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Abstract

A regular doubles-algebra L satisfying (i) A ( x " ( + ' ) ; n < o>) for every \ ¥= x S L and (ii) L is not
subdirectly irreducible, is constructed. The construction is purely topological and the desired result is
obtained via the known Priestley duality. The notion of an auxiliary regular double />-algebra is
introduced and the algebras having this property are characterized.

1980 Mathematics subject classification (Amer. Math. Soc): primary 06 D 15, 06 D 30; secondary
06 E 15, 08 B 15.

1. Introduction

By H. Priestley [9] every distributive (double) /^-algebra can be associated with a
special totally order disconnected compact topological space, and vice versa. By
means of this topological duality theory of distributive double /^-algebras it is
possible to dualize every fact and every concept, converting algebraic facts and
concepts into topological ones. So, in [4], B. Davey presents a topological
characterization of subdirectly irreducible double /^-algebras. In [7], the same
algebras are characterized by algebraic means as follows:

THEOREM A ([7, Theorem 4]). Let L be a distributive double p-algebra and let
| L | > 3. Then L is subdirectly irreducible if and only if
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[2] Irreducible distributive double /^-algebras 47

(i) L is nearly regular; that is to say, for every a E L,

G[a]\ = \ {x E L : JC* =a* and x+ = a+ } | < 2 ;

(iii) If L is regular then there exists 1 ¥= d E D(L) such that

for all 1 # x E D(L) and some n < <o;
(iv) / / L is wetf regular then for all \ ¥= x E. D(L) with \ G[x] \ = 1 there exists

d E D(L) satisfying \G[d]\¥=l such that

for some n < u.
The conditions (i)—(iv) are independent.

Furthermore, in [7], the following is also shown.

THEOREM B ([7, Lemma 7]). Let L be a distributive double p-algebra and let
\L\> 3. Then L is subdirectly irreducible if and only if L satisfies the conditions (i),
(iii), (iv) from Theorem A and the condition

(ii') A(x"( + *); n< u) = 0 for all \ ¥= x E L.

The aim of the present note is twofold. First, it is shown that the conditions of
Theorem B are independent. The crucial example of a regular double ^-algebra
satisfying (i), (ii') and (iv) but not (iii) is constructed by topological means (see
Lemmas 1-5). This example also demonstrates the importance of the Priestley's
duality. Furthermore, the connections between (ii) of Theorem A and (ii') of
Theorem B are investigated. Independently, R. Beazer (see [2], [3]) has considered
the interrelationship of conditions similar to those given here. In particular, see
[3], he characterized the finitely subdirectly irreducible distributive double /'-alge-
bras. He then raises the question of whether every finitely subdirectly irreducible
regular double /^-algebra is subdirectly irreducible; we show that this is not the
case. Second, the notion of an auxiliary regular double p-algebra is introduced.
The auxiliary algebras are characterized and, as will be seen, provide another
instance of the dual role occupied by the conditions (ii) and (ii') of Theorems A
and B.

2. Preliminaries

A distributive double p-algebra (L; A, V, *, +,0,1) is a bounded distributive
lattice (L; V, A,0,1) with two unary operations. For aGL, a/\x — 0 if and
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only if x «£ a* ( that is, a* is the pseudocomplement of a) and , dually, a\/ x — 1 if
a n d only if x > a+ ( that is, a+ is the dual pseudocomplement of a). Fur ther ,
D(L) - {x G L: x* = 0} and C(L) is the set of all elements of L that have a
complement. In a pseudocomplemented distributive lattice, the relation x = y(y)
if and only if x* = y* is a congruence called the Glivenko congruence. Similarly,
in a dually pseudocomplemented distributive lattice the dual relation x =>" (Y) if
and only if x+ — y+ is a congruence. For any distributive double /7-algebra
x = y(y A f ) if and only if x* = y* and x+ = y* is a congruence called the
determination congruence. Moreover, for a € L, aO(+*) = a, a4 * — (a+)*, and
for n s* 0, a(»+1X+») - 0»(+*)+ *.

