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A BOUNDARY RIGIDITY PROBLEM 
FOR HOLOMORPHIC MAPPINGS 

ON SOME WEAKLY PSEUDOCONVEX DOMAINS 

XIAOJUN HUANG 

ABSTRACT. In this paper, we study the boundary version of the classical Cartan 
theorem. We show that for some weakly pseudoconvex domains, when a holomorphic 
self-mapping has a sufficiently high order of contact (which depends only on the geo
metric properties of the domains) with the identical map at some boundary point, then 
it must coincide with the identity. 

0. Introduction. Let D be a bounded domain in C", and let Hol(D, D) denote the set 
of holomorphic mappings from D to itself. The well-known rigidity theorem of Cartan 
states that if/ G Hol(Z),D) is such that/(z) — z + o(\z — z0|), as z —* z0 for some point 
zo G D, then/(z) = z. 

A new rigidity problem of holomorphic mappings originating from the work of Burns-
Krantz attempts to create a boundary version of the above fundamental result. It can be 
formulated as follows: 

PROBLEM 0.1. Let D be a bounded domain in C", and let/? be a point on dD. Does 
there exist a positive number mp, depending only on the geometric properties of dD at/7, 
so that for any/ G Hol(D,Z)), if 

f(z)=z + o(\z-p\m')9 asz—/>, 

then/(z) = z over Dl 
The following is the first result in this direction obtained in [BK]. 

THEOREM 0.2 (BURNS-KRANTZ, [BK]). Let Dbea bounded strongly pseudoconvex 
domain in C1, and let p G dD. Iff G Ho\(D,D) is such thatf(z) = z + o(\z - p\3) as 
z —> p, thenf(z) = z. 

The proof of Cartan's theorem has no possibility of being extended to the boundary 
situation, for its main ingredients are normal family arguments and classical Cauchy esti
mates that can not apply when zo ^ D. To prove their theorem, Burns-Krantz used some 
sort of 'continuum extremal disks' method, which works pretty well for those domains 
that can be embedded into the domains satisfying the following properties: 
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PROPERTY A. There exist a large number of holomorphic retracts smoothly passing 
through the point/? under study. 

PROPERTY B. The holomorphic retracts in Property A are uniquely determined by 
their tangent directions at/?. 

In [HI], we verified that the 'continuum extremal disks' method may also work for 
some weakly pseudoconvexdomains (for example, egg domains) which satisfy the above 
two properties (also see [BK]). 

This work is a continuation of [BK] and [HI]. Our main purpose is to improve Burns-
Krantz's argument so that it is valid for a class of weakly pseudoconvex domains that 
satisfy either a portion of Property A or the following: 

PROPERTY C. There exists one uniquely determined holomorphic retract passing 
through the point p. 

Here are two typical results in this note: 

THEOREM 0.3. Let D be a bounded domain in C1 defined as 

D={z = (ZuZ>)eC
{ x r 1 : |z i |2+A(z / )< 1}, 

where h is a nonnegative smooth function with value zero if and only ifz' = 0. Denote 
(1,0') byp- Iff € Hol(Z>,£>) is such thatf(z) = z + o(\z - p\3) asz^p, thenf(z) is the 
identity. 

THEOREM 0.4. Let Dbe a bounded smoothly convex domain of finite type in C1, and 
let p E 3D. Then there exists a number m, depending only on the geometric properties 
ofdD near p, such that for every f E Hol(D, D), iff(z) — z + o(\z — p\m) asz—^p, then 
f(z) = z on D (see §3 for the determination of this m). 

Our ideas can be briefly described as follows: For the domains with Property (C), with 
some assumptions about the behavior of/ E Hol(D, D) at/? E 3D, we first show that/ is 
the identity on some holomorphic curve. Then we study the eigenvalues of the Jacobian 
of/ on this curve and apply the Hopf lemma to obtain the conclusion. For the domains 
satisfying a portion of Property A, when/ G Hol(D,D) has a sufficiently high order of 
contact with the identity atp, we prove that/ must be a biholomorphism. We then show 
that it is the identity by the results in [HI] and [BP2]. 

The paper is organized as follows: In Section 1, we study the behaviors of complex 
geodesies on finite type domains. For example, we will prove that all complex geodesies 
on finite type domains can be extended Holder continuously up to the boundary. As a 
result, we will obtain some existence theorems for complex geodesies with prescribed 
data. This section is crucial for our later discussion. In Section 2, we start by recalling 
an elementary result on the unit disc. Then we present a basic theorem by the first afore
mentioned idea and discuss some of its applications, including Theorem 0.3. Section 3 is 
devoted to the proof of Theorem 0.4 along the lines of our second aforementioned idea. 

The author would like to express his deep gratitude to Professor Steven G. Krantz for 
his invaluable instruction and constant encouragement. He would like to thank Susan 
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Philpott for her helpful conversations. Also he is pleased to thank the referee for many 
valuable suggestions and corrections. 

