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Abstract

Let P, (n) be the probability that n points z1, . . ., z, picked uniformly and independently
in @, a regular k-gon with area 1, are in convex position, that is, form the vertex set of
a convex polygon. In this paper, we compute P, (n) up to asymptotic equivalence, as
n— 400, for all k > 3, which improves on a famous result of Barany (Ann. Prob. 27,
1999). The second purpose of this paper is to establish a limit theorem which describes
the fluctuations around the limit shape of an n-tuple of points in convex position when
n — +o0. Finally, we give an asymptotically exact algorithm for the random generation
of z1, ..., zy, conditioned to be in convex position in &,.
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1. Introduction

Let €, be the regular k-gon with area 1 positioned on the x-axis, as represented in Figure 1, let
re = (4tan (Z) /K)l/ ? be its side length, and let 6, = U= pe the interior angle between two
consecutive sides.

For any compact convex domain K of area 1 in R? with non-empty interior and for any n € N,
we let Ug?) denote the law of an n-tuple z[n] := (z1, - - - , Z,), where the z; are independent and
identically distributed (i.i.d.) and uniform in K.

In the special case K = €., we write for short U,((") = U(Cn:
An n-tuple of points z[n] € (R?)" is said to be in convex position if {z{, - - - , z,} is the vertex

set of a convex polygon, which we will refer to as the z[n]-gon; the set of such n-tuples z[n] is
denoted by Z,,. Hence

Px(n) := P (z[n] € Z,) = U (Z,)

is the probability that » i.i.d. random points z[#] taken uniformly in K are in convex position,
and
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2 L. MORIN

FIGURE 1. ¢7.

Pe(n) := Pg, (n)

is the corresponding probability in the regular x-gon.

The purpose of this paper is threefold. First we give an equivalent of P, (n) as n — oo
(see Theorem 1 below), then we describe the fluctuations of a z[n]-gon with distribution U,((")
conditioned to be in convex position (Theorem 8), and we conclude by providing an algorithm
to sample such an n-tuple z[n] (Section 6). One of the main contributions of this paper is thus
the following theorem.

Theorem 1. Let k > 3 be an integer. We have

2n ,.3n,2n n
sin (6,
P.(n) ~ C,- e_M’
n—> 400 4n n2n+/(/2
where
1 \/EKJ’_I
= 72 fmy (1 + cos (6))F

Ce

and my is the determinant of a deterministic matrix (see Theorem 7), an explicit formula for
which is given by

_ K
T 3.0¢

(2(— 1)“*1+(2—¢§)K+(2+\/§)K). (1.1)

my

Theorem 1 actually refines a famous result of Bardny [3] in the case of x-gons (note,
however, that Bardny’s result holds under weaker hypotheses).

Theorem 2. (Barany [3].) For any compact convex set K of area 1 with non-empty interior,
1
lim % (Px(n)" = —e*AP*(K)3,
n—+4o00 4

where AP*(K) is the supremum of the affine perimeters of all convex sets S C K.

The definition of the affine perimeter will be recalled in Definition 2; we send the interested
reader to [2] for additional details. In the x-gon case, as will be shown in Lemma 17, we
have

1/3
AP* (@) =« (rg sin (ek)) ,
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Points in convex position in a k-gon 3

so that one can check that in that particular case, Theorem 1 is compatible with and more
precise than Theorem 2.

The quantity Px(n) has been widely studied since the 19th century, and for a large variety
of convex sets K, not just regular polygons. Sylvester [23] initiated the consideration of this
matter, looking at the probability that four points chosen at random in the plane were in convex
position. Though Sylvester’s question was ill-posed, it matured in its later formulation into the
study of Px(4), for any convex shape K of area 1 (see Pfiefer [20] for historical notes). In 1917,
Blaschke [5] determined the convex domain K that maximizes or minimizes the probability
Px(4) (on the set of non-flat compact convex domains of R?) by proving that the lower bound
is achieved when K = A is a triangle, and the upper bound when K = () is a disk; that is,

35

2
ZoPa(@d) <Px(@) <Pod) =1— .
3 r(4) <Pgd) <Po@) 272

In the same direction, Marckert and Rahmani [18] proved in 2021 that

11 305

— =Pr(5) <Pk(5) <Pp(5)=1- —.

36 r(5) < Pk(5) <P (5) 182

This question can be generalized to different values of n, and other dimensions. To this day,

the conjecture in dimension 2, that
Pa(n) <Px(n) <Po(n)

for all n > 3, remains open. Yet the value P (n) has been known since 2017 to be computable
for all n > 3, thanks to Marckert’s algebraic formula [17] in the disk case. Note also that
Hilhorst et al. [13] managed in 2008 to derive an asymptotic expansion of log P (n).

In the case of regular convex polygons, exact formulas are rare, but Valtr proved in 1995
[24] that for K a parallelogram,

1 2n—2\2 1 42n62n
Pa =P =5 (37) o 7 e
and in 1996 [25] that when K is a triangle,
2"(3n — 3)! V301 33ne2n

B3 = Bt = G D nsoe & w3233 i
The equivalents given at the right-hand side are of course consistent with Theorem 1. Note
however that our method will allow us to recover Valtr’s formulas in Section B (our approach
avoids discretization arguments, but it largely relies on Valtr’s ideas).

In dimension d >3, if A4 and O¢ denote respectively a simplex and an ellipsoid of
volume 1, the following generalization of Sylvester’s question—that

Ppa(d+2) < Px(d+2) < Poa(d +2)

for any convex domain K C R of volume 1—is a conjecture that remains to be proven (though
the right inequality is known as a generalization of Blaschke’s proof in dimension 2). For a
comprehensive overview of these matters, we refer to Schneider [21].

Canonical ordering of z[r]-gons. An element of z[n] € Z, (in convex position) is said to be
in convex canonical order if it satisfies the following conditions (see Figure 2):
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4 L. MORIN

FIGURE 2. Some z[n] in C7(n).

e If (x;, y;) are the coordinates of z; in R2, then y1 <y; for all i (that is, z; has the smallest
y-component), and among the points having the minimal y-component, z; has the
smallest x-component.

e The sequence (arg (zi+1 — zi), | <i<n— 1) is non-decreasing in [0, 27 ].

N\
We denote by Z,, the subset of Z,, of n-tuples of points z[n] in convex canonical order. The
symmetric group S, acts transitively on Z, by relabeling the vertex indices; each orbit contains

¥ ¥\
a unique element of Z,. We put D, (n) = Z, N (&))" and C,(n) = Z, N (C,)".
Since z[n] is picked according to the uniform distribution on (&, )", and since this measure
is the Lebesgue measure Leb on this set, we have

P (n) = Leby, (D, (n)) = n! Leby,(Cc (n)).

In what follows, we will abandon D, (n) and work mainly in C,(n), as the elements of this
set are easier to parametrize. The argument we detail for the computation of Leb(C,(n)) is
mainly deterministic, and we will not really be using random variables in the analysis, even
though everything could be rewritten in terms of them (but the proof would then be much more
cumbersome).

Notation. From now on, we denote by Q%) the law of an n-tuple of points with distribution
U™, conditioned to be in C,(n), and write for short QU := Q(gz; that s,

n!
dQ™(z[n]) = ml{z[n]ecmnda ... dz,.

This formula represents the measure, but it is not amenable to being used in further computa-
tions; we will thus need an alternative geometric understanding of C,(n), which was inspired
by Valtr’s papers.

Limit shape. Barany [2] proved in 1999 that the convex hull of an n-tuple z[n] with distribution
Qf(”) converges in probability for the Hausdorff topology to an explicit deterministic domain
Dom(K), which has the important property that

AP*(K) = AP(Dom(K)).

https://doi.org/10.1017/apr.2024.63 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.63

Points in convex position in a k-gon 5

FIGURE 3. For each case Kk = 3, 4, 6, the inner dashed curve delimits a convex domain Dom(¢,) inside
C,. The dashed curve represents the limit shape of a z[n]-gon taken under Uf(n) , conditioned to be in
convex position, as n — +00. The curve can be drawn as follows: add the midpoints of the sides of the
initial x-gon, and between two consecutive midpoints, add the arc of the parabola which is tangent to the
sides and incident to these inner points. The sum of the hatched areas corresponds to the supremum of
affine perimeters (for an explanation see Lemma 17 in the appendix).

In the case of the k-gon, we represent this domain Dom(€, ) in Figure 3. We will explain in
Lemma 16 how Dom(&,) is determined using the inner symmetries of €,.

Denote by dy the Hausdorff distance on the set of compact subsets of R?, and for any tuple
z[n] € (Rz)”, let conv(z[n]) be its convex hull. In the second main contribution of this paper,
we detail the fluctuations of the z[n]-gon having distribution Q,((") around its limit Dom(¢,).

Theorem 3. Let k > 3 be fixed, and let z[n)] have distribution Q,(cn). When n — +00, we have
172 (d)
n'’“dyg (conv(z[n]), Dom(€,)) — A,

where A is a non-trivial random variable.

This theorem will turn out to be a consequence of the fluctuations of the z[n]-gon in dis-
tribution (at scale 1/4/n around its limit) in a functional space, as stated in Theorem 8. We
refrain from stating the latter theorem at this point, since we would need to introduce too much
material to do so; we postpone this work to Section 5.

However, we disclose an element of the proof here: the main idea is to partition each z[n]-
gon of C, (n) into « suitable convex chains, one per corner of the initial polygon €. Each of the
convex chains will be shown to converge separately towards the arc of the parabola associated
with the corresponding ‘corner’ of €, as introduced in Figure 3.

The convergence results stated in Theorem 8 are reminiscent of the limit theorems con-
cerning lattice convex polygons: in this model, an integer n is given, and a convex (lattice)
polygon is a convex polygon contained in the square [—n, n]? and having vertices with integer
coordinates (and any number of sides). Vershik asked whether it was possible to determine the
number and typical shape of convex lattice polygons contained in [—n, n]*. Three different
solutions were brought to light by Bardny [1], Vershik [26], and Sinai [22] in 1994, which we
outline below.

A convex lattice polygon can be decomposed naturally into four parts (delimited by the
extreme points in the north/east/south/west directions), which determine four ‘polygonal con-
vex lines’ between them. It is therefore natural to investigate the behavior of these chains,
which can be considered, in a first approximation, as convex chains going from (0, 0) to (n, n)
in the square [0, n]2 (up to rotations/translations). For these chains, Bardny [1], Vershik [26],
and Sinai [22] proved that when n — +o0,
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(1) the number of these convex polygonal lines is exp B B)/c2)V3n23 4+ o(n?/3)y),
where ¢ is the Riemann zeta function,

(2) the random number of vertices in such a chain is concentrated around the quantity
—-1/3
(¢3?/c@) """ w3, and

(3) the limit shape of such a chain, normalized in both directions by 7, is an arc of a parabola.

These results were refined by Bureaux and Enriquez [10] in 2016, and generalized to higher
dimensions by Barany et al. [11] in 2018, as well as by Buffiere [9] for zonotopes in 2023.

On a related topic, the paper of Bodini et al. [7] gives a characterization of digitally convex
polyominoes using combinatorics on words.

Random generation of a z[n]-gon with distribution Q,(("). The naive way of sampling a
z[n]-gon with distribution (@,((") consists in rejection sampling, i.e. sampling points that are
U,(f)—distributed until they are in C,(n) (or in D, (n)). This algorithm works fine for small values
of n, but as n grows, computation times become unacceptable (by Theorem 1, the probability
of success is less than r% for some constant k). In particular, the limit shape theorem proven
by Bardny cannot be observed empirically using such a method.

A comprehensive understanding of the distribution (@,(f’) will allow us to determine another
distribution ]D),((”), for which we have an exact sampling algorithm (called «-sampling and

defined in Section 6) that behaves asymptotically like Q,(("), meaning that dV(Q,(("), D,((”)) —>

n——+00
0, where dy is the total variation distance. The distribution ]D),((") is defined in Section 3 and can
be viewed as Q,((") conditioned to satisfy a property which occurs with probability going to 1.

This algorithm is asymptotically exact (in n, for « fixed), for the Q(K”)—sampling.

Theorem 4. The algorithm of k-sampling samples an n-tuple of points with distribution }D),((”)
with a complexity of O (n*/**'x log (k)) .

Contents of the paper. In the second section of this paper, we analyze the properties of an
n-tuple z[n] € C¢(n) in the light of a new geometric description. In Section 3 we derive the
distribution of the important variables of this geometric scheme, using which we provide the
proof of Theorem 1 in Section 4. Section 5 is dedicated to the proof of Theorem 3 and the
understanding of the fluctuations of z[n] around its limit. In Section 6, we provide the afore-
mentioned algorithm of x-sampling and some alternative (more efficient) versions in the cases
k =3 and k = 4. As for the appendices, the first is dedicated to some proofs omitted from the
main text, and the second provides a new demonstration of Valtr’s formulas in the triangle and
the parallelogram.

2. Geometric aspects

Notation. In the sequel, ¥ > 3 is considered to be fixed. We will work quite a lot with indices
Jj running through the set of integers {1, ..., k}. By convention, in the case j =1, j — 1 stands
for «, and when j =k, j + 1 stands for 1 (we do so to avoid tedious notation).

We start by defining the equiangular circumscribed polygon ECP(z[n]) associated to z[n] €
C«(n), any n-tuple of points in canonical convex order: as represented (in blue) in Figure 4, this
is the polygon equal to the intersection of all equiangular polygons whose sides are parallel,
one by one, to those of €,, and which contain z[n].
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FIGURE 4. On the left, we draw an ECP(z[n]) for an n-tuple taken in a(n), with distances £[7] from the
sides of €7 to those of ECP(z[n]). This latter polygon, whose side lengths are given by the tuple of values
c[7], is drawn with a dashed boundary inside €. On the right, a six-sided ECP(z[n]) in €7. One of the
sides is reduced to a point: this happens when three consecutive values £;_1, ¢;, £;y are defined on the
same point z; in z[n].

We now define some quantities that will allow the description of z[n] in terms of its
circumscribed polygon (see also Figure 4).

The distance from the jth side of &, to z[n] is denoted by ¢; := £;(z[n]). The length of the
side of ECP(z[n]) parallel to the x-axis is denoted by ¢ := ¢ (z[n]). Then, the consecutive side
lengths of ECP(z[n]), sorted counterclockwise, are denoted by cy, ¢z, ..., ¢, one or several
¢; possibly being zero.

Remark 1. If « =3, the only possible internal polygons within €3 are equilateral triangles.
If k =4, only rectangles are admitted. In both these cases, an internal polygon within €, has
exactly « sides. This is no longer true for ¥ > 5, as we can see in the right panel of Figure 4.
The number of ‘nonzero sides’ of ECP(z[n]) is bounded above by «, and below by 3 (in fact
by 4 for the k¥ =4 case; it can technically be 2 if all the points in z[n] are aligned, but we may
neglect this case).

Some properties of equiangular circumscribed polygons. A moment’s thought allows
one to see that ECP(z[n]) is characterized by the «-tuple of distances £[k]:=
(€1(z[n)), - - - , €c(z[n])), and that, in turn, £[«x] determines the side lengths of the ECP,
cle]:= (c1(z[n]), - - - , ce(z[n])). In the sequel, since there is no other set of points (except
for z[n]) for which £[«] or c[«x] would be defined, we deliberately omit the mention of z[#n]
when there is no ambiguity.

