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1. It i s we l l known that s e t s of cons tan t width s h a r e 
s e v e r a l p r o p e r t i e s with s p h e r e s . In t h i s note we c o n s i d e r 
a s imp le p r o p e r t y of the c i r c l e and we show that it i s s h a r e d 
by e v e r y p lane se t of cons t an t width . As an app l ica t ion we 
d e r i v e a s t r o n g e r f o r m of the following t h e o r e m of D. Gale , [ l ] : 
e v e r y plane set of d i a m e t e r 1 i s a union of t h r e e s e t s of d i a m e t e r s 

not exceed ing \ f 3 / 2 , and th is cons t an t i s b e s t p o s s i b l e . We 
sha l l m a k e f ree use of the m o r e e l e m e n t a r y p r o p e r t i e s of 
convex s e t s and of s e t s of cons tan t width ; for t h e s e p r o p e r t i e s 
and for the t e r m i n o l o g y see the s t a n d a r d r e f e r e n c e [2] , or [3] . 

2. The c l a s s of a l l plane c lo sed convex s e t s of cons t an t 
width wil l be denoted by ?(. G r e e k l e t t e r s wi l l denote s c a l a r s 
and s m a l l La t in l e t t e r s o, u , v , . . . wi l l denote poin ts in the p lane . 
If K is a se t then S(K) and c^(K) a r e i t s boundary and i t s 
d i a m e t e r , r e s p e c t i v e l y . The c lo sed c i r c u l a r d i s k of r a d i u s p 
about the c e n t r e u wi l l be denoted by D (u) and i t s boundary 

P 
by C (u). If x and y a r e two points then xy is the s t r a i g h t 

s e g m e n t f r o m x to y and |xy | is i t s length . Let C be a 
c l o s e d convex c u r v e , and let x and y be two points on C 
dividing C into two a r c s of unequal length ; then C(x7y) wil l 
denote the s h o r t e r a r c . 

3 . Let D = £>i /2 (°h let x, y, zt*9[D)s and suppose 
tha t | xy j = jxz j = a. Le t C = C (x); then c l e a r l y C(yTz) C D. 

We show tha t t h i s p r o p e r t y i s s h a r e d by e v e r y se t K * /V. 
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T H E O R E M 1. Le t R e / f , B = ^ ( K ) , and x , y , z , € B . 
Suppose tha t | xy | = j xz | = a and let C = C (x) ; then C(y7~z) C K. 

Without l o s s of g e n e r a l i t y we m a y a s s u m e tha t a < 1, a s 
o t h e r w i s e C(y7z) C B . Let u be the point an t ipoda l to x ; if 
t h e r e a r e s e v e r a l such po in t s let u be any one of t h e m . We 
show f i r s t tha t u 6 B , w h e r e B i s tha t one of the two sub» 

1 1 
a r c s of B with the e n d - p o i n t s y and z which does not conta in 
x. Suppose tha t u ^ B and tha t the po in t s x , y , z, u a r e in 

1 
cyc l i c o r d e r on B . Since xu i s a d i a m e t e r of K, it fo l lows 
tha t the angle a t x sub tended by ux and yx i s l e s s than 
TT/2. Let C = C (w) be the c i r c l e con ta in ing x in i t s 

i n t e r i o r and p a s s i n g t h r o u g h y and u; s ince K € K it i s knov i 
tha t E = C (y7ù) C K. We o b s e r v e tha t a s the point t t r a v e l e s 

E f r o m y to u the length | t x | i n c r e a s e s s t ead i ly f r o m a 
to 1. Hence | x z | > a which is a c o n t r a d i c t i o n , 

We have now u £ B . Le t E , and E^ be the a r c s 
1 1 2 

defined in the s a m e way a s E , wi th the e n d - p o i n t s y and u 
and u and z, r e s p e c t i v e l y , Then E C K and E C K, s 

tha t K c o n t a i n s the c l o s e d convex se t U bounded by E , E , 
y 1 2 

xy and xz. It i s now a s i m p l e m a t t e r to ve r i fy tha t 
C{y7z) C U. Hence C(y7z) C K. 