1. Complex geodesies on finite type domains. For the sake of brevity, we first fix 
some notation. 

In all that follows, the symbol A will stand for the unit disc in C1, and the symbol | • | 
will denote the euclidean norm in C1 (n > 1). 

If D\, £>2 are two bounded domains in C1, we use Ho\(D\, D2) to denote the space of 
all holomorphic mappings from D\ to D2. For the sequence {/} G Hol(Di,£>2) and the 
point w £ D2, the expression % —» w' will mean that {fk} converges to the constant map 
w uniformly on compacta. Moreover, when/ G Hol(£>i,D2) with D\ — D2, we denote 
by/* the A:-th iterate of/ defined inductively by/1 =f,...,fk— fofk~l for k — 2,3, 

We recall the concepts of Kobayashi metric and Kobayashi distance on a domain 
DCdC1. 

Let z G A and let X be a holomorphic vector in TZZ). The Kobayashi infinitesimal 
metric K,D(Z9X) is defined as 

M ^ ^ O = inf{|£| : 30 G Hol(A,D) so that </>(0) = z and </0<KO = x}-

For every two points z\,z2 G A the Kobayashi distance between them is given by the 
following integral form: 

KD(zx ,z2) = inf / KD (7(0,7 ;(0) A. 
T(0)=z, 
7( l )=z 2 

For the disk A, it is an elementary fact that 

1 l + M 
( l - | 7 f ) ' " " v - " ' 2 g l - | r | 

/cA(r, a) = XA(0,T) = - log r-r, for every « G C and r G A. 

Let D CC C", and let 5(z) denote the distance of z to 3D. Then <5*(z), defined by — 5(z) 
inside D and <$(z) outside D, is a standard defining function D. A point/? G 3D is said to 
be a smooth point if <5* is smooth at/? and dp£* =̂  0. A smooth boundary point/? is said 
to be a finite type point in the sense of D'Angelo [D] if 

ordo£*(a(r)) 
tP = sup A \ \ < °°-

aeHoi(A,C) ord0
 a(T) 

a(0)=p 
a nontrivial 

D is called a domain of finite type if all boundary points are of finite type. In this case, 
by D'Angelo's semi-continuity theorem, to — suppGa£) tp < 00. 

For the Kobayashi metric on a finite type domain, we have the following important 
result: 
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THEOREM 1.1 ([G], [CA], [DF3], [Co]). Let D be a boundedpseudoconvex domain 
of finite type in C1. Then there exist a positive number e < \ and a constant C depending 
only on D such that for every point z G D and holomorphic vector X G T^^D, it holds 
that 

c\x\ KD(Z,X) > 
Hz)' 

Here, when dim(D) = 2, then e can be chosen as tD
l; while D is strongly pseudoconvex, 

e can be chosen as ^. 

For simplicity, we shall call such an e a K-admissible number ofD. 
We also need the concepts of'big' and 'small' horospheres introduced in Abate [Ab2]. 
Let D CC C1 be a bounded domain, p G 3D, z G D, and let R > 0. The small 

horosphere E? (p, R) and the big horosphere Ff (p, R) of center/?, pole z, and radius R are 
defined as 

E?(p,R) =\aeD: U^(KD(a,w) - KD(z,wj) < ^ log/? 

F?(p,R) = la e D : Lim(tfD(fl, w) - KD(z,w)) < \ log/? 

On A, for every z G A and R > 0, it is known [A3] (see p. 46) that E§(l,R) = 
F%(l,R) = £(1,#) = {r G A : (|1 - r |2)/(l - |r|2) < /?}, which is a euclidean disc of 
radius R/(l+R). 

PROPOSITION 1.2. Let D be a smooth boundeddomain in C1 (n>\), and let p G dD. 
Iff G Hol(Z), D) is such thatf(z) = z + o(|z — /?|), as z —• p along the normal direction, 
then for every z0 e D and R > 0,f(EZo(p,R)) C FZo(p,R)-

PROOF. By Proposition 2.4.15 of [Ab3] (see p. 270) we need only show that there 
exists a sequence {zk} C D converging to p such that {f(zk)} converges to p and 

Um(KD(zo,zk)-KD(z0J(zk))) < 0. 

Let np be the inward normal vector of 3D atp, zk — p + ^ , and let lk:I = [0,1 ] —> D 
be the segment from ẑ  tof(zk). Obviously, when /: » 1, then ẑ  and 7* lie in Z). Denote 
by B(a,r) the euclidean ball of center a and radius r. Then, when & » 1, for every 
X£ ^ D , we have 

^kit\X) < KB{lk{tXh){lk{t\X) < C\X\L 

Here C is a positive constant independent of & and t. Hence, 

KD(z0,zk)-KD(zoJ(zk))<KD(zkJ(zkj) < f KD(lk(t\l'k(t))dt 

< Ck\f{zk) — zk\ = o(l), as k —> oo. 