Proposition 1. Let z[n] € C,(n), with the corresponding c[k], £[«].
(1) The vectors L[k] and c[k] are related by the k equations
cj=rc —ci(llk]), Vjel{l,..., «}, 2.1
where, for all je (1, ..., «}, cli(£[k]) = (qu +&jy1+2¢; cos (QK)) / sin (6,) (here cl

stands for ‘linear combination’).

(ii) The set L, = L[x] (C(n)) (of all possible vectors €[k]) is the set of solutions £[k] to the
system of inequalities

{ LKD) <re. Yje(l.... .k} 2.2)

together with the conditions £; > 0,j€ {1, ..., «}.
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FIGURE 5. Characteristics of an internal polygon.

(iii) The perimeter of the z[n]-gon satisfies

K

2(1 + cos (6,)) _
i:Zlcj i (9 ) ZZ =K.

Proof.

(i) The formulas (2.1) may be deduced from routine computations on the angles and some
appropriate applications of Thales’s theorem according to Figure 5 below. Indeed, we
have

s Ay

1/ 50 (O) + ¢+ 31/ sin (B)  ax + &/ sin ()

with (see Figure 5) a, = ﬁ"@).

(ii) Itis clear that all elements of £, solve the system (2.2). Let £[«] be a solution to (2.2).
Draw a «k-gon and add a straight line (/1) at distance £; parallel to the first side of &,
and another one (/) at distance £, from €,’s second side. The intersection point of these
two lines is a vertex by of the ECP. Since ¢y = r, — clp(£[«]) > 0, a second vertex by of
the ECP is at distance ¢, from by on (13). We can draw (/3) parallel to the third side of
¢, passing through b;. With ¢3 = r — cl3(£[x]) > 0, we can set b3 as the third vertex
of the ECP. Recursively, with all ¢; = r, — cl;(£[«]) > 0, we get all vertices (b[«]) and
a full ECP. Hence, each solution of (2.2) is in L.

To get (@ii), just sum all of the equations in (2.1) for all values of j. U

Contact points. For each z[n] in C,(n), each side of ECP(z[n]) contains at least one element
of {z1, - -+, zu}. The jth ‘contact point’ cp; := cp;(z[n]) is the point of {z1, - - - , z,} which is
on the jth side of ECP(z[n]), and which is the smallest with respect to the lexicographical
order among those with this property. Note that we will work with n-tuples z[n] of random
variables, so that when z[n] is Q,((")-distributed, there is a single point of {z1, - - - , z,} on the
Jjth side of ECP(z[n]) with probability 1; thus the particular choice of the lexicographical order
has no importance. However, cp; = Cp; 1 is possible and occurs with positive probability for
alln>1.

Denote by b; the intersection point between the jth and (j 4 1)th sides of ECP(z[n]) for all
je{l, ..., «} (the jth vertex of ECP(z[n])). In the case where the jth side of ECP(z[n]) is
reduced to a point, i.e. ¢; =0, we have cp;_; =b;_1 =cp; =b; =cp;;1.
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D7 = Cp7 = Cp1

FIGURE 6. In €7, an example of a z[n]-gon, the ECP(z[n]), and its vertices b[7], as well as the first and
second corners (the hashed areas). Here we have s[7] = (2, 3, 1, 2, 1, 3, 0).

The triangle with vertices Cp;, Cp;j+1, b; will be referred to as the jth corner of ECP(z[n])
or corner;(z[n]) (see Figure 6 below for a summary).

Convex chains between contact points. To get a comprehensive description of z[n] with
respect to its circumscribed polygon ECP(z[n]), we need to enrich the decomposition between
the contact points. For this purpose, let ABC be the triangle with vertices A,B,C (taken
in that order) in the plane. For every integer m >0, we denote by Chain,,(ABC) the set

of (m+ 1)-tuples (A,Z),....z,_,,B) such that 2}, ...,z , are in the triangle ABC, and
¥\
(A, z’l, e, zﬁn_l , B) € Z,,11. Hence, m is the number of vectors needed to join the points of

any convex chain in Chain,,(ABC). If A = B, we define Chain,,(ABC) only for m =0 as the
set reduced to the trivial chain (A, A). We can now decompose the z[n]-gon between the contact
points as follows.

For all je{l,...,«}, let k:= k(j)e{1,...,n} be such that zz =cp;, and denote by
sj := sj(z[n]) the integer such that Zk4s; = CPj+1 (eventually s;=0); the quantity s; denotes
the number of vectors joining the points of the convex chain (zx =Cpj, - . ., Zkts; = CPj+1). We
will refer to the tuple s[«] as the size vector (see Figure 6 for an example).

The main technical ingredient of the paper is now tackled in the following structural lemma.

Lemma 1. For a given skl andje {1, ..., k}, set k= ZKJ- sy (so that cpj = zx). Given s[k],
Cpj, and CpPj+1, the set of convex chains (CPj, Zk+1, - - - » T+s;—1, CPj+1) coincides with the set
Chaing;(corner;).

Hence, if z[n] has distribution Q,(("), conditional on (ij, ij+1,sj=sj), the points

in the tuple (Zxs+1,--- ,zk+sj_1) have the same distribution as that of s;—1 points

(z), ...,z;j_l) taken uniformly and independently in the triangle corner;, conditioned on
VY

cpj, zy, .- -, Zg,jf], CPj+1) being in Z; 1.
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Sl =0+¢
Sy =0+%

FIGURE 7. An example in the square case, where the ECP is always a rectangle.

Proof. The first statement is equivalent to saying that there are no restrictions on
(Zky - v - s zkﬂj) other than those defining Chainsj(cornerj): indeed, it is immediate to check
that given two consecutive contact points zx = ¢p; and Zsj+k = CPj+1, the points of z[n] are in
convex position if and only if both subsets 1 and S, of points above and below the straight line
joining cp; and cp;11 (where both §7 and S; contain ¢p; and CP; 1) are in convex position. An
example is given in Figure 7.

Because of this property, under Q,(("), the distribution of (Zg41, - - -, Ziet-sj— 1), conditional
on the position of (Cp;, CPj41), is the same as that of (zxy1, - - -, Zits;—1) conditional on the

position of all the other points, and it is therefore proportional to the Lebesgue measure on
the set of points in convex position in the jth corner (that is, in Chaing(corner;)), which is
equivalent to the second statement of the theorem. (|

The law of chain (A, uy, - - - , ug, B) conditioned to be in Chaing,.1(ABC) will be called the
uniform law in Chaing,.1(ABC).

Denote by /I the right triangle with vertices (0, 0),(1, 1),(0, 1). For a given non-flat triangle
ABC and an integer m > 1, let Affp¢ be the unique affine map that sends ABC onto /] (meaning
it sends A, B, C to (0, 0),(1, 0),(1, 1), respectively). In the sequel, for m > 0, we will denote
by ACC,, a random variable whose law is uniform in Chain,,(/)), and refer to this random
variable as a generic /-normalized convex chain of size m.

From the fundamental property that affine maps preserve convexity, we deduce the
following lemma.

Lemma 2.
e For a triangle ABC (with non-empty interior), and k points ay, - - - , Uy with distribution
UX?;C, the probability that the chain (A, uy, --- , U, B) is in the set Chaing41(ABC)

does not depend on ABC (so that this value is the same as in the right-triangle case).

o The map Affapc sends ABC to A, sends the uniform distribution on ABC to that of A (as

well as UX%C to U%)), and sends the uniform distribution on Chain,,(ABC) to that on
Chain,,(A).

The affine map ¢. In the following, we will work in the spirit of Lemma 1 by map-
ping every corner of an ECP to a right triangle. Let z[n] € Cc(n), let c[x] be the side
lengths of ECP(z[n]), and let b[k] the vertices of ECP(z[n]). For convenience we impose
the condition s; > 0, so as to have Ccp; # cp;;1 (the mapping is still definable otherwise).
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Let A} =(0, ¢)), B} =(0, 0), C]’ =(cj4+1, 0), and define ¢; as the unique affine map that sends
bj—1,bj, bj+1 to Aj’., Bj’., C,’, respectively:
Aj= gibi-),  Bj:= ¢ibp),  Cji= gj(bj1).

The map ¢; can be seen as the composition of a rotation of the jth corner so as to place the
second side (in the clockwise order) parallel to the x-axis; the straightening of the angle of the
triangle thus obtained to produce a right triangle; and a translation (which does not play any
role). Therefore, the Jacobian determinant of ¢; is the determinant of the matrix A;(6,) defined

as follows:
A6 = ((1)0?5 (ﬂx)) - (cos ( —{',BK) sin (]'ﬁ./c) ) 7 2.3)
sin (B¢) — sin (jB) cos ( —jBk)
straightening rotation

where B = — 6,.. The Jacobian determinant of ¢; is thus

1
Jacp; = det (AJ-(GK)) = 60" 2.4)

Encoding convex chains in a triangle by simplex products. For all £ € R} and k € Z-,
define the simplex

Pl kl={(@a,...,a1),0<a; <...<ap<{} 2.5)

and the ‘reordered’ simplex

k
I[E,k]:{(bl,...,bk)whereO<b1 <...<by<?, and Zb,:z}. (2.6)

i=1

An element (ay, . . ., ai) of the set P[£, k] encodes k points on the segment [0, £], whereas an
element (by, ..., br) of I[£, k] must be seen as k increasing intervals partitioning the segment
[0, £].

Nonetheless, the set I[¢, k] can actually be identified as a subset of P[{, k — 1] whose incre-
ments are increasing. Indeed, if (ay, . .., ax—1) isin P[{, k — 1] and is such thata; < a; —a; <
o< ag—1 —agp—<Ll—ar_1,then (ay,ap —ay, ..., ax—1 —ar—, € —ax_1)isin I[£, k]. We
will sometimes make this identification to present some bijections; nevertheless it is important
to remember that topologically, I[£, k] remains a surface in RX, a (k — 1)-dimensional simplex,
and that useful bijections in measure theory are those whose Jacobian determinant may be
computed.

Note that the Lebesgue measures of these sets are

Ek
Lebi(P[¢, k]):/ dalk] = —,
PL.K] k!
k—1
and Leby_1[¥¢, k]):/ dalk— 1= ———, (2.7)
k=l o ki(k — 1!
where, for any tuple a[k] = (ay, . . ., ax), the notation da[k] stands for ]_[le da;.
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bj+1

Bj P (CP]'+1 )

FIGURE 8. The map ¢;.

FIGURE 9. A convex chain in a right triangle abc.

An m!-to-1 map, piecewise linear, from Chain to a simplex product. Let abc be a right
triangle in ¢ of R2, and let d; = ac, d» = bc denote the distances. For any convex chain
(a,uy, -+, um—1, b) € Chain,,(abc), we may consider the vectors v[m] joining the points of
the convex chain in their order of appearance. Then let the x- and y-coordinates x[m],y[m]
of these vectors be given by x; = m1(v;), yi =ma(v;) for all i € {1, ..., m}, and let ()ocl <...<
;m), ()011 <...< ;m) be the tuples of reordered coordinates (see Figure 9 for an example).
Now consider the following surjective mapping (note that we will be working with vectors
that are randomly distributed and such that P (Eli Fjstxi=xjory; = yj) =0 almost surely

(a.s.), which ensures that the map Orderfl'zz is well-defined):

abc *

Order™ : Chainy(a, b,c) —sI[dy, m] x I[da, m] 08)
(@ ui, - 1, b)—>(&m], ym]) ' '

This map is piecewise linear (see Definition 1 below) and has Jacobian determinant 1 since we
are in a right triangle.

Definition 1. (Piecewise linear map.) A map g : E C R" — R" is said to be piecewise linear if
the following hold:

o There exists a collection of polytopes (Pj)icq1,....m} such that Uf”=1 P;=E and the
interiors P} of the sets (P})ie(1,... m) are pairwise disjoint.

o forallie{l,...,m}, g:P; — R" is linear.
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Points in convex position in a x-gon 13

Piecewise differentiability may be defined in an analogous way (here the term ‘piecewise’
must be understood as g being piecewise differentiable on every P7).

Of course, ‘polytopes’ can be replaced by more general Lebesgue-measurable sets, the
union of whose interiors would partition E, up to a Lebesgue-negligible set.

Remark 2. Consider the mapping

g: R3 — R3

(x1,x2,x3) > (X(1), X(2)> X3))

where (x(1) <x@2) <x3)) is the sorted sequence (x1, x2, x3). The map g is clearly not linear;
however, for any (x # y # z) € R, there exists a neighborhood of (x,y,z) on which g is actually
linear. At several places in the paper, we use this kind of reordering map, and so we use the
term ‘piecewise linearity’ (and ‘piecewise differentiability’) in these cases.

Lemma 3. Let (x[m], y[m]) € I[dy, m] x I[d, m]. We have
D /o o
#(Ordery)) " (%1, S ) =m. 2.9)

Proof. There are m! distinct ways of pairing every element of fc[m] with one of ;[m] to form
m vectors. There exists a unique order that sorts these vectors by increasing slope. This forms
the boundary of a convex chain whose vertices in canonical convex order (a, ui, . . ., Up—1, b)
are in Chain,,(abc). O

This lemma allows us to obtain the Lebesgue measure of the set Chain,,(a, b, ¢), by carry-
ing the Lebesgue measure of I[d;, m] x I[d,, m] onto Chain,,(abc). In order to compute the
Lebesgue measure of Chain,,(abc), we need to identify the convex chains with m vectors as a
subset of R2"=1 (so that its dimension is 2(m — 1), and appears as such). Therefore we intro-
duce Chain,(a, b, ¢c)={(z1, - ,zm=1):(a, z1, - - , zZu—1, b) € Chain,(abc)}. By a change
of variables we have

Lebagn—1) (Chain,/ﬂ(abc)) :/

oy M(Cram s} = 11

=ml(m— D! Leby,_i([d, m]) - Leby_1(I[d>, m])

m—1

= % (2.10)

m!(m — 1)!

Note that the term in (2 — 1)! on the second line accounts for the relabeling of the points
(uy, - -+ , um—1), and m! appears because of Lemma 3.
Intuition. For z[n] with distribution (@,(("), these lemmas reveal that conditional on the posi-
tion of ECP(z[n]), cp[«](z[n]), and s[«x](z[n]) (all together), the convex chains in each corner
are independent. Thus each corner can be considered separately, and by mapping the jth
corner of ECP(z[n]) to A]/-, B]/-, C]’- with ¢; (see (2.3)), we are brought back to the (simpler)
study of a convex chain in a right triangle. However, although this big picture is useful for
understanding the limit shape theorem, it is unfortunately not sufficient for computing the
full asymptotic expansion of P, (n), mainly because of the fact that the joint distribution of
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(Llk]1(z[n)), s[k]1(z[n]), cplx]1(z[n])) is intricate and needs to be understood. Hence we need to
introduce some more tools to work with the joint distribution.

Number of sides of ECP(z[n]). For z[n] € C,(n) and the corresponding c[«], define the map
NZS as follows:
NZS: Cc(m) — P{l1,...,k}D)

2.11
z2n] > {ici#0) @D

This map records the indices corresponding to the nonzero sides of ECP(z[n]). Let us also set

Ny (n) = {s[k] € Nsuch that sy +...+sc =nand sji_| +s; #0forallje{1,...,«}},
and define
Cc(N,(n)) := {z[n] € Cc(n) such that s[k](z[n]) € N, (n)} .

