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HEATED TUBE OF SLOWLY VARYING SECTION

A. R. BESTMAN!:2

(Received 31 January 1984; revised 1 August 1986)

Abstract

Fluid motion established by an oscillatory pressure gradient superimposed on
a mean, in a tube of slowly varying section, is studied when the temperature
of the tube wall varies with axial distance. Particular attention is focussed on
the mean flow and steady streaming components of the oscillatory flow of higher
approximation. For the velocity components, the axial component takes the pride
of place, since this component is responsible for convection of nutrients to various
parts of the body of a mammal in systematic circulation. A salient point in
the paper concerns consequences of free convection currents at a constriction
(stenosis).

1. Introduction

In a previous analysis, Bestman [1] studied the steady flow in a uniformly heated
tube of slowly varying section in the presence of a heat source/sink term, as
applicable to physiological situations. The temperature of the body, that is the
temperature in the interior, called the core temperature, is fairly well regulated,
normally varying from the mean by not more than 0.6°C. Hence the wall of the
blood vessels which travel deep inside the body will not show much variation in
temperature, and the above analysis is applicable in such cases.

On the other hand, the surface temperature of the body rises and falls with
the temperature of the surroundings, within a certain limit. In such a case,
the wall temperature of blood vessels which start from the core to the surface
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180 A. R. Bestman [2]

will exhibit variation with axial distance. An example is the subclavian artery
which branches from the aorta and bifurcates further into the brachial artery that
subsequently travels to the near surface of the body. The present problem, which
considers a pulsating flow in a tube of varying section with axial temperature
variation, is therefore addressed to these classes of blood vessels.

Also, a heat source/sink term is incorporated in the analysis to accommodate
abnormalities of body temperature regulation in a pathological situation. For
example, the thermal regulation centre in the hypothelamus may adjust its set-
point temperature to higher values when there is fever. Some causes of fever are
bacterial diseases with subsequent decrease of white blood cells, brain tumors
and a cycle of heat production.

The subsequent analysis is divided into five sections.

In Section 2 the non-dimensional equations are presented, followed by a de-
termination of the leading approximations. In Section 3 the higher approximate
solutions due to the mean pressure gradient are deduced in the light of [1]. The
steady streaming solutions which appear at the higher approximations for the
oscillatory pressure gradient are discussed in Sections 4 and 5. In Section 6 the
results are discussed and quantitative appraisal of the steady state streaming are
presented for a locally constricted tube.

2. Governing equations and leading approximations

We consider viscous flow, with heat source/sink term @ in a heated long tube,
which in cylindrical polar coordinates (7', ¢, 2’) is defined as

' =a(2') = aps(ez’ Jap) O<e<l. (21)

Here ag is a characteristic radius. We assume that the pipe is subjected to an
axial pressure gradient at one end and 2’ = 0. Thus

/
—%(r’,q&,o, t')y=Cy+ Kysinwt'. (2.2)
The boundary conditions for the problem are the no slip condition for velocity
and the equality of fluid and wall temperatures at the tube wall. Thus
W=0=10 =, T =T,T,(1+ X f(2')). (2.3)

We have defined (v, v’,w’) as the velocity components in the (7', ¢, z')-direction,
t' is time, w is frequency of oscillation and T is the fluid temperature. Cj and
K are the amplitudes of the pulsating pressure gradient and T, 00 represent
the atmospheric, wall and ambient temperatures respectively. We shall take the
ambient temperature as that of the static blood in the left ventricle.
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[3] Flow in heated tube of varying section 181

Next we assume that the Boussinesq approximation is valid, so that if p des-
ignates fluid density, the equation of state of the Boussinesq fluid is

Poo — P = PooB(T — To), (2.4)

where £ is the coefficient of volume expansion. Furthermore, let u designate the
fluid viscosity, k& the thermal conductivity and c, the specific heat at constant
pressure. It is now expedient to introduce

t=wt, r=1"/ap, z = €2’ fay,
(u,v,w) = (W, v',ew’) [eUo,  p = (p' = Poo)ao/ulo
— = (Co,Ko) = (Ch Kt)ab/ulo
3\ = NTo Qad

To—Te’ &7 K(To—To)’
R= pooUOG'O//" G= poogﬂao(Ta - Too)/E/‘UO,
P=ypcy/k, 0= peowal/p. (2.5)

Here Uy is a typical axial velocity, R is the Reynolds number of the flow such
that eR = O(1) (the low Reynolds number assumption), G is the free convection
parameter or Grashof number, P is the Prandtl number and 0!/2 is usually
referred to as the Womersley parameter. The gravitation g makes an angle x
with the radial axis of the tube.

