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Abstract. Let G be a connected reductive algebraic group over an algebraic
closure of a finite field of characteristic p. Under the assumption that p is
good for G, we prove that for each character sheaf A on G which has non-
zero restriction to the unipotent variety of G, there exists a unipotent class C'4
canonically attached to A, such that A has non-zero restriction on C4, and
any unipotent class C in G on which A has non-zero restriction has dimension
strictly smaller than that of C4.

§1. Introduction

Let Fq be an algebraic closure of a finite field I, of ¢ elements. Let
G be a connected reductive algebraic group over Fq, defined over F,. Let
T be a maximal torus in G, T* be a maximal torus in the Langlands dual
G* of G which is dual to T, and let W = W& denote the Weyl group of G
with respect to T', that we identify with the Weyl group of G* with respect
to T*. Let s € T*. Lusztig has defined a canonical surjective map from
the set G of characters sheaves on G to the set of W-orbits on T*. We will
denote by Gy the set of character sheaves in the fibre over the orbit of s of
this map. We set
(1.1) WE=W,:={weW | w(s)=s}.

s

Lusztig has also defined a map from G, to the set of two-sided cells of
Ws. For c a given two-sided cell of Wy, we will denote by (?570 the set of
character sheaves in the fibre over c¢ of this map. Lusztig has described a
canonical construction by which we can associate a well-defined unipotent
class C, ¢ with each pair (s,c), where s € T* and c is a two-sided cell in
Ws. The following theorem is a special case of a result of Lusztig [17, Th.
10.7]. One of our purposes is to replace, in this special case, the assumption
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of [loc. cit.] that the characteristic p of I, is large enough by the weaker
assumption “p is good for G”.

THEOREM 1.1. For any s € T* and any two-sided cell ¢ in Wy, the
following hold :

(a) IfAe C;’S,C and if C is a unipotent class in G such that the restriction
of A to C' does not vanish, then

(1.2) dimC <dimCsc,  with equality only for C = Cy¢;
(b) There exists some A € G&C such that the restriction of A to C . does
not vanish.

We will first show that part (b) of the Theorem is implied by part (a):
for this we will use in a crucial way a result of Geck [5] which generalizes
to good primes the result of Lusztig concerning the unipotent support (as
an average value) of the irreducible characters of G and the result of
Shoji [22] on Lusztig conjecture. When G is of exceptional type, and,
also in some cases for classical groups, we will derive directly the proof of
part (a) from Lusztig’s one. For the other cases, we will prove it using
direct computations in the spirit of [15] in order to obtain a unipotent class
C4 satisfying analogous statements as (a) and (b), and then use Lusztig’s
result to check that C'y = C, . The scheme of the proof is explained at the
beginning of Section 4.1 and in (4.1.2).
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§2. Preliminaries

We keep the notation of the introduction. Let W2 be the Weyl group of
the connected component C2. (s) of the centralizer Cg+(s) of s in G*. It is
a normal subgroup of the group Wy defined in (1.1). Let ®4 denote the root
system of W2. Let V be the rational vector space spanned by ®,. Lusztig
has associated (see [9], [12, (4.1.2)]) with any irreducible representation E’
of W2 an integer bz > 0 by the requirement that bg is the smallest integer
i such that E’ occurs in the i—th symmetric power of V, and (see [9], [12,
(4.1.1)]) with any irreducible representation E’ of W9, an integer ap > 0
and an integer fgp/ > 0 by the requirement that the generic degree of the
representation E’ is of the form

(2.1) Dp/(X) = fE,l X“E" 4 higher powers of X.

Let E' be an irreducible representation of W, and let E’ be an irre-
ducible representation of W2 which occurs in the restriction of E’ to WP.
We will set agr := ap,. It does not depend on the choice of the representa-
tion E’, see also [14, (16.5)]. For each two-sided cell ¢, the function E’ — a g
is constant on the set of irreducible representations E’ of W, which belong
to ¢, see [12, (4.14.1) and (5.25)]. For any such representation E’, we will
set asc = ap .

Let Ng be the set of pairs (C, €) such that C is a unipotent conjugacy
class in G, and € is a G-equivariant irreducible local system on C, given up
to isomorphism. Let C be a unipotent class in G, and fix v € C'. Then the
isomorphism classes of irreducible G-equivariant Q,-local systems on C' are
in bijection with the isomorphism classes of irreducible representations of
the group Ag(u) := Cg(u)/ CL(u) of components of the centralizer C¢(u)
in G of u. Thus, we can identify a pair (C, &) € Ng with the G-conjugacy
class [u, p|c of a pair (u, p) where u is a unipotent element in G and p is an
irreducible representation of the group Ag(u). The Springer correspondence
is an injective map ug from the set of isomorphism classes of irreducible
representations of W into Ng. Not all pairs (C,€) in Ng occur in that
correspondence.

Let ¢ be a two-sided cell in Wy, and E’(c¢) the unique special represen-
tation of W, which belongs to ¢, see [17, 10.4]. Let E’(c) be an irreducible
component of the restriction of E’(c) to WY; this is a special representation
of W9. Hence the induced representation Ind%o(ﬁ” (c)) contains a unique
irreducible W-submodule E(s, ¢) such that bE(SfC) = bjr(c)» see [12, (13.3)],
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[9], [11]. It is easy to check that E(s,c) is independent of the choice of
FE'(c), see also [17, (10.5)].

Then there is a well-defined unipotent element 4 in G (up to conjugacy)
such that E(s,c) is the Springer representation ES |, [12, (13.3)]. Let Cs.
denote the G-conjugacy class of 4. We set d(Cj.c) = d(@) (the dimension
of the variety Bg = By of Borel subgroups of G containing ). We have

(2.2) asc = d(Csc).

