ON THE POTENTIAL THEORY OF
COCLOSED HARMONIC FORMS

G. F. D. DUFF

1. Introduction. The potential theory of real harmonic tensors, which
was first studied by Hodge (5), offers a variety of problems by no means all
of which have yet been examined. In the present paper there are formulated
the solutions of some boundary value problems for the Poisson equations
associated with coclosed harmonic forms. These problems include as special
cases a number of previous results on coclosed harmonic forms and harmonic
fields. In turn, however, they are themselves special cases of the mixed
boundary value problem for harmonic forms which was studied in a preceding
paper (3). The method used with these boundary value theorems for coclosed
harmonic forms is also applied to the differential equations of harmonic fields
and of a new special class of harmonic forms which will be called biharmonic
fields.

The notations and results of the theory of harmonic p-tensors as developed
in (4) or (8) will be assumed known to the reader. The theory of the mixed
boundary value problem for A¢ = 0 (3) will also be used. We consider through-
out a finite positive definite Rumannian manifold 3 of class C®, and dimension
N having a smooth boundary B of dimension N — 1. The data of the various
problems will also be supposed sufficiently differentiable.

2. The mixed problem for Poisson’s equation. Since we shall need to
apply the mixed problem to non-homogeneous equations, we formulate here
the necessary and sufficient condition for the existence of a solution of the
mixed problems in such cases. We recall that A = dé + dd.

LemMA 1. There exists a solution ¢ of Ap = p, 1n M, with given values of
t¢ and tdp on B, if and only if
(2.1) (py T)ar — fafl)/\*‘r:o
B

for every eigenform r of the eigenspace K = {7|dr = 0,67 = 0, tr = 0}.
Proof. The necessary and sufficient condition (9)
(2.2) (p,7) =0, dr =0,0r=0,tr = 0,nr =0,

for the solvability of A¢ = p without any boundary conditions is satisfied in
view of (2.1). Therefore a form ¢; with Laplacian A¢; = p in M exists. We
now seek a harmonic form ¢ which satisfies the two boundary conditions

W = tdp — td1, oY = tép — té¢1.
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By the theorem (3), such a form ¢ exists if and only if for all + € K we
have

(2.3) th6(¢ — ¢1) A *xr = 0.

But since ¢+ = 0, we see from Green’s formula that

ft5¢1 A *7 = f5¢1 A *r — 1 A\ *d ¢,
B B
= - D(¢ly T) + (T7 A¢1) = (Ty p),

and. (2.3) is therefore equivalent to (2.1). This proves the lemma.

By adding if necessary elements of the eigenspace K to the solution ¢ of
the mixed boundary value problem we can arrange that (¢,7) =0, 7 € K.
The solution is then unique. For convenience this will be done in the following
work. We also recall that the dimension of K is the relative Betti number
R,(M, B) of M modulo its boundary B, and that this is equal to the absolute
Betti number R,(M) of the complementary dimension ¢ = N — .

Let gx(x,y) be the Green’s form of degree p for the mixed problem, as
defined in (3). Then the solution of the above Poisson equation is given by

(2.4) (gx, p) — th¢ A *dgg — th6¢ A *gg.

In the boundary value problem dual to the above, we assign values of
n¢ and nde. The condition of solvability for A¢ = p is in this case

(2.5) (o )ar + fBT A xdp =0

for all 7 satisfying dr = 0, 67 = 0, nr = 0. These eigenforms 7 span the eigen-
space M of dimension R,(M).

3. A Dirichlet problem for coclosed harmonic forms. The differential
equations satisfied by coclosed harmonic forms are dd¢ = 0 and é¢ = 0.
It was shown in (3) and (4) that there exist solutions of these equations with
assigned values of t¢. We now study the slightly more general problem with
non-homogeneous differential equations.

TrEOREM 1. Let p = p, and o = 0,1 be given coderived forms defined in M
and let 0 = 6, be a p-form defined on B. Then there exists a unique solution ¢
of the equations

(3.1) 3¢ = p, ¢ = o,
satisfying the boundary condition
3.2) tp =0

and the orthogonality condition (¢, 7) = 0,7 € K.