4. Let V be a subse t of the E u c l i d e a n s p a c e E and 
le t <J/(V) = L Define 

n+1 
G (V) = inf {a: V = U V , <#(V ) < a, j = 1, . . . t n + l } . 

j = l j J 

It h a s been c o n j e c t u r e d by K. B o r s u k [4] tha t G (V) < 1 for 
n 

e v e r y V. Since e v e r y se t V, <//"(V) - 1, i s a s u b s e t of a set 
of c o n s t a n t wid th 1, it suff ices to c o n s i d e r the l a t t e r s e t s on! , 
B o r s u k 1 s c o n j e c t u r e h a s b e e n p roved so fa r only for n = 2 an 
n = 3 , [ l ] , [5] . F o r n = 2 Gale [ i ] h a s p r o v e d a s t r o n g e r 
t h e o r e m wh ich m a y be s t a t ed a s fo l lows: le t K e /C", then 

G (K) < N T 3 / 2 ; s ince D (o) canno t be r e p r e s e n t e d a s a 
à — 1/2 
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union of t h r e e s e t s of d i a m e t e r s l e s s than N/~3/2 , the cons t an t 
i s b e s t p o s s i b l e . 

Le t K * M% By a s imple cont inui ty a r g u m e n t it i s e a s y to 
show tha t t h e r e ex i s t e q u i l a t e r a l t r i a n g l e s with a l l v e r t i c e s on 

^?(K). Let X(K) denote the s i d e - l e n g t h of the l a r g e s t one of 
a l l s u c h t r i a n g l e s . Then 

T H E O R E M 2. Let K « ^ , then G (K) < m i n { X(K), 4l - X(K}} 

5. Gale [1] and G r u e n b a u m [5] use in t h e i r p roofs of 
B o r s u k ! s c o n j e c t u r e for n = 2 and n = 3 the me thod of u n i v e r s a l 

s e t s . A set U is ca l l ed u n i v e r s a l in E if e v e r y set in E 
of cons t an t width 1 is a subse t of U. In [ l ] n = 2 and U is 

an e q u i l a t e r a l t r i a n g l e of s i de - l eng th \T3; in [5] n - 3 and U 
i s a r e g u l a r o c t a h e d r o n in which the d i s t ance be tween e v e r y 
p a i r of oppos i te wa l l s is 1. In p rov ing T h e o r e m 2 we shal l a l s o 
use the m e t h o d of u n i v e r s a l s e t s , but i n s t ead of c o n s i d e r i n g a 
s ing le such set for the whole of /^ we sha l l i n t roduce a one-
p a r a m e t e r fami ly of such s e t s . More p r e c i s e l y , e v e r y plane 
se t of cons t an t width one wi l l be a subse t of at l e a s t one set of 
the fami ly . 

Let K e yf, let X(K) = a and let x , x , x be the 

v e r t i c e s of the e q u i l a t e r a l t r i a n g l e T(a) of s i d e - l e n g t h a, 
i n s c r i b e d into K. The set 

3 
C(a) = O D (x.) 

j = l * J 

wil l be ca l l ed a c a l t r o p . It follows f rom the s t a n d a r d p r o p e r t i e s 
of s e t s of cons t an t width that the c l a s s of a l l c a l t r o p s C(a)5 

0 < a < 1, i s u n i v e r s a l for the c l a s s /^ in the p r ev ious ly 
d e s c r i b e d s e n s e . ^ ( C ^ ) ) c o n s i s t s of t h r e e c i r c u l a r a r c s ; 
le t t h e i r m i d - p o i n t s be w , w , w . Let o be the c e n t r e of 

the t r i a n g l e T(a ) ; the s e g m e n t s ow , ow , ow divide the 

c a l t r o p into t h r e e congruen t s e t s Q , Q , Q , By an e l e m e n t a r y 

c a l c u l a t i o n 

4 1 1 
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c^CQ^ = ^ a (Q 2 ) - <^(Q3) = l ^ w j = ^ 3 - a. 

3 
Since K = U ( K ^ Q . ) , we have 

LEMMA 1. Let K € /C\ then G (K) < \T3 - X(K). 

We next p r o v e 

LEMMA 2. If K € /r" and T{b) C K wi th at l e a s t one 
v e r t e x of T(b) in the i n t e r i o r of K, then X(K) > b . 

Th i s i s p r o v e d by a s i m p l e cont inui ty a r g u m e n t . We f i rs 
m o v e T(b) so t ha t , r e m a i n i n g in K, it h a s two v e r t i c e s , say 
x and x , on ^? (K) . Then x i s m o v e d in /J(K) away f r o r 

x , whi le x i t se l f is f ixed; even tua l ly the t h i r d v e r t e x x 
1 1 3 

wi l l c r o s s //{¥,). 