Since/(zA;) obviously converges to p, this completes the proof. • 
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COROLLARY 1.3. Let Dbea bounded smooth domain in C1, and letp G 3D. Suppose 
that there exist a point z0 GDandR > 0 so that 9 ^ E^o{p,R)andFfo{p,R)n3D = {/?}. 
Assume thatf{z) G Hol(Z), D) is such thatf(z) — z + o(\z — p\), as z —> p, and such that 
{fk} compactly diverges. Thenfk —>/?. 

PROOF. Let g be a limit point of the sequence {/*}. By the hypothesis, we see that 
g is a holomorphic mapping from D to 3D and there is a subsequence {fkJ} of {/*} with 
/*; —> g on compacta. Notice that, for every natural number £,/* satisfies the hypotheses 
in Proposition 1.2. It thus follows that/*(£f (p,/?)) C Ff(p,R) for every z G /) and 
i? > 0. Hence g{E^(p,R)) C Ff0(p,R) D 3D (= {/>}, by the hypothesis). This implies 
g^p.Sof-^p. m 

REMARK 1.4. We observe that, according to a result of Abate [A2] (Theorem 1.7), 
if D is a bounded strongly pseudoconvex domain, then F®(p,R) D 3D — {p} for every 
p G 3D and # > 0. Moreover, it was proved in [H2] (see the proof of Lemma 7 there) 
that for every open neighborhood U ofp G 3D, there exist z0 G D and /? > 0 so that 

COROLLARY 1.5. Z ^ D 6e a bounded smooth domain in C1, zo G A and letp G <3Z). 
7/7 G Hol(D,£>) w swc/z thatf(zo) — z0 andf(z) — z + o(|z — /?|) as z —» /?, thenf(z) = z 
over D. 

PROOF. Consider the sequence {/*}. By the hypothesis, the above remark, and 
Corollary 1.3, it is easy to see that {/*} cannot converge to just a single point on D. 
Thus, by the Heins iteration theorem (see Theorem 0.3 of [A2], for instance)/ must be 
a biholomorphism and hence, in view of Theorem 1 of [Kl] (or Theorem 1 of [HI]) we 
can conclude that/ = id. • 

Before turning to the rest of the propositions of this section, we recall that a holomor
phic map (/>: A —+ D is called a complex geodesic (respectively, a complex infinitesimal 
geodesic) of D if, for every pair T\9T2 G A (respectively, r G A, a G C1 ), we have 
K*(T\ ,r2) = KD(<J)(T\ ), 0(r2)) (respectively, KA(T, a) = KD{<J)(T\ a<f>1'{())). We also recall 
that a complex geodesic <j>: A —» £) is said to be normalized if̂ (< )̂(0)) = maxT(EA £ (</>(/)). 

PROPOSITION 1.6. L^Z) Z?e a bounded pseudoconvex domain of finite type in C", and 
let e be a K-admissible number for D. Then, for every compact subset K CC D, there 
exists a constant C(K) such that for every complex geodesic <j>: A —> D with </>(0) G K, 
we have 

\4>(ri)~<t>(r2)\ <C(K)\T{ - r2\\ for allrur2 G A. 

PROOF. We note that <\> is also a complex infinitesimal geodesic (for example, see the 
discussion of [Ab3], p. 347). Hence, it follows from Theorem 1.1 that for every r G A, 

«A(T, 1) = KD{<f>{t\<t>'(T)) > d(D)- l< / ) / (T) l 

6*(<KT)Y 
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and therefore 

| 0 , ( T ) I < C 2 ( D ) « A ( T , 1 ) « £ ( ^ ( T ) ) , 

< C 2 ( D ) ^ ( ( / > ( T ) ) / ( 1 - | T | 2 ) . 

On the other hand, from Theorem 2.3.51 of [Ab3], we know that for every z\,z2 GD 
it holds that 

KD(zuz2)<C,(z{)~^\ogè(z2l 

where C'{z\) is independent of z2 and is bounded on every compact set. Thus, by the fact 
that <$> preserves the Kobayashi metrics, we see that 

X- log | ^ i = KA(r,0) = KD(<Kr),<K0J) < C(0(O)) - \ l o g ^ r ) ) , 

and hence 

(1.4) 6(<KT)) < C3(l - |r|2). 

Combining (1.3) and (1.4), we now obtain 

i</>'(r)i < c4(i - n 2 r \ 
where C4 shares the same property as does C". So from the classical Hardy-Littlewood 
theorem (p. 324, Theorem 2.6.26 of [Ab3]) the proposition follows. • 

Let us denote by F the set of normalized complex geodesies of D. 

PROPOSITION 1.7. Under the same hypotheses as Proposition 1.6, there exists a con
stant C(D) depending only on D such that for every </> G F, andr\,T2 G A, we have 

|<KTI)-<KT 2 ) | <C(D)|n-<r2| e /2 . 