§3. Character sheaves

We will assume from now that p is good for G. We denote by G yip the
unipotent variety of G. By [14, Corollary 11.4] (see also [16, Section 1.6]),
there is a surjective map from the set G of the character sheaves on G to
the W-orbits on T*. For s € T*, let G, be the fibre over (s)g+ of this map.

By [14, Corollary 16.7], there exists a well-defined surjective map from
G s to the set of two-sided cells in W,. For ¢ a two-sided cell in W, we will
denote by C;’m the set of character sheaves in the fibre over ¢ of this map.

PROPOSITION 3.1. Let s € T* and let ¢ be a two-sided cell in Wy, such
that, for any A € é&c, and any u € Gunip satisfying Ajpy # 0, the element
u lies in Cs ¢ or in a unipotent class of dimension strictly smaller than that
of Csc.

Then there exists some A € Gs,c such that Aic, . # 0.

Proof. Let us assume that the restriction of each character sheaf A €
Gs,c to C; ¢ is zero. We choose a Frobenius map F': G — G as in section 3.2
below. Then we can similarly associate to the pair (s, c) a set of irreducible
representations of G¥', as in [12]. Let 7 be such a representation. In a
similar way as in Lemma 3.3 below, we can assume that G has connected
center. Then, using the result of Shoji on Lusztig conjecture [22], we can
express the character of 7 as a linear combination of characteristic functions
of character sheaves in G’&C. The assumption that these character sheaves
have zero restriction to C ¢ implies that the restriction of the character x
of m is zero too. Using that expression of the character x, and the fact
that if Ajc # 0 for some A € (A?Syc and some unipotent class C' in G then
dimC < dim s, we obtain that xr is zero on all unipotent classes of
dimension > dim Cs .. Now, the main result of Geck [5, Th. 1.4 (a)] says
that there exists a unique F-stable unipotent class C in G of maximal
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dimension such that

Z Xr(u) # 0.

ueCF
It follows that dim C; < dim Cs¢. Moreover, we know by [5, Th. 1.4 (b)]
that the p—part of the dimension of 7 equals ¢%(“~) | where d(C) denotes the
dimension of the variety of Borel subgroups which contain a fixed element
in the class Cr. Using the equality dim Cs ¢ = dim G — rank(G) — 2d(Cs )
(see [24]), we get d(Cr) > d(Csc). On the other hand, the p—part of the
dimension of 7 also equals g%, see [12, (4.26.3)]. It follows that as >

d(Cs,c), which contradicts the equality (2.2). Hence there exists a character
sheaf A in G such that Ac, . # 0. b

3.1.

Lusztig has proved in [17, (10.9)] that, if p is large enough, then the
following property always holds.

PROPERTY 3.2. For any s € T*, any two-sided cell ¢ in W, and any
A € Gse, if C # Csc is a unipotent class in G such that Ajc # 0 then
dim C' < dim Cjc.

We remark the following easy fact.

LEMMA 3.3. Let p be a prime number. Assume that all reductive con-
nected algebraic groups defined over a finite field of characteristic p, which
have connected center and are simple modulo their center, satisfy Prop-
erty 3.2. Then all reductive connected algebraic groups defined over a finite
field of characteristic p satisfy Property 3.2.

3.2.

We will assume from now that the center of G is connected. We choose
an [F,-rational structure on G, with corresponding Frobenius map F': G —
G. Replacing ¢ by a power, we assume that 7" and T* are F-stable and
split. We choose an element s € T*F, and we fix it from now on. We assume
that F' acts trivially on W, and G,. For each irreducible representation E’
of Wy let Rs(E’) denote the corresponding almost character, defined in [12,
(3.7)] as a certain rational linear combination of Deligne-Lusztig virtual
characters of GF'. For w € W, let T, C G denote an F-stable maximal
torus obtained by twisting the torus 7" with w. Let Irr(WW') denote the set
of isomorphism classes of irreducible representations of W. Then, using the
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definition of almost characters given in [12, (3.7)], we obtain the following
relation:

(3.1) Rs(E,)|G§mp: > m(E’E/)Rl(E”Gﬁnp’
Eelrr(W)

where m(E,E’) denotes the multiplicity of E in the representation
Indyy (E').

Let E be an irreducible representation of W, and let (u, p) be its image
under the Springer correspondence l/i(p; . Replacing ¢ by a power, we assume
that u € GI" and that F acts trivially on Ag(u). Then (see [21, (5.2)]), the
following holds:

52) Ri(E)(a) = ¢/ trace(p(a)), for a € Ag(u);
. , —F
Ri(E)(g) =0 if g C.y,
where u, are representatives of the G¥-conjugacy classes in C¥" associated
to a € Ag(u).
3.3.

Let L D T be a Levi subgroup of a parabolic subgroup P of G and let
L be the set of character sheaves on L. In [14, 4.1], Lusztig introduced the
notion of induction ind%¥ of character sheaves.

Remark 3.4. Assume that G is simple of adjoint type (with rank G #
0). Then G contains at most one cuspidal character sheaf with non-zero
restriction to Gunip and such a character sheaf exists exactly in the following
cases (see [14, Section 23], [2, (2.3), Appendix A]):

Type of G | Condition on n Type of W
By, n=2tt+1) | Cyq1) X Cys1)
Cn n = 2t(4t + 1) D4t2 X B4t2i2t
D, n = 8t? Dyp2 X Dyyo
Ga Gy
Fy Fy
Eg Eg

where ¢ > 1.

Any character sheaf A of G is obtained as a direct summand of
ind¥(Apr) for the Levi complement L of some parabolic subgroup P of G

https://doi.org/10.1017/50027763000008539 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008539

CHARACTER SHEAVES AND GENERALIZED SPRINGER CORRESPONDENCE 53

and a cuspidal character sheaf Ay on L. The pair (L, Ar) is unique up to
conjugacy, and we will set

(3.3) I(A):={(gLg ", AY) | g€ G}.

