we assume 7 to satisfy the following condition:

(73) if ¢ = 1, 7~ is bounded; if ¢ € (1, 2], 7~ (y) < C(1 + |y|P/9) for every y € R™.

We note that the growth condition in (73) is at most linear, since p, ¢ € (1, 2]
implies p/q’ € (0, 1].

In the current framework the energy & is defined as in (3.1) with the set of
admissible deformations Y? replaced by

YP:={yeY?: detVy e L1Y(Q)}. (4.1)

Owing to (73) the energy is well defined on Y: indeed, if y € Y,?, then the com-
position 7~ oy belongs to L4 (Q) and thus, 7(y) det Vy is integrable. Clearly, all
rigid motions yg with R € SO(n) are still admissible deformations. As observed in
remark 3.1, also in this setting the a.e. injectivity condition can be included in the
definition of Y without altering the results of this section.

As in the previous section we need a Lipschitz continuous function that extends m
outside a neighbourhood of O, is below 7 everywhere, and satisfies the same growth
condition (73) as .

LEMMA 4.1. Assume conditions (w1) and (73). Then, there exists a Lipschitz con-
tinuous function : R™ — R such that & coincides with 7 in a neighbourhood of O,
#(y) < w(y) for ally € R™, and & has the following property: if ¢ = 1, 7 is bounded;
ifg e (1,2, [#(y)| < C(L+|y|P/7) for every y € R™.

Proof. We consider only the case g € (1, 2], being the case ¢ =1 analogous and
even simpler. Let C' > 0 be a constant for which (73) is satisfied and let

h(y) :== (CA+ [y|P/7)) v (1 +C).

Since p/q’ € (0, 1], the function h is Lipschitz continuous in the whole of R™ and
m > —h by (73). Hence we can apply lemma 3.4 to the function II := 7 + h. This
provides us with a function IL. It is now easy to check that the function 7 := I-n
has all the required properties. O

Under this new set of assumptions, the results of § 3 can be modified as follows.

https://doi.org/10.1017/prm.2022.79 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.79

Pressure loads and the derivation of linear elasticity 1951

LEMMA 4.2. Assume (W1)-(W6), (n1) and (13). Then there exists eg € (0, 1) such
that, if E-(ye) < Ce? for every e € (0, g¢), then there holds

/ gq(|det Vye(z) — 1|)dz < Ce?  for every e € (0,&). (4.2)
Q

Furthermore, there exist constant rotations R. € SO(n) such that the rescaled
displacements u. defined by (3.4) satisfy

/ 9p(e|Vue(2)]) dz < Ce®  for every e € (0,0) (4.3)
Q

and are uniformly bounded in WP (; R™).
If, moreover, (R.) C SO(n) is another sequence for which the rescaled displace-
ments, defined as in (3.4), satisfy (4.3), then

|R. — R.| < Ce
for every € € (0, g9). Finally, one has

—Ce? < i ’i?éR )55 <0 for every e € (0,ep).

Proof. The choice of g9 will be made throughout the proof. We follow the lines of

the proof of lemma 3.6. By lemma 4.1 inequality (3.7) still holds. By (W5) and
theorem 3.2 there exists a sequence (R.) C SO(n) such that

/ ([ Vye(z) - Rel)da < C / Wz, Ve () da,
Q Q

and
/ Wz, Vy.)dz < Ce2 + Celly. — yn |1 + a/ ()| det Vye — 1) da. (4.4)
Q Q

We denote by P. the last term in the above inequality. In the following, co is the
constant in condition (W6). If ¢ = 1, the function 7 is bounded and thus, recalling
the definition (3.8) of the sets QF, we have

P. < Cel|det Vye — 1| 2 (- + Cel det Vye — 1|11 o)

<C€2—|—%2||detVyE—1|| )+ Celldet Vye — 1| 11 o2

2
L2 (0

<O+ (6—2 + C’e) / g1(|det Vy. — 1)) dz,
2 Q

where we used Cauchy’s inequality and (2.5). If instead ¢ € (1, 2], the function 7
is Lipschitz continuous and satisfies a p/q¢’-growth condition with p/¢’ < 1, so that
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we obtain