The following proposition states an equivalent condition on s"[«] to ensure a ‘full-sided’

ECP.

Proposition 2. Let z[n] have distribution Q,((") . Then NZS(z[n]) ={1, ..., k} is equivalent to
s[x1(z[n]) € Ne(n).

Proof. Suppose that the ECP(z[n]) has exactly x nonzero sides, i.e. that if ¢[«] = c[«](z[n]),
then we have ¢; > O for all j € {1, ..., «}. Inside the tuple z[n], consider for allj € {1, ..., «}
the contact points CpP;_1, CPj, and cp i1 A small picture suffices to show that we cannot have
Cpj_; = Cp; =Cpjy for this is equivalent to ¢; =0, and thus is also equivalent to the fact that
there exists a nonzero vector leading either cp;_; to €p; (i.e. sj—1 = 1), or cp; to cp;, (i.e.
Sj = 1).

Therefore the set C, (N, (n)) admits another equivalent definition:
Cic(Ni(n)) := {z[n] € C(n) such that NZS(z[n]) = {1, ..., k}}.

The following lemma ensures that the overwhelming mass of n-tuples z[n] € C,(n) is actually
contained in C, (N, (n)).

Lemma 4. Let z[n] have distribution U,(("). Denote by ﬁ,((n) := n! P (z[n] € C,(Ny(n))) the
probability that the z[n] are in convex canonical order and additionally that their ECP has
K nonzero sides. We have
Fem) B,
The proof of this result requires several arguments related to Barany’s limit shape theorem,
so we send the interested reader to Appendix A for a complete overview of the proof.

Remark 3. Lemma 4 is of paramount importance since it allows us to neglect a subset of C (1)
whose Lebesgue measure becomes insignificant relative to that of C, (n) as n — +00. To do so,
we will assume that all n-tuples of points z[n] we are working with are in C, (N, (n)), so as to
force—by Proposition 2—the number of nonzero sides of ECP(z[n]) to be «.

Notation. Denote by ID),((") the distribution of an n-tuple of random points z[n] with distribution

) conditioned to be in C (N, (n)).
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¢

uf? u§ “

l u(57)

FIGURE 10. The jth side-partition (0 = ”0 < u(ll) <...< ”1(\1/) < u}(\’,Jrl =¢j) of ¢j, with 5; =2, 541 =3.

An alternative way of building the u" [N}, ¢;] will be given in Figure 11. Notice here that we see the
contact point on ¢;, but we do not mark it; we treat it the same as the other points.

3. Distribution of a convex z[n]-gon

Notation. From now on, we will work with a fixed size vector s[«x] € N, (n). We denote by
Cy (s[x]) the subset of all z[n] € C, (N, (n)) such that s[x](z[n]) = s[x], i.e. the set of n-tuples
z[n] € C(n) with a prescribed size vector s[x]. We will write N;=s;+sj;1 — 1 for all j €
{1,...,k}

The choice to work with a prescribed size vector is not only a technical tool: as a matter of
fact, our analysis relies deeply on the computation of the distribution of the size vector, and
then on the description of the chains with a prescribed size vector (a foretaste has been given
in Lemma 1, for instance). Later in the paper, we will see that the fluctuations of the z[n]-gon
in each corner depend also on the fluctuations of the vector s[«], so that considerations of this
kind cannot be avoided.

3.1. Encoding z[n]-gons into side-partitions of ECP(z[n])

A new geometric description: convex chains between contact points, convex chains in a
right triangle, and simplex product. Let us now fix s[k] € N, (n). For all z[n] € C,(s[x]),
consider the corresponding side lengths c[«] (which are thus all nonzero), and for all j €

{1,...,«}, define the side-partition uP[N;, ¢jl= @V, ..., u,%'j) of the jth side length ¢; of

ECP(z[n]), which is defined in Figure 10 below and is an element of P[c;, N;]. For any side-

partition u’[N;, ¢;] thus defined, we set ug) =0, uN 41 = ¢j» so that we have ug) < uY) <
)] 0]

Uy, < Uy

Main strategy of the proof. Our main strategy is to consider for all s[«] € N, (n) the extraction
mapping, which encodes a convex z[n]-gon in terms of its ECP(z[n]) and its side-partitions:

xsie1© Ce(slk]) —> NiceSet(s[«])

z[n] —> (Z[K], uD[N e, ..., [N, cK])’ (3.1)

where NiceSet(s[«]):= Im(xs[«) is a strict subset of (RT)€ x ]_[}‘:1 (RN that we now
discuss. Recall that for all j € {1, .. ., x} we have set Nj =s; + s5;41 — L.

In what follows, we need to see the map x,.] as a ‘nice map’ (a piecewise linear map; see
Definition 1) with a ‘nice inverse’ (i.e. with a computable Jacobian determinant), since we will
later use this inverse to push forward a measure of NiceSet(s[«x]) onto the Lebesgue measure
on C,(s[x]).
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Since C,(s[«]) is a subset of R2" with non-empty interior, NiceSet(s[«]) will be seen to
be identifiable with a subset of a domain with the same dimension. In order to characterize
NiceSet(s[«]), it is relevant to notice that since the s[«] are fixed, the ut [N}, ¢j] allow us to
reconstruct the vectors of the convex chains. Since these vectors have increasing slope (as we
progress counterclockwise around the z[n]-gon), the u? [N;, ¢;] must satisfy a condition that
we now detail.

The image set of y(.|. Set L} := {£[x] e L, s.t.forallje{l, ..., «}, cj>0}. Forany £[«] €
L, consider the side lengths c[x] of the ECP induced by £[x]. For any «-tuple of side-
partitions (u(l)[Nl, cily ..., uIN,, cK]) of C[K] and allje {1, ..., k}, define the inter-point
distances of the side-partition u® [N}, cj] by Au u(’) ._)1 forallie {1, ..., N;+ 1}. Then
define the vectors

o)
Au
U) sj+k Yk e {1 5
= . , s s Sigl)
G+1) ).

In words, summing the vectors i) [sj11] allows one to join the point (0, 0) to (¢; — usj Us, |
When reordered by increasing slope, these vectors form the boundary of a convex polygon
whose vertices form a convex chain. This condition on the vectors must be encoded in the side-
partitions when we decompose a z[n]-gon through x.]; this condition allows us to identify the
image set NiceSet(s[«]).

We therefore define the following open subset of R* x ]_[}‘:1 RN

S (s[k]) = { (6[/(], w o W(K)) €L} x HRNf

j=1

where w? := wO[N;, ¢j] € Plc;, Njl,

d s Awy forallje (1, . }}
and —— <...<——— forallje

=D =D

AWsj,1+1 AWSj—H‘Sj

condition on order of slopes

Note that we set £[x] in L} so as to force the construction of any ECP possible (except
those having a nonzero side) within ¢,. We consider the increments for the side-partitions
because they make up the vectors in each corner as described by Figure 11. Recall the family
of mappings (¢))je(1.....«} introduced in (2.3) together with Figure 8.

A powerful diffeomorphism. It is quite easy to see that, up to a Lebesgue-null set (we want
to avoid treating separately the cases in which several points of z[n] are parallel to the lines of
¢, or more than two z; are aligned), x[.] is a bijection between Cy (s[«]) and S<”)(s[/<]). The
following theorem details some even more important properties of the mapping x(«]
Theorem 5. For all s[k] € Ny (n), the mapping
X1t CeGsleD)  —> S®(slie])
(3.2)
z[n] [ Xs[K](Z[n])

is a piecewise diffeomorphism (in the sense of Definition 1) whose Jacobian determinant is
constant and equals 1/ sin (6,)" ™% (hence the Jacobian determinant does not depend on s« ]).

https://doi.org/10.1017/apr.2024.63 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.63

Points in convex position in a k-gon 17

Ay
. . G
straightening
_
pj-1t+ ¢
B, B)
o
—
m(pj-1(v))  —m2(p;(v))

FIGURE 11. The map ¢; (resp. ¢;—1), as introduced in Figure 8, sends the triangle corner; (resp.
corner;_1) to the triangle AJ’BJ’CJ’ (resp. Aj/'—lBj/'—l C j’.i 1)- If we perform one more rotation, which is equiv-
alent to setting C;_l = A’ and fixing B}_l, Al B} on the same line, we may interpret the side-partitions
just as they appear in the right-hand panel.

In particular, the Lebesgue measure of the set of interest, C, (s[«]), satisfies
Leba, (C(slk 1)) = Leba, (S (slic])) sin (6. (3.3)

Proof of Theorem 5.We need to detail how the inverse mapping of xc] is defined to
understand its (piecewise) linearity. Pick (¢[«], u [Ny, c11, ..., u)[Ni, ¢ 1) € S™(s[k]).

Linearity. Since the tuple €[«] is in £, it defines an equiangular parallel polygon ECP inside
€. The map which associates the b[«] to the £[«] is piecewise linear: in the classical Cartesian
coordinate system, for any j € {1, ..., k}, the coordinates of bj are linear in ¢; and ¢;1, since

¢ liv1
b= (r_ (. < R
g (r’ ' an 60 sin(@) ’)

up to a rotation. ‘
Then the contact point Cp; is a translation of b;_ by ugj) along the jth side of the ECP. This

means that the constructions of the contact points are linear in the £[x] and ug.), je{l, ... k}.
To reconstruct the rest of the points, recall the vectors

)
: Au
() si+k
v, = J , Vke{l,...,si41 — 1}
g (Augﬂ)) /

The convexity condition imposed on the slopes in S (s[x]) forces these vectors to appear
in order of increasing slope, so that the map ¢; sends these vectors in corner; to form the
boundary of a convex polygon, whose tuple of vertices is thus a convex chain. The construction
of the points of this convex chain can hence be rewritten as
. LG
2 =op; + 460,

where A; was introduced in (2.3), and inductively forall k € {2, ..., sjy1 — 1},

@ =2 + 41607,
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FIGURE 12. Vector-building.

We give an example of this construction in Figure 5. Notice that we have built only sj11 — 1

vectors, since the s;; 1th connects the last point zg.) to Cpj41 and is thus determined.

. . 1 2

We obtain n points (7, .. .,zn)z(cpl,z(z), .. .,zg), sz,z(z), zg) e

s1 points s points
CPx, z(z'(), cee zE’K( )). In the end, the whole construction includes only maps
[ S —
S, points

that are piecewise linear and piecewise differentiable (Definition 1) in the data
(elel, uM [Ny, erl, ..., u"[Ne, ¢1), and thus i, also has these properties.

Jacobian. Let us compute the Jacobian determinant of the inverse mapping ( XS[K])_l. This
requires first the Jacobian determinant of the construction of the contact points cp[«]. To build
a contact point, we build the vertices b[«]: we fix the y-coordinate of b, and b; as ¢;. Now,
rotate the figure by 7 /2 — 6, in this new system of coordinates, the y-coordinate of b; and
b, is £;. This determines the coordinates of by, and from one rotation to the other, those of
b; forallje {1, ..., x}. The Jacobian determinant of the whole construction of the b[«] is the
determinant of a product of rotation matrices, and is thus 1.

Then, as said before, the contact point cp; is built as a translation of ug) from bj_l on the
Jjth side of ECP. This operation has Jacobian determinant 1 as well.

For je{l, ..., «}, the building of z,(j), ke{2,...,s;}, is a translation from z,(z)_l with the
product of the matrix Aj(é,()’1 with the vector vg)_ o forallje{l, ..., «}. So we have

Jac (G ™" ) = ]_[ det (A,-(@K)”)Xj_l
j=1

=sin (6,)"". (34)
O

3.2. Working at fixed £[«]

Above, we performed a first ‘conditioning’ based on the size vector s[«] of the vectors
forming the boundary of any z[n]-gon. From this point, the map x|.] encodes z[n] in two parts:
the ‘coordinates’ £[«] of the ECP(z[n]) (in the sense that their data is equivalent) and the side-
partitions (u(l)[Nl, cl, ..., u[N,, cK]). We may now perform a second conditioning on the
coordinates £[«], by introducing the set
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S™(e[ic], sk ]) = { (w(l),...,w(K)> such that (K[K],w(l),...,w(K)> eS(”)(s[K])}. (3.5)

This conditioning actually reveals the mass of z[n]-gons contained in an ECP of coordinates
L[k ] with a repartition s[«]. Indeed, we have the following lemma.

Lemma 5. For all ¢[x] € Ly, s[k] € Ni(n),
Leban(C(sliT)) = sin (6"~ /R Lerec.Lebay (SP k], slkD) delel.  (3.6)
Proof. We have

Leba, (S (s[k])) =

Lebay— (S™(Llk],s(x]))

where we let du[2n — k] = ]_[j'-(:l du® [N}, ¢j] to lighten the notation. Hence, (3.3) allows us to
conclude. O

This lemma encodes an n-tuple z[n] in convex position in terms of a new geometric
description embodied in the coordinates (Z[K], uDIN, e, ..., uON,, c,(]). This change of
variables comes at the price of the Jacobian computed in Theorem 5. The next step, as sug-
gested by Lemma 5, is to compute, for fixed (€£[«], s[«]), the Lebesgue measure of the set

SM([k], s[k]).

The Lebesgue measure of S"({[k],s[«]). Pick f[k]le L, and (uV),... u®)e
SM([k], s[k]). This tuple of side-partitions (u(l), R u(")) can be seen as an element of
the set ]_[}‘:1 P[cj, N;]. Indeed, a side-partition u) = 4y [Nj, ¢;] marks N; points on the seg-
ment [0, ¢;]. Nonetheless, just as we did after (2.5) and (2.6), we may instead consider the
tuples of distances between points, and reorder each ) into increasing increments so as
to form (AWD[Ny + 1], ..., Au®[N, + 11), which is thus an element of [T%_, I[¢;, N; + 1].
Considering the elements of ]_[;‘: 1 Ilcj, Nj + 1] rather than those of ]_[f:l P[cj, N;] prevents us
from forming the same convex chain twice. Next we define

Orderypesie: SWCIk], slk)  — [Tz Ilej, N+ 1]
@, u®) o (AEDIN; 411, ..., ATOIN + 1)

a piecewise linear mapping. Given (ATV[N; +11,..., AU®[N, +1]) e ]_[}(:1 I[cj, N; + 1],
how many distinct n-tuples (u(l), R u(K)) e S™W(¢[k], s[k]) can we build out of this object?
We answer this question in the following lemma.

Lemma 6. Let s[k] € Ny(n), L[x] € L, with the corresponding c[k]. Consider a tuple
(AEVINy + 1], ..., AN, + 1]) € [Ti, Il¢j, N + 11. Then

K
— ~ ~ i+sS;
#0rderyt o (AFVIN + 10, AT+ 1) =TT (77 )5t G8)

Sj
j=1
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e
j+1 bjt1
CPj+1

reordering

7

o ¢ bj-1 P bj

FIGURE 13. In the first drawing, given a partition in I[c;, s;—1 + s;] and a partition in I[cjy1, 57 + Sj+1],
we randomly pair s; pieces of ¢; with s; pieces of ¢j;1 to form the vectors in the jth corner. Note that an
affine transformation is hiding in the construction of these vectors. In the second drawing, vectors have
been reordered by increasing slope. The points Cp;, Cp;y naturally appear as the edges of the convex
chain formed by those vectors. In these particular drawings, we took s; =3, 5,1 =2, 541 = 2.