Assume that the set L of the cuspidal character sheaves on L is non-
emtpy. Then by [13, Theorem 9.2 (a)], the group W& = Ng(L)/L is a finite
Coxeter group. For s € T*, we we set ﬁg := L, N LY Now let s € T* such
that ﬁg is not empty, and let Ay, € ﬁg It implies that s is isolated in L*,
that is, Cr«(s) has the same semisimple rank as L* (see [14, (17.12)]).

Shoji proves in [22, (5.16.1) and II, proof of (4.21)] (see also [12, (8.5)])
that the stabilizer of the cuspidal character sheaf Ay in WLG is the image
of the canonical map

(34) (Ng+(L") N Ca+(s))/ Crr(s) — Ng-(L) /L7,

where L* C G* denotes the standard Levi subgroup dual to L and Cg=(s)
(resp. Cr=(s)) denotes the centralizer of s in G* (resp. L*). We see that
this stabilizer only depends on G, s and L, and we shall therefore denote it
by W/‘E;,s = Wr.s. Note that we have Wr 4 = Wi.

Let f)?mip be the subset of all A;, € L0 such that Ay has non-zero

restriction to Lynip. Assume that s isolated in G* and that the set ﬁgﬂﬁo

unip
is non-empty.

Type of G| Type of WLG Type of WE s

B, Bn72t(t+l) B, x By, wherea+b=n— Qt(t + 1)

Co x Cy where a+b=mn—2t(4t £ 1),

Cn Cn72t(4til) if¢t>1
D, x C, where a+b=n, ift=0

B, _g2 B, x By where a+b=n — 8t
D, ift>1 ift>1

D, ift=0 D, x Dy where a +b=n, ift=0
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Let Ap € i?},nip‘ We set K := ind¥(Ar). Now let H(G, AL) :=
Endpg(K) be the endomorphism algebra of K in MG. It is known by
[15, (2.4) (a), (2.5) (b)] (see also [13, (3.4)]), that H(G, Ar) is isomorphic
to the group algebra Q, [WLG ). Hence we have a decomposition

(3.5) indf(Ap)= Y E @A}, where A3, € G,
E'elr(WE )

Let éunip be the set of isomorphism classes of characters sheaves A € G
such that the restriction of A to Gyip is non-zero. We then get a bijective
map from the set 7 (G):

L Levi subgroup of some parabolic subgroup of G

FOATO
s € T such that Ly N Ly, is non empty

t:=[L,s,Fg :
E’ isomorphism class of irreducible representations

G

of W',

to Gunip, by sending (L, s, E') to A%, € Gunip. Then [L, s]¢ will be called
the inertial support of A. The character sheaves which have non-zero re-
striction to the unipotent variety of G and have a given inertial support are
in bijection with the irreducible characters of the group WLG s Let L,q be
the adjoint group of L and let pr: L — L,4 be the canonical 7map. Let Lyer
be the derived subgroup of L. By [14, (17.10)], we can write any A € L° in
the form A = pr*(A) ® L where A € f)gd and L is a tame local system on L
which is the inverse image of a local system on L/L 4. under the canonical
map L — L/Lge.

We have a corresponding embedding of dual groups L}, € L*. If Ap
lies in the series of Lnq defined by s € 7" N L} and L corresponds to the
central element z of L*, then Ay lies in the series of L defined by s := 3z.
Clearly, we have Cr+(s) = Cr+(5). Note that if L =T then 5 = 1.

Assume that L,q has a cuspidal character sheaf A; such that A; has
non-zero restriction to the unipotent variety of L,q. Then Ay is uniquely
determined. Let 5 € T* N L3, C L* such that A lies in the series defined
by 5. By [13, Theorem 9.2 (b)], we have ng = W&, We consider the
decomposition

(3.6) indf (pr*(AL)) = Y E®A%, where AY € Gs.
Eelrr(WE)
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Let Ay € L be any cuspidal character sheaf. If the restriction of Ay, to
L yyip is zero then the restrictions of all components of indg(AL) to Gunip
will also be zero (see [15, (2.9)]). Assume now that the restriction of Ay,
to Lynip is non-zero. We can write A, = pr*(AL) ® L where Ay lies in
the series of L,q defined by § € T * NL*qer and L is pulled back from a
local system on L/Lge. Let Ap, Ap lie in the series defined by s,5 € T*,
respectively.

It is clear that Ay and pr*(Ay) have the same restriction to Lyip, [15,
(2.6) (c)]. Moreover, the restriction of the decomposition to G unip, is related
to the restriction of that in (a) by the following formula, see [15, (2.6) (e)]:

(3.7) =@ m(E E') AL on Gunip,
E

where E' € Irr(Wﬁ ), B € Tir(WE) and m(FE, E') denotes the multiplicity

we&
W (B).

of F in the induced representation Ind

PROPOSITION 3.5. Let E’ be an irreducible representation of Wr s =
Wy, and let ¢ be the two-sided cell in Wy to which E’ belongs. If C is a
unipotent class in G such that A%, |C # 0, then dimC < dimCj ¢, with
equality only for C' = Csc.

Proof. Assume first that s = 1. Then Wy, = W. We can choose a
Frobenius map F': G — G as in (3.2) so that the characteristic function
of AL, coincides (for a suitable normalization) with the almost character
Ri(E") of GF, see, for instance, [7, Cor. 2.3.2]. We have seen that, via
the Springer correspondence, the representation E’ corresponds to a pair
(C',&"), where C' is a unipotent class in G and £’ is a certain G-invariant
irreducible local system on C’, and that the restriction of the almost char-

acter Rq(E') to anip has non-zero values only in c’ (see (3.2)). The
unique special character belonging to ¢ corresponds to the pair (Csc, Q)
via the Springer correspondence, and we have seen that asc = d(Csc). By
[17, Cor. 10.9], we have dim C' < dim Cj ¢, with equality only for C’ = Cj c.
Note that this statement is true whenever p is good for G, since the Springer
correspondence as well the dimensions of varieties of Borel subgroups are
independent of the characteristic as long as the characteristic is good (see
the tables in [3], for instance). Now, if C' is a unipotent class such that

ASE’|{u} # 0 for some u € C, then we may assume, as in (3.2), that F/(u) = u
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and that Ry (F’)(u) # 0, and the above remarks on the values of Green func-
tions imply that the class C' lies in the Zariski closure of C’. Hence we have
dim C' < dim ¢’ < dim C; ¢, with equality only for C = C’ = Cj.

