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ON HOMEOMORPHISMS OF A 3-DIMENSIONAL 
HANDLEBODY 

SHIN'ICHI SUZUKI 

1. Introduction. By a 3-dimensional handlebody Vn of genus n, we mean an 
oriented 3-manifold which is a disk-sum of n copies of D2 X 51, where D2 is 
the unit disk and S1 is the boundary dD2; and by a surface Fn of genus n we 
mean the oriented boundary surface d Vn. 

Let 3tif{Fn) be the group of all orientation preserving homeomorphisms of 
Fn onto itself, and 2(Fn) the normal subgroup consisting of those homeomor­
phisms which are isotopic to the identity. Then the mapping class group 
^(Fn) of Fn is defined to be the quotient group Jtif {Fn)/@ (Fn). By a classical 
result of Dehn [7], later simplified and reproved by Lickorish [14], the group 
<Jft(Fn) is generated by so-called Dehn twists, see Birman [3; 4, Chapter 4]. 
Now we consider a subgroup, say <#f*(Fn), of 34f(Fn) consisting of those 
homeomorphisms which can be extended to homeomorphisms of Vn onto itself, 
and a subgroup, say <Jtf*(Fn), of <JK(Fn) consisting of isotopy classes of ele­
ments in Jrf?*(Fn). The purpose of this paper is to determine generators for 
^*(Fn), which responds partially to Problem 4 of Birman [5]. The group 
*JS?*(F0) is trivial, the group ^f*(Fi) has been studied extensively, and gen­
erators for ^*(F2) were determined by Goeritz [9], 

After establishing a standard model of Vn and loops on dVn, we note in 
Section 2 a characterization of Jti?*(Fn) given by Griffiths [10]. In Section 3 we 
define some elementary maps, and in Section 4 we prove our main theorem. 
We shall only be concerned with the combinatorial category, so all homeomor­
phisms and isotopies are piecewise linear, and all curves are polygonal. 

The author acknowledges his gratitude to Professor Terasaka and Professor 
Murasugi for conversations. 

2. A model for Vn and a characterization of J^f*(Fn). 

2.1. For the sake of convenience, we first introduce a model for Vn in the 
3-dimensional euclidean space Rs. 

Let Bz be a 3-cell in R3. On dBs we take n mutually disjoint 2-cells 
Ci2, . . . , Cn

2
} and also we take two disjoint 2-cells Bi0 and Ba in Int(Ci2)for 

1 <̂  i ^ n. Let ht : D2 X / —> Rs, 1 ^ i ^ n, be embeddings with 
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ht(D> X {0}) = Bi0j h^D* X {1}) = BiU 

B* r\ ht(D
2 XI) = SB' r\ ht(D

2 X dl) = Bi0 U Bn 

and hi(D2 X / ) f^ hj(D2 XI) = 0 for i ^ j , as shown in Fig. 1. We obtain a 
handlebody Vn = B* U /h(£>2 X I) U • • • U /^(£>2 X / ) of genus «, and we 
call /î((-D2 X / ) the i-th handle of Vn. Vn has the orientation induced from that 
of Rz, and we give orientations to Bi0} Ct

2 and so dBi0 = bu dCf = su 

1 ^ i ^ n, as showrn in Fig. 1. We take simple oriented loops au . . . , an on 
dVn, a point p in di33 — (Ci2 U . . . U Cw

2) and simple oriented arcs di, . . . , dn 

on dVn such that aiC\bi consists of one crossing point, atr\Si = 0, 
ddi = p U (aiC\bi), dtr\ (si\J . . ,\J sn) = dtr\ Si consists of one crossing 
point, dtC\ dj = ddtr\ ddj = p for i ^ j , as shown in Fig. 1. 