P. < Ca/i(l—f— lye — yr.|)| det Vye — 1] dx

=

+ C€/+(1 +[ye — yr.P/7)| det Vy. — 1| da.
Q

e

Using that |det Vy. — 1| <1 on Q_ and applying Hélder’s inequality, from the
previous equation we deduce

P, < Cc‘:H det V. — 1||L2(52;) + 05||y5 - yREHWl-,p + CE” det Vy. — 1||L‘1(Qs+)
+Cf/ |Ye _yRE|de+C€/ | det V. — 1]9 dz
f QF

C ’ c
<Ce? + ZQH det Vy. — 1||2L?(9;) +Ce + (ZZ + Cg) Il det Vye — 1”;(9?)

+ Cellye — yr.llwir + Cellye — yr |1
<Ce? + (%2 + Cs) / gq(] det Vy, — 1)) dz
Q

+ Cellye —yr.lwrr + Cellye — yr. 1.0

where we used Young’s inequality, (2.5) and the fact that ¢’ > 2. Combining (4.4)
with the previous bounds on P., we obtain that

/ Wz, Vi) de < Ce + Cellye — yn llwiw + Cellye — yr %o
Q

(4.5)
c
+ (52 +C€> / gq(| det Vy. —1]) da

Q

in both cases ¢ =1 and ¢ € (1, 2].
Now, if ey < ¢2/(4C), where C'is a constant for which (4.5) is true, then by (W6)
we deduce that

/ 9q(|det Vy. — 1)) dz < Ce® + Ce|lye — yr. lwro + Cellye — yr. |51, (4.6)
Q

for every e € (0, €p). Combining (4.6) and (4.5) yields

/ W(x, Vya) dz < Ce* + C€||l/a — YR, ”W“’ + CaHye — YR, H;;Vl,p (4 7)
Q .

= C*(1+ [lucllwrw + P~ Hluel Ry p)-
Arguing as in (3.14)—(3.16) and using Poincaré—Wirtinger inequality we deduce that
uellfyr < CQA+ flucllwre + P~ Hlue[fy1)-
Up to choosing €p smaller, if needed, we obtain
[uellfprp < O+ [luelwre),

which implies ||ue||y1.r < C.
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Inequality (4.2) now follows easily from (4.6), while (4.3) is a consequence of (4.7)
and (W5). The last two statements of the lemma can be proved arguing exactly as
in the proofs of lemma 3.6 and corollary 3.7. O

The proof of the following compactness result is completely analogous to that of
proposition 3.8.

PRrROPOSITION 4.3 (Compactness). Assume (W1)-(W6), (n1) and (n3). If
E.(y.) < Ce? for e € (0, eg), then for any R., u. given by lemma 4.2, we have
that, up to subsequences,

e u. — ug weakly in WHP(Q;R™) with ug € H*(Q;R™),
e R. — Rg with Ry € R,

as € — 0. Moreover, Ry is independent of the choice of R. and ug is independent
up to infinitesimal rigid motions of the form Ax, with A € RIS,

The next proposition is the analogue of proposition 3.9. However, in the present
setting, owing to the assumptions (W6) and (73), we can improve the result and
show convergence on the whole of ).

PROPOSITION 4.4. Let 7t be a function as in lemma 4.1 and let y. € Wl’p(Q;R”)
satisfy (4.2). Assume there exist R. € SO(n) converging to Ro € R such that the
corresponding displacements u., defined as in (3.4), weakly converge in WP (Q; R™)
to ug € HY(Q;R™). Then,

lir%1 (7(ye) det Vy. — 7(yp.)) do = / 7(Rox)naa(z) - uo(z) dH" 1 (x).
e—=0¢ Jo (o9}

Proof. We follow the lines of the proof of proposition 3.9. The only difference is in
the analysis of the term I. in (3.21), which now can be written as