An algebra L is finitely subdirectly irreducible if and only if the equality relation
is meet irreducible in the congruence lattice Con(L) of L. Observe that, since an
algebra is subdirectly irreducible if and only if the equality relation is completely
meet irreducible in Con(L), every subdirectly irreducible algebra is finitely
subdirectly irreducible.

For further information on distributive double ^-algebras, see R. Beazer [1],
B. A. Davey [4] or [7].

Since one of the constructions presented here is better described by an ordered
topological space, we briefly describe the topological duality for distributive
double /?-algebras as given in H. A. Priestley [9]. A topological space T with a
partial ordering is totally order disconnected if and only if, for x,y G T, whenever
AC ^ y there exists a clopen order-ideal X C T such that x G X and y & X. H. A.
Priestley established a duality between the category of bounded distributive
lattices and the category of compact totally order disconnected topological spaces.
Under this duality, the elements of a bounded distributive lattice correspond to
the clopen order-ideals of a compact totally order disconnected space. Such a
space is the dual space of a distributive double ^-algebra if and only if [ X) is
clopen for every clopen order-ideal X and (A'] is clopen for every clopen
order-filter. For further information, see H. A. Priestley [9] or B. A. Davey [4].

3. The conditions (ii) and (ii')

We begin with the construction of a compact totally order disconnected space
that will be needed in the proof of Theorem 1.

Let C denote the Cantor discontinuum set; that is to say, the set of all real
numbers 0 < t < 1 which can be written in the form

(1) / = ti/3 + t2/3
2 + ••• +tn/3" + • • • where tt G { 0 , 2 } .
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It is known (see, for example, J. L. Kelley [8]) that C is a compact and totally
disconnected metric space. More precisely, the sets

(2) />, = [0 ,1 /3 ] D C , P2= [ 2 / 3 , 1 ] n C,

p3 = [o, 1/9] n c , P4 = [2/9,1/3] n c , . . .

are clopen and they form a base of the topology on C. It is easy to see that
Pm = [a, b] n C if and only if (i) an, bn G {0,2} for every n < u, (ii) there exists
an integer k > 1 such that an = bn for all n < k, and (iii) an = 0 and bn = 2 for
every « > &. If there is no danger of confusion we shall write plainly [a, b] for
[a, b] n C, whenever a,bGC.

For every n < w there is a mapping Tn: C -> C defined in the following way:
(i)forxn = 2,Tn(x) = x,

(ii) for xn - 0, (Tn(x)), = x, for every / < n, (rn(x))n - 2,
and (rn(x))t: = .*,_, for every / > «. It can be readily proved that Tn is a
continuous mapping for every n < u.

For two elements x, y G C we have x = >> if and only if xn = yn for every
n < a). Moreover,

(3) x < y if and only if xt < yt for the first / < u with x, ^ _y,.

For more details on the set C, see J. L. Kelley [8].
Denote by C a homeomorphic image of C satisfying C D C = 0 . We shall

construct a new partially ordered topological space S = C U C. A set X C S is
said to be open m S it X = XX\J X2 such that A", and X2 are open in C and C,
respectively. Evidently, S is again compact and totally disconnected. We shall
define a partial order on S as follows: Let

/ = f-,/3 + t'2/3
2 + ••• + tjy + • • • with it = /,. for all / < w

denote the corresponding element from C associated with ( £ C (see (1)). The
mapping / -» r is a homeomorphism between C and C. The partial order C * on S
can be introduced in the following way:

(i) t C*t for every t e C,
(ii) having/;, ( G C w e say that/? C * til p — rr(t) for some r,

(iii) for t, z G S and f ^ z, ? C * z if and only if it can occur by (i) or (ii).

LEMMA 1. Let U be an open (clopen) set of the partially ordered topological space
S = (S; C *). Then (U] and [U) are open (clopen).