Proof. We need to build « sets of vectors, the jth being devoted to the construction of the
convex chain in the jth corner of the ECP. To form the s; vectors in the jth corner, we select
s; pieces in AV[N; + 1] that will account for the x-contributions of the vectors, and we select

s; pieces (or, complementarily, ;41 pieces) in AEUJFI)[I\GH + 1] that will account for the y-
contributions. There are ]_[j'-(:l (Sj +;’ ! ) ways of choosing these pieces, and ]_[]'»(:1 s;! ways to
pair these elements to form the s; vectors in each corner (see Figure 13 for an example of the
construction).

There exists a unique order that sorts these vectors into convex order in each
corner, so that, put together, these pieces form a convex polygon whose set
of vertices is a ‘distinct’ n-tuple z[n] € Cc(s[k]) with £[x](z[n]) =£[x]. Now, con-
sider X1 (zln]) = (€lx1, uD[Ny, 1], ..., u[Ni, ci]): the last entries (uV, ..., u®)) =
(u(l)[Nl, cl, ..., u[N,, cK]) of this tuple form a new distinct element (since z[n] is one

as well) of S®(¢[«], s[k]). O

This allows us to compute the Lebesgue measure of S™([k], s[k]). Indeed, the map
Ordery,).s1¢] carries the Lebesgue measure of S™(¢[«], s[x]) onto that of Hle I[cj, Nj +11].

Corollary 1. For s[k] € Ny (n), and £[k] € L, fixed, we have

K Sl
() — Jo
Leby, (S (Llx], S[K])) = 1_[ PoTE— Tk (3.9

j=1
Proof. Indeed, by the previous lemmas, we obtain

Leby, . (S<”)(€[/<], s[;c])) ~T1 (‘”’*S‘;"“ ) 5!+ Leby, (Tlcj, N+ 11) (3.10)
j=1

and we conclude by (2.7). O

3.3. The joint distribution of the pair (£"[k], s"[«])

Theorem 5 concretizes our understanding of this new equivalent geometric description
of the set C,(s[x]) in terms of the ECP. Let z[n] have distribution ]D)f("), and set £M[k] =
Lk ]1(z[n)), s"[k] = s[«](z[n]). By computing the Lebesgue measure of the set S™ (£[« ], s[«]),
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we managed to understand the weight of all z[n]-gons contained in any (€[« ], s[x])-fibration,
which is the key to the computation of the joint distribution of the pair ([« ], s"[«]).

Theorem 6. Let z[n] have distribution ]D,(("), and consider the random variables €™ [k] =
Lk 1(z[n)), s (k] = s[«)(z[n]). Then for a given s[k] € N¥, the pair D[k, s™[k]) has the
Jjoint distribution

P (MM e defx], s"[k] = s[x]) =£" (L], slk]) defx], (3.11)
where
. sj—1+sj—1
I'sin (B,)" " i c/
™ (elk], s[e]) = g 1 - 3.12
J7 (k] slxT) By Ll {e[KJez:K}Hsj!(sj_l +s— D) (3.12)
Proof. Write
n!
D (@ln]) = =——Lizpmec, o) Listelcnnen, oy daln] (3.13)
Pe(n)
n!
= ﬁ Z l{z[n]eC (s[k dZ[I’l] (314)
K(n) EN (ﬂ)

For any continuous bounded test function n : R* x N — R, we have
E[n (£71k1, 51x1) ] = /R2 ICELIGERD, sl l(ElnD) dDPnD),
(R=)"

which, after the change of variables xpj(z[n]) = (E[/c], uV[Ny el ..., u(")[NK, cK]), per-
formed at fixed (€[« ], s[«]), gives

[ (7161, <n>[,(])} "(') > dac (Gon ™) /R ekl sl

s[kleNg (n)

Now, Jac ((Xs[f(])_l) =sin (6, )" for all s[x] € N, (n) by (3.4), and the last bracket in (3.15)
is nothing but the Lebesgue measure of S (¢[«], s[«]), which we computed in Corollary 1!
Hence substituting (3.9) in (3.15) gives Theorem 6. O

In the next section, we are going to exploit the asymptotic stochastic behavior of the pair
(l(”)[/c] s™[k]) to deduce an equivalent of ]P’ (n). However, in the particular cases « € {3, 4},
we have ]D)f(") = (") , and the set L, is easily computable. Hence we can immediately compute
the exact value of Py (n) from Q,((n) . In Appendix B, we take a look at these computations to
recover Valtr’s famous results for the triangle and the parallelogram.

4. An asymptotic result for convex regular polygons
Let z[n] have distribution D, and consider £™[x] = £[x]1(z[n]), s"[«] = s[k](z[n]). By

(n) @ (n) (n)
i

symmetry, we have ;=5 forall je {1, ..., «}, and since Z};l s:~ =n, the expectation
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of sj( is given by E[s(")] =n/k. In the sequel we will set st =n — Py - s](") and we will
describe s"™ [« — 1] since the last value is determined by the other ones. What we are interested
in here are the fluctuations of s””[x — 1] around its expectation, and the asymptotic behavior

of the variables £ [k as n grows. This is all contained in the following theorem.

Theorem 7. Let z[n] have distribution ]D),(("), and consider l(")[K]:E[K](z[n]) sM[k] =

_ (n)
s[k1(z[n]). We introduce the random variables Z(n)[ic] =n(’,(”)[i<] and X](-") Y n/K , for all
je{l,..., k). The following convergence in distribution holds in R*~!:
—(n) ) =
(E(ln),...,l,(n, (1n),..., ’((n) )7((1,...,£K,X1,...,XK,1),
where the variables Z[K] are independent from the X[k — 1]; the Z[K] are k random variables
. o . Wy 1 + cos (6,)
that are exponentially distributed with rate , where wy = ———— = and X =X[k — 1]
KTy sin (6, )

is a centered Gaussian random vector whose inverse covariance matrix X' of size (k — 1) x
(k — 1) is given by

6 4 3 2
6 3 1 6 42 114 8 5 3
x5! 1 ER I B 1
3 6 2 213 5 8 4
2 4 6
2 3 4 6
and more generally
6 3 3
4 8 5 4 3
35
IR .
z; =51 4 . 4 .fork > 6,
T . . . 3
3 4 ... 4 5 8 4
3 ... ... 3 4 6

The determinant m, = det (E; 1) of the latter matrix has already been mentioned in
Theorem 1. The value of this determinant, i.e.

K—1 K K
T el (e RN RVE RN

stated in (1.1), is computed in Appendix C.

m, =

We first state two important intermediate lemmas which will allow us to prove Theorem 7.

Lemma 7. (Local limit theorem for Poisson variables.) Let k be a positive integer and Y, a
Poisson variable of mean ;. We have

(e[ )

— 0.
n—oo

sup
y
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Proof. Pick n i.i.d. random Poisson variables Xi, ..., X, of mean 1/« and apply the local
limit theorem [19, Theorem VIL1.1] to X; = /k(X; — ) The support of X 1 is included in
VKZ — 1]k, and X| + - - - + X, is a Poisson variable of mean nj/k. O

Lemma 8. Let (g,)neN be a sequence of nonnegative measurable functions on R4, Assume that
for every & > 0 there exists a compact set K. such that for all n large enough, f ke 8n < & (Where
&

K{ is the complement of K, in R9), and that g, uniformly converges on all compact subsets
of R? towards a density g (with respect to the Lebesgue measure on R?). Then there exists a
sequence (oty)neN such that for n large enough (for small values of n, g, could be zero), al gn

is a density and an —> 1.
——+00

Proof. Take ¢ >0, and choose K such that for n large enough, f ke 8n <E. Since g is a
density, there exists a compact set H such that |, p&>1—¢. Let §=KUH. By the uniform
convergence, there exists m € N such that for all n>m, we have |, 5 lgn — gl <e. Then the
triangle inequality gives

/gnZ/g_/Lgn_ngl_zs

S S N
/ g,1§/g+/lgn—gl+f gn=<1+2¢ (4.1
R4 S S S¢

This shows o, = fRd gn 1s finite, well-defined, and nonzero for n large enough, and ail gnisa

density on RY. From (4.1), we have a;, —+> 1, and this concludes the proof. O
n——+0o

Notation. Recall that by Proposition 1, if z[n] € C,(n), we can express the side lengths c[«] as
a function of the boundary distances £[«] of the ECP(z[n]):

cj=re —cli(€lc]), forallje{l,..., k},

with cl;(€[x]) = (j—1 + £j+1 + 2€j cos (6,))/ sin (6,).

Proof of Theorem 7. Note that the joint density of ((Zl, e ZK) (X1, ..., Xc—1)) onRY x
R<~! is given by

_ o m, _l PR 2w \© 2W,(
g (Ux], x[k 1])—< /—(27.[)/(—1 exp( 2x Y x)) (K}’K> exp P 21:

The proof of Theorem 7 is carried out in two steps:

(i) We show the uniform convergence on compact sets of the ‘density’ of the pair
(21, X" - 11) .

More precisely, we show the uniform convergence on compact sets of a density g,i"),
introduced in (4.4), that is associated to these random variables.

(i) (2) We give an argument of uniform integrability for this limit, which allows us to apply
Lemma 8 and conclude.
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Step 1: Let y:Rf x R ~! - R a bounded continuous function, and let us pass to the limit
in the expectation

E[w( L], xP [ — ])] -

[k — 11 —n/k\
M%(ﬂ)/ <£[ L )fK (0[], sTc]) dele],  (4.2)

where the joint distribution f; ") of the pair (Z(”)[K] sM[k]) is given in Theorem 6.
We perform both substitutions ZJ =nd; and x; = (s; — n/k)/+/n/k in the right-hand side of
(4.2). We turn our sum over s[«] € N, (n) into an integral, in the following way:

n!sin ()" / /' ( ‘] Lglx — 11] —"/K)
Pe(n)  JN o) ’ nfi

X ﬁ (rK - CIj(E[K])) Lajl+1gj11-1
o Laili(lg] + Lgj] = D!

-dl[k]dg[x — 1],

where |g,] is set to satisfy |g,|=n— 27;11 quJ (notice that there is no integration with

respect to g, ) and the integration is now done on the region

k—1

Ne_1(n):= {glc — 1], with g; > 0 and qufn
j=1

Let us consider the term

n!sin nlsin (6)"* )ik /‘ / (nE[K] gl — 1] —n/K>
Py () Ne_1(n) ’ vnlk

(rl( _ C[j(E[K])) LQjJ+Lq_j+]J_1
X
o Laid(lg] + Lgje] = D!

-d{[x]dg[x — 1]

(we have removed the floor function in ¥). This quantity turns out to be the expectation
B[y (€11, 01 = 11)]

where for all je{1,...,x — 1} we set x( Q- (") +Uj/+/n/k, with U; a random variable
uniformly distributed in [0 1].
We have replaced a sum by an integral, which amounts to representing a discrete random

variable by a continuous one; i.e. if X has a discrete law, P(X = k) = pg, k € Z, then X LX +
U], where U is uniform in [0, 1]. Then

> pift= / F(Lx)ppsydr.

keZ
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We are going to prove first that E [w (Z(n)[/c], X[k — 1])] converges to deduce that its

counterpart E [w (Z(n)[x], xM[x — 1])] converges as well, to the same limit.
After substitution, we obtain

]E[¢( 2], X — 1])]:

/ / W@l xlk — 1Dg kT, xlx — 1DATIKIdxlic — 11, (43)
RK]

where, for all n > 3, g,(( stands for the joint distribution of a pair ( [«], X(n)[K ]). With
(n)

the convention x,, = — Zfz_ll x;, the function g

can be decomposed as follows:
g (Clx], xlk — 11) := w(n, &) B Cx ], xlx — 1) AP (xlx — 17), (4.4)

with

. _ -1
on, = BIROS T L e (K_>2— L s
Pe(n) V2rrtim, 4" 2wy n“y «

and
m L (2w . 476te=1)
hy (€], xle = 1]) = Ty (7) {Tlclent,) l_! <rx - -CW K])> . (4.6)
]:
5 4nn3n K 1
B2 (x[k — 1]) = V2% +m, T 0 5 , 4.7
en d (x[x — 1])!~dj (x[x — 1])!

where
d" (xlx — 11) = |n/x +/n/kx;], forallje{l, ... «}, (4.8)
d}z) (e —1]) = [2n/k — 1+ /n/i(xj + x341) ], foralljefl, ..., k). (4.9)

We have arranged the factors so that, as we will see, h,(f) and hﬁz) converge to some probability
densities.

Note first that there exists > 0 such that [0, n]“ C L, and thus we have nL, =2 RE.
Then, for every compact K C R and every & > 0, there exists no € N such that for all
n>ng, KCnl,,i.e. ||1{ lents 71}|| =0 < ¢, so that the map £[«]+— I{Z[K]enﬁ | converges
uniformly to the constant function 1 on every compact set of RY. Now by the standard

approximation (1 - 2)”b —> e~ uniformly for (a,b) on every compact set, we get that
n n—+00
0

converges uniformly on every compact set of Rf x R* ~1 towards 4V with

mY (2[k1) = ( ) l_[exp( ) (4.10)
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Now, thanks to Corollary 7, for x[x — 1] fixed in R* 1 we have

gngdn (N \PF
HP (ke — 11) ~ V2, ( )( ) enr
n—-+0oo

k3ned3n\ p 2n —k

£ JRe1? JreemGrt /4
L1 N2mn 2m@n—1)

J=1

X

After simplifications, this actually can be rewritten as the convergence on every compact set of
R of 42 towards h® where

@ i — 1= | e (s
e (xle = 1) = Oy exp( ZxZK x). “4.11)

We have established the following uniform convergence on every compact set of R x Re—1:

g (€l 2l = 1) —> g (€], e — 1]). (4.12)
wn, k) n—+00
This concludes Step 1 of our proof.

Step 2: We will apply Lemma 8 to the sequence of functions g, = w(r}’m g,(("), and to g = g,
which is already known to be a density. We therefore need to check that we control the mass
of m g,((") outside of a certain compact set.

For any compact K’ C RX , we have

Vitaencenry) < Yaicienc, )

and with nC, being a compact set of R” , there exists some N € N such that when n > N, we
have the following for all (€[« ], x[x — 1]) € (K')¢ x R<~1:

V@[], xlc — 17) < 20D @[k ). (4.13)

Now let & > 0 be fixed for the rest of this proof, and let us build the compact set K, outside

of which we control the mass of h;”. We can reinterpret the map hﬁ,z) as follows: if M, M»
are two independent multinomial variables, with M| ~ M(n;%, R %) and M, ~ MQ2n —
K;%, e, %), for

P(x[k — 1) =P (M1 = dV (ke — 1)k, M = d®(xlx — 1])[x]),

we have

V2m<tim, 4np3n

Bl = 1) = e e P etk = 1D
K K—1
< M’;—K VI 1P (xfie — 1]) . (4.14)
K

For n large enough we have both n! > 2712, /mn"*t1/2¢7" and the existence of a constant o
such that for all n, (2n — k)*" %12 > @(2n)>"~*+1/2 50, setting B := 27, we have
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n,3n
n'(Zn—K)' ZBW, for all n > 1.