IE:/ ﬁ(yg)divusdx—i-Zsk*l/ T (ye) ek (Vue) de

G. i G.
1 . 1 .

+ */ 7 (ye)(det Vye — 1) dx + f/ 7 (ye)(det Vye — 1) dx
€ Jaa\G. €Jar

= JL+ 24+ T2+ T2

where the sets QF and G, are defined as in (3.8) and (3.18). Here we recall that
G. C Q7 for € small enough. The first integral J;l can be handled exactly as in the
proof of proposition 3.9. To conclude it is enough to show that the remaining terms
are infinitesimal, as ¢ — 0.
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By (2.2) and the Lipschitz continuity of # we obtain

POy [ euc Vaf do
k=2 Ge

- C’Z (eklf |V [* 7P| Vu|P dz + sk/
k=2 Ge

Since |Vu.| < e~ /? on G., we have that

uE|VuE|kdx) .

€

2 < O3 (2 Ve[ + €2 )
k=2

<C§:(ngﬂvz+gm)<(kw2ﬁo.
k=2

Using (4.2), the boundedness of (u.) in WP(€;R"), and recalling that
|det Vy.—1| < 1 on Q2 , we deduce that

[ 72] < g/ (1 + eluc])| det Vy.—1| dz

C
< SNt Vi g N G2 € [ el da
€ Q7\G.
<O\ G2 + Cllucl,|2\ G[M? < CIQ\ G2 + ClQ\ G.|V7,

where the last term goes to zero, as ¢ — 0, by (3.19).
To deal with J2 we consider the two cases ¢ =1 and ¢ € (1, 2], separately. If
q = 1, the function 7 is bounded and so, we have

~ C
|Jé| < ;H det Vye — 1||L1(QE+) < Ce,

where in the last inequality we used (4.2).
If instead ¢ € (1, 2], by using the p/q’-growth of # we have

~ C ,
< S [ ] der Ty — 1]
Qg

O ’ ’_ ’
< ;H det V. — 1||Lq(QE+)‘Q:‘1/q + CeP/9 71| det Ve — 1||Lq(Q;r)||UeH£/q .
By (4.2) and the boundedness of (u.) in W1P(Q; R") we deduce
|JA| < Cce/at ||V 4 CEQ/qup/quHUaHﬁ/q/ < ||V 4 geate/d -1

It is easy to verify that 2/¢ +p/q¢’ —1 > 0. Moreover, since G, C Q2 for ¢ small
enough, we have that |2 | — 0 by (3.19). Therefore, we conclude that in both cases
JZ is infinitesimal, as ¢ — 0. O
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The next proposition collects both the liminf and the limsup inequalities, which
thus provide a full I'-convergence result.

PROPOSITION 4.5 (Liminf and limsup inequalities). Assume (W1)-(W6), (r1)
and (73). For every ¢ € (0, g9) let y. € WEP(Q;R™) be such that there exist R. €
SO(n) converging to Ry € R and the corresponding displacements u., defined as in
(3.4), weakly converge in WP (;R™) to ug € H*(;R™). Then

.1
SO(UO7R0) < hin_}(r)lf 67‘2(1/5)7

where & is the functional defined in (3.29).

_On the other hand, for every (uo, Ro) € H'({;R™) x R there ewist (ue, R.) €
WP(Q;R™) x SO(n) such that u. — ug weakly in WHP(Q;R"), R. — Ry and,
setting y.(z) := R.(x + euc(x)), there holds

. 1
lim sup ?ga<ys) < 50(“07 RO)

e—0

Proof. The proof is the same of propositions 3.10 and 3.12, once we have at our
disposal proposition 4.4. The only additional remark is that the deformations y. in
the recovery sequence are admissible since det Vy. € L*(€)) by construction (see
(4.1) for the definition of Y}?). O

Combining the previous results and arguing as in theorem 3.14, one can infer the
following convergence result for almost minimizers.

THEOREM 4.6 (Convergence of almost minimizers). Assume (W1)-(W6), (r1)
and (73). If (y:) is a sequence of almost minimizers for the energies &, that is,

E(y.) < inf & +o(e?),
Wip(QR?)

then there exist R. € SO(n) such that, up to passing to a subsequence, we have
e u. — ug strongly in Wl’p(Q;R”) with ug € ﬁ[l(Q;R”);
e R. — Ry with Ry € R.