PROOF. First we shall assume that U is a base set of C, that is U = [a, b] with
an = bn for n < k and an — 0, bn = 2 for n> k.lt is easy to check that

= uu uuu^u ••• uuir,
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where 1 < / , < • • • < ir < k is the set of all 1 <_/ *£ k with a. = 0 and Ut =
[T, (a), Tt(b)] for every j = l,...,r. (Note that Uj — [c, d] is the clopen base set
corresponding to Uj = [c, d\.) Therefore (£/] is clopen in S. Since
Pv...,Pm,...; Px,...,Pm,... form a base of S (see (2)), (£/] is an open set
whenever Uis open. For Uclopen, there is a finite family of Pit...,Pi, P^,...,Pj
such that

U - Ph U • • • UPir U Ph U • • • U ^ ,

because f/is compact. Hence {U] is also clopen.
For the second part of the proof take first U = P for a base set P = [a, b] with

a and ft as above (see also (2)). Evidently, for every c G C with cr = 2 and
cr+1 = 0 there is a unique c ¥= d G C with rr(J) = c, that is, d = T~1(C). NOW,

two cases can arise:

(0 ak = ** = ° or

(ii) ak = bk = 2.
In the first event we obtain

[ U ) = P U P U Ph U ••• U ^

where 1 <y, < • • • <js < k is the set of all 1 < i < k with a, = 2, a,+, = 0 and
Pj. — [Tj~\a), Tj~\b)] for every / = 1,... ,s. Similarly in the second case

[U) = P U P U Ph U • • • UPJt U Pk,

where P} for / = 1,...,j are the same as in the first case and Pk = [rk'\a), rk \b')]
defining b'k+x = 0 and b'n = bn for n ^ k + 1. Therefore [£/) is clopen. The rest
of the proof can be left to the reader.

LEMMA 2. The partially ordered topological space S = (5 ; C *) is compact and
totally order-disconnected.

PROOF. We have only to prove that for all x, y G S with x g * y there exists a
clopen order-ideal Uof S withy G Uand x ¥= U. Two cases can arise:

(i).x,j> E C o r x j G Corx G Cand>» G C,
(ii)x G Cand.y G C.
In the first event we can set U as follows: U= V U C for x, y G C, where K is

a clopen subset of C satisfying y G V and x £ K; £/ = F, where K is a clopen
subset of C satisfying y G Fand x $ V; U = C.

In the second case we can assume x G C, y G C and x <£* y. Again two cases
can occur: x < y ory < x.

For x < y there exists a clopen set P from the base of C (see (2)) such that
y EL P and [0, x] C\ P = 0 . By Lemma 1 (P ] is clopen in 5. Hence, x < y implies
x & (P] and (P] = Uis the required set.
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Suppose now y < x. Then there exists k such that yn — xn for every n < k and
yk < xk, that is yk = 0 and xk = 2. Since x <£*y, we have t = rk(y) ¥= x. There
exists again r such that tr ¥= xr and tn = xn for every n < r. Evidently r > k. Now,
take a clopen set P = [a, b] from (2) defined as follows:

an = K- yn
 f o r e v e r v « < r>

an — 0 and bn = 2 for every n ^ r.

Clearly, y E P and x £ P. By Lemma 1, (/>] is clopen in S. We have only to
show that x £ (/>]. This is equivalent with: Tn(/?) = x for no /> G P and no
« < w. Suppose to the contrary that rm(p) = x for some integer m and some
p E P. Clearly, /^ = _y. for every j < /• — 1 and /?m = 0. Since pk¥= xk, we have
m ^ k. But w < A: is impossible, as pm — xm. The last case w = A: is also
impossible, because

by hypothesis. Thus x ^ (P ] and the proof is complete.

A distributive double /^-algebra is regular if and only if every totally ordered set
in its dual space has length < 1. Thus, it follows from Lemmas 1 and 2 that the
partially ordered topological space 5 = (5; C *) is a dual space to a regular
doubles-algebra.

Denote by C2 the set of all x G C satisfying the following property: xn = 2 for
all but finitely many indices n. Analogously, the definition of C2.

LEMMA 3. The set C2 is dense in C.

PROOF. Let x £ C and an integer n be given. Take j ' = C2 as follows:

yt ~ Xj for every i ^ n, y,: = 2 for / > n.

Therefore^ — x < 1/3" and every neighbourhood of x contains an element from
C2.

LEMMA 4. Let U ¥^ S be a clopen order-ideal of the ordered topological space
S = (S;C *). Then A(t/"< + *>; n < w) = 0 .