When s is not equal to 1, the result follows from [17, Cor. 10.9], the
formula (3.1), and the case s = 1. U

We are now able to prove Theorem 1.1 for groups of exceptional type.

PROPOSITION 3.6. Assume that G is of exceptional type. Then Theo-
rem 1.1 holds for G when p is good.

Proof. By using Lemma 3.3, we can assume that G is simple modulo
its center, which can be assumed to be connected. Then let A € G, and let
(L,Ar) € I(A). Since G is of exceptional type, the only possibilities for L
are either L = T or L = G, see [14, §18]. When L = T, the result follows
from Proposition 3.5. When L = G, we have A = IC(C - Zg, XK L)[dim(C -
Zc)], where (C,€) is a cuspidal pair, and £ is a tame local system on L.
If G is of type Eg, E7, there are no cuspidal pairs for L = G which are
supported on a unipotent class, see [2, Appendix].

Hence we can assume that G is of type Go, Fy, Fg. Let C’ be a unipotent
class in G such that Ajcs # 0. It implies that C” is contained in the Zariski
closure of C'. The unique special representation £ of W belonging to c
corresponds to the pair (Cse, Q) via the Springer correspondence. By
[14, (20.6) and §21], we know that E belongs to the unique family F of
representations of W with 4, 7, 17 elements, for G of type Ga, Fy, Ej,
respectively. But, by [12, (13.1.3)], the order of Ag(u) for u € Cs ¢ equals
the order of the finite group G associated to the family F. Hence the order
of Ag(u) is 6, 24, 120, for G of type G, Fy, Es, respectively. But, for G
of type Go, Fy, Eg, there is exactly one cuspidal pair for L = G supported
on a unipotent class, say C, and the class C' is uniquely determined by the
condition that the group Ag(u), for u € C, has order 6, 24, 120, respectively.
Hence C' = Csc. The assertion (a) of Theorem 1.1 follows. Then the
assertion (b) follows from Proposition 3.1. 0

Remark 3.7. The case of groups of classical type is more difficult, be-
cause it involves the group Wy s, with L # T, and not only the group W.
Because of that we will need to use the generalized Springer Correspondence
instead of the ordinary one. In particular, we will prove a generalization of
[17, Cor. 10.9] in that case.
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84. The classical groups case

In this section, we will prove Theorem 1.1 for classical groups under
the assumption that p is odd.

4.1. The strategy of the proof

First note that, by Proposition 3.1, it is sufficient to prove the asser-
tion (a) of Theorem 1.1. Note also that if L = T, it follows from Proposi-
tion 3.5. Hence we can, if necessary, assume that L # T (we will assume
this when G is of type C' or D). By Lemma 3.3, we can and do assume that
the center of G is connected and that G is simple modulo its center.

We will first show that the proof can be reduced to the case where
s € G* is isolated semisimple: by using a similar argument as in the end
of the proof of Proposition 3.5, the formula 3.7 shows that in order to
investigate the restriction of A%, to the unipotent variety G nip, it is enough
to consider the case where the cuspidal character sheaf A; has support on
Gunip- But in the case of classical groups, Ay, satisfies this condition only
when A, € L, with s of order 2 (see [14, (17.12) and §23] or [18]), in which
case s is isolated. From now on we will assume that s is isolated. Our proof
will be based on the generalized Springer correspondence.

4.1.1. The generalized Springer correspondence

Let ®B(G) denote the set of G-conjugacy classes of triples (L,ur,pr)
where L is the Levi subgroup of some parabolic subgroup of G, uy is
a unipotent element in L and pr, is an irreducible representation of the
group Ar(ur) such that the pair (ur, pr) is cuspidal in L. We denote by
[L,ur, pr]c the G-conjugacy class of (L,ur,pr). We set W& := Ng(L)/L
(it is a Coxeter group, see [13, Th. 9.2]), and we denote by Irr (WLG) the
set of all the isomorphism classes of irreducible representations of the group
WE . Let

(4.1) v I_I Irr (WI?) — Ng
bEB(G)
b=[Luy,orlg

be the generalized Springer correspondence [13, §6].

Let n = (C,€) € Ng. We choose the natural mixed structure on &,
that is, the one (see [15, §3.2-3.4]) which has the property that F*£-=E
induces on the stalk over a split element u of C the identity map times

q%(dim G=dn), (This property characterizes the mixed structure on £.) This
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mixed structure on A, extending the natural mixed structure on £y, is com-
patible with the isomorphism H(G, Ar) ~ QW s]. The induced complex
ind¥(Ar) inherits a natural mixed structure, and we will denote by x A3,
the corresponding characteristic function of A%, .

On the other hand, we associate with any (C, £) € N¢ the class function
Yie: GF — Qy defined as follows:

—F
(4.2) Yice)(9) = Xic@e(9), 9€C

extended by zero on G — c" (where the mixed structure on IC(C, €) is
that extending the natural one on &).