Furthermore, the pair (ug, Ro) is a minimizer of & on f[l(Q;R") x R and

1 .
lim — inf _) = mi JR): (u, HY (4 R” .
lim (Wl’;?Q;Rn)S ) min {&(u, R) : (u,R) € H'( ) X R}

5. A refined I'-limit and a comparison with dead loads

In this section we make a comparison with the results obtained in [22], in the case
of dead loads. In particular, we compute a refined version of the I'-limit of the
rescaled energies (1/e%)E-.

We assume (W1)-(W5) and (wl), together with either (72) or (73) and (W6).
In addition, we require
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(74) 7 is of class C? in the open set given by (71).

Under this assumption any optimal rotation Ry € R satisfies, in addition to (2.9),
the following condition:

/ (Vﬂ‘(RQSL‘) - RoA%z + D*1(Roz) Ry Ax - RoAx) dz >0 for every A € R**"
Q

skew *

(5.1)
This is obtained by imposing that the second variation of the functional in (2.7)
is positive semidefinite along the curve ¢ — Rgpe*4. By the divergence theorem,
condition (5.1) can be rewritten as

skew

/ (V7 (Roz) - RoAz)npq(z) - AzdH" '(z) >0 for every A e R, (5.2)
o0
In [22] the applied body force is assumed to be a dead load of the form

- / o(x) - y(x) da,
Q

where g € L?(2;R") is given. In this setting the authors proved that the set of
optimal rotations, which is defined as

R, = argmin {—/Qg(a?)-Rwdx}, (5.3)

ReSO(n)
is a submanifold of SO(n) (see [22, proposition 4.1]). Moreover, if (y.) is a sequence
of deformations with total energy of order £2, then any sequence of rotations

(R.) provided by the rigidity estimate converges to an optimal rotation Ry (as
in propositions 3.8 and 4.3) and, in addition, satisfies

diStSO(n) (R5§Rg) < C/e, (5.4)

where distgo(n) is the intrinsic distance in SO(n), that is,

distso(n) (R, S) :=min {|A]: A€RIX" R=Se'}.

skew’

Finally, the I'-limit of the rescaled energies can be expressed as

%/QQ(.I, e(up)(z)) da — /Qg(x) - Roug(z) dx — %/ g(x) ~R0A(2Ja: dz, (5.5)

Q

nxn

tleore 18 the limit of

where ug is the limit displacement, Ag € R
1
NG

(which exists up to subsequences), and P, is the projection operator on R (see [22,
§ 5]). We note that the last term in (5.5) is the second variation of the functional
in (5.3) at Ry computed in the direction Ag. In [22] it is then proved that Ag =0
for sequences (y.) of almost minimizers, so that the last term in (5.5) is identically
equal to 0 on minimizers.

RE(R. — Py(R.))
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T2

T1

Figure 1. Set  in example 5.1.

In our setting of a pressure live load, a first difference with [22] is that the set of
optimal rotations may not be a manifold, as the following example shows.

EXAMPLE 5.1. Let n = 2 and let 2 be the set given in polar coordinates by
Q={(p,0): p<1ifde|0,n/2]U][mr 37/2], and p < 2 otherwise}

(see figure 1). We note that (2.3) is satisfied.

Let » € C3([0, 7/2]) be a nonnegative function satisfying ¢(0) = 0 and attain-
ing its maximum at « = 7/2. Suppose, in addition, that the first, second and
third derivatives of ¢ vanish at a =0 and at a = 7/2. Let v € C%([1, +00)) be
a bounded function with bounded first and second derivatives satisfying (1) =
(1) =¢"(1) =0 and ff p(p)dp =1. A simple choice of 3 could be 1(p) =
(20/9)(p — 1)3 for p € [1, 2], suitably extended to [2, +o0).