PROOF. It is known that W+ - (S\W] and W* = S\[W) for every clopen
order-ideal of 5. Denote by K = r\(Un(+*^, n < «) the set-theoretical intersec-
tion of {Unl+*); n < to). First we prove that [K)QK. Take dC*c with
dEKflC, ctC. If c G S y y ( + * ) for some «, then d G ( S y / ' l ( + * ) ] and
consequently d$ (/("+1)<+*)) which is impossible. Thus c E K. (K] c K is
trivial.
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Suppose to the contrary that there exists a clopen order-ideal V ¥= 0 with
V C K. Hence, there exists P = [a, b] C V from the base (2). We can assume
an = bn for every n < k and an = 0, bn = 2 for every n > k. We claim that there
exists e e C such that [0, e] C F. Without loss of generality we can assume
ak = bk = 0. Namely, for ak = bk = 2 take a new element a < b' < b defined as
follows:

b'n = fen for every n ¥= k + 1 and ^ + , = 0. Evidently [a, b'] C P, an = b'n for
n < k + 1, a^+ l = 6*+, = 0 and «„ = 0, &„ = 2 for /i > k + 1. Let a ^ 0. Define
the elements c, d E C as follows:

Let w be the largest integer with am = bm = 2. Clearly, m < k. Put

cn — dn — an for n < m and

cn = afl+1, dn = bn+\ for n>m.

Since x -» Tm(x) is a homeomorphism between <2 = [c, d] and P, we see that
Q C K. As Q is clopen, we have ((?] clopen (Lemma 1) and consequently
(Q\ C V. Repeating this procedure we obtain finally [0, e] C F.

Let us start with [0, e] C F, where k s* 2 is the smallest integer with en = 2 for
all « > A. We claim that [0, e'] C F for 4 _ , = 2 and e'n = en for all n ¥= k - 1.
Really, [0, rk^i(e)] C F, because x -* rk^{(x) is a homeomorphism between [0, e]
and K_ , (0 ) , TA_,(e)], [AT), (AT] C /f and [0, e] U [ T ^ , ( 0 ) , Tfc_,(e)] =
[0, T^_ ,(e)]. Continuing in this way we get a sequence e(n ) for « > 1 with

eO) - e> em = T i t_ I (e( ' ) ) , . . . ,e ( ' I + l ) = TA : + n_2(e( n )) , . . . .

It is easy to see that e(n) E K and e(n ) -» e' in C. Since K is closed, we have
e' E A". Therefore, [0, e'\ C /C and consequently [0, e'\ C Fas claimed. Repeating
this procedure we obtain [0,1] = C C F, and this implies 5 C F, a contradiction
with S ¥= U D V.

LEMMA 5. / / V ¥= S is a clopen order-ideal of the ordered topological space
S = ( 5 ; C *) then there exists a clopen order-ideal D of S such that

£)"( + *) ff U

for all n < u.

PROOF. By hypothesis I = C n (S\U) ¥= 0 and clopen. There exists b E I D
C2 (Lemma 3). We need two more elements a(1>, a<2> E C:

a,(l) = bt for / < k and a j n = 0 for /' > k, where k is the smallest integer with
bt — 2 for all / > k;

a(2) = rk(a
0)). Two cases can arise: (i) there exists a largest r with br = 2 and

br+l — 0 (in fact r < k) or (ii) there exists no such r. In the first event consider
the element c £ C2 defined as follows: c, = £, for i < r, cr = 0 and c, = 2 for
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1 > r. Evidently, c < a0) < a(2) < b. Take the clopen set R - [0, c] U [am, 1] in
C. Therefore S ¥= D — (/?] is a clopen order-ideal of S (Lemma 1). In the second
case we take S ¥= D - ([a(2\ 1] ].

First we make some observations. For an element e G C2 let lo(e) (that is to
say, the zero-length of e) denote the number of all indices n with the property
en — 0. We claim that

x G C2, lo(x) = lo(b) implies* G D.

