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ON CERTAIN SEQUENCES OF LEAST SQUARES APPROXIMANTS

M.A. BOKHARI

A sequence of certain rational functions is determined where each member solves an £3-
minimisation problem on a “large” set of roots of unity. The sequence is compared with
another sequence of Lj-rational approximants. Our main result extends a result of Rivlin
on Walsh type equiconvergence.

1. INTRODUCTION

Let A, 1 < p < 00, be the set of functions f(z) analytic in |z|] < p and havinga
singularity on the circle |z] = p. Let m,, denote the class of all polynomials of degree

oo .
<n. If f(z) = 3 a;z7, then we put
i=o

n-—1

(1.1) Sn-1(z, f) = Z a;z.

=0

Let pn_1,m(z, f), m = n, denote the polynomial of degree n — 1 of least square ap-
proximation to f(z) on the mth roots of unity. Then an extension of a result of Walsh
[3, p. 153] due to Rivlin [1, Theorem 1] can be stated as follows:

THEOREM. Let ¢ be a fixed positive integer and m = qn+c with 0 < cg ¢—1.
IffeA,, 1 <p<oo then,

(1~2) lin;o{l’n—l.m(za f) - Sn——](z, f)} =0, |z' < pq+l,

-

q+1

the convergence being uniform and geometric in |z| £ r < p?%! . Moreover, the result

is sharp in the sense that (1.2) fails for every z satisfying |z| = p*! for any f € A,.

Recently, Saff and Sharma [2] discussed the behaviour of certain sequences of ra-
tional interpolants. Walsh’s theorem (3, p. 153] is again a special case of their result.
In the present paper we discuss equiconvergence of certain rational sequences of the
form used by Saff and Sharma [2].
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—1 .
k1an=1 where w is

Section 2 deals with the {2-minimisation problem on the set {w
a primitive (gn)th root of unity. Its solution will replace the polynomial p,_; m(z, f)
in (1.2) as stated in our main result (see Theorem 2.1). Similarly, in place of the
Taylor polynomial S,_i(z, f) in (1.2), we shall consider the unique rational function
Tn+mn(z, f) [2, (1.4)] where

n(z
(1'3) rn+m»"( f) - _ﬂ_’m——(a’:f_), Pﬂ+m.n(27 f) € Tngm, m 2 —1,0 > 1)

which minimises the integral
ORI

r(z)

over all rational functions of the form r(z) = 725, p(2) € Tnym . The minimisation

problem will be solved in Section 3. We shall prove our main result in Section 4.
2. A MINIMISATION PROBLEM AND STATEMENT OF RESULT

Consider the following problem:

(P1). Let m > —1 and q > 2 be fixed integers and let w = exp(2ni/qn). For
f € A,, we want to minimise

gn—1

(2.1) Zuf(w — R(w*, £)?

over all ratioinal functions of the form

p(z)

R(z, f)= o0 P(2) € Tnim.

If the solution of the problem (P1) is given by

(22) +m n(" f) n—-’-m—_n(:n—f)’ Pr:+m n( f) € Tntm,

then we can state our main result as:
THEOREM 2.1. Let m 2 —1 and ¢ > 2 be two fixed integers and let o > 1. If
fe€A,, 1<p<oo, then
lz| < p'*9 if o > p'te,
lnn R f)—r z,f)} =0
{ n+m, n( Z, ) n+my"( ] )} { 'ZI 760 IfO' <p1+q

the convergence being uniform and geometric in any compact subset of the regions
described above. Moreover, the result is sharp in the sense that for each |z| = p'*9
with ¢ > p'*9, thereisan f € A, for which (2.3) does not hold.

Proof of the preceding theorem will be given in Section 4. First we turn to the
reformulation of the minimisation problem (P1) which requires the following lemma:
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LEMMA 2.1. Let m > —1 and q > 2 be fixed integers and let g(z) =
n+m i .
P(z2)/(z™ — ™), where P(z) = ), ¢jz) € Tnym is given. Then the Lagrange in-
i=0
terpolant of g(2) on the (gn) th roots of unity is given by

gn—1

Lgn_1(z2,9) = Z Ay zY
v=0

where

A1¢j + AgCjgn, v
(2.4) Apngj = 4 Avgicy, 0 sn-1
1

/\u+lcj + )\ucj+n,

(2.5) A, =01 —0™), v=1,2,...,q

PROOF: The Lagrange interpolant of the function (z™ — ¢™) ™! on the (¢qn) th roots
of unity is given by

-1 29" — g™ X 1)
Lgn_y (z’(zn —o") ) = (z0 — oem)(1 —o9m) Z Ay 2T

For z = w*, we have

q
(2.6) (W —o™) 7 = Y AT k= 0,1,2,...,qn - 1.