Let Mi(i),fork e {1,2}andi € {1, ..., k}, be the ith entry of the multinomial random variable
M. Recall that the entry M (i) is a binomial random variable B(n, %), and that, for i #, the
law of M (i) conditioned on M (j) = k; is a binomial distribution B(n — k;, KITI)' Analogous
results hold for M>(i). Now, since these marginals are binomial random variables, they are con-
centrated around their mean. We will design a compact K, such that K contains the elements
x[x — 1] whose ith entry (for at least one i) is far from its expected value (which will give us
exponential small bounds).

Let us rewrite by presenting the multinomial random variable as Markov chains of a sort.

‘We have
P (x[x —1]) =
ol ) n n ) 2n —k n ) )
I1 P<M1(l)= {— +x; —J » Ma(i) = {— + (xi + xi-1) —J Gi(x, 1), Ga(x, l))
e K K K K
4.15)
where

i—1
Gi(x, Q)= ﬂ {Ml(j)z \‘S +xj\/§J} and

j=1
i 2n—«k n
G ) = =| —— i+xi—1).—|¢t-
2(x, i) ﬂ {Mz(}) { - + (xj + x; 1)\/:”
J=1
For all x[k —1]eR* "l and ie{l, ...,k — 1}, let Y;(x) be a binomial random variable with

the same law as M(i)|G1(x, i), i.e.

n . n 1
Yi(X)NB({—(K—l-H)—,/—(m+--.+xz'—1)J,—.)~
K K Kk—i+1

A standard inequality for binomial distributions x ~ B(m, q) with g € [a, b], 0 <a<b < 1,
[19, II1.5.2], gives the existence of a constant C > 0 such that for all x,

1

For n large enough, this implies the existence of a constant C, > 0 such that

) IF’(Ml(i) - L;—l +xi\/1’(zJ | Gi(x, i))
Cn/n ™! '

Controlling the map P allows one to control the map hﬁ,z) (recall (4.14)), and thus g, (recall
(4.4)). Define the sequence e[«] as follows: e; = /k, and forallj€ {2, ...,k — 1},

_ e1+...+tei-1
=K+ K—j+1

P(x[x—1]) <

(4.17)

(4.18)
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We will use e[x] to define an event of P that has small probability. Let M >0 and t €
{1, ...,k — 1}. We define the set

Bu(n)={wlc — 11 € R such that |w;| > Me; and || <Me;, 1<j<r—1}. @19

Intuitively, forcing the multinomial variable My, k € {1, 2}, to be in §M(t) is a huge condition
for M large, since this requires M} to have a coordinate far from its mean. Since for all x[x —
1] € By(2), by (4.18), we have

\/g

we may write (making the small change of variables #; =2 +x,~\/,’(z and then taking the

x1+...+xt_1

+
N Kk—t+1

> \/EMJE =M./n,

supremum on §M(t)), by (4.17),

Kk—1
[ Te(mo-|* +xl-\/EJ Gt Jas
Bu (1) i=1 Kk k

t—1
< sup []_[ P (1Yi(x) — E[Yi(0)]| sMﬁ)]

xeBy (1)
Kk—1 1
P (1%:(x) — ELY,0)ll > My/n) | [] P (1Y) B0l €R) | ——.  (4.20)
i=t+1 Jn

We bound the terms different from ¢ in the product by 1, and we handle the term in ¢ by
Hoeffding’s inequality [19, II11.5.8], i.e.

P (|Y,(x) — E[Y:(x)]| > Mﬁ) <2exp (—2M2), forall x[x — 1] € §M(t).

Let us check that there exists M := M(e) large enough so that the integral of the map P outside
of K¢ := [—M./k, M\/k]“"! is controlled.

With the decomposition Ay := RN\ [-M/k, Mk <71 = |1 ! Br(1), we may write
/ P(x[x — 1])dx = Z/ P(x[k — 1])dx < 20 — ) Xp (— 2M2) “4.21)
Ay Bu () Cen<—!

where we set d)c:]_[;-;—ll dx;. With & being fixed, we may now choose M := M(g) >0
sufficiently large so that

2 7 g 20 — 1 1

el €2 =D (—2M2> <-e. (4.22)
Brk¥ Ce 2

For such an M, we put K, = [—M./k, M/k]<~!. In this case, we have indeed

1
/h(2)< K\/_K vV K/(l

KK

f P(x[x — 1])dx
Am

B 2 7 e 20 — 1)

Bk« Cy

1
exp (—2M?) < 3¢ (4.23)
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This completes the proof of Step 2. Indeed, if we sum up, we have uniform convergence of

w(ix) gfcn) to g, on every compact set, and we have built two compact sets K’ C R and K, C

R¥~! such that for all n > N,

1 1
/ W _— A p® (4.24)
(K'yexke @1, k) o(n, k) Jkyexke
<2 / AL / 2 <e, (4.25)
(&Y ¢
——
<1

where the first line comes from (4.4) and the second line comes from the bounds we gave in
(4.13) and (4.23).

We may now conclude: we apply Lemma 8, so that there exists a (unique!) sequence nor-
malizing w(ll,()g,((") into a density. Since g,((") is already a density, this sequence is nothing but
w(n, k); hence we have

wn, k) —> 1. (4.26)
n— o0

This also proves that g,((") converges pointwise to g, or, by definition, that

(Z(n)[K], e — 17) %) [«], X[k — 1]).

Now, since
P
00— 11— x"c — 17] Lo,
n

by Slutsky’s lemma we have

(Z(")

el XL = 1) > @], xlx — 1)),
This ends the proof. U
Theorem 1 actually turns out to be a nice corollary of Theorem 7.
Proof of Theorem 1. We saw in (4.26) that the sequence w(n, «) introduced in (4.5) satisfies
w(n, k) . _)—+>Oo 1. This allows us to determine P, (n). Indeed, Stirling’s formula yields

1 \/EK—H X3 sin (6, )"

Fiem) n%j»oo JIK/2\/m_K 4% (1 + cos (6,))< Anp2ntic/2

Having @K (n) ~ P,(n) by Lemma 4, we obtain the expected result. O
n (o0)

-+
5. Fluctuations around the limit shape

5.1. Basic brick fluctuations

Notation. We say that a point z is the «-barycenter of (a, b) if z=aa + (1 — «)b; in this case,
« is called the barycenter parameter.

Basic building bricks of a z[r]-gon. For any z[n] with distribution ID),(("), we have provided
an alternative geometric description of the z[n]-gon in terms of its ECP(z[n]), and more
specifically in terms of the following:
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e the boundary distances £”[«] of this ECP,

o the tuple s"”[«k] counting the vectors in the corners of the ECP, and

e the fragmentation of the sides ¢™[«] into side-partitions u(l)[N(I")], o uOND,
where N(") = s(") —i—s(") —1forallje{l,..., «}.

Notice that the contact points cp™[k] and the vertices b"™[«] of the ECP(z[n]) can be

recovered using these three data. Indeed, £"”[«] determines the ECP and thus its vertices
b™ [« ].

In (3.15), we see that, conditional on the jth side length c(-") =¢; and on the size vector

s™[k], the side-partition (u(li) <.. (])) has the law of a reordered N;-tuple of i.i.d. uniform
random variables drawn in [0, ¢;]. The contact point Cp is placed on the jth side of the
ECP (on the segment [bj(")l, b(")]) at the coordinate u(/(n) for all je {1, ..., k}. This means

that conditional on (Z(”) [x], s™ [«]), the tuple Cp(")[/c] has independent entries, and Cp

ﬂ( )-barycenter of (b(")l, b](")> where /3( " is B-distributed with parameters ( ]( ), sj(:?1>

Forje{l, ..., «}, the random variable

6" = ﬁ(ﬂ/@— 1/2), forallje{l,... «}, (5.1)
K

provides the fluctuations of the barycenter parameter and thus encodes the fluctuations of the
contact point Cp](-") on the jth side c](-") of ECP(z[n]).

Fluctuations of basic bricks. We have proved that the boundary distances £/”[x] behaved
as % times an exponential distribution, and we will prove in the sequel that the contact points
Cp(”) [«] are typically at distance JLE around their limit (this is visible in (5.1)). So in order to
describe the fluctuations of the z[n]-gon around its limit, we will state a theorem describing
the joint distribution of all basic bricks taken together, rather than providing the fluctuations
in \/LE of a complicated object for the whole process, which would crush the behavior of some
of the bricks. A comprehensive picture of the fluctuations would rely on the concatenation of
all the corners’ fluctuations, adjusted to take into account the contact points; we believe that
presenting such a picture would not bring any new insight, so we leave it to the interested
reader as an exercise.

The /-convex chains. Recall Lemma 1 and its notation. Consider for all je {1, ..., k} the
convex chain CC/(") C(")(z[n]) lying in the jth corner of ECP(z[n]), defined as an element
of Chain (n) (Corner](z[n])) (this accounts for the decomposition of z[n] into convex chains).

In order to understand the fluctuations of the jth corner, we will use the normalized version of
each of these convex chains:

ACC{" = Aff;(CC{") where Aff; = Affcomer,(zin))- (5.2)

where, for a given non-flat triangle ABC, the mapping Aff4pc is the unique map that sends A,
B, Ct0 (0, 0),(1, 0),(1, 1), as introduced in Lemma 2. The law of ACCJ(-") depends only on s](-"),
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but the affine mapping Aff; depends on the coordinates of ECP(z[n]). However, determining
the fluctuations of CCJ(.n) amounts to looking at those of ACC](-”).

Recall that a generic /Fnormalized convex chain /ICC,, of size m is a random variable
whose law is that of a convex chain taken uniformly in Chain,,(/)). Therefore, a consequence
of Lemma 1 and Lemma 2 is the following lemma.

Lemma 9. Conditional on (£™[k], s™[«], 8™ [k]), the convex chains /ACC™[k] are inde-
pendent. Furthermore, for all je {1, ..., k}, the distribution of ACCJ(.") is that of a generic

. . . . d
A-normalized convex chain of size sj(-"), ie. ACCJ(.") (=)ACCS(_n).
J

Thanks to this lemma, it should be clear that we can work on each convex chain separately
when s®™[«] is fixed. We introduce some processes in order to describe these fluctuations.

5.2. A parametrization of the normalized convex chains

Let m > 0, and let ACC,,, = ((0, 0), z{, . . ., Zy—1, (1, 1)) be a generic Inormalized con-
vex chain of size m. Rather than considering the tuple of points ((0, 0), zy, . . ., Zy—1, (1, 1)),
we consider the m vectors composing the convex chain. Recall that these vectors are obtained
by forming the tuples u[m], v[m] of increments of two elements taken uniformly (and inde-
pendently) in the simplex P[1, m — 1]. Then the vectors (u;, v;), i € {1, ..., m}, are reordered
by increasing slope to form this chain.

In order to use the toolbox of stochastic processes, it is convenient for us to see ACC,, as a
linear process. For this we will need a suitable parametrization (several choices are possible).
For technical reasons, we choose the local slope of ZICC,, as the time parameter, and apply
the arctan function in order to remain in a compact set.

Consider the point (x;,,(#), ym(u)) for u € [0, 1], corresponding to the contributions of the
previous vectors whose slope are smaller than tan (%u) and the process C, defined as
C(u) := (xp(u), y(w)) for u € [0, 1]. Hence, we have

xm(u)=2uil{¥5tan(%u)} and ym(u)=ZVi1{¥Smn(%u)}, (5.3)
i=1 ' i=1 i

where we set tan (% . 1) = 400 5o that x;,(1) = y,,(1) = 1. Note that the tuple Z/ICC,, (seen as
a set) coincides with the (finite) set {C,,,(u), u € [0, 11}.
Define further the curve Coo(u) := (x(u), y(u)) for all u € [0, 1], where

1 tan (%u)2
xw=1-————"— and yuw:= ——"-"""=.
(1+tan (%u)) (1+tan (%u))

We have once more x(1) = y(1) = 1. This curve is actually the parametrization of the parabolic

arc lying in /, tangent at (0, 0) and (1, 1). It is not surprising to encounter Co, here, since

the convergence in distribution of C,, to C, that will be stated in Theorem 9 can be seen as a
consequence of Bardny’s work on affine perimeters (not a direct consequence, however).

For all je{l, ..., «}, we let Cj(.") be the parametrization in terms of the slope of the jth

5.4

/Fnormalized convex chain ACCJ("). So now by Lemma 9, we have

L (C](."), 1<j<k| S(")[K]> =L <Csj(.")’ 1 SJSK> ,
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and conditional on s™[«], the CJ(-"), jell, ..., «}, are independent.
Theorem 9 will also include the convergence in distribution of the fluctuation process Y, :=
/m(C,, — Cs) to a Gaussian process. This convergence is actually the key that will help

us understand the fluctuations of the convex chain ACC}") around its limit /ICCx. Indeed,
conditional on (Z(”)[K], s(”)[/c]), the processes

n .
e fE o) 15

describe the successive fluctuations of the /-convex chain in their corners. We are now able to
state the most important result of this section (in which we borrow the notation of Theorem 7).

Theorem 8. (0) Conditional on (Z(") [k], s™ [k]), the processes C™[x] are independent and
have the same distribution. For all j € {1, ..., k}, the process C](-") converges in D([0, 1], R),
which we endow with the Skorokhod topology for the rest of this paper, to the deterministic
process C introduced in (5.4).

Furthermore, the ‘fluctuation’ tuple (Z(n)[/c], M — 1], 8(")[/(], Y(”)[K]) converges in
distribution in R x R~ x R¥ x D([0, 1], R)* (equipped with the corresponding product
topology) to a tuple (Z[K], x[x — 1], 8[«], Y[K]) with the following properties:

(1) The variables (Z[K],X[K — 1]) and their fluctuations are as already described in

Theorem 7.

(2) Conditional on (Z[K], X[k — 1]), the variables 81, . . ., 8, are independent, and for all
Jefl, ..., «}, 8 is a normal random variable with mean (X; — Xj+1)/4 and variance
1/8.

(3) The tuple Y[k ] converges in distribution in D([0, 1]) to the tuple Y[k], where the
processes Y1, ..., Y, arei.i.d., and their common distribution is that of Y oo, a Gaussian

process whose law will be detailed in Theorem 9.
This convergence theorem contains the fluctuations of every basic brick of ECP(z[n]).

Proof. We start with the proof of Part 2. Recall (5.1). Conditional on (K(")[K], sk,
the cp™[k] are independent, which provides the independence of the (k] (given
(™K1, s"[k1)). It suffices then, to prove the convergence of the marginals; by symmetry,

; () _ 1
we will prove only the convergence of 5]- = \/l’{z (ﬁ (n) — 5).

According to the Skorokhod representation theorem, up to a change of probability space,

we may assume that
5" =2 ()
> Xj

for all je{l,..., x}. We may then assume that S](-") = f + Xj\/g-i- o(y/n). In the sequel we

drop the o(4/n) since it provides only negligible contributions.