Really, let us consider the first event, that is br — 2 and br+l — 0, x G C2, x ¥= b
and lo(x) = lo(b). Lety be the smallest integer with Xj ¥= by Ifj < r then x G D.
If j — r then x < c and, hence, x G D. Assume j > r and Xj — 0. Hence, bj = 2.
However, j < k is impossible, because bk_x = 0 and this yields a contradiction
with r <j. Therefore j > k. This case cannot occur since lo(x) = /0(6). Conclud-
ing we havey > r and Xj = 2. Hence x > b and, consequently, x G D, as claimed.
The second case is trivial.

It is easy to check that x G C2 implies lo(x) — lo(rn(x)). Similarly, Tn(y) = x
implies lo(y) = lo(x), that is lo(x) = /0(Tn"'(jc)). Summarizing, we can say that D
contains all elements x G C2 U C2 with the property: lo(x) = lo(b).

We claim that x G C2 U C2 with /0(x) = /0(fc) implies x G /)"<+*> for every
n < w. For « = 0 (recall D0(+*) — D) it is true. Suppose that Z)"(+*' possesses
this property. Therefore, D"(+*)+ = (S\D"(+*)] does not contain elements of
zero-length equal to lo(b). The same is also true for [ £)"<+*)+ ). Since

£)(n+l)(+*) _ ^N [/)"< + *)+ \

we see that £)<"+')<+*) contains all elements of zero-length lo(b), as claimed.
Concluding, we have b E £>"< + *> for all « < u. Since ft ^ U, we see that Z)"( + *»
2 £/ for all n < u and the proof is complete.

In answer to Beazer's question:

LEMMA 6. There exists a regular double p-algebra that is finitely subdirectly
irreducible but not subdirectly irreducible.

PROOF. Consider the regular double ^-algebra dual to the topological ordered
space S of Lemmas 1-5. By Lemma 4, it is finitely subdirectly irreducible (see R.
Beazer [3, Theorem 11]). However, by Lemma 5, it is not subdirectly irreducible
(see Theorem B).

THEOREM 1. The conditions (i), (ii'), (iii) and (iv) from Theorem B are indepen-
dent.
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PROOF. The five-element chain satisfies (ii'), (iii), (iv) but not (i).
In order to show the independence of (ii') let us consider a subdirectly

irreducible regular double /?-algebra K with | K | > 3. Take the regular double
/7-algebra L = 2 X K, where 2 is the two-element chain. Evidently L is regular
doubles-algebra. Take a = (1,0) G L. It is easy to check that a"<+*> = a =£ 0 for
every n. Since D(L) = {(1, x) E L: x E £>(#)}, we have

for some « and every l ^ x e i ) ( ^ ) , where d E D(K) is the element from AT
satisfying (iii). Thus L satisfies (i), (ii), and (iv) but not (ii').

The regular double /^-algebra dual to the topological ordered space S consid-
ered in Lemmas 1 -5 satisfies (i), (ii') and (iv) but not (iii).

Finally, we demonstrate that condition (iv) is independent of (i), (ii') and (iii).
We need the algebraic construction of regular double p-algebras from [6]. Let B
denote the Boolean algebra of all finite and cofinite subsets of N (that is {«:
n < w}). Set

<p(a) = {x E N: x E a and x + l £ « } ,

4>(a) = {x E N: x E a or x - \ E a),

for every a E B. It is easy to verify that <p: B -* B is a (0,1, A}-homomorphism,
\p: B -» B is a (0,1, V }-homomorphism and both satisfy

)) < a,

for every a E B. Then K = {(x, y) E B2: <p(x) ^ y} is a {0, l}-sublattice of B1.
Moreover, K is a regular double ^-algebra (see [6, Theorem 2]) in which for
t = {x,y)EK

t* = (x',<p(x')) and /+ = (*(/), y')

is true. First we shall show that K satisfies (ii'). Let us consider / = (x, y) E K.
Therefore,