By virtue of (2.4) and (2.5), the non-dimensional equations of continuity,
momentum and energy could be written as

1 a 10v 3w
rar Mt et 0
eod¥ L ap (W28 008 0 0
ot a2 rdp r 0z
_ 0p s 1 2e Qv 382
= 8r+€<v r)u 26¢+€ — e0G cos x cos ¢,

o2l 4 2R (w20 4 20V LW 0
ot 17} ¢ a
= 76¢+€<V 7')'u+ 26¢+ +€9Gcosxs1n¢,
Sw ow vow owY _ Bp 2 0 0%w
Uat +€R(a—+;a—¢+ a—)— a + Viw + €2 —a—z———60GSIDX

a6
Po— +€¢PR (u@ + v 96 + wao) V29 +¢ +a, (2.6a,b,c,d,e)

]
dr  rd¢ 9z 8 822
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subject to the conditions

—%(r,d),o, t) = é(Co+Kosint), u=0=v=w, 0§=1+1f(2) onr=3(z).

(2.7)
A supplementary equation which is found useful in analysis is obtained by elim-
inating the pressure gradients from equations (2.6b,c). That is

eR li r u@+2@+ﬂ+ @
ror or rd¢ r “’az

_19 u%+93_"_£+ du
rdo rd¢ 8z

= (V2 - a%) [i aar( v) — —— +Gcosx (%sm¢+ l%cosq&)
2 62 Ju
e [5(“’) -5 (28)
such that
V2 = 22_ + li + _1_3_2
o2 " rdr  r2o¢?
Also we take
a = q; +q7(t), 7(t) = sin(at + 6) (2.9)

The statement of the problem is now complete.
Since € is small, we seek asymptotic expansion for the velocity components
and temperature of the form

u=1ug+eu; +...etc., (2.10)
while for the pressure we write
=(1/e)po+p1+.... (2.11)

Substituting (2.10) and (2.11) into equations (2.6)-(2.9), we find that for the
leading approximation

10 1 dvp Bwo
ol (ru0)+——¢+ EP =0,
9po _o—lal
or 1 dg’
ow 0 L
U—ét—o=—aP;q+V2U)0, 4 a —V200+(11 +q2T()

(V"’ Bt) [1 0 (rvo) — 1861:; +Gco [660 sin ¢+—%co ¢] =0,

o
——Eg(r,qs,O,t) = (C()+K()Sint), Uo =0= Yo = wo,6’0 = 1+/\f(2)

on r = 8(z).
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First of all we observe that pg = po(z) only. Now putting

uo = u§’ (r,6,2) + u§ (1,4, 2,1) etc.,

we have
19 (r (0)) + 1 1 6v(0) + aw(()o) —0
r Or r 845 az
© _ 908 _ oy (0)
V2w = % =Dy V20o = —q
10 o 10ud 205" 1965 3
v? 25 ) — - 8¢> + Gcosx ar ¢+T 36 cos¢| =
—p(()o)’(O) = Co, u(()o) =0= v( ) = w(o) 0(0) =14+ Af(z) onr=s(z2),

(2.12)

where an accent or a subscript denotes differentiation with respect to z, and

1 avél) 'Bw((,l)

9,0 =
(ruo ) T t 3, 0,
1) (1) (1)
031;(: — ago + V24§ Of pd‘”%=v20(()l)+q2sin(at+6)

0 10 19V
2_ 9 (1)y _ 2 Y%
(V "at) [r 31'( % ") r 0¢

80(1) 1 80(1)

+Gcosxla¢ ¢+— 36 cos¢| =

a (1)
po (0,t) = Kysint, uc(,l) =0= v((,l) = w((,l) =0 onr=s(z). (2.13)

The method of solution of (2.12) has been discussed by Bestman [1]. The
results are

1 3 4(0)
Sl /o),

1
~a?l—(r/9)?], Wl =

0 =14 2f(2) + >

s(0
nO = —Co% (0)

s4(z)’
u® = 10034(0)8—;[r/s — (r/)%] - 3—8—40 cos xq18[1 — (r/s)?]? cos 6
(0) = —Gcos xq18*[1 = (r/3)?][1 — 5(r/s)?] sin . (2.14)

384

It is pertinent to note that the wall temperature variation does not affect the
basic axial flow variables.
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For the oscillatory components, we put
wP) = %(hoe“ +hoe ™), oW = %(,Yoei(at+6) + qpeilat+e)),
oV = %(Pél)eu + Bty