The uniqueness follows immediately since the difference ¢ = ¢;— ¢, of
of two solutions satisfies A¢p = 0, t¢p = 0, td¢p = 0 and (¢,7) =0, r € K;
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and so is zero from the theory of the mixed boundary value problem for
harmonic forms.

Proof. We now formulate the appropriate mixed boundary value problem
(3.3) Ap = p+do, i =0, tp = to,

with (¢, 7) = Ofor 7 € K. We first show that a solution of this problem exists.
The orthogonality condition of Lemma 1 is, for =+ € K, the vanishing of

(+dor) = [onu
= ot Gt [onsr— [onsr= (o

Since p is coderived, p = ér say, we find
(p!T) = (57'-)7-) = (7T,dT) - fT N\ *m = 07
B

since dr = 0, {7 = 0. Thus the condition holds and a unique solution ¢

exists.
Now let ¢ = ¢,_1 be defined as
(3.4) Y =66 — o

Then from (3.3),
Wy = todp — to = 0,

while, since ¢ is coderived, ¢ = 6¢ say, we have ¢ = §(¢ — £) and hence

oy = 0. Also,
(3.5) dy = dép — do = p — ddo,
from the differential equation in (3.3). Thus
ddy = 6p =0
so that

N@9) = s+ [ 0 nvdy =0,

since #y is zero. Hence d¢ = 0in M. This shows that the first of (3.1) is satisfied
by ¢. Finally,

N = 006 = D= @y 6 =D~ [ 4 nse—5=0

since d¢ = 0 and # = 0. Therefore ¥ =0 in M and (3.4) shows that the
second equation of (3.1) holds also. This concludes the proof of Theorem I.

We next consider the conditions which must be satisfied by the data of the
problem if ¢ is to have further special properties. Obviously ¢ is coclosed if &
is zero. We may however ask: when is ¢ coderived, closed, or derived? To
answer the first of these questions we require the following:

LeEMMA 2. If a coclosed form o on M is orthogonal to the eigenspace K, then a
15 coderived.
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The proof is based on the bilinear formula for closed forms on a closed
manifold (6, p. 85). Let F be the double of our finite manifold M (4). Then,
if @ = o, is coclosed and 8 = B, is closed on F, we may write the bilinear

formula
Ry(F)

(3-6) (01, /3)F = 121631 wil”-

Here the matrix ¢ is the transposed inverse of the intersection matrix o of
the p-cycles of a fundamental base of F with the g-cycles of a complementary
fundamental base; the w? are the periods of *a on the g-cycles; the »* are the
periods of 8 on the p-cycles; and

g =N — p.

We may suppose that the cycles of the two fundamental bases have been
chosen as follows. The g-cycles consist of R,(M) independent absolute ¢g-cycles
of M, forming a fundamental base for M, together with certain additional
cycles of F — M. The p-cycles, dual to the above g-cycles of F, which lie all or
partly in M constitute a base for the relative p-cycles of M, mod B. To see
this, we note that any relative p-cycle of M mod B, together with its image in
F — M, constitutes an absolute p-cycle of F which is expressible as a sum of
the fundamental p-cycles of F. The intersection submatrix of these g-cycles
and relative p-cycles of M is again non-singular.

Since 7, € K is closed, and ¢r, = 0, 7 has zero period over any cycle lying
in a sufficiently small neighbourhood BX I of B in M. Thus 7 is derived in
B X I (1);let r = dv,: there.

Let p. be a C® scalar function of a real variable ¢ which satisfies

pe=0for £t <0, 0<pe<1, pe=1,Tfort>e

Such a function is easily constructed. Now let ¥ be a variable which paramet-
rizes the interval I, uniformly over the neighbourhood B X I, and define

0 in F— M,
Be = d(Pe(xN) Yp-1) in B X I,
T inM—-BX 1.