n+m .
If we multiply (2.6) by P(w*) = > cjw*’ then a simple calculation leads to

j=0
P wk n+m )
_k_(__)_ =X § cjwk-’
whtn — g c
j=0
2n4+m gn+m
. kj § ) kj
+ A Z Cji—nw '’ + ...+ Aq €j—(g—1)nw J
j=n j=(g-1)n

Notice that in the above, each of the ¢ summations has m + 1 distinct powers of
w* which also appear in the preceding sum. If we group the terms involving identical
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powers of w* in separate summations and then rearrange them, we obtain for each
k=0,1,2,...,qgn -1,

P(wk) m . g-1 n-1 .
wkn _ gn = Z[A]Cl + Aqu+n]ka + Z Z Au+lcjw(un+])k
Jj=0 V=0 jmme
g-1 m
+ Z Z[/\u—}-lcj + )\ij+n]w(Vn+])k
v=1 =0

gn—1 .
which reduces to Lg—1(w*, g) = Y Ajw’*on recalling that w is a primitive (gn)th
j=o
root of unity, where the A;’s are given by (2.4). n
REMARK 2.1: If the a,’s are given complex numbers, then from the properties of
the roots of unity, it follows that

gn—1 gn-—1 gn-1
(2.7) D SRR
v=0
gn-—1
REMARK 2.2: If Lgn_1(z,f) = Y bjz7 is the Lagrange interpolant of degree
j= 0

gn —1 to f(z) € A, in the (gn)th roots of unity, then we recall that

1 f(t)gan—i-1
(2.8) b1=% FLtq—n—Zl—dt, 0,1,2,...,qn—1,

where T' is the circle [t| = R, 1< R <p.

n-1
REMARK 2.3: Since Lg,_; (wk, f) = qz bw*v = f(w") and
v=0

qn-—1
Lgn-a (w*, g) = 3 Aw* k=0,1,2,...,qn — 1, it follows from (2.7) that the min-
v=0
imisation problem (P1) is equivalent to the problem (P2):
(P2). Minimise

gn-—1

(2.9) G= ) b — A
v=0
over the ¢;’s, 3 =0,1,2,...,n4+ m, where the A, ’s are given by (2.4).

It may be noted that the b, ’s are well-defined from (2.8) and that the A4,’s are
functions of the ¢;’s.
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3. SOLUTION OF THE MINIMISATION PROBLEM (P1)
The following proposition determines the solution of the problem (P1):

PROPOSITION 2.1. The polynomial Py, .(z, f) (see (2.2)) which solves the min-

imisation problem (P1) is given by

n+m

*
n+4+m, n pu <

wlhere
gla-1mgq_,2n g—1 .
—in
—b,o™ + PRy Y od byt jn;s osvsm
j=1
{(g—1)n 2n
. -4 1—-0 _
(3.1) Py = —Wz(;‘l_"_) V‘ o~in byt jn, m4+lgr<n-1
]..O
2(g-1)n 2ny g—1
- Tl—-o .
by—n — I—orfq(-l}Zn X 0T bt (jony RSV Sntm,

ij=1
and the b, , v =0,1,...,qn — 1 are given by (2.8).

PROOF' Since (P1) is equivalent to (P2}, it is sufficient to solve the system of
equations 2 8—..— =0,r=0,1,2,...,n+m, in terms of the A, ’s and b;’s. Using (2.4),
we can rewrite (2.9) a

Z |b - ’\lcl -A cl+n + Z z |bJ+Vn - )‘V+1CJ'

v=0j=m+1
-1 m
+ Z Z lbj+un. - A,,+]C - Anllc_]-f-nj
v=1 j=0
Therefore, for 0 < 7 € m, we have
(3.2)
oG =
9. —(b5 = Arej = Aqcjin) M1 — Z (Bjtwn = Avt1€j = AuCipn)Avss
Cj v=1
gq-—1
= Z /\2€J A Al + A Az + -4 Aq—lAq)cj-{—n - Z Au+lbj+lln’
v=0
and
(3.3)
ac =
s = —(bj = Arcj — Agian)Ag = D (bjsun — Aus1€i = Aucipn )y
n v=1
q ) gq-1
= Z A?,Cj_;.n + (Aqu + M+ 4+ Aq-lz\q)Cj - Aqu - Z Aubj-l-un-
v=1 v=1

https://doi.org/10.1017/50004972700027039 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700027039

420 M.A. Bokhari [6]

Also,for m+1<j <n—1, we have

ac ES
(3.4) - Z (bjtvn = Avg1€)dugs = Z ’\u+1cJ z Avt1bjron-

v=0

For the sake of simplicity, we set

a=A+A++ A= (;%‘};)/\q,
(3.5) L
B =AM+ Ada 44 Agadg = (z—i“’,—"—)Aq.