1 L. 1 ) L
u(()l) = -2-(foe“ + foe 1t)+§(fle:(at+6)+fle t(at+6))’

1 . .
’U(()l) = §(glel(ozt-f-ﬁ) + éle—z(at+6)), (2'15)
Thus
10 o 10dg0 Odhg 1 391 —
ra,r(Tfo) —*—¢‘+ =0, ( f1)+ 26 0,
aP(l)
(V2 —io)ho = a‘; , (V2 —ioPa)yo = iga,
2 _ . _1__6_ 16f1 - _ 6’70 _6_
(V% —ioa) rar(rgl) T 96 Gcosx B sing + r 96 cos @l ,
BPél)
(0) —zKo, fo=f1 =aq =h0=’70=0 onr=s(z). (2.16)
Then
ho = __Pél), 1— JO(S."')
0T g Jo(ss)
_ q2 JO(P1/201/2§7')
= " oPra [1 Jo(P1/2a1/2¢s) |’ (2.17)
where ¢? = ~i0 and J,,(z) is Bessel’s function of the first kind of order m. Next,
we set

fo=10mz2),  fi=12)cosd, g =g"rz)sing  (2.18)
with the result

(1)n (1)
10y = Fo _Joler) | _ BT Jalss)
rar( )= i0 [1 Jo(¢s) e o J&(¢s) Jo(sr), (2.19)
and
10 1
o 79 += ¢ =o, (2.20a)
# 14 1 . 1 ©) ©)

(wﬂa“rr“"’) [;—(’ i)+ 11

g2 . J1 (Pl/zal/zs.,’.)
cal/2p1/2 JO(P1/2a1/2S.3)'

=Gcosx - (2.20b)
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Integrating equation (19) gives

(1) (1)
féo) _ B l:lT _ Ji(gr) ] _ P J1(§8) Ji(¢r). (2.21)

o |2 ¢Jo(ss) i JE(ss)

If we impose the no-slip condition on (2.21) we deduce the Reynolds equation
for the pressure

ls 8J1(s8)] Ly _ Ji(¢s) ay _
[2 ’ sJo(cS)]P 5 [J (¢s )] Py =0 (2.22)

as first derived by Hall [3]. In virtue of the pressure boundary condition in (2.16),
(2.22) reduces to

1.2
ay _; 35°(0) — 8(0)J1(s8(0))/sJo(ss(0))
Fo =1Ho [ 153 _ s1(s9)/5als?) ] ‘

(2.23)

Finally, integrating equation (2.20b) once, we have

10 G cos 1
1 rg®) 4 () = 2T oy (B B/ 2er) + J(P 2 )

and then solving this equation simultaneously with (2.20a), we can show that

0 _  tGcosxgs (0) ) J1(@¥%r)  Ji(PY2al/%¢r)
1 7 02a2P3/2(1 - P) [Al + B r + r
—1G cos xq
of” = a2 P31 —2P) {Ago) + B /% [Jo(ams‘r) 1/2 Ji(o l”gr)]
1
1/2,1/2 1/2 ,1/2 1/2 1/2
+P/ a/ g[JO(P/ a/g‘r)—mJl(P/ a/gr)]}

(2.24)

where A§°’ and BI(O) are arbitrary functions of 2 given by

A© _ @5[PY2Jo(PY 20 2¢s) )y (a1 %¢s) — Jo(at/%¢s)J1 (P20t %s)]
! al/2¢sJo(a'/%¢s) — 2J1(a/2¢s)
2J1(P1/2a1/2gs) - P1/2a1/2gsJ0(P1/2a1/2gs)
al/2¢sdy(al/2¢s) — 2J:1(al/2¢s) ’

B =

and the solution to the leading approximation is now complete.

We observe that the leading pressure gradient given by (2.23) differs from the
forcing pressure in (2.16). In the absence of free convection currents, the two
pressure gradients are the same (Bestman [2]).
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3. Higher approximation for the mean pressure gradient

If we continue the expansion started in (2.10) and (2.11), then the order O(g)
approximation is

1 6‘01 awl

10
rar Y g v =0
om __19m
or T r ¢’
8w1 8’!1)0 Vo (9’11)0 Bwo _ 6p1 2 .
o En +R(uo 3% + W-HUOB = _67+V w; — Gsin xfo,
86, 86 | vo b 90\ _ o2
Po ot +PR<’U0 ar + ; —é;+‘wOaz) =V,
3] 19 10u a0 199
2_,2Y)|2 2 _-gh 71 it 1
(V U(’)t) [rar(ml 78¢]+Gcosx(ar Sm¢+r6¢ cos¢)
_ 14 (91)0 Vo 8’00 UoVo Bvo
—R{rar [’(“OEJ’?%J’T“"" 9z
_190 ( Ouw  wduw v Ju
rdg\ °or  r o r o az)J’
(3.1a,b,c,d,e)
subject to the conditions
up =0=v; =wy =6, onr=s(z),
Op1/0z(r, 9,0,t) = 0. (3.2a,b)

Once more we observe that p; = p;i(z,t) only. Again we seek solution in the
form

ur = u{(r,¢,2) = u{(r, 4, 2,1) etc.
For the present case of discourse, ¢ = 0, Ko = 0 = ¢ in (3.1) and (3.2)

and by virtue of solution (2.14), (3.1c, d) can be integrated in a straightforward
manner. The results are