We consider the following pressure function:

x
(y/2? + 23)¢’ (arctan x—j) if 21 > 0,22 >0, and 2% + 23 > 1,

0 otherwise.

m(x1,x2) =

Elementary computations show that 7 is Lipschitz continuous and of class C?(R"),
so that (r1) and (74) are satisfied; furthermore, 7 is bounded, so also (73) holds
true.

We recall that SO(2) can be identified with the unit sphere S! via the map

0,27) 5 a — R® i— (cosa —sina> 7

sina  cos«

so that we can write

R = argmin {/ (21, x2) day dxg} .
a€l0,27) ReQ)
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For a € [0, 7/2) we can compute

2 o«
/ 7 (@1, 02) da; das = / / V(o) (6)pd8 dp
RaQ) 1 0
2

Similarly, we obtain

p(a) if « €10,7/2),

— bla) <p(7r/2) ola—m/2) facer/2,m),

/Ragﬂ(zl’@) dey dz; = ¢(a) : ola— if a € [m,37/2),
<p(71'/2) ola—3m/2) if a € [37/2,27).

(5.6)
Since ¢ is nonnegative and maximized at 7/2, the set of optimal rotations corre-
sponds to the zero-level set of the function ¢. In particular, in [0, 7/2) this is given
by the zero-level set of ¢, which can be any closed set at positive distance from
/2.
This example shows that, in general, we cannot expect R to be a manifold.

Since R is not in general a manifold, the projection operator on R is not well
defined. However, in the limiting process we can keep track of the distance of the
approximating rotations R, from R through a suitable sequence of skew-symmetric
matrices A.. In contrast with (5.4), the scaling of this distance may be larger than
Ve (actually, larger than {/e for any given k > 2), see example 5.3. To recover
compactness of (A.) we rescale it by |A.| V /¢ and we denote by Ay its limit. The
I'-limit of the rescaled energies can be then expressed as

1
Eo(uo, Ro) + if(R07A0)a

where F: R x RIX" — [0, +00) is the second variation of the functional in (2.7).
This additional term measures the cost due to the fluctuations of the approximating
rotations from the set R. Arguing as in (5.1) and (5.2), the functional F takes the

form
F(Ro, Ag) = / (Vr(Roz) - RoAox) Ao - noa(w) dH" ().
a0

For sequences (y.) of almost minimizers the limit Ay may be different from O;
however, we have F(Rg, Ag) = 0. More precisely, we have the following result.

THEOREM b5.2. Under the assumptions of propositions 3.8 or 4.3, we have in
addition that there exist A. € RIS such that R. = S.e?ts for some S. € R and,

up to subsequences, A. — 0 and A./(|A:|V E) — Ay for some Ay € RIS with
Aol < 1.
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I’ GIZSO (714) s 1 ’O’I ce, L‘hen
I —l'lllfg( )—_5 R)—F*.F(R A
1 2 € yE 0(“03 0 2 0> 0)

with respect to the following convergences: u. — ug weakly in Wl’p(Q;R”), R, —
Ro, AE — 0, and As/(|A5‘ V \/g) — Ao.

Finally, if (y-) is a sequence of almost minimizers for the energies &, that is,
(3.34) holds, then there exist R. € SO(n) and A. € RI<" as above such that, up to
a subsequence, we have

e u. — ug strongly in WP (Q:R™) with ug € H(Q;R™),
e R. — Ry with Ry € R,
o A. — 0 and A./(|Ac| V VE) — Ao with Ag € RN, |Ag| < 1.

skew

Furthermore, the triplet (ug, Ro, Ao) is a minimizer of & + (1/2)F on
HY(Q;R") x R x R™X" | F(Ry, Ag) = 0, and

skew

1
lim —( _inf 55)
Wie(Q;R)

skew

= min {SO(U,R) + %f(R,A) : (u,R,A) € HY(;R") x R x Rnxn}

=min {&(u,R) : (u,R) € H'(;R™) x R}.

Proof. As for the compactness statement, since R is a closed set, there exist S, € R
and A, € R™*" such that R. = S.e?< and

skew
diStSO(n) (ResR) = diStSO(n)(Rsa Se) = |Ae|.