It is not difficult to see that <p((t(y'))') C (tp(y'))' Cy for every 0 ¥=y ¥= N.
Therefore, t+ * < t for every 0 =£ t ¥= 1. Now it is easy to see that A(f<+*>; « <
w) — 0 for y finite. Assume y cofinite. Let r be the smallest integer such that n > r
implies n E y. Hence r — 1, r G \p(y') and consequently r — 1, r £ (*p(y'))'- Two
cases can arise: there exists a largest integer k with k E y and k + 1 £ y or there
is no such integer. In the first event k + 1 £ (^(^'))'- Therefore A: $ <p((<K.V'))')•
Proceeding in this way one can show in both cases that

tn( + *)<(N\{0,...,r+ n - l},N\{0,...,r + n - 1})

for n > k + 2. Therefore A(?"(+*>; n < w) = 0 for every 1 =£ t.
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Now we shall construct a nearly regular double /?-algebra L with L/(y A y ) s
K. It is easy to check that D{K) = {(N, y) E K: y E B) s 5 . Let # be an ideal
of K generated by {(TV, y) E K: y finite). Since

R DD(K) = {(N,y) E K: y finite)

is a prime ideal of D(K), there exists a filter R of K such that (R, R) is an
ideal-filter pair of K (see [7, Corollary to Theorem 3]). By [7, Theorem 2] there
exists a nearly regular double /^-algebra L with L/(y A -y) s K such that, for
x £ L, I G[x] I = 2 if and only if G[x] E R D R. Clearly, L satisfies (i), (ii') and
(iii). Take x = (N, N\{0}) G D{K). By induction,

x"<+*> = (N\{0,...,n},N\{0,...,«})

in # for every n. Therefore x"<+*» 4 d for all n and every d E R D D(K). Thus,
(iv) is not satisfied by L and the proof is finished.

LEMMA 7. Let L be a distributive double p-algebra. Let a = A(x"( + *); n < w)
for some x E L. Then a G C(L).

PROOF. It is well known (see [7]) that

x s * x + * > ••• > x " ( + * } > ••• > a .

Therefore a* > x(n+1)(+*>* = x" ( + * ) + ** ^ x " ( + * ) + for every n. Hence

for every n < w. Thus, a*+ < A(x"< +*' ; « < «) . In a distributive doubles-alge-
bra we have (see [7])

a^a**<a*+ and a* ^ a+

for every element a. Therefore a = a*+ and a* is a complement of a in L, that is

a G C(L).

THEOREM 2. The condition (ii') /row Theorem B implies the condition (ii) /row
Theorem A. The converse implication is not true.

PROOF. Since a"(+*} = a for every a G C(L), the first statement follows from
Lemma 7 and (ii'). The regular double/>-algebra L(2u) from [7, pages 209, 210] is
an example with C(L(2«)) = {0,1) such that L(2«) does not satisfy the condi-
tion (ii').
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4. Auxiliary algebras

Motivated by [7] and the last example in the proof of Theorem 1, we make the
following definition.

DEFINITION. A regular double p-algebra L is said to be auxiliary if there exists a
subdirectly irreducible distributive double p-algebra K such that L s= K/(y A y).

Clearly, by way of example, every subdirectly irreducible regular double
/>-algebra is auxiliary.

The following theorem characterized the auxiliary algebras and, interestingly
enough, again exhibits the dual role played by (ii) and (ii') of Theorems A and B.

THEOREM 3. A regular double p-algebra L is auxiliary if and only if it satisfies the
following conditions:

(i) there exists a prime ideal P of D(L) such that for every 1 =̂ x E D(L) there
exists d G P and an integer n with

(ii) C(L) = {0,1} (or (ii') A (x"i + *h n < w) = 0 for every l ^ x £ i ) .

PROOF. Let L be auxiliary. Then there exists a subdirectly irreducible distribu-
tive double /^-algebra K with L s K/(y A y). If K is regular, then L = K and
there exists 1 ¥= d G D(L) satisfying

for every \ ¥= x E D(L) and some n (see Theorem A). Take P a prime ideal of
D(L) with d G P. Then (i), (ii) and (ii') follow from Theorems A and B. Suppose
now that K is not regular. Then K is nearly regular. By [7, Lemma 4] there exists
an ideal-filter pair (R, R) on L. We can take a prime ideal P of D{L) satisfying
P D R n D(L). Since L =s K/(y A y), we see by Theorems A and B that (ii) and
(ii') are true for L. It is known (see [7, Lemma 4]) that | G[x] \ ^ 1 in K if and only
if x G R H R in L. By hypothesis and Theorem A (or Theorem B) for every
I ¥= x E D(L)\R there exists d G R n D(L) C R D ^"such that x"< + *> < d for
some n. This is of course true of x E R D D(L) since, for any 1 ¥= x G L,
x > xn(+*\ Thus the condition (i) holds.