0§°) =3 1162 PRqyCos*(0)ss,[11 — 18(r/s)* + 9(r/s)* — 2(r /)]
B ﬁcws XPRq*s"[3(r/s) — 6(r/s)* + 4(r/5)* — (r/s)"] cos ¢
+ 52555 PG €0 X A° 1[16(r/9) — 35(r/5)° + 35(r/5)° — 16(r/s)") cos &
~ a5 PACos*(0)[4(r/2) = 5(r/)? + (r/5)"| cos & (3.3)
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and

wi) = =51 - (r/5)’]
a0 S RO O/, [ - 20/6 + (/90" = 30/

——Gcos xRq1Cos*(0)s®3(r/s) — 6(r/3)® + 4(r/s)® — (r/s)"] cos ¢

3842
25200PG cos xAs? f,[16(r/s) — 35(r/3) + 35(r/s)® — 16(r/s)"] cos ¢,
- Gsiny {[1 + Af(2)]s%[1 - (r/8)?] + %qls"3 [% —(r/s)? + %(7/3)4] }

(3.4)

The function p( )" can be obtained by lubrication theory as discussed by Best-

(1)

man [1]. In short to deduce the solution for ug ’ and vc(,l), we write

1
ugO) 642 (O)f(o) (r,2) + 6—40084(0) 1(1)(7-, z)cos¢ + Fl(l)(r, z)cos ¢

+ Fz(l) (r, z) cos2¢ + F{V (r, z) cos 26,
1
of? = = Cos*(0)9{(r, 2)sin g + G{)(r, 2) sin ¢ + ") (r, 2) sin 26

+ Ggl) (r, 2) sin 2¢. (3.5)
Then
oy _ _1_ 4(0) [sz _ sz(o)]
i = gfCo s s(0)

25626' siny 1 /"
8

1,3 , 10,
C2s8(0) 5% Jy(g) {4’\3 Je+ 1+ Af(2))8%s, + 52415 s,} dz

96
(3.6)

and ffo), 1(12), g§13 are given in [1] by (3.22), (3.24), (3.25) respectively, except

for an additional term in fl(o) which is a multiple of Gsinx. The remaining
functions Fl(,lz,), Ggfg, which depend on the axial temperature variation, may be
obtained similarly. The additional term and these functions are given in the
appendix.

4. Steady state streaming for small o

Steady state streaming, which has attracted both mathematical and physi-
ological interest, arises as a result of pure oscillatory forcing pressure, and is
different from a steady solution that would be provoked by a time-independent
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pressure. The steady streaming that results from multiplication of exponentially
time-varying functions manifests itself when oo = 1 and § = 0, and the results in

this and the following sections are for this special case.

The cause of this steady-state streaming is the non-linearity of the governing
equation. For example, if in the oscillatory components of (3.1) and (3.2) we
employ a subscript s to denote steady streaming components, we find that as
before for the order (e) approximation, the pressure pgl) = pgl)(z). For the
temperature and velocity components we write

0 = ~O(r,2) +
wi!) = h{)(r,2)
(1) = (0)(,. Z)+

)

v (r, s) cos §,

+ hM(r, z) cos ¢

O (r,2) cos ¢ + f(r, 2) cos 2¢,

(1) = g{V(r,2 31n¢+ 989 (, 2) sin 2¢.

The remaining equations of this approximation become

3287%0) 1 33(0) %PR.R [f(o)aqo 0%‘10]
r r 2

P 100 L Lenme 2], (@)

E N AEILE St T
S 105

%%(T (0)) — _ag_im, (4.3)

15( ) 4 :gg1)=_3g_§:) (4.4)

(§+13-2) et

84

or '

— Gcos x

1
r2
18
=__RR { o [ <f(§o>391 +1 fm) © 4y

1 00/ 0df
+ r (fo ar +h

(o>39§)

0z
©) L 087
r %o 0z

or
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[11] Flow in heated tube of varying section 189

and

) 2
_E(Tfs(”) + ;9§2) =0, (4.5)
2 10 4\[10 2
o 1o 4 @)y 4 22
(8r2+r8r r2) [rar res”) + fs ]
_ 1 19 ) 391 1 ORI 1 (0)~(0)
- ZR'Re{rar [( 1 "5 t7 F91791 +;f1 91

2(f(o) (0) 4 050 4 2 f(0)<9f1 }

(1)
- Gcosx.rz (73 ) .
ar T

Here Re represents the real part of a complex variable. These quantities are to be
solved subject to homogeneous boundary conditions at the wall r = s(z) for the
velocity components and the temperature and the pressure condition p}(0) =

Because of the transcendental nature of the right-hand side of equations (4.1)-
(4.5), we shall discuss the solution to these equations for small and large values
of o only. The oscillatory solutions could be tackled similarly.