Since ,Bj(") is B-distributed with parameters (s(-") s ), we have /3(") @ T

»Sii1 /A v v where T;

(resp. Tj;1) is a random variable that is gamma-distributed with parameter sl(.") (resp. Sit1

these variables being independent. '
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By the central limit theorem, we have

T—% Tri—&\ @
) — X+ , Xj + )
( T T ) . (X + a1, Xi41 + q2)

for q1, qo two i.i.d. standard Gaussian random variables (0, 1). Hence

nlaem N o T 1
\/:(ﬂf' 2>_\/:<Tj+Tj+l 2) 60

T, -2 T.,—2
(i) I’l/K < J K J+l1 K ) (5 7)
2T; + Tjr1) \ /n/k NS
@ 1
2 (xj — Xjit1 + 41 — q2) - (5.8)

This gives the expected result.

Notice now that Part 3 implies Part 0. Indeed, the weak convergence of the processes
C(ln), ...,C" to Cu is a consequence of that of Y(I"), ., Y™ {0 Y. This latter conver-
gence will be the main object of the rest of this section. This is by far the most complicated
proof, and we will need to introduce quite a lot of tools to achieve it. We will come back to this
proof later. (|

5.3. Convergence of the normalized convex chain

In order to prove the convergence of Y[k ], a new parametrization is required.

Notation. Define the maps g : 7 € [0, 1]+ tan (5¢) and h: 1€ [0, 1]~ 0 +1g([). Let us intro-
duce the following mappings for all (s, ) € [0, 1]*:

f(s, 1) =h(s) — h(1), (5.9)

ei(s, 1) =h(s)* — h(1)’, (5.10)

ex(s, 1) = (g(Oh(1)* — (g(s)h(s))* | (5.11)

vi(s, =2 <h(s)3 — h(t)3) —ei(s, 1), (5.12)

(s, 1) =2 ((€Oh@)° = (h(s)° ) = eafs. 7. (5.13)

In the following, we will denote by (Z(l), Z(z)) the coordinates of any process Z taking values
in R2.
Recall the definition of the process Y, given in (5.5).

Theorem 9. The convergence in distribution

Cn (i)> Coo (5.14)

holds in D([0, 1])2.
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The sequence of processes (Y,,;) converges in distribution to a centered Gaussian process
Yoo in D([O, 1])2, whose coordinates can be represented as

— tan (%
YOO =YV +81 - x0) + (@1 — g 2 —2 G oo, (5.15)
T tan (%t)
— 2 Zt
YO0 = Y20 +81 50+ (g1 — ) - — (3 50, (5.16)
7 1 + tan (51)

and where the following hold:

(1) The mappings x’,y’ are the derivatives of t — x(t) = C(olo) ), t— y(t) = ng)(t) (they are
deterministic processes).

(ii) The random variables g, g, are independent standard Gaussian variables N'(0, 1).

(iii) The process Y is a centered Gaussian process with variance function
v
V [Y7 0| =10, 590, 0 +£0, 11 = O, 00,07 Vpe(l,2) (517
and with covariance function determined, for (s < t) € [0, 1]2, by

cov (V(”)(s), Y - V“”(s)) = —£(0, $)f (5. Dep(0, eg(s. ) Y(p. q) € {1, 212.
(5.18)

o) o2
(iv) The processes % ), Y are independent from g1 and .

The reason why the functions f, e,, v, appear will be revealed in Proposition 3. Notice that

l T
lim = — 2029 (39 5-X(®) and  lim 2_an(3) Y (@)
=17 1 4 tan (51) =17 | +tan (51)

are finite, so the process Y is also well-defined at 7 = 1.
Once more, the first assertion (5.14) is a consequence of the second; we will prove only the
second one.

Remark 4. (Back to Theorem 8.) The proof of Part 4 of Theorem 8 is an immediate
consequence of Theorem 9! Indeed, for all j € {1, ..., k} we have

n/k |/
Y %

By Theorem 9, the term ,/sj(-") (ngn) — Coo> converges in distribution to Y., and we know
J

()

furthermore that ﬁf/K —> 1. Slutsky’s lemma allows us to conclude.
n

Remark 5. An immediate consequence of Theorem 9 is that the curve C,, = {(¢, C,,,(¥)), t €
[0, 1]}, seen as a compact set, converges in distribution to Coo = {(¢, Coo(?)), £ € [0, 1]}, for
the Hausdorff distance, as m — +oo. Furthermore, the term /mdy(C, Coo) converges in
distribution to a non-trivial random value.
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5.4. Proof of Theorem 9

The parametrization of C,, in terms of the variables (u[m], v[m]) is tricky, since these vari-
ables are interconnected (they sum to 1), paired, and then sorted by increasing slope (even if
the parametrization in terms of the indicator of the slope allows one to get rid of this difficulty).

Exponential model. Let ¢[m], §[m] be two m-tuples of random variables exponentially
distributed with mean 1, all these variables being independent. Set 052) =y" ¢ ocf,%) =
>, &;. The following equalities in distribution are classically used to represent order statis-
tics by exponential random variables (a more general result can be found in [14, Theorem 3]):

@

ufm] 2 @

1
de] and v[m]=
(o 5))

1
Wﬂm] (5.20)
O

Lemma 10. Let g1, g be two independent standard Gaussian variables. The following
convergence in distribution holds in R3:

(2)
m m Oy (d)
m [(E—1>, (F_1>’ (E—l)}7[g1,gz,g1—gz]. (5.21)
m m m

Proof. Let us write

)
Jm %—1 :%xu forall j e {1, 2).
[o 2778 [o 2278 ﬁ

As for the third marginal in the left-hand side of (5.21), write

a(2) m m— oc(l) _ 05(2)
ﬂ(i—1>=—x mo_moen |
AN A VTN
Now, in all these cases, Slutsky’s lemma together with the central limit theorem gives the
expected convergence. O

We now build an object C, close to C,, whose convergence is easier to prove. We
pair the tuples ¢[m], &[m] to form m vectors w; =(¢;, &;) for all ie{l,..., m}. When
ordered by increasing slope and summed one by one, these vectors form the boundary of
a convex polygon, whose vertices form a convex chain in the triangle Tri(m) of vertices
(0, 0), (aﬁ,p, 0), (af,i), OL,(,%)). If we renormalize the x-coordinates of these vectors by aﬁi) and
the y-coordinates by a,(,%), we obtain a convex chain in /] whose law is that of a generic /It
normalized convex chain. However, we want to study the convex chain before renormalization.
Hence, to obtain the analogous process before normalization, we consider the contribution
C,u(u) of the vectors (¢;, &;) with slope smaller or equal than « € [0, 1],

— 1 <&
Crw) = — > (8 &) 1{%§mn(%u)]. (5.22)

i=1

We will eventually send CntoCy by sending Tri(m) to /J; in order to control the induced slope
modification, we introduce the function «,, defined in [0, 1] by

2 ocf,f) g
o,,(u) = — arctan | —— tan (—u) , (5.23)
7 e 2
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and such that tan (5 et () = “%’1‘) tan (Zu) .

By what we just explained, the link between C,, and C,,, is the following:

cm@( 500 (@), GG, (wnw). w10, 11)

Indeed, for the example of the first coordinate,

=)
a(l)Cm (otm(w)) = (1) ZCl {“m £
m

m

<tan(5u) }

L. MORIN

(5.24)

which takes into account the dilatation of the vectors composing the boundary of the convex
chain, as well as the normalization of the slope that is effected by an affine dilatation of /.

Decomposition of Y,, according to the exponential model. Let us now decompose the
process Yy, into several processes that are easier to manipulate. Let u € [0, 1]; for the pth

coordinate, p € {1, 2}, we have

\ROE Jr‘n[% (6? () — C2 (oem<u))) 2 (C“’) (em() — CL (@) )
oy O

n (% _ 1) C(o'g)(u):|. (5.25)
O

Consider g, g, the two independent standard Gaussian variables of Lemma 10, and let us

handle the last two terms of (5.25). Notice first that

C(l)(“?}) ) —CY W

@ 2 tan(Fu)
(

@ . .
where we have used % Q> 1 by (5.21). This means that with Lemma 10 we have
oy n

2
gl et} (5o

2 tan (%
(—d)>(g1—g2)-——(2u)
mn T 1+ tan (%u)

For the second coordinate, we get a similar convergence of the two last terms:

2
| (02 -0z w) + (1) oz
Oy

2 tan (%
9 gy 220G
m T (
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where the convergence of (5.26) and (5.27) has to be thought of as a joint convergence includ-
ing the same Gaussian standard random variables g, g,. This allows us to recover the last two
processes mentioned in Theorem 8. For the first one, corresponding to the first term of the
decomposition of (5.25), we first need to prove an intermediary lemma.

Lemma 11. Suppose that we have the following convergence in distribution:
Jm [Cm — COO] Dy (5.28)
m

in D([0, 1]), for some process Y. Then, for all u € [0, 1], we have

Jm [me) — Coow), ~77 (Conletm(®) = Cox (am(u)))] S Y. Yw). 629
(.27
In words, the limiting processes of the two processes on the left-hand side are equal.

5. @
Proof. By the strong law of large numbers we have fas), 1, as well as *%; and thus
o n oy

o (1) ) for all u € [0, 1]. By (5.28), the sequence of processes (ﬂ (6,,1 — Coo>) is
n

tight in D([0, 1]?). The map F:u > tan (%u) is a continuous non-decreasing surjective map
from [0, 1] to [0, +00] (where [0, +00] is seen as a compact set). Let (X,,) be a sequence of
processes (with values in R) that converges in distribution to X in D([0, +o¢]) (where, for
all n e N, lim_, o0 X,,(¢) is finite, as is lim,_, ;o X(#)). This implies that X,, o F converges in

distribution to X o  in D([0, 17). We claim that if (@, b,) <> 1, then
n

(anXu(buF (), u € [0, 1]) % (X(F(u)), u €0, 17)

for the same topology. A proof runs as follows: by the Skorokhod representation theorem,
there exists a probability space in which are simultaneously defined some copies (a,, by, X,)

of (a,, by, X,,) (and Xa copy of X) such that (a,, by, Xy o F) Q) (a, b, Xo F).
n
Set Ay ut—> % arctan (tan (%u) / b,,), which is a sequence of strictly increasing continuous

functions mapping [0, 1] to itself, with 4,(0) = 0 and 4,,(1) = 1. In particular, Yn(an (An(w)) =
X, (F(u)). Hence

Xon(buF (un(u4))) — X(F(u))| — 0,

sup
u
since (X, o F) converges to (X o F) in D([0, 1]) (and this holds w by w). Furthermore, A, () —

u uniformly in [0, 1], and then, according to Billingsley [4, p. 124], we may conclude that the
claim holds true. U

Notation. In order to prove Theorem 9 (and thus Theorem 8), it remains to prove (5.28). We

set Yy, = /m (Em - Coo).

Lemma 12. The process Vm converges in distribution to Yin D([0, 1], R?), where the process
Y is the process introduced in Theorem 9.
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The proof of this lemma is in two steps, including first the convergence of the finite-
dimensional distributions (FDDs) and the tightness of the process. Therefore, we need a
suitable parametrization to complete this proof.

Parametrization in the exponential model. Fix some k> land O=ug <u; <...<up—1 <
ur = 1). We will prove the convergence of Y,,,(;) forall i € {1, ..., k} (recall that Y,,(up) =0
a.s.). Fix, for the moment, i € {1, ..., k}. The random variable

{j; tan <%u,~_1> < i—] <tan (%u,) } ’
J

counts the number of vectors whose slope is in the interval (tan (Zu;—1), tan (Zu;)]. We

n(u;)) =n; :=

denote by (w(li), e, wﬁ,’f) the sequence of these vectors taken in their initial order. We have
- 1 I ng
Contu) = — YN w (5.30)
s=1 j=1

since C,,(1;) is obtained by taking the sum of vectors with slopes smaller than or equal to
tan (%ul) For this i, the variables wj(.’) are independent and distributed as the law of a pair
(¢, &) conditioned on [tan (Fuimy) < % <tan (Zu;) }, where ¢, & are independent exponential
variables with mean 1. Denote by w) = (¢, & D) a generic random value with this conditional

law. Note that the vectors of the sequence (W(li), e, ng)) have the same distribution as w'?.

By setting the non-decreasing mapping

. § TN 1oL
q.ue[O,l]HP(cftan(zu)>_l T (5.31)

we may then set
pi = qui) — q(ui-1),

so that the tuple n[k] has a multinomial distribution M (m, p[k]).

Proposition 3. Recall the mappings introduced from (5.9) to (5.13). The following properties
of tDand &9 hold:

1’ pi =f(ui71 ’ ui);
2. E[¢9D]=ei(ui—1,up)/pi, and E [S(i)] = ex(ui—1, ;) /pis
3. V[¢D]=vi(wi—1, u)/pi, and V [E(i)] =vo(ui—1, u;)/pis

s
]fs!.

Proof. The first three statements come from standard integral computations. As an illustra-

4. forallseN,E[|¢?']<s! and ]EHS(")

tive example, let us compute E [‘;'(")]:
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. 1
@ — —x— ,
E[g0]=- /UR 2 Man(gu) <3 <tan 30

Pi
+00
:_/ ye? mn(zu, D ¢~dxdy
ldn(zul)
FO (I )y OO (I )
= [ e T Ty [y G gy
i JO 0
1
= —ex(ui—1, u;). (5.32)
Pi

The fourth statement comes from the fact the sth moment of an exponential random variable
of mean 1 equals s!. O

The following proposition establishes the link between our parametrization and the limit
parabola.

Proposition 4. For all u € [0, 1], we have, for all m > 1,

E [Em(u)] — Coolu), (5.33)
where Coo(u) is given in (5.4).
Proof. We have
_ 1"
Cn(u)=— LE)T (.. .
u = FZI (CJ gj) {%étan(%u)}

By linearity of the expectation, it suffices to prove that

Standard integral computations very similar to (5.32) allow us to compute

E §j1{ } =x(u) and E ’;'jl{ = y(u)

E.
Fj_ftan(%u)

%ftan(%u)}
forallje({l, ..., m}, whichis (5.4). It also follows that

) — l — i (s)
Coolui) = ;E |:(C’ §) l{tan(gus_|)<§Stan(gux)|i| - ;pr [w ] ' (5'33

We may now come back to the proof of Lemma 12. _ _
Proof of Lemma 12. We start by proving the convergence of the FDDs of Y, to those of Y.

FDDs. Let us split Y (1) in order to make more visible the convergence result we want to
prove. Forie{l, ..., k}, we have

Vi) = Z Z (W -E[w]) ] + (% gnsE [w] - ﬂcw(ui)> .

s=1 j=I
(5.35)
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We decompose the process as suggested by (5.35):
Yo ) = A1) + B (), (5.36)

where A,,(u;) is the first contribution of the right-hand side and the second one is rewritten as

B, (1) = Z (“_Tmp> E [w@)] . (5.37)

From the fact that n[k] ~ M(m, p[k]) and (5.34), a standard consequence of the central limit
theorem is that

<w,se{1,...,k}>ﬂ(bs,se{l,...,k}), (5.38)
ﬁ m— 00
where (by, s € {1, ..., k}) is a centered Gaussian vector with covariance function

cov(bg, be) = —pipe + pidir=e)-

Using a concentration result for ny around mp; (for example the Hoeffding inequalities), by
the central limit theorem,

ng w(.s) —E I:w(.s)]
/ P et k| D (UG sell. ... k) (5.39)
ﬁ ’ £ £ M—>00 S S ’ £ £
j=1
where, for all se{l,...,k}, the random variable Gy := (Ggl), ng)) is such that the ran-

dom variables Ggl) and ng) are independent, and Gg-l) (resp. ng)) is a centered Gaussian
random variable with variance V [C(s)] (resp. V [é(‘v)]), these variables being independent

of bs. These considerations also allow us to prove that the families of random variables
(G§p), sefl,..., k}) and (by, s €{1, ..., k}) are independent for all p € {1, 2}.
This proves that the FDDs of Y, converge to those of Y, where

Y(u) = Z (\/FXGH-bSE [(5‘”, ;“))]), ie{l, ... k. (5.40)

s=1

Tightness. Proving the tightness of the sequence (Vm)mzo in D([0, 1]) is the tough part of this
section. The key point is the following lemma.