Since, up to subsequences, R. — Ry € R, we have that A, — 0. The remaining
properties follow from the fact the sequence (A./(|A:| V /€)) is bounded by 1.

We now give a sketch of the proof of the liminf inequality. By proposition 3.10
or 4.5 we have that

o1 - m(Rex) — w(x)
llgl_}(r)lf 6—255(%) > &Eo(uo, Ro) + llgnjglf ; —

dx.

In fact, the last term above was always neglected in the previous computations,
since it is nonnegative by (2.8). Using that S € R, a Taylor expansion of 7 and of
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the exponential map yields

m(Rex) — w(x) .
/Q d (5.1)

9

1
= f/ Vr(S:x) - SeAcx dx
€Ja

+ 2i€ (V7 (Sex) - S A2z + D*m(S-(I + t.(z)K.)x)S- K.z - S-K.x) dz
Q

1 .
+ g/ |A.>Vn(S.x) - S.H.x du, (5.7)
Q
where t.(x) € [0, 1], H. is a uniformly bounded matrix, and
1
K. = A + §A§ + A H..

We now note that the first integral in (5.7) is equal to 0 by (2.9); thus, by multiplying
and dividing by a. := (JA.| V /€)? we obtain

/W(REZ‘) —7(x) de
Q

3

Qe Agl’ 9 st st
=5 {/Q <V7T(Ssx) - S. o + D*m(S:(I ths(ac)Ks)x)Ss\/ing .S \/@) da
2/A.[3
+! VW(Sax) -S:H.xdx| .
Qe Jo

We observe that the left-hand side is nonnegative, hence the term within square
brackets is nonnegative, as well. Since \/az = |A:| V Ve = Ve, |4A:] — 0, S: — Ry,
Ac/\/a: — Ag, letting ¢ — 0 and using the dominated convergence theorem yield

hminf/ Mdz
e—0 9] g

1
> 5/ (Vﬂ'(Rox) -RoA%x + D*1(Roz) Ry Ao - Rvox) dz.
Q

The liminf inequality follows now from the divergence theorem.
For the construction of the recovery sequence we proceed as in proposition 3.12
or 4.5, but choosing R, := Rpe?s with A, := \/cAy. Since Ry is in R, we can write

L) = 5 / W(a, Vy.) do + - / (n(ye(2)) det Vg — n(Rez)) da

m(R.x) — w(Rox)
+/Q 5 dz.

(5.8)

The first two integrals at the right-hand side can be bounded by £y (ug, Ro), arguing
as in proposition 3.12 or 4.5. Repeating the same computations as for the liminf
inequality, one can show that the last integral converges to (1/2)F(Ry, Ao).
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Convergence of almost minimizers and of infima can be proved exactly as in the-
orems 3.14 and 4.6. Finally, we observe that the functional F is always nonnegative
by (5.2) and F(R, 0) =0 for every R € R. Hence, by minimality we deduce that
F(Ro, Ag) = 0. This concludes the proof. O

We conclude the paper with an example showing that, given any sequence A\, — 0

such that
A2 Ak
lim —= = 40 and lim = =0 (5.9)
e—0 € e—0 ¢

for some k > 2, there may exist sequences of almost minimizers of £ for which
any approximating sequence of rotations has a distance from R of order .. This
provides a further difference with the case of dead loads [22].

EXAMPLE 5.3. We start by considering a sequence (\.) satisfying (5.9) with k& = 3.
We assume the pressure intensity 7 to be of class C3. Moreover, we assume that
the set of optimal rotations R is finite and that for every Ry € R there exists
Ap € R™"*™ such that

skew
Aol =1 and F(Ro,Ao) = 0. (5.10)

These properties are satisfied, for instance, in example 5.1 if the function ¢ is
strictly increasing. Indeed, in this case the function ¢ in (5.6) attains its minimum
only at & = 0 and o = 7 and thus, R = {+I}. Moreover, in this example V7 (z) =
Vr(—x) =0 for every x € 992, so that F(Ry, Ag) = 0 for every Ry € R and every
Ay € REXN. Finally, 7 is of class C® if we assume, in addition, ¢ € C*([0, 7/2])
with (V) (0) = ) (7/2) = 0 and ¥ € C3([1, +00)) with bounded third derivative
and ¢"'(1) = 0.