PROOF. First, by a general fact proved in [CHL] (which holds for all bounded smooth 
domains), there exists a constant C\ depending only on D so that 

s(<Kr)) < c,(i - H2)'/2 

for every </> G F. Hence, as argued above, we have 

l</>'(T)i<c2(i-|T|2r'- f /2 

for some positive constant C2 depending only on D. Once again, by the Hardy-Littlewood 
theorem, our proof is complete. • 

REMARK 1.8. When Dim(D) — 2, as we have seen in Theorem 1.1, e can be taken 
to be \/tD. 
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The following example shows that, in general, we can not expect that all complex 
geodesies on a domain of finite type can be smoothly extended up to the boundary: 

For the natural number k and a G À, let Ek be the egg domain: 

Ek = {(z,w) G C2 : |z|2 + | w | 2 * < l } , 

and let <f)a:E(l, \a\~l) —> Ek defined by 

^(r) = (r,M,/»(l-T)'/*). 

Then <j>a is a complex geodesic. But it only can be extended 1 /^-Holder continuously up 
to the boundary (except in the trivial case that a — 0). 

PROPOSITION 1.9. Let D be a smooth convex domain of finite type in C". Then 
(a) For each pair z G D and p G dD, there is a complex geodesic (pofDso that 

(f)(0) = z and (f)(1) = p. 
(b) For every p G dD and q G dD with p ^ q, there is a complex geodesic <j> 

satisfying that (f)(eldl) — p and (j)(el°2) = qfor some 0\ and 92 G Rl. 

PROOF. The argument is the same as that for strongly linear convex domains [CHL], 
except that we use Proposition 1.6, Proposition 1.7, and Royden-Wong's results [RW] 
instead of the machinery established by Lempert [LI]. For example, to prove (a), we 
pick out a sequence {zk} G D converging to p, and find a complex geodesic </>£ (see 
Theorem 2.6.19 of [A3], p. 321) so that <fo(0) = z,zkG <^((0,1)) for k - 1,2,.... By 
the fact that dD contains only trivial holomorphic curves, it follows from a normal family 
argument that some subsequence of {</>„} converges to a complex geodesic <f> which, in 
view of Proposition 1.6, must satisfy the given conditions: </>(0) = z and </>(l) = p. m 

COROLLARY 1.10. Let Dbea bounded convex domain of finite type, and letp G dD. 
Then for every ZQ G D and R > 0, it holds that F^o(p,R) D {p}. 

PROOF. By Proposition 1.9, we can find a Holder continuous curve 7(0- / = [0,1 ] —> 
D with 7(0) = z0, 7(1) = p such that, for every 0 < JCI < x2 < x3 < 1, 

KD(l(x])9l(x2)) +^D(7 (X 2 ) , 7 (X 3 ) ) =^(7(x , ) ,7 (x 3 ) ) . 

Now, from the definition, it obviously follows that 7(0 G F^(p, R) when t is close enough 
to 1. • 

2. A basic result and it applications. We begin this section by proving the follow
ing lemma, which was partially obtained in [L2], [CHL], and was proved in the form of 
Theorem 0.1 in [BK]. The argument here essentially follows the ideas of Burns-Krantz's. 

LEMMA 2.1. Letf G Hol(A, A) be such thatf(z) = z + o(\z — 1|) as z —-> 1. Then 
either 

(a) f(r) = T, or 
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(b)fk^\andUmT^^>Q. 

PROOF. Assume that / is not the identity. Then we shall show that (b) is the only 
possibility. 

We first claim that/ has no interior fixed point. Otherwise, without loss of generality, 
we may assume that/(0) = 0. Hence, it follows from the Schwartz lemma that \f{r)\ < \r\ 
for r ^ 0. Therefore 

\f(T) + T) |r+/(V)r 

We note that the displayed function is harmonic on À and continuously approaches its 
maximal value 0 at the rate of O(\T — 1|) when r —• 1. So, by the Hopf lemma, we can 
conclude that R e ( 4 ^ ) = 0, Le.,f(r) = r. This is a contradiction. 

Secondly, by the Wolff-Denjoy theorem (see Theorem 1.3.9 of [Ab3], p. 78) and 
Corollary 1.3, we see that/* —-> 1. Moreover, by Proposition 2.1, we see thatf(jE(\,R)) C 

E(l9R) for every R > 0 where, as stated in Section 1, E(l,R) = { T G A : | ^ > * } • 
Hence, 

Let the harmonic function £(r): A —> R{ be defined by 

1 + r l + / ( r ) 
C(r) = Re 1 - r l - / ( 

Then (2.1) yields £(T) < 0 on A. 
Iflim |[ J = 0, Le., iff(r) = T+O(|1 — r|3)asT—> 1, then, from a direct computation, 

it follows that £(T) = 0 + O(\T — 11) as r —> 1. Thus, again by Hopf s lemma, we have 
£(T) = 0, i.e.,f{r) = r over A. That contradicts the assumption that/ is not the identity. 