When ¢ is small, it is possible to obtain uniformly-valid approximate solutions
to equations (4.1)-(4.5). For example, substituting (2.17) and (2.21) in (4.1) and
(4.2) and taking the limit as o — 0, we have

Y 194 1 4@ & o 2y
St s = ——aPRKoqg— S (87 =r)*+0(0)
) 194) 1 (1) 1/2 4
32 T r or 208 __ﬁccosx(h(aﬂ) r* = s'r+ 0,
and

a2h® 10 _ 1,880 ¢

z —_1 S22y 2 a2 ’
or? + r Or IGRK0 38 s (87 =77)(s" = 3r") +p;, + O(0)
%) | 1omY 1,
or? r or 27
__1 s*(0) 1/2(,5 _ .4
= _fﬁéKOGCOSqu o ——=(a/2)"/*[r° - s*r + O(0)].
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The solutions of these equations subject to homogeneous conditions at the tube

wall are
= 1152°‘PRK° 2 ;(4 ) s°s'[11 — 18(r/3)? + 9(r/s)* — 2(r/3)®] + O(0),
(4.6)
D=5 4sG cos xa35” (0/2)/2[5(r/3) — 6(r/3)° + (t/5)" + O(0)] @.7)
WY = - ipss'*’u - (/9"
192 K0R3 (0) 53'[1 — 3(7‘/3)2 + 3(7‘/8)4 _ (7/8)6] +0(0), (4.8)
and
he = 55 482 KoG cosxgz - 4( ) 57(6/2)2[5(r/s) — 6(r/5)° + (+/s)7]. (4.9)

Substituting (4.8) in (4.3) and integrating we obtain

© = L3 pa(e/a)?] + 39,670 0/
1, 38(

- mK R o .353//[4(1'/.9) - 6(7-/3)3 +4(r/3)° — (7/8)2]
SizKORS & $°s2[4(r/s) — 10(r/3)® + 2_;(1-/3)5 —3(r/s)").

(4.10)

Imposing the no-slip boundary condition results in the Reynolds equation for
the pressure

s8(0 0
Pg+4—Ps—§gKoR (s) s %KOR (8) %',
Integrating this, subject to p; )(0) 0, gives
s8(0 s4(0
Pl = 96KOR [ 3(8 )ss' - 3(4 )3(0)3'(0)] . (4.11)

To effect solution of (4.4) involves substitution of known quantities in the
right-hand side of (4.4), taking the limit as ¢ — 0 where necessary, and integrat-
ing once. The resulting equation can now be solved simultaneously with (4.4).
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Equation (4.5) can be tackled similarly. The results are

)= - ——aGcosxPRKoqg 4(0) Uy
s 3456

| - /e + Jr9 —1(r/s)6+§15(r/s)8]+0(o‘/2)

e
N 3—456Gcosx RKoqs -

ER e <’/8>“-§<'/8>“+g’5<r/s>8]+0<ol/2>

(4.12)
and
(2) —

8 160. 482
x [20e/9) = 30190 + 5 (0/5)° = (019 +000)

G cos? xq25°(0/2)*/?

@_ __ 1
s 160.482

(560779 = 3079 + Gt/ - /9 +0@)] - (419

G cos?® xq25°(0/2)/?

In (4.12) we have left out terms of order O(c'/2) as opposed to previous compu-
tations. These terms may be computed without many complexities. However,
for the flow velocity we are primarily interested in the axial component, which
convects the nutrients of the blood to various parts of the body in systemic
circulation.

5. Steady state streaming for large o

For reasons advanced above, we shall only consider the solutions to the tem-
perature and axial velocity of equations (4.1) to (4.3) when o is large. Now it
is no longer possible to construct uniformly-valid solutions, as a result of the
presence of a boundary layer of thickness (0/2)~!/2 and coordinate

n=(0/2)"*(s ~1). (5.1)
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Thus, retaining small letters for the outer problem and adopting capital letters
for the inner problem, equations (4.1) to (4.3) split into the two groups:

92~ 1 a0 _

or? + r or 0 (5.2)
) 1090 1 oy _ g
or? r Or r2le T

2r® 198
or? r or =Ps
a2hY  1anM 1

ar? T or 2 0, (5.3)
10 oy 0h
;E(Tfs )=- 9z (5.4)
and
o2r® 1 or®

o " - (/7% on

1 NN )

= Kogz0'/*P1/?Rs’ - — Re{(1— i)[e”(1=IF " —7X7 + O(c~1/%)]}
13D + 1 ors)) _ 1 e

on? [n —(0/2)1/25] 9n [n - (0/2)1725)2" ¢

_ 8Gcosxq? 1
~ aP(1-aP)s o3

Re{(l - Z)[(l _ al/QPl/Q)e—(l—i)al/QPl/zn

_ e-—2¢xl/2p1/2n + al/zpl/ze—xn + 0(0—1/2)]}

2 HO N 1 aH©®
an? [n — (6/2)Y/2s] dn

—_ 2R34(0) 1 N,—(1—8)n _ —2n —-1/2 /
= -KoR—} sa—2Re{(1—z)[e e "+ 0(c" )} + P
o*H | 1 oH® 1 s
on*  [n—(a/2)}/2%s] On  [n—(0/2)"/2s]2 "
_ 8GcosxRa1 Ko s%(0) 1 1
T a¥?P32(1—aP) & s o