FIGURE 1 

To avoid a multiplicity of brackets, we refer to loops rather than to these 
homotopy or homology classes. Then it is obvious that {«i, . . . , an) and 
{ai, . . . , an, bi, . . . , bn} form, respectively, free abelian bases for the first 
integral homology groups Hi(Vn; Z) and Hi(Fn; Z). We also use au bt and st 

as p-based loops d^a^f1, dpidf1 and dtSidc1 unless confusion, where dt 

denotes an appropriate subarc of du 1 ^ i ^ n. Then, the fundamental group 
ni(Vn, £) is freely generated by {ai, . . . , an}, and iri(Fn, p) is generated by 
{ai, . . . , an, bi, . . . , bn) subject to the single relation 

n 

Yl b^a^bidi ~ 1 ve\p on Fn. 

It holds that st ~ a^bf^a&i rel p on Fn, 1 ^ i ^ n. 

2.2. By Nielsen [16] and Mangier [15], *JK(Fn) can also be characterized 
algebraically as the group of classes (mod Inn iri(Fn, p)) of automorphisms 
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of 7Ti(Fn} p) induced by free substitutions on the generators at, bt which map 
IÏL1&i~lai~lbidi to its conjugate, see Birman [3, §1] and Birman-Hilden 
[6, §1]-

It will be noticed that for any \j/ G Jrf?(Fn)} there exists an rj £ &(Fn) with 
r]\l/(p) = p. 

Let { }v be the smallest normal subgroup of iri(Fn, p) containing 
the elements xi, • • • , xT of wi(Fn, p). 

It will be noted that: 

2.3. PROPOSITION. (Griffiths [11, Theorem 7.2]) Let 1 : Fn—» Vn be the natural 
inclusion, and K = ker (t# : iri(Fni p) —» iri(Vn, p)). Then K = {bi, • • • , bn)

v. 

Now wre have the following characterization of J?l?*(Fn). 

2.4. PROPOSITION. (Griffiths [10, Theorem 10.1]) Let $ : (Fn, p) -> (Fn, p) 
be an orientation preserving homeomorphism. Then, yp £ J4?*(Fn) if and only if 
MK) CK. 

In [5, (14)], Birman defined two conjugate subgroups 

s/ = {[*] 6 ^ (F») | ^# ({o i , - - - , a„}0 C {ai, •• . ,an}"} 

and 

38 = m e ^{Fn)\M\K • • •, &»}') c {6i, • • •, &n}'} 

of ^(Fn). So the group 38 is exactly *srff*(Fn). 

3. E lementary homeomorph i sms of a handlebody. Throughout 
Sections 3 and 4, we will make free use of fundamental results of curves on a 
surface which are given by Baer [1] and Epstein [8]. In this section, we con­
struct various homeomorphisms of Vn onto itself. By Jf?(Vn) we denote the 
group of all orientation preserving homeomorphisms of Vn —» Vn, and for 
\p G ^?(Vn) we denote the restriction \p\Fn by ^ G J4?*(Fn). 

3.1. Cyclic translation of handles (cf. Griffiths [10, §4]). First we introduce a 
simple homeomorphism which is the same map as a in Griffiths [10]. Let p be 
the rotation of Vn (and so R*) on itself, about the vertical axis joining p and 
the center of the 3-cell J33, and through 2ir/n radians in the clockwise direction. 
Of course, p G ^?(Vn), and it induces the automorphism 

p# . Vl(Fnt p) - ^(Fn, P).\bi_^b^ ( 1 ^ <; n ) f 

where the indices are taken as modulo n. 

3.2. Twisting a knob (Goeritz [9, p. 251], Griffiths [10, §5]). Since the loops 
S\y - - • , sn are contractible in B3, we have mutually disjoint properly embedded 
2-cells C/2, • • • , Cn'

2 in Bz with dC/2 = s{. C/2 cuts off a handlebody, say Kt, 
of genus 1 which contains the i-th handle ht(D

2 X / ) ; we call Kt the i-th. knob 
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of Vn. We take a 2-cell C2 C Ki which is parallel to C / 2 in Vn. Let 
/ : IX D2-+ Vn be an embedding wi th / ({0} X D2) = C / 2 , / ( { l j X D 2 ) = C2 

and / ( / X D2) C\ Fn = f(I X dD2). We twis t the knob Kx abou t the line 
f(I X {0}) through ir radians keeping /({0} X D2) = C\2 fixed. Now we have 
a map coi G ^ ( F n ) with c o i l ^ - ^ = ident i ty (see Fig. 2) . 