This completes the proof. • 
We now state and prove our basic theorem. 

THEOREM 2.2. Let D CC C1 be a bounded domain, and let (j)\A—>Dbea proper 
holomorphic mapping which is e-Holder continuous up to the boundary with </>(l) — p G 
3D. Suppose that there exists a defining function p ofD which is smooth over </>(A) with 
dp T̂  0 on (t>(dA) and that there exists a positive number p < 1 so that —{—p o <j>y is 
subharmonic. Then, iff E Hol(Z), D) fixed 0(A), and if 

f(z) = z + o(\z-p\2/^\ asz^p, 

we can conclude thatf{z) = z over D. 

PROOF. Obviously we can assume n > 1. 
Consider the holomorphic function À on A defined by 

A(T) = F~ + ^~ + " * + T~ 1° ^ T ) ' 
\OZ\ OZ2 OZnJ 
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which is the sum of the eigenvalues of the Jacobian off at 0(T). Since/ fixes 0(A), 
then from the classical Carathéodory-Cartan-Kaup-Wu theorem (see [K2], for example) 
it follows that Re(A(r)) < n and that equality holds at some point if and only if/ is the 
identity. 

Let h{r) = —(—p o 0(r)) , defined on A. Since h is subharmonic and attains the 
maximal value 0 on dA, it follows from Hopf's lemma that —h(r) > Q ( l — |T|2), and 
hence that — p o (j>(f) > C2(l — (rp)1/^ for r G A. Recalling that —p& 8 near 0(A) and 

f i - M2 

£(1,1) = r : — J J J > 1 

we now find that 

(2.2) £o0(T) > C3(|l - T I ) 2 / ^ on£(l , 1). 

Let Uj = {zj e C1 : |z>- — 0y(T)l < C3/y/2n • |1 - r f ^ } for/ - 1,...,«, and let P -
U\ x • • • x Un. Then, since the distance from each point in P to 0(r) = (0i ( r ) , . . . , 0W(T)) 

is less than ^C3(|l — rl)2/^, it follows easily that P CC D. Moreover, for every point 
z = (zi,. . . ,z„) G P, it holds that |z - p | < |z - 0(r)| + |0(r) - /> | < Q | l - r|2/^ + 
C5|l -T-|C ^ C5|l 

So, by making use of the Cauchy formula, we have 

OZ/ 

_L_ r / ( 0 i ( r ) , . . . , g , . . . , 0 , ( r ) ) - C 

27r ^ (C - 0y(r))2 

< C 6 s u p ( ^ ( . . . , C , . . . ) - a ) / ( | l - ^ ) 

< o ( | l - r | 2 ^ ) / ( | l - r | 2 ^ ) 

= o(l), as T G £(1 ,1)-* 1. 

Thus we have proved that Re X(f) continuously approaches its maximal value « a s r E 
£(1,1) goes to 1. 

On the other hand, when we restrict r to (0,1), it is easy to see, from the above argu
ment, that <5(</>(T)) > C711 - T\

 l/», and thus that Re X(r) = n + o{\ 1 - r\l/**). So applying 
Hopf's lemma to Re A(r) on E(l, 1) at 1, we conclude that Re A(r) = n. This completes 
the proof. • 

The first application of this theorem is our aforementioned Theorem 0.3. 

PROOF OF THEOREM 0.3. Let/(z) = ( / (z),/(z)) GC1 x ( ? _ l satisfy the hypotheses 
in Theorem 0.3, and let 0: A —• D be defined by 0(r) = (r,0). Obviously,/ o 0 E 
Hol(A, A) a n d / o 0(r) = r + o(|r — 1|3) as r —» 1. From Lemma 2.1, it follows that 
/ ° 00") = r. Moreover, since 

|/i(#r))|2 + /î 
• » ) 

< 1 , 
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we can conclude that Linv^A h (/(<XT)) ) = 0- From the given hypotheses on h, it now 

follows that suprGaA l/Y</>(T)) I = 0. Therefore, by the maximum principle,/(</>(T)) = 0. 
So we have proved that/ fixes 0(A). 

To finish the argument, we now need only apply Theorem 2.2 with e = 1, /i = 1, and 
p=\z\\2+h(z')-\. m 

COROLLARY 2.3. Let 

D= { (z 1 , . . . , z n )GC , : | z 1 | 2 + è ^ - e x p ^ - | ^ l < l ) , 

and letp = (1 ,0 , . . . , 0). Iff G Hol(D,£>) w SWC/J thatf(z) = z + o(|z - /?|3) as z-* p, 
thenf must be the identity. 