Lemma 13. Let (X,,)m>0 be a sequence of processes taking their values in D([0, 1]). Assume
that for any m, X, = XD+ X2 where X\ is a continuous process and X2 is a cadlag pro-
cess. If XD converges in distribution to XV in C([0, 1]), and if sup ‘Xﬁ?‘ % 0, then (X,;)
converges in distribution to X® in D([0, 1]).

From this point, the proof is broken into three steps:

1. We consider the decomposition Vm =Y.+ (7," — ?m), where ), is a continuous pro-

cess and Y,, — V,, is a cadlag process (on [0, 1]). We want to apply Lemma 13 to
Xgp = ym and Xg) =Y, — ym-
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2. We prove the convergence in distribution of the sequence ) oY in C([0, 11).

N2 = d 5 e e e .
3. We prove that SUPsef0.1] ‘Ym — ym( Q> 0 to conclude that (Y,,) converges in distribution
’ m
to the same limit Y as does ).

Step 1: Let us define the process )V,, properly. Recall the mapping ¢ introduced in (5.31),
and for eachj € {0, . .., m} define the ‘jth m-tile’

vi(m) = inf {u; Gu) > i} , (5.41)
' m
as well as the interval

Ii(m) = [vj(m), vj;.1(m)). (5.42)

Recall the definition of Ay, By, in (5.37), which satisfies Y, (u;) = Ay (u;) + By (1) for any
generic point u; € [0, 1]. We define ),, as

Vi =An+ B, (5.43)

where for all j € {0, ..., m},
An(vj(m)) = A (vi(m)), (5.44)
Bi(vj(m)) = By (vi(m)), (5.45)

and A,,, B, are interpolated between the points v;(im), in order to embed them in the space of
continuous processes C([0, 1]), and thus, so is V.. We have replace the generic points u; by
the m-tiles v;(m), which are more suitable for proving the tightness of Ay, B;, (and thus that

of ym)
Step 2: By construction, the FDDs of ),, are the same as those of Y,, on the m-tiles v;(m),
J€{1,...,m}, so that it remains to prove only the tightness of (Y,n) to prove its convergence

in distribution towards Y. By Lemma 14 above (see [16, Lemma 8]), it suffices to prove the
tightness of A,, and that of 5, separately. In fact this establishes the convergence of the FDDs

in the sense that (im <%) ,1<i< k) converges, that is, at the discretization points. The
tightness allows us to see that

ym < Lt ) - ym ()
m

(the argument is direct from (5.54)).

P
sup Q) 0
m

Lemma 14. Let <Z£,%), ZE,?) 0 be a sequence of pairs of processes in C([0, 11)2. The tight-

m=
nesses of both families (Z,(ﬁ)) and (Zg,%)) in C([0, 1]) imply that of (Z%), ZS,%)) in
m=>0 m>0 m>0
([0, 11y
A criterion for tightness in C([0, 1]) is the following [4, Theorem I1.12.3].

Lemma 15. Let (X;,)m>0 be a sequence of stochastic processes in C ([0, 1], R). If there exist
some positive numbers o > 1, B > 0 and a non-decreasing continuous function F on [0, 1]
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such that, for allm € N and (s, t) € [0, 1]2 with0<s<tr<l,
1
P [IXin(t) = Xm(s)] = 1] < B |F(t) — F(r)|* (5.46)

Sfor all A > 0, then (X;n)m>0 is tight in C ([0, 1]).

Note that by Markov’s inequality, it suffices to prove that E [|Xm(t) — Xm(s)|ﬂ ] <
|F(t) — F(r)|”.

We are working in R?, so we will apply this criterion twice, one on every coordinate yﬁ),
p {1, 2}. We shall prove that for both processes, 8 =4, « =2 does the job, together with
the continuous non-decreasing map F = ¢ introduced in (5.31), which we extend by setting
F(l)=q(1)=1.

Let (s, 1) € [0, 1]2 be such that 0 <s <7 < 1. There exist j; <j» € {0, ..., m} such that s €
I;,(m) and t € I;,(m), and we assume that j; # jo (the case ji = j, will be treated afterwards).
We may write, for all p € {1, 2},

E [)B,(g)(t) — B®)s)

4] < Cste <E [(Bf},’)(n — BP (v, (m))ﬂ

+E [ B (v, (m) — Bﬁ?(v,/lﬂ(m))ﬂ +E [\B$><vj.+1(m)> ~ BSP(s)ﬂ ) (5.47)
Notation. For the sequel, we introduce the random variable N[, for (s <¢) € [0, 112, which
is binomial-(m, ¢(f) — q(s))-distributed. If j € {0, ..., m} and s =v;(m) (or 1), we will abuse
notation and write Njj ;j = N[y;om).;). Notice that g(v;(m)) = r]—n so that Nij ;1) is binomial-
(m, L)-distributed.

Recall (5.37). We have the following equalities in distribution:

@ Npj+101 = G2 —j1 = D
m

BV (v}, (m)) — B (vj, 41(m)) = NG E[gU12)], (5.48)

BO () — BO (v 1 (my) L ML) _f(rf 1 Dpaiiy, (5.49)

where wU172) = (£01:2) E(jl’jZ)) is a random variable distributed as the law of a pair (¢, &)
conditioned on
tan (zv (m)) < § < tan (zv (m))
2 i+1 ; — 2 J2 ’

where ¢, & are independent exponential variables with mean 1.
Note that for any random variable x that is binomial-(m, p)-distributed,

E[Ix = mpl*| =mp(1 = p)+ Gm = 6ymp*(1 = p?* <mp+3wp®. (5.50)
Since mp < m?p?, for p > 1/m (and here q(vj,(m)) — q(vj,+1(m)) > 1/m), we obtain

2

4
E [(B}?(Vh (m) = B (5 1(m)| ] = Cste [q(v;,(m) — (v +1(m)) (5.51)
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where we have used Proposition 3 to bound ]E[(E (i"jZ))4] <4l
Now, by the definition of B,,,

t—vj,(m)
Vjp+1(m) — vj, (m)

Byu(8) = Byu(vj, () = [Bu(vj,+1(m) — Byu(vj, (m))] - . (5.52)

and since

t —vj,(m) - q(t) — q(vj,(m))
Vip+1(m) —vj,(m) = q(vj,+1(m)) — q(vj,(m))

because ¢ — ¢(#) is convex on [0, 1], using also (5.51), we reach
E [}Bff,”(r) — B, (m))ﬂ < Cste |q(0) — g, m)*. (5.53)
In the end, using (5.51) and (5.53) twice in (5.47), we obtain
E [\Bif)(r) — Bn(f)(s)r] < Cste |q(t) — g(s)* . (5.54)

We may now work on the sequence (A;)m>0, SO again fix (s, 1) € [0, 112 such that 0 <

s <t<1.Recall (§.37) and let wy"‘h), e, w%][]_’ji)l . be a sequence of i.i.d. random variables
12

having the same distribution as w'1+2), We have the equality in distribution

Nii+Lia1 __(1.2) )
) wy 7 — E[wYV1v2]
An(jy(m) = An@j 1 m) =Y : (5.55)
i=1 ﬁ
so that
B [ [ A 0m) = A1 o) | =
4
m 1 r o o
5 L | [ wd - [ B (arg=r). 30
r=0 j=1

If HY1+2) is a random variable having the law of w(lil’h) — E[wVY1+2)], then for all re
{1,...,m},
4
1 - G1:42) G1:j2)
1, i
—2E E W, — E[wV1/2)]

- rE [(H(i],jz))4] 2R [(H(/|,j2))2]

- m? 2m?

j=1
Therefore,

- E [N[i1+1,jz]] E [(H(h »jz))4]
= 2

E [ [ An(v,0m) = Aoy 410n)*]

m
E [N[21'1+1,jz]] E [(HO12)2)

2m?

(5.57)
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In the same spirit as in Part 4 of Proposition 3, we may see that for all s€ N, we have
E [(HU142))*] < s!. For any random variable x that is binomial-(m,p)-distributed, we have

E[x] < m2p2 and E [xz] < 2m2p2
as soon as p > 1/m (and here g(vj,(m)) — q(vj,+-1(m)) > 1/m); hence

4
E [\Aﬁ,(v,-z () — AL v, 1(m) } < Cste [q(r;,(m)) = q(vj, 1 ()| (5.58)

We can treat the other terms A(,,'f)(t) — (,ﬁ)(vj2 (m)) and A(,f)(vjlﬂ(m)) — (,f)(s) exactly as we
did for the process B,, in (5.53) and finally find that

E [\fﬁﬁkr) — A,,@(s))“} < Cste |g(r) — q(s)|* . (5.59)

In the case j; =j,, we may immediately write, in both cases A, I3, (we take 3, here as
an example), just as in (5.52),

tr—s
Bu(t) — Bu(s) = [Bm("j2+l(m)) - Bm(ij(m))] : m7 (5.60)
so that
E [)Bfﬁ)(r) - Bﬁ,ﬁ’)(s)ﬂ < Cstelq(1) — (s)I? (5.61)

for every p € {1, 2}, by the same arguments as before. This proves the tightnesses of the
sequences of processes (A;;), (B).
Step 3: In the next step, we prove that

<) = )
sup [V’ =30 0] S50
te[0,1] m

for every p € {1, 2}. Since

sup ‘Yf{j (t)—y(,fj)(r)‘z sup sup (Y,,(‘;’ 0 -3, (5.62)
1€[0,1] J€l0,....m—1} tel;(m)

andforallje{0,...,m—1},

sup [V ) =T 0| < sup V70 = Vi i0m)|

telj(m) relj(m)
~®) ~®)
+ sup y(,,'f (vj(m)) — y(,,’j @®|, (5.63)
telj(m)
the proof of this part consists in showing that both processes (_(,5)), (yff) ) admit fluctuations

larger than & > 0 on an interval [;(m) with probability o(1/m). Fix j € {0, ..., m — 1} for the

rest of the proof. Since (?,(f,’)) is linear on every interval /;(m), we have, first,

sup |V 0m) = 0| = [P0 m) = 3y 655100 (5.64)

tel(m)
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and second, for all ¢ > 0,

B . 4
E nyﬁ)(v,-(m)) - y(;ﬁ)("j“(m))‘ ] Cste
<

g4 —etm?’

P ([ ym) = P samp| z ) <

where the last inequality comes from the combination of (5.53) and (5.59). By the union bound,
we obtain

= = ™)
sup  sup ‘yﬁf)(v,»(m))—yﬁ)(z) B o,
Je{0,...,m—1} tel;(m) m

Let us now handle the process (V(,fz)). Recall its definition (on page 37): V(n[;) =
Jm (C(,,’f) —c® ) We can write

sup |V, )= Y, )| = LG, m) + LY G, m), (5.65)

relj(m)

where
L(lp)(f, m):= sup ﬁ‘cg(t)_c(o@(vf(m))

reli(m)

is deterministic since Coo(£) = (x(2), ¥(¢)) (see (5.4)). This term is easily handled:

Cste
sup sup L(lp) j,m) < ——0.
j€{0,....m—1} telj(m) m.m
So it suffices to prove that
. =P =@ )
LG, my:= sup /m|[Ct)—C (vj(m))‘ o, (5.66)

tel;j(m)

We return to the definition of C,, in (5.22). The term ‘Em(t) - Em(vj(m))‘ preserves the

contribution of the vectors w[m] whose slopes are in the interval [tan (% v;j(m)) , tan (%7)), i.e.

_ _ 1 <
Vm(Ct) = Cnvjm) = —== ; LD (5.67)

vj(m)) < % <tan(%1) } ’

In the right-hand side of (5.67), the sum is a sum of non-negative terms; it is thus immediate
that

1
D,. .
sup L(2 )(], m) < ﬁ max{¢;, 1 <i< m}je{oma;(l_l} Npj+11 (5.68)
(and a similar property holds for sup; L(22) (, m)). By the union bound, P(max{¢;, 1 <i<m}>
3log m) < 1/m?*. By Markov, the binomial random variable N j+17 satisfies

P (Nj,+17 > [2log (m)]) <E [eNmu] o 210g ] < et 2.

These two bounds, together with (5.68), yield (5.66).
This completes Step 3 of the proof, as well as the proof as a whole. Indeed, by Lemma 13

and what we proved in Steps 2 and 3, the sequence of processes (7,41) converges in distribution

to the same limit as the sequence @m) This limit has been proven to be Y.
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6. Random generation

In this section, given x > 3, we provide an algorithm to sample an n-tuple of points z[n]
with distribution JD),((”). In Figure 14, we plotted two drawings of k-sampling in the cases k =5

and « =7. In the special cases x =3, 4 where we have ]D),({”) = Q,((") (recall the discussion on
pages 4 and 14), we will provide two alternative sharpened algorithms.

6.1. Algorithm of x-sampling

The algorithm starts with the computation of the ECP. We will use the following notation
1+ cos (6,)

sin (6, )
and recall that by Proposition 1, for £[x] € £, and ¢[x] = wik(r,( — cli(elk1))jeqt,...c) With €=
Z]’le ¢j, we have

to express the side lengths with respect to £[«]: put Py =«kr,/w, with w, 1=

K
’E-I—ZEI'IPK
=1

Let us prove that this algorithm returns an n-tuple z[n] that is D,((")-distributed, and that this
is done within a reasonable amount of time. The notation o means that two quantities are
proportional.

Proof of Theorem 4. Denote by Pae the probability of an event in our «-sampling. The dis-
tribution induced in the first step of the algorithm (which is nothing but a rejection algorithm)
satisfies

2n—«k

K K K K
Palg (f(")[K] e[] d€i> o Lgpeges) | Pe— D4 [ 144 = Vipaeca@ [ ] ¢
j=1

i=1 j=1 j=1
6.1)

The second step (which is also a rejection algorithm working at ¢[«] fixed) induces the
distribution

]PAlg (S(n)[K] = s[k] | e(n)[K] c 1_[ ds; ) o 1 CleN (0] 1—[ (lﬁK)A/ Gm j

i=1

K
/")A,+Aj+1 1
08 l{s [k]1€N, (n)} l_[ — (6.2)

$15j + 8501 — D!

This gives the appropriate joint distribution for (£"[«], s"”[«]) as computed in Theorem 6.
Now, given {[«], c[x], s[k], and since, conditionally on the c[«], the projections of the vectors
v[n] are uniform in the c[«], the way we are constructing our vectors is valid and so is the
building of z[#x].