We assume that G is a split classical group of adjoint type and that p
is odd. Let s € T* and E' € Irr(Wp ). If L* D T* is a dual pair to L D T,
we will set

(4.3) WE = Wi = Noge (o (CL-(5))/ CL- (5)-

Let C be an F-stable unipotent class in G and let u € C¥ be a split element.
If s is isolated in G* and Cr-(s) is cuspidal, then (see [2, Th. 3.2]) we have
the following formula

ran im G—d(v©
(4.4) Xas, (w) = Y m(E,E) (=1l gt E)y 6 (u),
Echr(WE)

where m(E,E’) denotes the multiplicity of F in the representation
Indxgs(E’).
4.1.2. Scheme of the proof of assertion (a) of Theorem 1.1
Following Lusztig (see [13]), we will consider a set ¥“ and a map
PO Y — Ng
which is essentially a bijection such that

e UG is the disjoint union of subsets \Ilg where L D T are cuspidal Levi
subgroups of G,

e there exists a set \Ifg, an injective map ! : ‘I’? — Np, and two
bijections

AY: 0l 9¢ and 6% (WS — wH|

for H a reductive group with Weyl group W# = WE , satisfying, for
every E € Trr(W5),
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(4.5) vi (B) = (4" 0 ©F)(E),
where v : Tir(WH) — ANy is the (ordinary) Springer correspon-
dence, and

(46) VO (E) = (4 0 A 0 OF)(E).

For (C,€) € Ng, we will set II(C,€) := C. Let E' € Irr(WﬁS) and let ¢
be the two-sided cell of W such that A3, belongs to G s,c- Assuming that the
element s is isolated in G*, we will prove that there exists Eyax € Irr(WLG )

G
occurring with multiplicity one in the induced representation Ind&% (E")
L,s
such that the following hold
Wi
wg

S

(i) for any E € Irr(WE) occurring in Ind, % (E'):

dimI(v%(E)) < dim I (v% (Emay)), with equality only for E= Eyay.

We set Cy = H(VG(EmaX)), for A = Aj,. Then it follows from 4.4,
using (i), that

(%) the restriction of A to C'4 does not vanish, and that dim C' < dim C4,
for any unipotent class C' # C'4 in G such that the restriction of A to
C does not vanish.

We will now prove that Cy = Cj ¢, for some A € C;'S’C. We first assume
that p is large enough so that Lusztig’s result [17, Th. 10.7] is applicable.
Let s € T* and let ¢ be a two-sided cell in W,. By [17, Th. 10.7 (ii)], we
see that Proposition 3.1 is applicable. It follows that there exists A € (?576
such that A|c, . # 0. Assume that s is isolated in order to be able to apply
(i). Then using (x) we get dimCs ¢ < dimCy. Conversely, since we have
seen that A does not vanish on C4, by applying [17, Th. 10.7] again, we
obtain dimC4 < dimCsc. Hence dim Cy = dim Csc. Then by using (x),
we get U5 c = Uy, when p is sufficiently large.

Now we assume only that p is good for G. Let ¢’ be a power of a
large prime and let G’ be a group defined over Fy of the same type as
G, with the same Weyl group W. We can choose ¢’ in such a way that
there exists a semisimple element s’ in the dual group of G’ such that
WS(,;/ C W can be identified with Ws. We can assume that ¢’ was chosen
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large enough such that the results in [17] are applicable. Since p is good
for G, it follows from [24, Th. III 5.2], from the explicit results obtained by
Springer, Hotta-Springer, Shoji and Alvis-Lusztig (see [25], [6], [19], [20],
[1]) and from the link between the generalized Springer correspondence for
G and the (ordinary) Springer correspondence for H (see (4.5), (4.6)) that
there exists an isomorphism 7¢g of partially ordered sets from the set of
unipotent classes in G’ to the set of unipotent classes in G such that

ne((vS (E))) = HwC(E)), for every E € Irr(WE).

Hence n¢(I1(v% (Emax))) = (V% (Emax)). Since 16(Cy o) = Cse (be-
cause the class Cj ¢ is defined using the Springer correspondence), and since
(v% (Emax)) = Cy o, we finally obtain Ca = Cc.

The strategy of proving (i) is as follows. We will consider a bijection
¢ from Irr(WE) to a certain partially ordered set ®1f (with partial order
denoted by <), and show that

of

(#%) there exists Epa € Irr(W§) occurring with mutiplicity one in
we&
IndWiG,S(E/ ) such that

G G . . WLG
Y7 (F) < X7 (Fmax), forevery E occurring in IndWLG

H
q>T

(E').

The statement (%) will follow easily from Corollary 4.3 and Proposition 4.1
(the latter studying the case of groups of type A).
On the other hand, we will set

(4.7) of = 6F o (2F) 7"

o is a bijection from ®X to WH. In (4.3.1), we will consider a naive

order on W (resp. %), denoted by \I,SH (resp ‘I,SG) such that, for any Ap,
A7 in ®¥ we have ATq)gH]\T if and onlyTif JE(A;);_HJI?(AT) (resp. (A¥ o
Uf)(AT)\IJSG(Agoaf)(]\Tg. Finally, we will prove in P?oposition 4.4 that if 0,
fcul saéisfy 6 \IJSG 6, then dim C(6) < dim C(f), where C(0) := II(¢/%(h)),
C(6) == H(wG(é))Land that the function ¥¢ > 6 + dimTI(x“(6)) attains
it maximum at a unique element of \I'f Then by applying (x*) we will get

().
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4.1.3. Type of the Levi subgroup

First, we note that by the explicit classification of cuspidal character
sheaves recalled in (3.4) the cuspidal Levi subgroups L must be of type
isomorphic to

(Bn) : SO(2t+1)2 X GL1 X oo X GLl,
(Cr) : PSpigreaa x GLy x -+ x GLy,
(D) : PSOqg2 x GLy x - -+ x GLy,

for some integer t > 0. We denote by n the number of factors GL; in each
type of Levi above, that is:

(Bn) : n=n-—2t>—2t
(Cp) : A=mn—(8t2+2t),
(Dy) : 7=mn-—8t.