Then B¢ is closed, of class C* in F, and vanishes outside of M. Moreover
lime,0 Be = 7 in M, while for any cycle 4, of F,
v% = lim »*(e) = lim Be= J‘ 7,
R,¢

€0 0 Apt
where R, is the relative p-cycle of M mod B which is the part of 4, lying
in M.
From (3.6) we find

Ry(F) ;
(@, )3 = lim (e, Be)r = lim ez;]w vj(e)
0 €0 4]
Ry(M,B)

= E El;jw 1:VJ(O)-

i
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Thus

Ry(M,B)

(nu= 2 &p,

]
where the »’ are the relative periods of 7 on a fundamental base for A/ mod B.
But we can find a form 7 € K having assigned periods on these cycles. Since
(¢, 7) =0, 7 € K, we see that

Ry(M,B)
e’é,wivj =0,
¥}
for arbitrary »/. Because ¢}, (i,j = 1,..., R,(M, B)) is non-singular, we
conclude that w? = 0. Thus *a has zero periods on the absolute g-cycles of
M and so is a derived form (1). We therefore conclude that « is coderived, as
stated in the lemma.
Taking ¢ = 0 in Theorem I and applying the lemma, we have

COROLLARY la. When ¢ = 0 the solution ¢ is coderived.

In order that ¢ be closed it is clearly necessary to have p = 0. Also 0 = ¢
must be admissible in the sense of Tucker, that is,

dgf = 0 and . 0=0,
bRy 41

for every relative (p + 1)-cycle R}, ;. Conversely, these conditions are suffic-
ient, because, if they are satisfied, we see that ¢ = 0 = £, say, where £ is a
form closed in M (1). Then, since 6d¢ = 0, we have

N(6) = (9,349) + [ ¢ A wds

= [ £ nvdo = @.a9) - G 38) =0,
and so d¢ = 0 in M.

CoroLLARY Ib. The form ¢ is closed if and only if p vanishes and 6 s
admassible.

For ¢ to be a derived form it must in addition have vanishing periods on
all p-cycles of M. In particular § must be a derived p-form in B, 6§ = d¢ say.
The remaining conditions may then be expressed

¢ = ke
Ryt bRy'

but in this formula ¢ itself still appears. Replacing ¢ by its value as given by
(2.4) and (3.3) we could find the explicit conditions on the data of the problem,
but these are too cumbrous to be useful.

4. A mixed problem for coclosed harmonic forms. The two mixed boundary
value problems of (3) are equivalent under dualization. However, since the
equations dd¢ = 0, d¢ = 0 of coclosed harmonic forms are not self-dual, the
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two lead to different problems for coclosed harmonic forms. The second of
these is

TreEOREM II. Let p = p, and o = 0,1 be two coderived forms in M. Let
£ = ¢, and g = n,1 be forms defined on B such that

(1) dt = (~ms, [ t= (-1 [ uo,

bRq +1 Rq+1
and
(42) don= (0o [ 1= (1" [ s

bR, Rq

Then there exists a unique p-form ¢ satisfying the differential equations
(4.3) odep = p, 0 = o,
the boundary conditions
(4.4) txp = £, txddp = 1,

and the orthogonality condition (¢, 7) = 0, 7 € M.

The conditions (4.1) and (4.2) are necessary consequences of (4.3) and (4.4);
we wish to show their sufficiency.

Proof. Consider the M-problem (3)
(4.5) Ap = p+do, txp =% txdp =1n; (¢,7) =0, 7 € M.
According to (2.5), a solution exists provided that for r € M, the quantity

(o + do, 1) + f; A

= (o, 7) + (o, 87) + LU/\*T“l' LT/\77= (py T)ar + LT/\"T

vanishes. Since p is coderived, p = é= say, the condition becomes
0= (6m, 1)+ J"f/\ 7= (mdr) + ff/\ (np — =m).
B B