FIGURE 2 

T h e induced automorphism is given by: 

wi# : 7ri(Fn , p) —> 7Ti(Fn, />) : 
a i -

- i - i 
• a i 5 i , 

- ^ - 1 
(2 ^ i ^» ) , 

toi —> ai &i ai , bj—^bj (2 ^ 7 ^ n). 

For every i, 1 ^ i ^ w, we define a>* £ ^f(Vn) by the composites 

co, = p^coip-*1-1) . 

3.3. Twisting a handle (Dehn [7], Lickorish [14], Birman [3; 4]) . The fol­
lowing maps Tf, 1 ^ i ^ n, are the same maps as "C-homeomorphisms" using 
bi in Lickorish [14], or " D e h n twis ts" about bt in Birman [3; 4]. T h a t is, 
T\ G ^f{Vn) is defined in the following way. Cu t Vn along Bio, twist the new 
free end hi(D2 X {0}) through 2ir, and glue together again. We obtain the 
induced automorphism as follows: 

TI# : Tri(Fn, p) —> TTI(FW , />) : 
a i -

6 i -

• a i & i (2 g j ^ *). 

We also define rt £ 

Ti = pi-iTlp-(t-i) 

bt (1 S i S n). 

Vn), 1 ^ * ^ w, by: 

3.4. Interchanging two knobs (Griffiths [10, pp . 198-201]). T h e following 
map pi2 G &{Vn) is the same map as \[/ in Griffiths [10, §6]. In the notat ion in 
Section 2, we take a simple arc e on dB's such t ha t e spans Si and s2 

and g n f c U - " U 5 t t U r f i U " « U 4 ) = e n ( 5 i U s2) = de. Let £> be 
the regular neighborhood of Ci2 U e U C22 on d.S3. By twisting C12 VJ e \J C2

2 

in £> through 7r radians in the clockwise direction we have a homeomorphism 
pn' :D->D such tha t pi2 ' (Ci2) = C2

2, P i2 ' (C2
2) = Ci2, p12 '(e) = g and 

Pi27|aD = identi ty (see Fig. 3) . 
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( a i—* 'Si "Wi, a2- -*ah 

/ a , - * >aj 
i ( 3 -

JS ft), 

k- * S\ "Wl, b2- *bu 

u,-> •bj ( 3 ^ j£ ft). 

T h u s the homeomorphism pn is easily extended to a homeomorphism of Vn 

onto itself, so t ha t pn (Ki) = K2, pu' (K2) = Kx and pn\vn-K = identi ty, 

where K is the regular neighborhood of Ki U e U K2 in Vn. We apply the 

maps coi and co2, and we obtain the map pi2 G ^ ( F w ) as 

Pi2 = co2coipi2/. 

The induced automorphism is given by: 

Pi2# : ir\(Fn,p) —> Tn(Fn,p) 

We define maps in J^f(Vn) by: 

p M + i = p ^ p i a p " ^ " ( U i ^ n ) , 

Pl,l+r = (Pl2_1 * ' ' p r_l i r
_ 1)pr,r+l(Pr-l,r * ' ' P12), 

P M + r = p ^ V i . i + r p - 0 ' ^ (1 ^ i ^ », 1 ^ r û n - 1), 

where the indices are taken as modulo ft. I t will be noticed t ha t piji+r is ob­
tained by the same way as t h a t of p i 2 using a simple arc 6 i | i + r o n dI33 such t h a t 
eiii+r spans st and si+r and e ^ + r Pi (51 U • • • U 5B U J i U • •• U o^) = 
e M + r n O i U ^ + r ) = deiti+r. 

3.5. S^ift aftd sliding (cf. Birman [4, Chapter 4]). Let Vn
l be a handlebody 

of genus ft — 1 obtained from the F n by removing the i-th handle h{(D
2 X / ) . 