COROLLARY 2.4. Le£ P — (/?o,... ,pn) be a set of positive integers with pj > 1 for 
j > I. Let 

DP= lz = (z,w)eCPo x C : |z | 2+]TC a |w a | 2 < i l 

where Ca s are non-negative constants which make Dp a bounded domain, and the sum 
is taken over those multi-indices such that 

y>o Pj 

Denote by q the boundary point (1,0, . . . ,0) of Dp. Iff G Ho\(DP,Dp) is such that 
f(Z) = Z + o(\Z - q\3) asz-^q, thenf(Z) = Z over DP. 

Another application of Theorem 2.2 is the following generalized Burns-Krantz theo
rem: 

THEOREM 2.5 (BURNS-KRANTZ). Let D c e C1 (n > 1) be a bounded domain, 
and let p G 3D be a strongly pseudoconvexpoint. Iff G Ho\(D,D) is such thatf(z) = 
z + o(\z — p\3) asz—^p, thenf(z) = z over D. 

PROOF. Since p is a strongly pseudoconvex point, then by a standard argument (for 
example, see [K2]), we can find local holomorphic coordinates {£/, h(z)} centered at/? so 
that h(UDôD) is a strongly convex hypersurface in C1. Noting that/ is continuous at/?, 
we may choose two strongly convex domains Qi, Q2 satisfying the following properties: 

(a) Qi C Q 2 Ch(UHD), and/i o / o / T ^ O , ) C Q2; 
(b) SQj n h(dD nu) = dQin aQ2; 
(c) 3Q\ H h(dD Pi U) is a piece of strongly convex hypersurface containing/;. 
From a result of Lempert [LI], there is a complex geodesic 0 of Q2 so that </>(Â) C Qi 

and (f)(1) — p. Let ix\ Q2 —> A be a holomorphic left inverse of this </> (for the existence of 
such a mapping, see [L3]). By the above properties of Qi and Q2, we therefore get a well-
defined holomorphic map £(r) G Hol(À, À) defined as £(T) = 7rohofoh~{o(f)(T). Because 
(/>, 7T are smooth up to the boundary ([LI], [L3]) it is easy to check that £(r) = r+o(|l—r|3) 
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as r —> 1. Thus, from Lemma 2.1, it follows that £(r) = r. Thus, by the monotonicity 
property of Kobayashi distance, we see that <j> = h ofoh~l o</> is also a complex geodesic 
of Q2 satisfying 0(1) = 0(1), 0'(1) = 0(1), and 0"(1) = 0"(1). So by the uniqueness 
property of complex geodesies on strongly convex domains [LI], / I O / O ^ ' O ^ E ^ , 
i.e.,f fixes hrx o 0(A). Now the proof easily follows from Theorem 2.2 with e, /i = 1, 
and an obvious choice of p. m 

The following theorem is an analogue of Lemma 2.1 for strongly convex domains. 

THEOREM 2.6. Let D be a strongly convex domain in C1 (n > 1) and p G 3D. 
Suppose thatf G Ho\(D, D) is such thatf(z) = z + o(\z — p\2) as z —> p. Then, either 

(a) f(z) = z over D, or 
(b)f^pandlJ^^>0. 

PROOF. Suppose that/(z) is not the identity. We prove then that (b) is the only pos
sibility. 

In a manner similar to the argument in Lemma 2.1, we first show that/ has no fixed 
point on D. Actually, if zo G D is such that/(zo) = zo, then we may construct a complex 
geodesic 0 of D satisfying (f)(0) = ZQ and (f)(1) = p. Let IT be a holomorphic left inverse 
of 0, and let £(r) = TY O / O 0(T). Since (/>, 7r G C°°(Â), we have 

£(r) = 7T(0(T) + o(|0(r) - / f )) - TT(0(T)) + O(o(|0(r) - 0(1)1)) 

= r + o(|r— 1|2), asr—> 1. 

Noting that £(0) = 0, we see, by Lemma 2.1, that £(r) = r. From the monotonicity of 
Kobayashi distance, it therefore follows that/o <j> is also a complex geodesic. Again by 
the uniqueness property, we see that/o </> = (/>, i.e.,f fixes 0(A). From Theorem 2.2 with 
e, JLX = 1, it now follows that/(z) = z. This is a contradiction. 

As soon as we know that/ is fixed point free on D9 then, from Abate's iteration the
orem [A2], Corollary 1.3, and Burns-Krantz's theorem, it follows that (b) is the only 
possibility. This completes the proof. • 

COROLLARY 2.7. Let D be a strongly convex domain in C1 (n > 1), and letp G 3D. 
Iff G Ho\(D,D) is such thatf(zo) = zofor some zo G D andf(z) — z + o(\z — p\2) as 
z —> p, thenf(z) = z. 

REMARK 2.8. The following example shows that Corollary 2.7 cannot be improved 
in general (compare with Lemma 2.1): 

Let B be the unit ball in C1 (n > l)9p = (1,0,. . . ,0) G dB, and le t / G Hol(£,£)be 
defined by 

/ (Z1, . . . ,ZW ) = (z i ,Z iZ2, . . . ,Z iZ„) . 