The volume integral on the right vanishes since dr = 0. We shall now show that
n — t*w is an admissible tangential boundary value on B. Indeed,

dg(n — txw) = dpn — tdxw = (—1)Vixp — (—1)Vtxé7 = 0,

since p = éw. Likewise,

f (n — *m) f n— dxm = f n— (=Y *§
VR, VR4 R 2Ry

Ry
= [ =7 =0,
bR Reé

e

from (4.2). Thus n — t*r = ta where da = 0 in M. In consequence we find

fBr/\(‘ﬂ_'*ﬂ')= J;TAO‘: fMd(‘r/\a)=0,
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since da = 0 and dr = 0. Therefore the necessary condition is satisfied and a
solution ¢ of (4.5) exists.
Next we define
Y =30p—0a=20(¢—09),
where 6 is such that ¢ = 80. Then
dy = dop — do = p — ddp = (7 — do)

by the differential equation (4.5). Hence édy = 0.
From (4.5), we see that

tdy = tx(p — 8d¢p) = (—1)¥dgn — txdde
= (—1)¥dgn — (—1)Vtdsdo
= (—1)V{dpn — dptxde} = 0.

Hence

N@9) = (59) + [ ¥ A wdy =0,
and so d¢ = 0 in M. Next we see that

NG = (36— 0) = @ 6= 0) = [ ¥ Ax(s—0)

and the volume integral contains the vanishing factor dy. We show next that
t¥(¢ — 0) is admissible on B. In fact,

dpt¥(¢ — 0) = dptx¢ — td+0 = dpt — (—1)Vtx60
= dgt — (—1)Vtxe = 0,
by (4.1). Also,

f *(¢—0)=f £— d*o=f E— (=Y | 0
bRq +1 DRq +1 Rg+1 bRq+1 Rg+:

- [ - w=o
qu+x Rq+1

by the second of (4.1). Thus tx(¢ — ) is admissible and so equal to 8 for
some closed form @ in M. That is,

NW) = — fB¢A*(¢—0)=— fB¢A6=— fMd(¢A5)=o

since dB = 0 and d¢ = 0. Hence ¢ = 0 and the two differential equations
(4.3) are satisfied. This completes the proof of the theorem.

In order that ¢ should be coderived, it is necessary that ¢ = 0, that £
should be a derived form on B, and that the absolute periods of *¢ should
vanish. This last condition cannot be expressed without the Green's form
g which is dual to the gx of (2.4).

When ¢ is closed, p and 5 vanish. Conversely, if p and 5 are zero, we see
from (4.3) and (4.4) that 6d¢ = 0 and t+d¢ = 0. Thus

N@¢) = (¢,5d) + qus A wdé = 0
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and ¢ is closed. Now the dual of Lemma 2 states that a closed form orthogonal
to M is derived.

CoroLLARY Ila. The solution ¢ is derived if and only if p and n vanish.

We also state as a corollary the special case when the differential equations
are homogeneous. If p and ¢ are zero the conditions (4.1) and (4.2) show that
£ and g are admissible on B. Since ¢ is coclosed the periods of #¢ are defined,
and by adding a suitable eigenform 7 € M the relative period of #¢ can be
given assigned values on given relative g-cycles R,’. These periods will depend
only on the 8B,

COROLLARY IIb. There exists a unique coclosed harmonic p-form ¢ such that
tx¢p and txdp have given admissible boundary values, and *¢ has given periods on
R, (M) independent relative q-cycles whose boundaries are fixed.

5. The Poisson equations associated with harmonic fields. The differential
equations satisfied by harmonic fields are the self-dual pair d¢ = 0, §¢ = 0.
It has been shown that there exists a unique harmonic field having a given
admissible tangential boundary value and given relative periods (4). We
therefore formulate the following

THEOREM III. Let p = ppr1 and o = a,_1 be given forms, derived and co-
derived on M, respectively. Let £ be a form given on B such that

(6.1) dgt = Ip, f‘ £E= f p
bRy +1 By +1

for all relative (p + 1)-cycles. Then there exists a unique form ¢ satisfying the
differential equations

(5.2) d¢ = p, ¢ = o,
the boundary condition
(5.3) ip = §&

and the orthogonality condition (¢, 7) = 0, 7 € K.