Let zi{) and 2 n be the centers of B i0 and B n, respectively. Suppose tha t c is any 
simple oriented loop on dVj with 2 i 0 $ c, 2;a G c. Let TV be a cylindrical neigh­
borhood of c on d F n \ parametrized by (y, d), with — 1 ^ 3 > ^ 1 , O ^ 0 ^ 27r, 
where c is described by y = 0, and z n = (0, 0) . We use the map "spin of zn 

about c" given by Birman [4, p. 158] except for obvious modifications. An 
orientation preserving homeomorphism àczil : dFn*—> dVn

l, which will be 
called a spin of za about c} is defined by the rule t h a t if a point is in TV, then its 
image is given by: 

àczaly, 0) = (y,d + 2ir(2y - 1)) if 1/2 g y ^ l , 

àczH&O) = (y,0- 27r(2;y + 1)) if - 1 g y S - 1 / 2 , 

àczn(y,e) = (y, 6) if - 1 / 2 g y g 1/2, 

while all points of dFn
z ' — ^ are left fixed, see Fig. 4. 

I t is easy to see t ha t the àC2ll is extended to an orientation preserving 
homeomorphism of VJ —> I V ; which may be denoted by aCZll and still called 
a spin of zn about c. Wi thou t loss of generali ty we may assume t h a t Bn C TV 
with —1/2 ^ y ^ 1/2, and J3 î 0 O TV = 0. So we can extend the aCZll to a 
map crcfîtl Ç H{Vn) with 0-CJB»IUI(£>2X/) = ident i ty ; and we wTill call it a sliding 
of Bn about c. Replacing za and Bn with 3*0 and ^ i 0 , we obtain a s/?ift o-c;ïl.0 

of Zfo about c and a sliding acBi0 of Bi0 about c. 
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We use frequently a simple oriented loop c on dVJ with zi0 Ç c and zn (? c 

(respectively, zi{) i c and zn £ c). For brevity, such a simple loop will be 
called a z^-loop (respectively, a zn-loop). The followings are immediate con­
sequences of the definition of a sliding. 

3.6. LEMMA. (1) Let c be a za-loop such that c ~ 1 rel za on dVn
l — zto. Let 

C2 be a 2-cell on dV^ with dC2 = c (as sets), and we assume that C2 has the 

orientation induced from that of dVn\ Then (rcBn is isotopic to rf1 or rt according 

as the orientation of c does or does not agree with the orientation of dC2. 

(2) Let C\ and c2 be za-loops. Suppose C\ ~ c2 rel za on dYJ — z^; then 

o"cisii ^ isotopic to (TC2BH modulo Tt. 

3.7. LEMMA. Let c0, Ci, • • • , cm be za-loops. Suppose that c0 ~ c\ • • • cm rel zn 

on dVn
l — Zto; then aCQBll is isotopic to the product aCmBil • • • aclBll modulo T{. 

From now on, we will select some special loops on dVn
l and define some 

special slidings. 

3.8 Slidings 0. Let a be a Zn-loop such t ha t 

a H (a2 W b2 U • • • U an U bn \J d1 U • • • U dn) = a H b2 

consists of one crossing point and a ~ a2 on dVn
l — zm. Now we will denote by 

0i2 the composition map aaBllTi~l. Then the induced automorphism is given by: 

"l2# • TTl{rn,p) —» TTi{rn,p) . \ , _ i \ // - 1 - 1 7 \ 

jb2-^a2b2(ai b1a1)(b2 a2 b2), 

We define dtj, d12*, 0O-* £ ^f{Vn) by: 
01,1 + r = p2,l+r0l2P2,l+r~1, 1 ^ r ^ n — I, 

Oi,i+r = p ' -^i . i+rP"^ 1 5 , U r ^ - l , U ^ « , 
0i2* = coi_10i2a;i, 
01,1+r* = P2 ; l+ r012*P2 ) l+ r~ 1 , 1 ^ r ^ « — 1, 

^t.i+r* = p M ^ i + , V ( M ) , l ^ r S n - l , l S i ^ n , 

where p / ; = identi ty, and the indices are taken as modulo n. 
I t should be noted tha t : 
(1) 0i2* is a sliding aaBlQ of Bio about a modulo n , where a: is a Zio-loop such 

tha t a C\ (a2\J b2\J - - • yj anVJ bnVJ dx\J • - - \J dn) = a C\ b2 consists of 
one crossing point and a ~ a2 on dVn

l — Zn. 