Re{(1 — i)[(l _ C‘!1/2131/2)6-(1—1')71 + al/2Pl/2e—2n _ o—Xn + 0(0—1/2)]},
(5.3)

1 0

7= (0/2)7725] 3 1" ~ (0/2)"/2s|F0} = (a/2)"/

oH®
| 69

r
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where

x = (1+a/2P'/?) +i(1 - o!/2P'/?)
and
P, = =p;. (5.5)
The boundary and end conditions are

r{®1(0,2) = 0= H®'(0,2) = F{”(0,2),  P;(0)=0. (5.6)

The solutions to the outer and inner problems can be effected by standard
techniques. The outer solutions are straightforward and are given by

A =afd |l =aldr -7

1 1 1
hgo) = Zpls(fz + bgo))’ hgl) = bgl)T, fs(o) = —Epg("a + 2b§0)f) - gPlsbgo)’T,

where a§°") and b(©:1) are arbitrary functions of z to be determined. For the

inner problem, on defining the exponential integral
o0
Enm(z) = / e=t=n dy, (5.8)
1
the solution of equations (5.2) and (5.3) may be put in the form

rgO) = Koq2a1/2P1/2Rs/ . iz
(4

% Re {(1 _ 1-) [A§0) _ 22;1) (e—(l—i)al/zpl/z,7 _ e-—(l—i)(aaP/Z’)’”s

x Ey((1 - 1) *PY2[n ~ (a/2)/%)))

1
X2

= sz (e e B (- (,,/2)1/23]))] }
(5.9)
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8GcosxRg? 1 )
rq) - S5 Xfes | - -
s aP(1-aP) o3 Re |(1-1)

X (Agl)[ﬂ —(0/2)/2s] - (1 - al/2P1/2)

" 8iad/2P3/2
X {(1 - i)al/2P1/2 + mﬁ?—s]} e_(l_i)al/zf,ugn
+ __1 2a1/2p1/2 4 S g—at/PP
8a3/2 pP3/2 7= (0/2)77%]

+ al/il:l/z {x + - (0}2)1/23] } e—xn)] ,

(5.10)

1 o
) _ 2.t/ _ 1/2 2 _ Y2
Hs - 4pa {["7 (0/2) 8] 28 }

4
_ g2, 1 _algo _ L (,~a-0m
SR—s - 5Re{(1-9) Bl - (e

= Uy (1~ i) = (0/2) 5]}

(€21 — =G5 (2l — (o/2) 23]}))] } !

=

(5.11)

8G cos XRQQ Ko 82 (0) 1 1 .
H(1) — R B g /2)1/2
.s(c ) 0:3/2P3/2(1 OP) ’ 82 ) 8 ’ o3 € [(1 z)( .gl)[” ( / )1/ s]

_ . 1/2p1/2
_(I__O‘i_){l_w 1 }e—(l—i)ﬂ
8 [n — (0/2)1/23]
a1/2P1/2 1
pASEES— ] - —2n
T3 { +m—wnW%Je

1

& 5+ e )]

(5.12)

Ago’l) and B§°’1) are functions of 2 whose values follow from the homogeneous
boundary conditions (5.6).
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To obtain the value for P!, we now substitute equation (5.11) into equation
(5.4). After integration the result is

0 —
Es 16( /2)1/2

- Z(o/z)‘/"’w’Pé[n — (0/2)"/%4]

+ KZRs*(0) o 1
s o?[n — (o/2)/%s]

X Re {(1 —1) [ ([ﬂ (6/2)/%s) + %) e~ (1=9)7
+3 ([n — (0/2)2s] + %) e=21

- et (———[" =/ g - )ty - (072 724])

P{n - (0/2)"/?s]* - 2(0/2)8%[n ~ (o/2)"/s]}

+ =3 Es{(1 = 9)[n — (¢/2)"/?3]}

(1-14)2
Sbn — (o/2)/s Bx[1 - ,-)(0/2)1/231)

h ie‘(”) e (_—‘[n (o/2) ] Ex{2[n — (0/2)*/2s]}

+ %E3{2[7] - (0/2)1/28]} + 5[,,, _ (0/2)1/28]2E1[—(20’)1/2])]

+ 0(0_1/2)} .