For the proof we consider the problem
(5.4) Ap = 6p + do, tp =& t6¢p =to; (¢,7) =0, 7 € K.
A solution exists if and only if for each r € K,

(6p + do, 1) — J‘a/\*'r=0.
B

However a simple calculation using Green's formula and the fact that éir = 0
shows that this condition is in fact satisfied. Thus a solution ¢ of (5.4) exists.
Again we define

(5.5) Yy =30 —0=25(¢—a),
since o is derived, o = da say. We find as before
dy = dop — do = 6p — dd¢
so that 6dy = 0. In addition, & = té¢ — te = 0, by (5.4). Thus
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N@y) = adv) + [ 9 Ay =0,
and we find that dy = 0. Again,
N = 436 —a)) = (@ 9 —a) = [ ¥ As(6—a) =0,
so that ¢ vanishes identically. This shows that the second of (5.2) holds.

Let x =d¢ — p; then 6x = ddp — 6p = do — dé¢p = 0, since d¢p = o.
Since p is derived, p = di say, we find x = d(¢ — {). Now

NGO = (o =) = 66—+ [ (6= Awx.

The volume integral vanishes since § x = 0. Now (¢ — {) is an admissible
boundary value since, first,

from (5.1), and second,

J o wo-0=f w-[ a=[ ¢ [ o=0
bRy +1 bRp +1 Rp +1 bRp +1 Ry .

by (5.4) and (5.1). Hence {(¢ — ) = ty say, where dy = 0 in M, and

JB(¢ — ) A xx = ‘L'r A *x = fMd(v A *x) = 0,

since dy = 0, x = 0. Thus x = 0 in M and so the equations (5.2) are both
valid. This completes the proof of the theorem.

From Lemma 2 it is evident that the solution normalized orthogonal to
K is coderived if ¢ = 0. This problem has been studied in Euclidean space by
Miranda (7).

6. A mixed problem for biharmonic fields. We consider here a new class
of harmonic forms, which satisfy the self-dual equations éd¢ = 0, dép =0.
Since these have the same relation to biharmonic forms (A%p = 0) as do har-
monic fields to harmonic forms, they shall be called biharmonic fields. The
mixed problem for harmonic forms leads to the following result on biharmonic
fields.

TuroreM IV. Let p and o be forms of degree p on M, coderived and derived
respectively. Let £ = &, and n = n,—1 be defined on B, with

(6.1) dgn = lo, f n = J‘ a.
bRy Ryt

Then there exists a umique form ¢ = ¢, satisfying the differential equations

(6.2) dd¢ = p, dé¢p = o,
the boundary conditions
(6.3) ip = & top = m,

and the orthogonality condition (¢, ) = 0, 7 € K.
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Proof. The uniqueness can be verified at once, from Lemma 1. To establish
the existence of a solution, we set up the mixed problem

(6.4) Ap=p+o, tp=2£ tip=n; (¢7) =0 7¢€K.
A solution exists if and only if for all 7 € K,

(op+o,1)— an/\*T

vanishes. Since p is coderived, p = 80 say, and also ¢ = d{; this quantity is
equal to

60 + di, 7) — fn/\*'r
B
= (8,dr) — fBT/\*O-I—(g‘,ET)-I— fBr/\*r— J;n/\*‘r
= fB(s“—n)/\*r-

We show that {f — 5 is admissible. Indeed,
dp(ty — ) = tdf — dpn = to — dpn = 0,
by the first of (6.1). Then also

f =)= ,df—f An=f‘cr—f 7 =0,
bRyt Ryt bRy’ Ryt bRyt

by the second of (6.1). Hence #f — n = fa, where da = 0 in M, and

L(i"‘ﬂ) N *7 = fBoz/\ w7 = fMd(a/\ *x7) = 0,

as in previous calculations. Thus the condition relative to (6.4) is satisfied,
and a solution ¢ exists. It remains to be shown that (6.2) are satisfied.

Now let
(6.5) Y =0d¢ — p = o — dip.

Since p = 66, we find that ¢ = 6(d¢ — 6) is coderived. Also
tl,[/ = lo — tda(b = fo — dBtB(;b = lg — dB‘ﬂ = O,
from (6.1). Thus we find

NG = (436 = 0) = @hds—0) = [ y A+@s—0).