(2) Oij (respectively, dt*) is a sliding aaBll of 13 n (respectively, o-afli0 of Bi0) 
about a modulo rf, where a is a zn-\oop (respectively, a z^-loop) such t ha t 

a H (ai U 6i W • • • W a,_! U ^ U a m W bi+1 U - - - U û f l U i > B U 
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consists of one crossing point and ac^dj on dVJ — zi0 (respectively, 

3.9. Slidings £. Let /3 be a sn-loop such tha t 

/3 H ( f l 2 U / ) 2 U . - . U f l B U ^ U d 1 U - - - U 4 ) = 13 n a2 

consists of one crossing point and f3 c^ b2 on dF^ 1 — zio. We also denote by £i2 

the composition map G ^ U T I - 1 . Then, the induced automorphism is given by: 

Ii2# : iri(Fn,p) —> Ti(Fn,p) 
^aj-^dj (j ?* 1,2), 

V<->6« (1 ^ * ^ « ) . 

a\—^b\a^i 1s2(ai xb\ 1ai), 
a2 • • a2b2{a\ b\ a\)b2 , 

We also define £,„ £12*, £ , / G ^ ( F J by: 

£ l r l + r = p2 Il+r^l2P2,l+r_1, 1 ^ r g W — 1, 

*<.«+r = P ^ l . l + r p - ^ ' - ^ , l ^ r ^ - l , U ^ » , 

£l2* = C0i_1^i2C0i, 

£l.l+r* = P2.1+rfl2*P2,l+r"1, 1 ^ T ^ tl — 1, 

£z,i+r* = p M { l , l + r V ( M ) , 1 ^ ^ - 1 , 1 ^ ' ^ » , 

where p5j = identity, and the indices are taken as modulo n. 
I t will be noticed tha t : 
(1) £12* is a sliding afiBl0 of B^ about /3 modulo n , where /3 is a zi0-loop such 

tha t 0 H feU^U-'-U^U^U^U-'-UdJ = ^ f l 2 consists of 
one crossing point and 13 ^ 62 on dF^ 1 — Zn. 

(2) £0- (respectively, %tj*) is a sliding <rpBn of i?a (respectively, o^to of Bi0) 
about j8 modulo r*, where /3 is a £ a- loop (respectively, a z i0-loop) such t ha t 

0 H (ai U &x U • • • U a ^ i U J w U a i + i U 6 i + 1 U - - - U a n U ^ U 

dx\J • • • U 4 ) = 0 H a, 

consists of one crossing point and f3c^bj on dVJ — zi0 (respectively, 

àVrî - 2 a ) . 

3.10. LEMMA. Let c be any zn-loop. Then, the sliding <rcBil of Bn about c is 
isotopic to a power product of # z / s , £z-/s and r / s , where j 9^ i, 1 S j S n. This 
remains valid if acBi0, Of*, £ 0 * are substituted for acBil, dijy ^ij} respectively. 

Proof. From the definitions in 3.3, 3.5, 3.8 and 3.9, it suffices to show the 
case i — 1 of acBll. We choose a system of zn-loops {a2, • • • , an, 02, • • • , (3n} 
on dVn1 such tha t CLJ C\ ak = zn(j ^ k), fij C\ fik = zn(j j* k), OLJ C\ f3h = 
2 n ( l S j , h ^ w) and a;- and (3j(2 ^ j S ri), satisfy the conditions of a and £ 
in 3.8(2) and 3.9(2) with i = 1, respectively. We know tha t the set 
{a2, • • - , an, P2, - • • , &n) forms a free basis of 7 n ( d l V — zi0, 2u) ; a free group 
of rank 2n — 2. So, c is homotopic (rel zn on O ^ 1 — Zi0) to a power product 
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of a2, • • • , otni j32, • • • , /3n. By vi r tue of Lemma 3.6, Lemma 3.7 and the re­
marks 3.8(2) and 3.9(2), we conclude the lemma. 