Obviously,/(zi,0,... ,0) = (z l 50,.. . ,0), and/(z) = z + 0(\z-p\) asz ->/?. But/ is not 
the identity. 

REMARK 2.9. We believe that Corollary 2.7 is valid even for general strongly pseudo-
convex domains, although we have not been able to prove this at the present time (see 
Theorem 2 of [H2] for a special case). 
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3. Some results on domains of finite type. The main purpose of this section is to 
prove Theorem 0.4. Let us start with the following: 

LEMMA 3.1. Let D be a boundedsmoothpseudoconvexdomain in C1, and let (/>: À —> 

D be a complex geodesic which is Holder continuous up to the boundary. For every T\ 
andri G dA with T\ ^ r2, it holds that </)(T\) ^ <j>{ji). 

PROOF. Seeking a contradiction, we suppose not. Then, without loss of generality, 
we can assume that 0(1) = </>(— 1) = p € dD. 

Let e be the Holder index of 0, and let e' — ~-e. By Remark (b) of § 1 in [DF1], we can 
find a small neighborhood U of/7, and a defining function p of UP\D so that — (—pj' is 
plurisubharmonic on UDD. Since <\> is continuous up to the boundary, we can choose two 
small neighborhoods V\ containing 1 and V2 containing — 1 such that </>( J7/ Pi A) C DPi U 
fo r i= 1,2. 

As in the proof of Theorem 2.2, by applying the Hopf lemma to — (—p o </>)f' at 1 and 
- 1 , we find that-po</>(r) > Ci(l - H2)1/6 ' for r G (-1,1), and hence that 

(3.1) è^(T))>C2(l~\r\2y/2+l. 

On the other hand, by Theorem 2.3.56 of [Ab3] (p. 233), we know that 

where C is a constant and r E (— 1,1). 
Recall that 

(3.2)' KD(<t>(rl <K-r)) = KA(T9 - r ) = log | ^ for r G (0,1), 

and that 

(3.3) \4>{T)-4>(~T)\ < |0(T)-0(l) | + | ^ ( - T ) - # _ i ) | <C3(( l -r) f) (TG(0,1) ) . 

From (3.2) and (3.2)', it then follows that 

where r G (0,1) and C4 is a constant. Combining this inequality with (3.1) and (3.3), we 
then see that 

l o g ( ( l - r ) + C 5 ( l - r ) e / 2 ) > C 6 , 

for some constants C5 > 0 and Ce, and for r G (0,1). This is obviously a contradiction. 
Thus our proof is complete. • 
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THEOREM 0.4. Suppose that D is a bounded convex domain of finite type in Cn and 
p G dD. Let e > 0 be a K-admissible number ofD, and let m > 5/e. Iff G Hol(D,Z)) is 
such thatf(z) — z + 0(|z — p\m) asz—^p, thenf(z) = zon D. 

PROOF. We divide our discussion into three steps. 
(a) We first show that, with the given assumptions, for every complex geodesic <j> 

with <j)(\) — p, then/ o </> is also a complex geodesic with/ o 0(1) = p. 
In fact, by Royden-Wong's results (see Theorem 2.6.22 of [Ab3], p. 322), we can, 

for such a </>, find its holomorphic left inverse 7r:Z) —> À satisfying that 7r o </>(r) = r. 
As argued before, we consider £(r) G Hol(A,À) defined by £(r) = ir o / o 0(r). For 
every 1 > p & 1, as in the proofs of Theorem 2.2 and Lemma 3.1, by an appropriate 
application of Hopf's lemma, we can find a R > 0 small enough so that 

8(<I>(T)) > Cifll - r\)2^ for some constant C{ andr G £(1,/?). 

Denote by 7 r(0 : / —> £> the segment from </>(T) t o / o 0(r). We can then see that 

S(lT(tj) > C2(\ 1 - r\)2^ for some constant C2 and r G £(l,fl). 

So it follows from the Cauchy estimates that 

K(7r(0) | < C3(|l - T | - 2 / 0 on£(l ,#) , 

and thus that 
(3.4) 

|£(T) - T | = |TT O / O 0(r) - TT O 0(T)| < | / O </>(T) - 0(r)| Q11 - r|~2^ 

< O ( | ( / > ( T ) - ^ | W ) • |1 -r\~2^ <o(\l -r\em-2^l a s r e £ ( l , * ) - > 1. 

Since m > 5/e, we can choose p so close to 1 that em—2/p > 3. Hence, by noting the 
fact that £(£(1,/?)) C E(\,R) and E(l,R) is also a disk (see Proposition 1.2), it follows 
from Lemma 2.1 that £ is the identity on E(l,R), thus on A. Hence we can conclude, by 
the monotonicity property of Kobayashi distance, that /o <f> is also a complex geodesic 
with the same left inverse ix as 0. 