The surface integral vanishes since t¢ = 0. Now dy = do — ddép = 0 since ¢
is derived. Thus N(¥) = 0, so ¢ vanishes identically. That is, the equations
(6.2) are both valid. This completes the proof.

We note two special cases of Theorem IV. First, let p vanish so that éd¢ = 0,
and let £ be an admissible tangential boundary value. It then follows easily
from Green’s formula that ¢ is closed. Second, let o and  both vanish. Green'’s
formula then shows that ¢ is coclosed, and from Lemma 2 it follows that ¢
is coderived.
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7. A Neumann problem for biharmonic fields. The Neumann boundary
value problem for harmonic forms (2) yields an independent result in connec-
tion with biharmonic fields. We state first the Neumann theorem in the non-
homogeneous case.

LEMMA 3. There exists a unique solution ¢ of

(7.1) Ap = p

which satisfies the boundary conditions

(7.2) txdp = £, 1o = 9

and the orthogonality condition

(7.3) (p,7) =0, dr=0, ér=0,
if and only if for every harmonic field v we have

(7.4) (o, 7) — L(T ANE—1n A x*r)=0.

The proof is similar to that of Lemma 1 and will therefore be omitted.

We state the application to the biharmonic field equations as follows.

TuEOREM V. Let p and o be p-forms defined on M which are coderived and
derived, respectively. Let &£ = £.41 and n = n,—1 be forms defined on B such that

(7.5) dok = (=D, [ £= (=D [ u,
bRo* R.*
and

(7.6) dpn = lo, f 7= f o.
bRy By

Then there exists a unique p-form ¢ satisfying the differential equations

(7.7) ode = p, dép = o,
the boundary conditions

(7.8) txdp = £, 109 = 1,
and the orthogonality condition

(7.9) (6,7 =0

for every harmonic field v defined on M.
Proof. We formulate the problem
(7100 Ap=p+ o, txdp =& ¢ =1u; (¢,7) =0ifdr =0, 6r = 0.

According to Lemma 3, a solution exists if and only if for every harmonic
field 7, the quantity

(p+o, 1)+ fB(T/\E—n/\*T)

vanishes. Writing p = 80 and ¢ = d{ in view of our hypotheses, and making
use of Green’s formula we find this expression can be put in the form
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7.1) Jrng—0—a-0nml

As in our previous work, we may show that the conditions (7.5) imply that
£ — *0 is admissible; and that (7.6) imply that n — ¢ is admissible. A further
application of Stokes’ formula then shows that the integral (7.11) vanishes
for all harmonic fields 7. Thus the condition of Lemma 3 is satisfied and a
solution of (7.10) exists.

Asin §6 wesety = ddp — p = ¢ — dé¢. It again follows that ¢ = §(d¢ — 6),
and, from the first of (7.6), that #f = 0. Since dy = 0, 8¢ = 0, we can again
show that y vanishes identically. This shows that (7.7) holds and establishes
Theorem V.

In contrast to Theorem IV, this last result is self-dual. When p and ¢ vanish,
we see by Green’s formula that ¢ is closed, and, by the dual of Lemma 1
(since ¢ is orthogonal to the eigenspace dr = 0, ér = 0, nr = 0) that ¢ is
derived. Dually, ¢ is coderived if ¢ and 5 are zero.

8. Concluding remarks. Four of the five theorems have been deduced from
the mixed boundary value theorem for harmonic forms, and one from the
Neumann theorem. Corresponding special cases of the Dirichlet theorem for
harmonic forms are not known.

The conditions on the data of the theorems for harmonic forms all involve
the eigenforms which are harmonic fields having some special properties.
However, in the special cases considered in this paper, all of the conditions
are expressible directly in terms of the data without the appearance of any
class of eigenforms. The normalizations such as (¢, 7) = 0, 7 € K could be
discarded, and the solutions would then lose the property of uniqueness.
Or they could be replaced by suitable conditions on the periods of the solutions.
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