4.1.4. Description of the ramification subgroup of L

We denote by W, the group of all permutations of the set {1,2,...,n,
n*,...,2*, 1"} which commute with the involution ¢ — *, i* — i, (1 <
i <n). Weset Wy = {1}. Foreach j,1 < j<n-—1,1lets; € W, be
the permutation which interchanges j with j + 1 and also j* with j* + 1
and leaves the other elements unchanged. Let o, € W,, (1 < a < n) be
the permutation which interchanges a with a¢* and leaves the other elements
unchanged. Let S = {s1,52,...,8n-1,0,}. Then (W, S) is a Coxeter group
of type B, = C,.

Let ¢ = ¢, Wy, — {—1,1} be the homorphism defined by the condi-
tion ¢, (s;) =1 (1 <j<n-—1), pp(on) = —1. Let W, be the kernel of ¢.
It is a Coxeter group of type D,,.

Then we can identify the group WLG with the group W; if G is of type
By or Cp,orift > 1 and G is of type D,, as follows. Consider a basis e, ...,
Y, ..., €] of V such that (e;,ef) =1, (ef,e;) =1 (resp. (ef,e;) = —1) if
(', ) is orthogonal (resp. symplectic) and all other scalar products equal to
zero. We assume that L is the set of g € G which map each of the vectors

€n, €

€1, ..., €n, €5, ..., €] into a scalar multiple of itself. Then each element of
Ng(L)/L defines a permutation of the set of lines (e1), ..., (es), (%), ...,

(e7) and this gives the wanted isomorphism. If G is of type D,, and t = 0
then W& = W, = W},
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4.1.5. Dual side
The group L* is of type
(Bn) @ Spgzygs X GLy x -+ x GLy,
(Cn) © Spinggeageyq x GLy x -+ x GLy,
(D) Spingge x GLy x -+ x GLj.

Since the cuspidal character sheaf A of L is supported by the closure
of a unipotent class, the group Cr=(s) is of type

(Bn) : Spazqos X SPggzqgp X GLy x -+ x GLy,
(Cn) © Spingge X Spingg s, X GLy x -+ x GLy,
(Dy) : Spinge x Sping x GLy x - -+ x GLj.
4.1.6. The ramification subgroup of the cuspidal pair
We can identify in a standard way the group WLG s With
o Wi x Win if G is of type B, or if t > 1 and G is of type C,, or D,,
o Wi, x Wpnif G is of type C,, and t = 0,
o W., x WL, if G is of type D,, and t =0

where 1/ + 7" = n; the isomorphism is canonical up to conjugation with
inner automorphism of Wi x Wi (resp. WL, x Win, WL, x WL, ). Hence an
irreducible representation of WLG . may be identified with the corresponding
representation of Wg x Wan (re7sp. W2, x Wean, WL, x WL,).

4.1.7. The associated combinatorial data
For L and n are as in (4.1.3), we set

o d:=1+4t, W¢ := Uy, 4, H := PSpyy, VA := Wy; 1, when G = PSp,,,;

o d:=2t+1,0¢ =W, . H:= SO, VI := W, |, when
G = SO2p41;

o d:=4t, OF = W, . H :=SOg1, VF := Wh\,,, when G =
SOy, and t > 1;

o UG = 0N =V H:=G, when G =S50y, and t = 0.
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4.2. On induced representations of Weyl groups of classical
type

4.2.1.

Let &5 be the permutation group of the set {1,2,...,n}. We write
a 4 71 to mean that « is a partition of the integer . Each E € Irr(&5)
is parametrized by a partition of 7; we shall denote by E, the irreducible
representation of &; corresponding to the partition a.

Let 7/, n” be two non-negative integers such that n’ + 7" = n. We
construct from representations E s of &5 and E,» of &5~ the representation

(4.8) I(o/,a") = Indg, g, (Bar @ Ear)

of &5 induced from the tensor product representation F, ® E,» of the
subgroup G/ X G of &5. Let

(4.9) I(d/,a") = > m(d",a\o') Eq

a-n

be the irreducible decomposition.

Let < be the natural partial order on partitions defined as follows. Let
a=0<a <o < <ap)and f=(0<Fy < B <--- < fBn) be two
partitions of 7. Then

(4.10) b<a if
Bm < oom
ﬁm—l + ﬁm S Q-1 + Qpy
Bm—2 + Bm—-1+ Bm < Cp—2 + 1 + oty
Br+PBe+ -+ Bmn1+Bn<artart+amo1 + Q.

For any partition « of 7, and any integer ¢ > 1, we will denote by ¢;(«)
the numbers of integers j such that o; = i. Let 7/, 2 two integers such
that 7/ +7n” = 7, and let o/, o be partitions of 7/, n” respectively. We will
denote by o/ U’ the unique partition of 7 such that

ci(dUa”) = ¢i(a) + ¢ (),
for any integer ¢ > 1, and by o/ + o the partition of 7 defined by

(4.11) od+ad = 0<ay+a)<aj+af <...<al,+al),
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PROPOSITION 4.1. Let 7/, n” be such that n' +7" = n. Let o, o, o
be partitions of n, ', n” respectively. Then the following hold.

(a) Both the representations Eyqr and Eqyqn occur with multiplicity
one in I(a/,a").

(b) If E, occurs in I(a/,a), then o/ Ud” < a <o +d".