Conversely, let L satisfy (i) and (ii) (or (i) and (ii')). Put R = (P] in L. By the
Corollary to [7,Theorem 3] there exists an ideal-filter pair (R, R) of L. By
[7,Theorem 2] there exists a nearly regular doubles-algebra K such that K/{y A
y) s L. It remains to show that K is subdirectly irreducible. This can be easily
done by Theorem A or Theorem B.
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COROLLARY. Let L be a subdirectly irreducible regular double p-algebra. Then
there exists a subdirectly irreducible distributive double p-algebra K such that K ^ L
and K/(y A f ) s t .

PROOF. L is auxiliary. There exists a prime ideal P of D(L) satisfying the
condition (i) of Theorem 3. As above, there exists an ideal-filter pair (R, R) of L
(see the Corollary to [7, Theorem 3]). By [7, Theorem 2] there exists a proper
nearly regular double />-algebra K which is the desired algebra.

EXAMPLE. An example of a regular double />-algebra that is auxiliary but not
subdirectly irreducible is the algebra L dual to the topological ordered space
S = (5; C *) from Lemmas 1-5. By Lemma 4, L satisfies (ii) from Theorem 3. It
is easy to see that D(L) = {U: U is a clopen order-ideal in S and C C U). Let
a G Co, that is, an — 0 for all but finitely many indices n. Take R = {U: U is a
clopen order-ideal in S and a ¥= U). Evidently R is a prime ideal of L. Put
P = R n D(L). Clearly, P is a prime ideal of D(L). Now we shall show that for
1 ¥= x e D(L)\P there exists d E P with jt"< + *) < J for some n. Take a clopen
order-ideal U in S with a G U and C G U. Evidently U G D(L)\P. Assume
U¥= S. We claim that there exists n such that a £ f/"^*', that is U"(+*] G «.
Suppose to the contrary that a G A((/"<+*); n < w). We shall show that Co C
A(£/"<+*»; « < w ) . Since Co is dense in C, £/ D f/+ * . . . , and [/"<+*> are clopen
order-ideals in S, we get U = S, a contradiction. By a straightforward calculation
it can be seen that, for x G C,

x G A ([/"< + *>; « < w ) implies ^ ( x ) , ^"'(x) G A ([/"< + *>;«< w).

Using this fact we show first that a G A(t/"( + *); n < to) implies 0 G A((/"< + *>:
« < to). Assume that k is the largest integer with ak = 2. Therefore r^l(a) G Co,
(T^'(a))n = an for n¥=k and (^ ' (a))^ = 0. Evidently, r^(a) G A({/"< + *>; « <
co). Repeating this procedure we obtain 0 G A(f/"(+*); « < to) by finitely many
steps. It is not difficult to show that every x G Co can be obtained from 0 G Co

by superposition of finitely many functions rr. Namely, let 1 < /, < • • • < is be
the only indicesy with Xj — 2. Then

* = ' , ] ( • • • ( T , , ( 0 ) ) - - . ) .

Therefore, Co C A({/"( + *); n < to) and the proof is complete. Thus L is auxiliary
by Theorem 3.

Concerning the independence of the conditions in Theorem 3, 2 X 3 is, for
example, a non-trivial example of a regular double />-algebra that satisfies (i) but
fails to satisfy either (ii) or (ii'). By Theorem 3, L(2to) (see the proof of Theorem
2) is an example of a regular double /^-algebra that satisfies (ii) but does not
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satisfy (i). Furthermore, by Theorem 2, (ii') implies (ii); however, whether (ii')
implies (i) is, as yet, unresolved.

PROBLEM. Find a regular double p-algebra L such that, for every 1 ¥= x G L,
A(x"< + *'; n < w) = 0 which is not auxiliary.
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