3.11. COROLLARY. Any sliding ocBix of Bn and any sliding <rcBl-0 of BiQ, 

1 <; i <; n, are isotopic to power products of p, pi2, coi, n , #12 awd £12. 

3.12. For future reference, we introduce maps M* Ç ^f(Fn), l S i S n, with 
Mi g J^*(Fn). Wi th i ^ as in 3.2, let L\ = dKx C\ dVn; Ui is a compact 
oriented 2-manifold of genus 1 with dU\ = Si. Cut t ing [/1 along the simple 
loops «1 and 61, we have an annulus [//, and we twist the new boundary of U\ 

through 7r/2 radians keeping S\ fixed. Now we have a map MI £ *&f(Fn) with 
MI|F„-C/I = identi ty, /xi(^i) = &i, Mi(M = — #i- T h e induced automorphism 
is given by: 

M1# . ^ , p) -, ^(K P) . {6 i _^ flrif ^ _ bj ( j ^ 1}> 

For every i, 1 ^ i ^ n, we define M* £ J^(Fn) by: 

Mi = p*-Vip- ( <-1 } . 

4. Generators for ~£*(Fn). In this section, we will establish the following: 

4.1. T H E O R E M . 77^ group ^*(Fn) is generated by [p], [P12], [wj , [fi], [#12] 
am/ [£12]. /w particular, ^*(FQ) — 0, *J?*(Fi) is generated by [coi] and [ r j , and 
~ ^ * ( F 2 ) 6y [p], [côi], [TI] , [d12] and [£12]. 

T h e proof will be given by an induction on genus n, utilizing Bi rman ' s result 
in [4] and Corollary 3.11. 

4.2. The cases n = 0 and n = 1. In the case n = 0, it is well-known t h a t 
^{FQ) = ^*(FQ) = 0; recall t ha t F0 is a 2-sphere. In the case n = 1, it is 
also well-known t h a t *J?(F\) = Sp (2, Z ) , the group of 2 X 2 integral matrices 
with de terminant 1; see, for example, Bi rman [3, p . 58]. ^*(Fi) is isomorphic 

a b 
to a subgroup of Sp (2, Z) consisting of matrices | 7 | with c = 0. Such a 

subgroup is generated by two matrices 
1 - 1 
0 1 

and 
-1 0 ] 

0 - l j ' 
and these 

are representat ion matrices of TI# and o>i#, respectively, as automorphisms 
of the free Z-module wi(Fi, p) = H\(F\\ Z) with the basis {ai, b\}. T h e 
topological proof is omit ted here. 

4.3. Proof of 4.1 ; First step. From now on, we assume t h a t n ^ 2. For brevity, 
let G denote the set {p, pi2, coi, n , #12, $12}, and let £^(FW) denote the subgroup 
of J4?(Vn) whose elements are itosopic to the identi ty, and S^(n) a subgroup 
of J^(Vn) which is generated by all slidings, and so by dtj, di*, £^, i-t* and ru 

1 :g i ?£ j ^ n, by Lemmas 3.6 and 3.10. From the definitions of maps in §3 
and Corollary 3.11, it suffices to show tha t ^*(Fn) is generated by [p], [p<J, 
[coj and the isotopy classes of slidings in Sf (n). 
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Let \p G Jtf*(Fn) and yp : Vn —> F n an extension homeomorphism. We claim: 

4.4. LEMMA. There exists an element \po £ ^f{Vn) that is power product of 

elements in G and 3}(Vn) such that lAo l̂̂ no = identity. 

Proof. Let V denote the union B^ W Bu VJ • • • \J Bn0 VJ Bnl. Since Vn is 
irreducible, there exists an 771 6 2iï(Vn) such tha t r)i\p(Bn{)) H V consists of a 
finite number of simple arcs; we denote rjix// by \p\. Let / C \l/i(Bn0) H V be an 
innermost arc on \//i(Bno), and let A C *Pi(Bno) be the 2-cell cut off by / with 
In t A H V = 0. We assume I C iM£„o) H £ , 0 , and m = dA - I. 