Proof. For the facts that E,/ o occurs with multiplicity one in
I(d/,a”), and that o U " < a, for any E, occurring in I(o/,a”), see
[26, VIII.2.(5)]. For the remaining assertion, it is enough to notice that
(@’ Ua”)V =o'V 4+, that I(d/,a") @sign = I(a/V,a”V), and that o < 3
if and only if oY > 8V, where  denotes the dual partition. 0

4.2.2.
First let us introduce the following notation. Let « be a partition of a
and let 8 be a partition of b, where a + b = n. Then we shall set

(4.12) Eap = Indy’, . (Ea ® 9Ep),

where W, x Wy, is regarded as a subgroup of Wi in a natural way. We denote
by E;ﬁ the restriction of E, 3 to W! when that restriction is irreducible
(that is when the sets {co;} and {3;} do not coincide); if the restriction is
not irreducible we shall write Reswz (Eop) = E! 8T Eg 5

o

PROPOSITION 4.2. Letn/, n” be two integers such that n'+n" = n. Let
(@', V), (a"”,0") be two pairs of integers such that o’ +b' =7/, o +b" =n".
Let o/, ", 3, 8" be partitions of a’, a”, V', V" respectively. Then
Ind%:/ XWan (EO‘/nB/ ® Ea//#g//)
= Z m(a”,a\a’) m(B8",8\3') Eap.
(a,8)

a-a’+a’’, 36!+’

Proof. It follows from [27, §7] that Ind%;xwﬁ” (Ew.p @ Eqrgpr))

equals
Wﬁ 6 l+ " 6b/+b//
Indy?, s (IndGZ/xaGa//(Ea' ® Eor) @ ¢ Indg) S, ,(Eg © Eﬁ”))
= Y mla”,a\a) m(g",5\F) Indy” | (Ea®¢Ep).
e
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COROLLARY 4.3. We keep the notations of Proposition 4.2. Then the
following hold.

(a) Both the representations Eouar grogr and Egyqn grygr occur with
multiplicity one in the induced representation

1 (O/v ﬁ/; Oé”, ﬁ”) = Ind%:/ xWzn (Ealﬁl ® EO‘”?IBN)'

(b) Let o, B be partitions of a, b respectively. If E,pg occurs in
I(d,0:d",8"), then we have &' Ud” < a <o 4+’ and fUF" <

B<p +p"

4.3. u-Symbols

We will now recall some combinatorial objects which have been in-
troduced by Lusztig in [13] in order to parametrize the Ng when G is of
classical type.

For an integer n > 1, let Wo, = UPSP2n be the set of all ordered pairs

A
<B>’ called u—symbols, where A is a finite subset of {0,1,2,...}, B a finite
subset of {1,2,3...} subject to the condition that

(1) A, B contain no consecutive integers;

(2)

Sa+Yb=n+ (Al + [BD(A[+[Bl = 1)

acA beB 2
(3) |A| + |B| is odd;

the pairs are taken modulo the equivalence relation generated by the shift

operation @) ~ (g) if A={0}U(A+2), B={1}U(B+2).

Next, for any integer N > 3, let W'y, = WSON be the set of (unordered)

/
B/
{0,1,2,...} subject to the condition that

pairs , also called u—symbols, where A’ and B’ are finite subsets of

(1") A’, B’ contain no consecutive integers,
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N (|A,|+|B,| —1)2—1
/ /
E a + E b = ) + 2
a’e A’ b'eB’

(which implies that |A’| + |B’| = Nmod?2);

the pairs are taken modulo the equivalence relation generated by the shift
Al AN L, - -
operation (B’> ~ (B’) if A" ={0}U(A"+2), BB={0}U(B"+2). Now

A Al

for each 6 = < > € Uy (resp. 6 = ) € U’y), we define the defect

B
def(0) of 0 by def(f) = |A| — |B| (resp. the absolute value of |A’| — |B’|).
!/

An element B of W'y of zero defect is said to be degenerate if A’ = B'.

We denote by W'y ; the subset of u-symbols of zero defect in Wy, where the
degenerate u-symbols are counted twice. We denote by W 4 (resp. \I/’N &
with d # 0) the subset of u-symbols in ¥ (resp. U') of defect equal to d.

If G = PSpy,,, there exists a bijective map pPSP2n s Wy — N, see
[13, (11.6.1)]. If G = SOy, we have a “map” SOV : ¥/, — N which is
bijective over the set of non-degenerate u-symbols in ¥’y and is such for
each degenerate u—symbol in U’y it has two values, see [13, (11.7.3)].

4.3.1. Orders on u—symbols
Let

9 — a; < az < -+ < Amad é'— &1~<&%<"'<am+d
T by <by<---<bp T by < by <--- < by,

in ¢ two u-symbols with same defect d. We will write § < g if
e
it ait1+ Fampd < Qi + Qg1+ -+ A, for any i€4{0,1,...,m + d},
bj+bjp1+- by <bj+bjp1+ -+ by, for any j € {1,2,...,m}.

4.3.2. Similarities on u—symbols
Let 601, 02 be two elements of Y, | (resp. Wo,, U5, ). We say that 6,

A A
0o are similar if they can be represented in the form ( Bl)’ ( B2) so that
1 2

A1UB; = Ay U By, A1 N B; = Ay N By. We then write 61 ~ 65. This is an
equivalence relation on W5, | (resp. Wo,, W5) called similarity. In each
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similarity class of W5, ;| (vesp. Wy,, ¥, ) there is unique element which

A
can be represented by ( B) with

A:{a1<a2<---<ah}, B:{bl<b2<"'<bl}

such that the following holds:

A
h—l+1,a1§bl§a2§b2§'“SathhSGhH,if(B) SRV
(A
h=1+1a1<by <ax<by <---<ap <by <apyq, if B € Wop;

A
h—laalSbl§a2§b2§"‘gah§bhaif<3>E\IJIQn'

Such an element is said to be distinguished.

4.3.3. Main result on u-symbols
Following [15, (4.4)], we define a function

b: Uy, 1 — N (resp. b: Uy, — N, b: ¥, — N),
as follows.

(Bn) Let 6 = <g

row in increasing order: xg < x1 < 29 < -+ < X9y, Let .TU8 < :):(1] <

2y < - < aJ bethesequence 0 <0<2<2<---<2(m—1)<
2(m — 1) < 2m. Then by definition

b(0) = Y inf(z,a;) —

0<i<j<2m 0<i<j<2m

> € W, ;. Write the entries of A and B in a single

inf (Y, x?)