Imposing boundary condition (5.6) on (5.12) leads to the Reynolds equation
¢
st (0/2)7/2

A1 1/2 1 1 /24, 1
‘Re((1=9) o= { ~(0/2) Ps+ T | + 7| ~(0/2)"s + 5

_ 1% ie—(l-i)(a/2)'/’a ( (”/2) Ez[ (1- z')(a/2)1/2s]

P"+4 P’ 4K2R° (0)

( )2E3[ (1—7')(0/2)1/23]
—(0/2)821'31[—(1 —i)(0/2)"/23])
_%e—(mw)lns( (0/2) E[ (20’)1/28]4- E3[ 20,)1/23]
+ E(a/Z)szEl[—(2o)‘/23])} } .

https://doi.org/10.1017/50334270000006147 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000006147

196 A. R. Bestman (18]}

Integrating this equation subject to the end condition (5.6), we have

st0) 1
g4 (a /2)7/2

-Re [(l—i) (i. [1( o/2)!/? (32 sﬁto)) - 3(11—i) (si?' - ?%F))]

[ (0/2)"/? (32 3210)) - é (s% B 83#(0))]

— i (—(a/2)V
- 122‘z { (‘1’/_2); "2l (1~ )(o/2)/?

P =4Kk2RZI

+ eal-(L=0/2 )+ Jo/Del- (1—z)(a/2)‘/21}

- {_5(0/2)1/262[-(20)1/2

(1-
1
4

_63[ (20)"2]+ 3 (0/2)er(~(20)"/ 2]})]

(5.13)

where

° E.(—au)

- - —au 7N
en(—a) /8(0) e s du
1 1 _ 1 1 for large
n+1\sntl  n+1(0) ) « Tee a-

Finally, matching the outer and inner solutions, we find that

1
a® = K0q2a1/2P1/2Rs'— Re[(1 - 1)A{)],
o) = — GeosxRas Re[(1 - )4V, (5.14)

aP(1 — aP) (/2)

BO = _ g2 p) = _CGCosxRaKo s*(0) 1
s » b= anpRa—aP) 2 5 (020

The solutions are now complete, since p, could be obtained from equation (5.5)
and (5.13) by discarding terms which decay exponentially in equation (5.13).

. % - Re[(1 —i)B{Y).

6. Discussion

The modification to the mean flow, as a result of axial temperature variation
of the tube wall, has been noted. Quantitatively the discussion of the problem
for the cases:

(i) f(2) = e*7%, (if) f(z) = 72,7 > 0;
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is not very different from that presented by Bestman [1] when the wall temper-
ature is uniform. Therefore the present discussion will be limited to the steady
streaming flow for which the wall temperature variation has no effect.

The problem of free convection heat transfer has far-reaching effects on the
flow in a tube of varying section. Indeed, the boundary condition for the velocity
at the wall, in non-dimensional form, as discussed by Manton [4], should be

w+elsd =u=0, v=0 r=s(2). (6.1)

This is also the form adopted by Bestman [2] in the analysis of oscillatory flow
in a tube of varying section in absence of heat transfer. In this case the basic
perturbed pressure gradient corresponded with the forcing pressure gradient. All
higher pressure gradients are zero.

In the presence of heat transfer, which is the primary concern of this paper,
it is necessary to take u and w as zero at the tube wall. The perturbed pressure
gradients are now deduced by lubrication theory, so that even the basic order
pressure gradients are different from zero. If the amplitude of the oscillatory
forcing pressure gradient transcends over the mean pressure gradient (that is
Ky > Cp) then the consequence of this at a local constriction (stenosis), such
that s’ = 0 at the constriction, is to offset the trapping effect and consequent
thrombus formation discussed by Bestman [2].

A cursory excursion into the literature reveals the following characteristics of
blood in man:

Characteristics of blood numerical value

characteristic velocity in aorta 40 cm/sec

kinematic viscosity (v) 0.04 cm?/sec
typical aorta radius 0.04 cm
Prandtl number(P) 25

For simplicity we take ¢ = 0.01 and 8 = 1/T,, where T, is taken as 38°C. Thus
for a pleasant 20°C, the Grashof number G = 5.3... while for a hot 40°C it is
06....
We shall consider numerical discussion for a locally constricted tube of the
form
3(z) =1 - (1/2) exp(—2?). (6.2)
We take Ky = 1, ¢ = 0 and with the origin (2 = 0) at the constriction, the
value of 3(0) (at the inlet assumed far away from the constriction) may be taken
as unity. The other parameters of the problem are varied to simulate different
physical situations. We shall limit our discussions to the case of small &. When
o is large, the situation remains very similar except that the temperature and
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FIGURE 1. Steady streaming axial velocity profile
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velocities involved are much smaller as evidenced by the analysis in Sections 3
and 4.

In Figure 1, the steady streaming axial velocity is plotted across the tube
upstream of the constriction, at the constriction, and downstream of the con-
struction, with P = 25 and R = 40, as may correspond to blood. If P = 7 and
R = 10, which may correspond to water, the various flow variables reduce by
approximately 5%. This reduction is quite small when compared to the product
ePR, which takes the value 0.7 for water and 10 for blood. Apart from a small
backflow near the centre of the tube downstream of the constriction, all fluid
flows in the desired direction. This could be contrasted with the case of zero
heat transfer (see [4]) in which the fluid flows in the right direction downstream
of the constriction, while upstream of the constriction it flows in the reverse di-
rection, the flow velocity being zero at the constriction. This is the phenomenon
of trapping, with possible thrombus formation at the constriction. Free convec-
tion heat transfer annihilates this thrombus formation, provided the mean flow
is small in comparison with the oscillatory flow, Ko > Cp.