(b) Secondly, we show that/ is a proper holomorphic mapping. 
Seeking a contradiction, we suppose not. Then there exists a sequence {zn} CD 

converging to q G dD such that/(z/7) converges to some z0 G D (clearly, q ^ p). Let 
0W be a normalized complex geodesic of D satisfying that/? G <t>n(dA) and 0„(rw) = zw 

for some rw G À (« = 1,2,...) (see (a) of Proposition 1.9 for the existence). Now, it 
obviously holds that inf„{diameter((/>„(A))} > 0. Hence, we can find some K CC D 
so that 4>n(0) G K for every n (see [CHL]). From the completeness of the Kobayashi 
distance on D, it follows that rn —> dA. 

On the other hand, by Step (a), KA(09T„) = ^ ( ^ ( 0 ) , ^ ( r w ) ) - KD(f o 0„(O), 

/ ° </>«(/«)) — KD(/ ° <t>n(0),f(zn)y This is a contradiction: for ATA(0,rw) —> oo but 

^ O r o ^ ( 0 ) , / ( z w ) ) , < M < o o . 
(c) Lastly, we show that/ is the identity. 
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Since/ is now a proper holomorphic map, then by the result of [BC] or [DF2] and 
by the fact that D satisfies Condition R (see [Bel], [K2] and their references),/ can be 
extended smoothly up to the boundary. If/ is not a biholomorphism, then the degree of 
/ is bigger than 1. Let {an} C D be a sequence of regular values of/, which converges 
to/?, and let sequences {vv„} and {zn} C i ) b e such that/(z„) =f(wn) = an andz„ ^ wn 

for each n. Notice that/ is a local diffeomorphism near/? and/(p) = p. We can assume, 
without loss of generality, that zn —* p and wn —* q with q ^ p. Obviously, it holds that 
f{p) =f(q). By Proposition 0.9, we may construct a complex geodesic </> with (f)(r\) = p 
and </>(T2) = </ for some T\ ^ ri on ôÀ. From Step (a), it therefore follows that/ o <j> is 
a complex geodesic with/o </>(TI) = / o </>(T2). This contradicts Lemma 3.1. Hence we 
have proved that/ must be a biholomorphism. 

From Step (a) and the fact that for every natural number k, f still satisfies the hy
potheses of our theorem, it follows that 

(3 .5) 7T of O </>(T) = T, 

where, as we defined before, 7r is some fixed holomorphic left inverse of </>. Now, if {/*} 
is a precompact family, then by Theorem 1 of [HI], we can conclude that/ = id. If {/*} 
is non-compact, then (3.5), Bell's theorem [Be2] yields that/* —-» /? on C°°(D — {/?})• 
Thus, by Theorem 4 of [HI], the rank of the Levi form of dD attains its minimal value at 
p. On the other hand, according to the recent result of Bedford-Pinchuk [BP1] and [BP2], 
such a D must be biholomorphic to some standard domain Dp as in Corollary 2.4. Thus 
from Corollary 2.4 and the fact that there is a biholomorphism from D to some Dp which 
sendsp to q = (1 ,0 , . . . , 0) (also see Proposition 3 of [HI]), it still follows that/(z) = z 
over D. That contradicts the assumption that {fk} is noncompact. 

The proof is now complete. • 

REMARK 3.3. In the proof of Theorem 0.4, we see that the only reason for choosing 
m to be bigger than 5 /e is to guarantee all £ functions to be the identity. Let us denote by 
ep the local K-admissible number of D atp, i.e., the number which makes Theorem 1.1 
valid near/?. Since it can be similarly shown that every complex geodesic of D passing 
throughp can be extended e^-Holder continuously across/? then, from (3.4), it can be 
seen that to obtain £(r) = id, it is enough to take m > 5/ep. In particular, by Catlin's 
theorem [Ca], we now have the following: 

COROLLARY 3.4. Let D CC C2 be a bounded convex domain of finite type, and let 
p G dD with type tp. Iff G Hol(Z),Z)) satisfies f(z) = z + o(|z— p\5tp+v) as z —> p for some 
v > 0, thenf{z) = z. 

REMARK 3.5. It is likely that by an argument similar to that in the proof of The
orem 2.5, we can weaken the assumption of the global convexity in Theorem 0.4 to 
the local convexity near the point/? under study. However, by Kohn-Nirenberg's exam
ple [K2], even in dimension 2, these domains with such a nice property are still very 
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restricted. At this time, we have no idea how to construct the Burns-Krantz rigidity the
orem for the general finite type domains, although there is considerable evidence that 
something must be true. 

REMARK 3.6. The exponents appearing in Theorem 0.4 and Corollary 3.4 are not 
sharp. We believe that the best one should be 3. 

ADDED IN PROOF. For m-convex domains in C", Mercer ([M]) has independently 
obtained results analogous to our Proposition 1.6, Proposition 1.7, and Proposition 1.9. 
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