1—o“n

Then from (3.2)-(3.4) we obtain, for j =0,1,...,m

a—
32% =acj+ Bentj — 20 Avtrbonts, (0<j<m)
(3.6) =0 s
Bzanij = acn+j + ﬂC]' —_ Aqb] —_ Z:l Ayb”n+j,

and for m+1 < j <n—1, wesee that

8G =
(3.7) o = ac; — /\V+lbun+ e

o, 2 ’
Setting the partial derivatives -g% equal to zero and then solving the system of equations
so obtained simultaneously for ¢, and c¢,4,, ¥ =0,1,...,m, we obtain

g1 q—1
-1
(3.8) v = (0® =) H{a Y Ajsibjnsr — B Y Ajbjnss — BAgh},
j=0 j=1
and
q—1 q—1

-1

(39) Cntpy = (C!2 - ﬂz) {a Z Ajbjn+u + a/\qb,, - ﬂz Aj+]bj"+,,}.
j=1 j=0

Also from (3.7) we have

q
(310) Cy = a~l Z Ajb(j—l)n+u1 m+1lgv<n—1.

We recall that ¢,, 0 < v < n+m, as determined in (3.8)—(3.10), are the coefficients
of the polynomial P}, .(z, f) (see (2.2)) which minimises the expression given by
(2.1).

Finally, replacing o, 8 and A;’sin ¢,, (v =0,1,...,n + m), by their respective
values from (3.5) and (2.5) we obtain the relation (3.1) after some simple arithmetic. il

REMARK 3.1: When g = 1, the solution of the problem (P1) is not unique for
all m > —1. However, R},_; (2, f) is uniquely defined for ¢ = 1. It turns out that
R}, _; n(z, f), in this case, interpolates the function f(z) in the nth roots of unity.
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4, PROOF OF THEOREM 2.1

It is known [2] that an integral representation of the rational function rnymn(z, f)

is given by

(4.1) O R s ZA,(t ),

2mi Jp (2™ —o™)(t —

where T is the circle |t| = R, 1 < R < p and 4,(¢, 2z),  =1,2,3 and given by

m+1._ m+41 m+1 t"—""—l_zn—m—l
(4 2) Al(t’ z): L’T-,ﬂ?l_> Az(t,z)_—. z ( rL— 4)’
. A3(t, Z) - zn(tm+l . zm+1)/tm+l(tn _ a—n).

Also, from (2.2), (2.8) and (3.1), we obtain after some algebraic operations

£(t) :
(4.3) Rz, f) = Py /r‘ 7 = o™t = )@@ = 1) ; A;(t, z)Bj(t, o)dt

with
By(¢, 0) = o~ 9D B(¢, ) — tI"a™,
(4.4) Ba(t, o) = (t% — 0=t)(0™™ — o) /(1 + &™),
Bs(t, o) = (" — o 7"){t9" - o™ B(t, o)},
where
" (t(q-1)n - a-—(q—l)n) (1 _ 0,—271)
" —o-m)(1 = o-2a-1m)

B(t,o) =

Therefore,

Aji(t, z2)K;(t, o)
R: . - (2, dt.
(4 5) Rn+m n( Z f) Tn4m, (z 27\’L A; _ 0" t — z)(tqn _ l)f(t)
where Kj(t, o) = Bj(t, o) — (t9" — 1)(t" — o™), j = 1,2,3 can be explicitly rewritten

after some simplification as

Ky (t,0) =~ 92" B(t, g) — tla+)n L n _ o7

tq"o_"(l—a—q")—a‘q"(a_"—o'"l

(4.6) KZ(ta 0) = 140—97
tng—qn(an_l) (t(q—l)"a-(‘l-l)"’_])

14+o—~2g=~1)n

_ t(q+l)n 4+t —on

)

K;(t, 0) = +t" - o,

An analysis of the kernels A;(¢, z) and Kj(t, ¢), 7 =1,2,3 from (4.2) and (4.6) yields
(2.3).

https://doi.org/10.1017/50004972700027039 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700027039

422 M.A. Bokhari (8]

To prove that the result is sharp, first we consider the point z* = p!*? and the
corresponding function f(z) = (z — p)”'. A direct computation from (3.1), (2.2) and
(4.1) for f = f shows that

Aj(p, 2)Kj(p, o)
(z7 —o™)(z ~ p)(p" — 1)

(4.7) R;+m,n(z’ f) T b (Z’f) - j

j=1

If ¢ > p'*9, we get after some simple calculations

NP ; 3 P
,}B};o{Rn+m.n (p”’q,f) = Tntm,n (P1+q,f)} =

pl—1
whereas for ¢ = p'*?, the sequence (4.7) is undefined for infinitely many n’s for
z = p*t9w, where wy is any primitive root of unity. ]
REMARK 4.1: If we fix m = —1 and ¢ — oo in Theorem 2.1, we get a result of

Rivlin [1, Theorem 1]} in the special case when m(n) = ¢gn.

REMARK 4.2: According to Remark 3.1, Saff-Sharma’s result [2, Theorem 2.3] for

the special case m = —1 can be retrieved from Theorem 2.1.
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