LEMMA 3. Le t K * / f and X ( K ) = a , let T(a) b e a n 
e q u i l a t e r a l t r i a n g l e of s i d e - l e n g t h a i n s c r i b e d into K, and 
let o be i t s c e n t r e . Then m a x | ox j < a. 

x ^ ( K ) 

F o r the r a d i u s r(K) of the i n s c r i b e d c i r c l e C of K w 
have the e s t i m a t e s 

(1) 1 - 3 " 1 / 2 < r(K) < 1/2 . 

Le t the v e r t i c e s of T(a) be x , x , x , and le t y - C / ^ o x 
1 2 3 i i 

i = 1, 2, 3 . Then 

| ox | > m a x |oy . j > r{K) , 
i = l , 2 , 3 * 

and s ince a = \T3 ] ox. j , we get f r o m (1) 

(2) a > NT3 - 1 . 

Le t C = C (w) p a s s t h r o u g h x and x , and le t x be 

4 1 2 
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inside C . Put E = C (xTTxl), so that E C K. A simple 

calculation yields 

mm . | ov | = 1 - [(4 - a ) - 3 a]/2 . 
v € E 

Hence • ' • . 

(3) m i n | ox j > 1 ~ [(4 - a 2 ) 1 / 2 - 3 " 1 / 2 a ] / 2 =f(a) 
X € ^ ( K ) 

say. Since 1 - £(a) is monotone decreasing, it follows from 
(2) and (3) that 

min |ox | > f( \T3 - 1) 
x€ £{¥,) 

and so max |ox | < 1 - f( \f3 - 1) < \T3 - 1 
X € *? (K) 

This together with (2) proves the lemma. 

Let B =/ff[K), X(K) =a, and let x , x . x be, as 
1 2 3 

before, the ver t ices of the triangle T(a) inscribed into K. 

LEMMA 4. Max J x y J = a . 
x, y € B(SÇTx ) 

Let this maximum occur for x =u and y = v. Suppose 
f irst that u ^ x and v i- x . . Then through u and v there 

pass two paral le l supporting lines to B(xJ7x*), orthogonal to 

uv, and containing the a rc B(x , x ) between them. Since 

neither x nor x lie on these supporting l ines, it is clear 

that a suitable t ranslat ion will ca r ry the triangle T(a) into 
the inter ior of K. By Lemma 2 this contradicts the maximality 
of T(a). 

Suppose next that u = x but v ^ x_ . Let C = C (x ) ; 
1 2 a \ 

then by Theorem 1 C(x , x ) C K. Since, by the hypothesis, 

|x v | > a, it follows that by rotating T(a) about x until 
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x l i e s on x v we get an e q u i l a t e r a l t r i a n g l e of s i d e - l e n g t h a, 

wi th a v e r t e x i n s ide K and the o t h e r two v e r t i c e s in K. T h i s 
aga in c o n t r a d i c t s the m a x i m a l i t y a s s u m p t i o n X(K) = a . 

Hence u = x and v = x and the l e m m a fo l lows . 
1 2 

LEMMA 5. G
2 ( K ) < X ( K ) ' 

Le t X(K) = a , le t o be the c e n t r e of T(a) and x , x , 

x i ts v e r t i c e s . The s e g m e n t s ox , ox , ox^ d iv ide K into 
3 & 1 2 3 

t h r e e c l o s e d convex s e t s R , R , R , wi th R be ing d i s jo in t 
1 2 3 i 

f r o m x . Le t a l s o B = S (K) and B J = B ( x ~ x h B^ = B(x77x . ), 
l 1 2 3 2 1 3 

B = B(5T"Tx )• T h e n < ^ ( R ) = m a x { m a x | ox j , m a x | xy j } . 
o i c* J. _, __ 

x € B t x , y s B 
1 1 

T h e r e f o r e by L e m m a s 3 and 4 we have 

0 0 ( 1 ^ ) - o^(R 2 ) = c ^ ( R 3 ) = a 

and the l e m m a i s p r o v e d . 

T h e o r e m 2 i s now an i m m e d i a t e c o n s e q u e n c e of L e m m a s 
1 and 5. 

6. The a u t h o r a c k n o w l e d g e s g ra te fu l ly the he lp of the 
Canad ian M a t h e m a t i c a l C o n g r e s s in the f o r m of a f e l l owsh ip 
at the 1961 S u m m e r R e s e a r c h I n s t i t u t e . 
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