(]

A
(Cp) Let 0 = (B) € WUy,. Write the entries of A and B in a single row

in increasing order: xg < 7 < a9 < -+ < x9y,. Let x8 < :1:(1] < xg <
ngm be the sequence 0 <1 <2<3<---<2m—1<2m. Then
by definition

b(0) = Z inf(x;,2;) — Z inf(z?,x?).

0<i<j<2m 0<i<j<2m
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A
(Dy,) Let 6 = (B) € W),. Write the entries of A and B in a single row in

increasing order: 1 < xo < --- < x9p,. Let :1:(1) < acg <... < xgm be
the sequence 0 < 0<2<2<..-<2(m—1) <2(m—1). Then by
definition
b(0) = Z inf(z;, ;) — Z inf(m?,x?).
1<i<j<2m 1<i<j<2m

First note that b(6) is indeed well-defined. Furthermore, b is constant on
similarity classes, and we have

(4.13) M@zd@@ﬂz%@mG—&mﬂ@—ﬁG%

where (C'(0),£(0)) denotes the element of Ng corresponding to 6 via the
map C.
It follows from (4.13), that b(f) > b(#) if and only if dimC(f) <

dim C(#). Let € be equal to 0 in case B,, and C), and equal to 1 in case

D,,. Hence we have dim C(#) < dim C'(0) if and only if

e<i1<i<2m e<i<j<2m

where z. < z.41 < -+ < 29y and T, < Ty < T < -0 < Tgpy, are the
entries of § and 6 respectively.

THEOREM 4.4. Let 0, 6 in WO with same defect. If 8 < 6, then
e

dim C(0) < dim C(6).

Proof. We can assume that 6 and 9 belong to ‘1!¥ . Then we set

g A _ (e <aep1 <o <ap
' B by <by <o < by )

We get
Z inf(x;,2;) = Z(m —1i)a; + Z(m —7)bj + Z inf(a,b),
e<i<j<2m i=e j=1 acA

beB

https://doi.org/10.1017/50027763000008539 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008539

CHARACTER SHEAVES AND GENERALIZED SPRINGER CORRESPONDENCE 69

that is,
m m
2mn_z(ai+ai+1+"'+am)_Z(bj+bj+1+“'+bm)+Zinf(a,b).
=1 j=1 wecA

beB

We set o := (a1 < az < -+ < ap) and f3 ::~(b1 <by<-o- < bm), and
similarly & := (a1 < @2 < -+ < ay,) and B := (b < by < -+ < byy,), for

G (0 <A1 < o <am
by <by<---< by ’

Ifo < é, then by definition oo < & and § < B Hence we clearly have

e
m m
> i+ a1+ am) = =Y (@ dir o+ ),
=1 =1

and similarly for the b, b.
Moreover, setting

G(a, f) == Z inf(a,b),

acA
beB

we check that G(«, 5) > G(@&, 3). For this, it is enough to show that

(*) If @ < @&, then we have G(a, ) > G(&, ), and similarly if § < f,

then G(a, 5) > G(a, 3).
The verification of (*) is reduced to the special case where & is
(ae<@eq1 < - <ap_1<ap —1<app1 < - <aq_1<a+ 1<ai11< - <apm).

But in this case (*) is easily verified using the definition of G(a, 3).
Thus, if & < & and 8 < 3, we have obtained that b(#) > b(f), that is,

dim C(0) < dim C(f). 0
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4.4. End of the proof of Theorem 1.1

For L and 7 as in (4.1.3), and H as in 4.1.7, we take for ®Z the set
®;,1 of symbols of rank 7 and defect 1 (see [8]). Let X¢: Irr(W;) — ®H
be the natural bijection defined in [8, Lemma 2.7]. We associate with any

Ap = <A0<)\1<...<)\m) E(I)QH
1 < prg < < iy

symbol

two partitions o7, BT of the following form

M =(0<a<ar<---<ap), AT=0<B << < B

such that > i% a;+> 10, 85 = 71, by setting a; == \;—i and §; == p;—j+1.
We will write ApAp, for Az, Ar € ® | if both a7 < AT, and gAT < gAT;
hence,

<A << A 5\0<5\1<“'<5\m ~
Ar = < (- ~ _ = Ar
pr < pg << m ol pr < pig <o <y

if and only if

{Aﬁmw---ﬂmsxi+ii+l+-~+im, for any i€ {0,1,...,m},
g 1+ e < i fijp1 o fl, forany je{1,2,...,m}.

By using Corollary 4.3, we see that there exists Epay € Irr(W) occurring

G
with mutiplicity one in IndeG (E') such that
L,s

G
(4.14) S (F) < 2¢(Emax), for every E occurring in IndeG
L

H
q>T

(E').

Now we set
o 0F :=0;if d > 1 (resp. OF :='0; if d < —1), when G = PSp,,,,
e 0F := 0L, when G = SOg,,41,
e 0F := 0L, when G = SOy, and t > 1,

where

1-1 1-1 1-1
On: Irr(Wis) — W41, t9;: Irr(W5) — Was 1, 9%: Ier(W5) — \IJ’%JFM
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are the bijections defined in [23, §5.7]. It follows from the explicit descrip-
tions of @f and Ef that, for any Ap, Ar in <1>¥,

Ar<Ap ifand only if o%(Ar) <o% (A7),
oF vy

where Uf is the map defined in 4.7.
Let Ag: \IJQH — \Ilg be the map defined by Lusztig in [13, §12.2 and
§13.2]. We observe also that

0 < 6 ifandonlyif AF©O) < AF(H),

H G
vh v

for any 6 and 6 in \Il¥ . Then the assertion (a) of Theorem 1.1 follows
from (4.14) and Theorem 4.4, as explained in Section 4.1.2. [
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