Now let (ug, Ro) be a minimizer of & on H'(Q;R™) x R and let Ag € RO <"
satisfy (5.10). Let R. := Rpe*<“° and let (u.) be an approximating sequence for ug
as in (3.31). We claim that the deformations y.(x) := R.(x + cu.(x)) are a sequence
of almost minimizers of £.. Indeed, arguing as in the proof of the limsup inequality

in theorem 5.2, we have by (5.8) that

m(Rex)—7m(Rox)

1 . (R
glg% ;255(3/5) = &o(uo, Ro) + Ehi%/ﬂ dz

3

= min &) + lim —W(Rsx)iw(Rox)
HIxR e—0 Q g

dx

1 —
_ lim (2 w e | 7T<R5$>7T<Row)dx>_
e=0 \ €7 Wip(;R) Q £

Therefore, the claim is proved if we show that the last term above vanishes, as
e — 0. To prove it we argue as in the proof of the liminf inequality in theorem 5.2,
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now expanding up to the third order. By (2.9) and (5.10) we obtain

/ m(R.x)—m(Rox) d
Q 3

A2 a2 A3
— VTF Rox) RyApx dx + .7:(R0, Ao) + O - =0 ? R (5.11)

which proves the claim owing to (5.9) with k& = 3.

We note that the intrinsic distance of R. = Rge*s?° from R in SO(n) is of
order \.. Indeed, since R is finite by assumption, we have that dgom)(R:;R) =
dsom)(Re, Ro) for € small enough. By definition we clearly have dgo(n (Rs7 Roy) <
Ae. On the other hand, since the intrinsic distance in SO(n) is equlvalent to the
Euclidean distance, we obtain

dSO(n)(RE; RO) P> C|e)\EAO — I| > C)\s-

We now prove that for the sequence (y.) constructed above, any sequence (R.)
of approximating rotations satisfies

dsogm(BLR) > eA.. (5.12)

By lemma 3.6 or lemma 4.2 we deduce that |R. — R.| < C¢, hence R. — Ry. Since
R is finite, we have that dgoem)(RL;R) = dsowm)(RL, Ro) for e small enough.
Let AL € R"*" be such that R. = Roes and dgo(n)(RL, Ro) = |AL|. Assume by

contradiction that (5.12) does not hold, that is, |AL|/\: — 0, as € — 0. Then we
have

Ce > |R. — R.| = [e*A0 — 2| 2 M0 — I| — e — I| > [P0 — I| — ¢|A].

Dividing by A: and sending € — 0, we obtain a contradiction, since the left-hand
side vanishes by (5.9) and the right-hand side converges to |Ag| = 1.

Using again that |R. — R.| < Ck, it is easy to see that in fact the intrinsic distance
of R, from R is of order A..

If, instead, the sequence ()\.) satisfies (5.9) for some k > 4, the previous argu-
ments can be adapted with small changes as follows. We assume, in addition, that
7 is of class C* and that for every Ry € R there exists Ag € ]R”X” such that

skew
|Ag| =1 and V;(Rg,Ay) =0 foreveryj=2,...,k—1, (5.13)

where V;(Ry, Ap) is the j-th variation of the functional in (2.7) at Ry computed in
the direction Ag. This is fulfilled by the pressure load in example 5.1, if ¢ and
have enough regularity and satisfy suitable boundary conditions. By expanding up
to order k in (5.11), condition (5.13) guarantees that the sequence (y.), constructed
as above, is still a sequence of almost minimizers. The bounds on the intrinsic
distance from R can be proved as before.

REMARK 5.4. If condition (5.10) is not satisfied, that is, for every Ry € R one has
f(Ro,Ao) =0 e A()ZO7

the phenomenon described in the previous example cannot arise. More precisely,
one can show that the intrinsic distance of the approximating rotations from R is
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at most of order /¢, as in (5.4). The argument is the same as in [22, theorem 5.1],
combined with (5.7).
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