If w C ^(d£>2 X / ) , there is 770 G ^ ( F n ) with 770^1(^0) H V C 
0 M 5 n O ) r\V) - I. So we may assume tha t m H /^(d£>2 X / ) = 0. T h e 
simple loop / U m divides dB3 into two 2-cells, say S] and S2, and we assume 
tha t S2 D -S*i- If Bi0 C Si (respectively, Bn C S i ) , i ^ k, we can choose a 
Zio- (respectively, a 2 i r ) loop c such tha t c C\ dBk0 consists of one crossing 
point ; and we apply cCjBi0 of B^ (respectively, (JCBH of Bn) about c. Now it is 
easy to obtain an element 772 G &(Vn) such tha t 

V2<TCBU(2I) C Si , 772(7cS,£(Si) ^ ^ = 0, e = 0 or 1. 

We denote r]2(TcBu\f/i by ^2 . I t will be noticed tha t : 

(*) If B i€ r\ \px (Bno) 7e 0, then some new intersections occur in \p2 (Bn0) C\ Bk0. 

Repeating the procedure, we can assume tha t y2(TcBu(l ^ w) = 
/ W r)<XTcBu(m) bounds a 2-cell 7i2<TcBie(Si) on d £ 3 with 7720-^^(Si) C\ V = 
Si H ^ 0 . Now, there exists 773 £ &(Vn) with 

nMBno) r\ V C (*iCB»o) H V) - /; 

it will be noticed tha t the new intersections given in (*) are also removed. 
By the repetition of the procedure, we can conclude t ha t there exist 

77 £ @(Vn) and a e y(n) with rj<nl/(BnQ) C\ V = 0; let \pz denote 770-̂ . 
There are two cases to be considered. 

Case 1: There exists a handle, say hk(D
2 X / ) , with ^3(1^0) C ^ ( ^ 2 X / ) . 

Since dBnp ^ 1 on Fn, there exists 774 £ ^ ( F w ) with 774^3(^0) = i?*o. Then 
pn~fc774^3(^0) = ^wo; let ^4 denote pv~k7i^P^ If the orientation of \p±{Bn{j) does 
not agree with tha t of J3no, we apply œn and an appropriate 775 £ ^ ( F w ) , so 
tha t 7]5œn\l/A(Bno) — Bn0 and r]5œn\l/A(Bno) has the same orientation as t ha t of Bn0. 

Let \f/b = 1̂4 or 77500̂ 4 according as the orientation of \//A(Bno) does or does 
not agree with tha t of Bn0. Since i/^Uno is orientation preserving, there exists 
776 G i ^ ( F n ) with r]Q\l/5\Bn0 = identity, this completes the proof of 4.4 in Case 1. 

Case 2: fo(Bno) C £3- Now the simple loop MàBn0) C dB* - V bounds 
two 2-cells S / and S2 ' on dB*. Since d-£>w0 is not homologous to zero on Fni 

there exists a handle, say hk(D
2 X / ) , of F n with £*0 C 2 / and Bkl C S2 ' . 
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If there is a handle hj(D2 X I) J ?* k, with Bj0 C 2 / (respectively 5 ; ] C 2 / ) , 
we can choose a z ;0- (respectively, Zj\-) loop d such that d Pi di^o consists 
of one crossing point, and we apply adBj0 of BjQ (respectively. adBjl of Bji). 
Then there exists 777 G <^(Fn) such that 7770^ c( 2 / ) C 2 / , 7770^ e(2/) H 
I^ e = 0, e = 0 or 1; let \pe = v^dBj^z- Repeating the procedure, we can now 
assume that \f/Q(dBn0) bounds a 2-cell 2 / on dBz with 2 / C\ V = S / H 
i^o = 5*0 ; and we have rjs € &(Vn) with 77^6CBno) = i^0- In the same way as 
that of Case 1, we also conclude 4.4 in Case 2. 