The steady streaming velocity distribution for various values of the parameter
are depicted in Figure 2. Increase in the Reynolds number causes a correspond-
ing increase in velocity, while increase in the Prandt] number has negligible effect
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FIGURE 2. Steady streaming axial velocity profile
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on the velocity. Also, increase in the free convection parameter (G) and o cause
a more drastic increase in the velocity.

It was also observed that the temperature at z = —0.5 is negative, whereas it
is positive (but virtually equal in magnitude) when z = 0.5. At the throat the
temperature is zero. When R and P increase, the temperature increases while
increase in G and ¢ has negligible effect on the temperature. When the source
and sink interchange their role, for example G = —5, g; = —1, the velocity is
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unaltered while the temperature distribution is reflected symmetrically about
the r/s-axis.

It is a sobering thought that for several years physicians have used a hot water
bottle in areas of suspected thrombus formation. The quantitative reason has
been revealed by this analysis.

Finally we compare the steady streaming solution of Section 4 with the basic
approximation arising -from the mean pressure as given in (2.14). While the
temperature and axial velocity in (2.14) are free from any roll, the buoyancy
contribution in the steady streaming temperature and axial velocity gives rise
to a double longitudinal roll system with the centre line as the axis of the roll.
However this double roll system manifests itself in the radial and azimuthal
velocity components of the mean forcing pressure. For the steady streaming
radial and azimuthal velocity components, the free convection contribution is
in two parts; a double roll system and four separate roll systems, one in each
quadrant in the vertical plane.
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Appendix

256
—0(0)238(0)

-Gsiny {,\ f28® [ (r/s) - —(r/s ] [1+Af(2))s?s:(r/s)

+ ggatstss |30/ = (/5 = 315 |}
Ggl) = 25200PGcos xA8% f2[16(r/s)? — 35(r/8)* + 35(r/3)® — 16(7/s)8]
—— PG cos xAs2f,[35(r/s)* — 35(r/s)® + 16(r/s)8] — E(rF,(‘)),

Addition term +

5040
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w_ 1
B T 254200

PGcosxAs3f,, {16[1 —(r/s)?) - %[105 + 70(r/s)? — 175(r/s)*]
+ %[140 +105(r/s)? — 245(r/s)®] — %[1 +8(r/s)? - 9(r/s)8]}

1 2 l 2 _ 4
+ —5040PG €os xAs* f, {24 [105 + 70(r/s)? — 175(r/s)*]

_ 4_18_[150 +105(r/3)% — 245(r/5)®] + %[1 +8(r/s)? - 9(7/8)8]}
— %RG cos xACos*(0)s%s, f,
x {%(r/s)2 In(r/s) + %[1 +5(r/s)” — 6(r/s)")
- ﬁ{zgl — 485(r/5)? + 94(r/5)°] = 36— 9(r/9)* +3(r/)°)

+ 141—70[205 - 287(r/s)* + 82(7/8)’]}

+ RG0S s for { 3¢9 10(r/9) + 1511 = +/9)")
- 91—6[17 —34(r/s)* +17(r/s)*] + %[51 — 85(r/s)* +34(r/s)*]
+95(2 = 3(/5) + (r/5)? + (+/5)°) — (25 — 35(r/s)" + 1O(f/s)’l}
+ g5 RGoosxra%s. o { Se(r/8)n(e/s) + 1 = (/5))
- 31_2[15 — 30(r/s)? +15(r/s)*]

+ 3510 = 15(r/5)? + 5(r/)°) = 740 ~ 56(r/5)" + 16(r/ 3)71}

o__19 -~
Gy’ = 276r(rF2 )
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Fél) = —mPGcos xACos*(0) £, [%(r/s) - g(r/s)3 +(r/s)*

1

353.96.10° PG cos xq1 As” f,[79(r/s)

—-177(r/s)® + 125(r/s)5 ~35(r/s)” +8(r/s)°]
——RG cos® x\q18%f, { (r/.sr)3 In(r/s) + [r/s — (r/3)?]

+

1
69120
210 [r/s —3(r/8)2 +2(r/9)] + == 315 [138(r/s) — 230(r/s)® + 92(r/3)]
~ gaglr/s = 20r/9)° + (r/3)°) - 960 255 12(r/9) = 3(+/9)° + (r/)

-3 4 o ——[305(r/s) — 427(r/s)3 + 122(r/s)8]}

8100 5 (7/8) = 20/ + (r/5)
+ 555142(7/9) = 63(r/s)* + 21(r/5)') = 1(r/5) ~ 3(r/5)° + 2(r/5)"]

287
- Taagl30/5) = 3(e/o)° + 207501}

———RG cos? x\2s" f2 {
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