4.5. Proof of 4.1; Second step: By virtue of Lemma 4.4, to prove Theorem 4.1, 
we may assume that ^|5n0

 = identity. From the definition of handles, we may 
assume that yp\hn{D^xi) = identity with appropriate isotopy. Let 

^' is an orientation preserving homeomorphism with i//|5noU5nl = identity; and 
we regard Vn

n as Vn-\. It will be noticed that \{/ will be isotopic to the identity 
if and only if \f/r is isotopic to the identity. 

Now, induction of genus n is in order. The group *srff*(Fi) is generated by 
the isotopy classes of the elements of G. We assume, inductively, that 
^*(Fn-i) is generated by the isotopy classes of the elements of G. 

Let JJ?*(Fn-i; zn0 VJ zn\) be the group of all orientation preserving homeo-
morphisms \p £ Jtif*(Fn-i) with \p(zn0 VJ zn\) = zn0 U zni, and let *Jt*(Fn-\\ 
sn0 ^ 2wi) be the group of all isotopy classes of elements in J#P*(Fn_i; zno VJ zn\) 
with respect to isotopies keeping zn0 VJ zni fixed. We can state our version of 
a special case of Birman's result. 

4.6. LEMMA. (Birman [4, Theorem 4.2, Theorem 4.3 and pp. 158-160]). Let 
j * : *srff*(Fn-i; zno^J zni) —* ^*(Fn-i) be the homomorphism induced by the 
natural inclusion j : Jtif?*(Fn-i

m, zn0 VJ zn\) —> Jti?*(Fn-i). Then, 

*Jf*(Fn-i; zn0 U znl) 

is generated by ker j* and the lifts of the generators of *Jlf*(Fn-i) to 
<J?*(Fn-i; zno VJ zn\). Moreover, ker7* is generated by ûn

f = wn\Fn_l and spins 
of zn0 and znl about appropriate loops. 

We proceed with our proof. From the definitions of maps in Section 3, we 
conclude that: 

4.7. By slight modifications, if necessary, we may assume that every element of G 
keeps zno VJ zn\ fixed as a homeomorphism of Vn-\ —> Vn-\-

Thus, by Lemma 4.6, ^' is isotopic to a power product of œn', spins of zno 
and zni and p, pi2, wi, fi, 0i2 and £i2; and so yf/' is isotopic to a power product of 
^n = ^Jvn.!, spins of 0wo and zn\ and elements of G (as homeomorphisms of 
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Vn-i —> Vn-i). By the definitions of spin and sliding given in 3.5, we conclude 
that \[/ is isotopic to a power product of œn, slidings of BnQ and Bnï and elements 
of G. By the definition of wn and Corollary 3.11, \p is isotopic to a power product 
of elements of G, this completes the proof of 4.1. 

4.8. PROPOSITION. The group ^é?(Fn) is generated by [p], [ r j , [#12] awd [/xi]-

Proof. By Lickorish [14] (cf. Birman [3; 4:]),^(Fn) is generated by Dehn 
twists about simple loops ai, • • • , an, 61, • • • , bn and 71, • • • , 7n_i on Fn, where 
7.7 is contained in 6\B3 — (510 W £11 U • • • U Bn0 \J Bnl) which bounds a 
2-cell r , C dB* with Tj H (51 0 U S u U • • • U 5 n 0 U Bnl) = B$1 U S y + M , 
1 ^ j ^ n — 1. Recall that the Dehn twist about bt is the same to ru see 3.3. 
Since M* maps at onto bu and 0y,7-+i maps 7^ onto bj+i, Dehn twists about at 

and 7;- are isotopic to power products of TU ixt and rj+i, Qj,j+i, respectively. 
From the definitions of maps ru /x*, 6jtj+i, we conclude 4.8. 

4.9. Remark. It is easy to check that our maps are topological realizations of 
generators for the Siegel's modular group Sp (2n, Z) given by Hua-Reiner [12] 
and Klingen [13]; cf. Birman [2]. 
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