We saw that the £[«] behaves in c¢/n in Theorem 7, so that 1{y[cjenz, ) — 1 pointwise and
thus the condition £[k] € L, of Step 1 is satisfied with a probablhty going to 1 with n. This
step costs only the drawing of 2 uniform variates requiring O (n log (n)) operations. Notice
that to perfect the algorithm, one could reuse the unused uniform variates of Step 1 for the next
steps.
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Algorithm 1 k-sampling

Step 1: Sample £[«]; Construct ¢[«];

do{

Draw a beta random variable S ~ P, - B(k + 1, n) and draw & i.i.d. uniform random
variables (uy, ..., u) in [0,57;

Sort them in increasing order into (u(1y, . . . , Uk));

L] < (uery, u@) — uqy, - - Ue) — Uge—1))3 }
While{¢[«] ¢ L,;}

.....

Step 2: Sample s[«];
do{
s[k] < M(n, % .. 'L%)# sang)ling of multinomial random variable;
&

NIl M@n—k, =, ..., 2
¢ c
while{Fj e (1, ..., «}, N; #s;+ ;41 — 1 and s[x] ¢ Ny («);}

Step 3: Compute z[n];
forje{l,...,k}{

Draw N; random variables i.i.d. uniform (u(li), e, u/(\’z) in the segment [0, ¢;];
: ) 0 .
Sort them into (’4(1)’ e, u(Nj)),
. i () ()] ) ) ) @ .
Build Au(’)[Nj +1]= (u(l), Uiy = Uy o5 Uiy — Uiy 1y G u(Nj)),}
end for

forje{l,...,k}{

) Au(/—l)
Build the vectors v,(!) :Aj(é‘,{)_l < S-f"+k) ;

Aug)
Sort them into (v?l)), RN VEIS;)) by increasing slope; }
end for
o Gather all vectors into v[n] = (VEB, e v&)), e vE’f)), e vEfK)));

o Build the ECP at distance £[«] from the sides of €,. The vectors v[n] form the boundary
of a unique convex polygon circumscribed in this ECP, whose set of vertices is an n-tuple
Z[n] in Cy(n);

As for the second step, the probability that the two multinomial samples coincide behaves
in n™/?. A standard efficient algorithm to simulate a multinomial distribution is the alias
method presented by Walker [27], the theoretical basis of which was provided by Kronmal
and Peterson [15]. In our case the complexity of the alias method is O (n« log («)). (There
exists other efficient procedures, such as the two-stage method of Brown and Bromberg
[8]. For a discussion of the most suitable method of multinomial sampling, we refer
to [12].)
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(a) —— Limit Shape (b) —— Limit Shape
@ 5-generation @ 7-generation

5-sampling, n = 200. 7-sampling, n = 100.

FIGURE 14. Two examples of «-sampling. The set of points is the set of vertices of a convex z[n]-gon,
whose boundary is very close to the limit shape drawn inside the «-gon.

The last step includes several iterations of sampling and sorting 2n variates, which also has
a complexity in O (nlog (n)).

The second step is obviously the most costly, and it implies a global complexity of
o (n"/ 2+l log (K)) . Despite considerable effort, we were not able to make any significant
progress in finding an efficient algorithm to reduce the cost of this step. O

6.2. Exact and fast algorithm of A-sampling

In the triangular case, the algorithm of A-sampling avoids the rejection-sampling steps 1 and
2 included in the algorithm of x-sampling, which makes the sampling direct and immediately
implies a reasonable computation time. Indeed, it happens to be that in the case x = 3, the joint
distribution of l(”)[3], s™[3] comes with simplifications (we will show this in Theorem 11)
and becomes

3 ; n—3
) R _ nlsin(6c)
e [3]61_!“]’5 BI=00 R =5 =D ererazfn)
J=

« <r3 - %m +£2+z3)>2n_3 () () N f[dej. 6.3)

J=1

In Figure 15, we plotted an example of A-sampling. To draw (s1, s2, s3) according to

three binomial distributions B(n — 1, 5) and conditioned on s1 + 52 + s3 = n, we may do the

following:

e Draw 3n—3 Bemoulli(%) random variables x[3n — 3].
o Set (51, 52, 83) = (ZZ’:_]I X;, ZZ;Z X;, 21325,137] Xl'>.

e Correct x[3n — 3] to have Y2, ° x; = n.
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Algorithm 2 A-sampling

Step 1: Sample s[3];

e Draw (s1, 52, s3) as three binomial random variables B(n — 1, E) conditioned on

S1+s2+s53=n.
e N3]« (s1+s2—1,50+s53—1,53+s51—1);

Step 2: Sample £[3];
e Draw 2n uniform (uq, . . ., u,) in the segment [0, r3];
e Sort them into (u(1y, . .., Uon));
® £[3] < (u1y, u@) — uqy, U@y — u@)); # only the first 3u_(i) are used
e Compute c =r3 — ({1 + €2 + £3);

Step 3: Compute z[n];

forl <j<3{
Pick uniformly N; points among the u;), j € {4, ..., 2n}, to form a partition of [0,c]:
(”(1)’ ... (N))
=9 0 _ 0 ) U O .
Build AuP[N; + 11 = Gy, ua) = ulyy - gy = iy € = gy}
end for
forl <j <3{
) N
Build the vectors v,(!) =Aj(%)’1 ( Sf—‘.+k> for1 <k <s;;
AV -
Sort them into (vyl)), s Vg )) by increasing slope;}
o Gather vectors into v[n] = (VEB, e, &)) R 8; e, g’;))
o Build the equilateral triangle T of side length ¢ at distance £[3] from the sides of €3;
o The vectors (v(1), . . ., V), sorted by increasing slope, form the boundary of a convex
polygon circumscribed in 7. The set of its vertices is an n-tuple z[n] in convex position.
end for

The binomial correction works as follows: if 37" x

tribution. Otherwise, if 13”13)(1 <n, pick uniformly some ;€ {i;x; =0} and put x;=1

; =n, then we have the right dis-

until 23" Sxj=n. If 23" 3 x; > n, pick uniformly some j € {i;x; = 1} and put x; =0 until

Z?nl X;=n.

At the end we get that
. 1 i 1 n—1—i o1 1 n—1
Pag (s"131=Gi.j. b)) o< (" )(5) (§> ("] )(5)
-1
-1 1\"
x ("k )(5) it k=n},
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—— Limit Shape
® 3-generation

FIGURE 15. A A-sampling, some z[r]-gon for n = 1000, close to the limit shape.

so that

. -1 -1 —1
Pag (s”B31=G.jo b)) o ("71) (") (") v (6.4)

The analysis of the sampling of £,[3] is the same as in the general k-sampling. In
the end, the algorithm of A-generation admits a global complexity of O (nlog(n)) (in
expectation).

6.3. Exact and fast algorithm of [J-sampling

In the square case, a fast [J-sampling can be proposed, which is slightly different from the
A-sampling and from the x-sampling. In Figure 16, we plotted an example of this []-sampling.
Indeed, in this case, no affine mapping intervenes in the proof since all corners are already

right triangles. We may thus consider the law of the positive x-components i, = sf(’) + s(]")

and y-components j, = S(I") + sé”) of the vectors forming the boundary of a z[n]-gon. A quick
calculus allows us to obtain

(n)?

= m1{61+6351}1{62+e451}

4
P | a4l e ]de.in=i.jn=j
J=1

x (1 =+ )2 A=+ (") () (1) (:f:ll)]i[dz,-. 6.5)
=1

1
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Algorithm 3. [J-sampling

Step 1: Sampling of i, j;
e For both i and j, draw two binomial random variables B(n — 1, %) until their sum reaches n

and set i (or j) as the result of the first.

Step 2: Sampling of £[4];

e Draw n i.i.d. uniform random variables (uy, .. ., uy) in the segment [0, 1] and sort them into
ey, -5 Umy);

o (£1,43) < (u(l), Uup) — u(l)) # use the two smallest

e Draw n i.i.d. uniform random variables (&, . . ., it,) in the segment [0, 1] and sort them into
A1y, - - Uen)s

o (€2, L) < (W(1y, U2y — U(1));
e Computec; =1— (€1 +¥€3)and co =1 — (€2 + £4);

Step 3: Compute z[n];

o Pick uniformly i points (x| < ... <x;) among the uy), k € {3, ..., n}, and form
hT[i+1]1=(x1,x2 — X1, ..., c1 — xj) (positive increments). The n — 2 — i points
(X1 <...<Xp—2—j) remaining in u), k € {3, .. ., n} are used to form
h—[n—1—-1i]=(—Xx1, —X2 + X1, ..., —c1 +X,—2—i) (negative increments);

o Pick uniformly j points (y; < ... <yj) among the Uy, k€ {3, ..., n}, and form
v+ 11=G1. y2 = y1, ..., c1 — yj) (positive increments). The n — 2 — j points
(1 <...<Yp—2—j) remaining in iy, k € {3, ..., n} are used to form
vin—1—=jl=(=y1, =y2+¥1, ..., —c1 +Ys—2_j) (negative increments);

o h[n] =Merge(ht, h™) and v[n] = Merge(vt, v7);

o Pick uniformly in S, a permutation ¢ and build for 1 <i < n the vector w; = (h;, vs());
e Sort them into (w(1), . . ., w(y)) by increasing slope;

o Build the rectangle R of side lengths ¢ (horizontally) and c¢; (vertically) at distance £[4]
from the sides of €4;

o The vectors (w(1), . .., W(u)), sorted by increasing slope, form the boundary

of a convex

polygon inscribed in R. The set of its vertices is an n-tuple z[n] in convex position.

In particular, this proves that i, j, are independent, and their law is explicit. It is easier
to draw according to this distribution than to consider s"”[4]. This approach is, once more,
inspired by Valtr’s paper [24].

The law of a random variable k described in the first step satisfies

=ty o (17) ()t = (1) (1)

The probability that two binomial samples are equal is typically \/LE A binomial sampling

requires O (n) operations, and since this step is the most costly in the [J-generation, the whole
algorithm has a global complexity of O(n/?).
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—— Limit Shape

® 4-generation

FIGURE 16. A O-sampling, some z[r]-gon for n = 1000, close to the limit shape.

Appendix A. Proof of Lemma 4

We decompose P, (1) according to the number of sides of the ECP we are considering.
Let z[n] have distribution U, and write

Pc(n) =n! Z P (z[n] € C,(n) "NNZS(z[n]) = T) .
Jc{l,...k}
|T1=3

We now borrow some considerations from Barany ([2, 3]).

Definition 2. Given S a convex compact set (non-flat), let x1, . . ., Xy, Xm+1 = X1 be a subdivi-
sion of the boundary 9S and let d; be the line supporting S at x; for all i € {1, . .., m}. Write
yi for the intersection of d; and diy1 (if di =diy1 then y; can be any point between x; and
Xit+1)- Let T; denote the triangle with vertices x;, y;, yi+1 and also its area. We define the affine
perimeter of the convex set S as

m
AP(S) =2 lim Z JT;,
i=1

where the limit is taken over all sequences of subdivisions x[m] with maxy __,, |x;i — xi+1] — O.

.....

Theorem 10. (Limit shape theorem, Bardny [2].) Let K be a compact convex domain of R?2
with nonempty interior.

(1) There exists a convex domain Dom(K) C K such that AP(Dom(K)) > AP(S) for all
convex sets S C K different from Dom(K).
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FIGURE 17. For each of the cases x =3, 4, 6, the inner dashed curve is the boundary of the domain
Dom(¢,). By the limit shape theorem, it also represents the boundary of a z[n]-gon where z[n] is taken
under Q,(f') , when n — +o00.

(2) Let n> 3, and let z[n] have distribution Q%). Then for all ¢ > 0,

lim P (dg(conv(z[n]), Dom(K)) <&)=1.

n—+00

Definition 3. Define AP*(K) = max{AP(S), S convex sets included in K}.

In the case of the regular «-gons, the following result comes as a corollary of the properties
of the affine perimeter.

Lemma 16. Let py, . .., pi be the midpoints of the consecutives sides of €, and y1, ..., Vi
the vertices of €, so that p; is the middle of the segment [y;, yi+1] (modulo k). Let C; be the
unique parabola tangent to p;yi+1 at p; and tangent to yiy1pit+1 at pi+1. The convex domain
Dom(&,) is the subset of €, whose boundary is formed by the parabolas (C;)1<i<i. The set
Dom(¢&,) is thus tangent to €, in the k points py, . . ., Pg-

In Figure 17, we represented 3 instances of the convex set Dom(&, ) in the cases k = 3, 4, 6,
which boundary is the dashed curve contained in €,.

Proof. Theorem 10 indicates that Dom(€, ) is the convex domain contained in €, which
maximizes the affine perimeter. By the definition of the affine perimeter, we have AP(C,.) =0,
so that Dom(¢,) lies within the interior of €. In this case (by Bdrdny [2]), the boundary
of Dom(€,) is composed of finitely many arcs of parabolas. In order to maximize the affine
perimeter, Dom(€, ) has to be tangent to at least three sides of €, and the symmetry of &,
forces these tangency points to be the k midpoints of the sides of €,. Hence between two
consecutive midpoints lies an arc of a parabola. (]

Lemma 17. For all k > 3, the supremum of affine perimeters AP*(&,) is

1
AP*(€,) = AP(Dom(€,)) = k (rg sin (ek)) : (A1)

Proof. Using the notation of Lemma 16, we have of course, by symmetry,

AP(Dom(€,)) = Z AP(C) = k AP(C)).
i=1

Let 77 be the area of the triangle with vertices py, y2, p1. We claim that

AP(C)) = Area (T7)'/3. (A.2)
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FIGURE 18. Blaschke’s property for arcs of parabolas.

This property comes from the following fact, due to Blaschke [6, p. 38]. Consider a triangle T
with vertices a, b, ¢ and with subtriangles (both with dotted areas) T (with vertices a, d, f)
and T® (with vertices f, e, ¢) defined so that (d, e) € [a, b] x [b, c] and the segment [d, €] is
tangent to the arc of the parabola C at f, just as in Figure 18.

In this case, we have

1/3 1/3
Area (T)'/? = Area (T(”) + Area (T(z)) .

Therefore, for any integer m, any tuple of points x[m] € C;, and triangles T;, i € {1, ..., m}
(both defined as in Definition 2), the quantity lim,(,, Zf"zl Area (T, l-)l/ 3 is constant; hence

AP(C)) := Area (T))'/3.

Now, from easy computations, one gets
1 1/3
Area (T))'/3 = 5 (rf sin (QK)> ,

which is (A.1). O

Proof of Lemma 4. For an n-tuple z[n] that is I[J,((")-distributed, Bérany’s Theorem 10 states
that for all ¢ > 0,

IP’(dH(conv(z[n]), Dom(¢€,)) > ¢ |z[n] € CK(n)) :w 0,

which implies immediately that

By (n)

P(NZS(z[n]) ={1, ..., «} | z[n] € Cc(n)) = B o) et

1.

Appendix B. Valtr’s results

The surprising simplicity of Valtr’s formulas in the cases of the parallelogram and the tri-
angle can be seen as a consequence of the fact that the sets £4 and L3 are easily computable.
Let us recover these results with Theorem 6.
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B.1. The triangle
Theorem 11. (Valtr [25].) For all n > 3, we have

2"(3n — 3)!

Pal =G = D)

We propose a new proof of Valtr’s result.

Proof. In the case k =3, the side length of €3 is r3 =2/3!/4. Pick ci, ¢z, c3, €1, £2, €3
satisfying the equations (C;)1<j<3. Since the only equiangular polygon with three sides is the
equilateral triangle, we have ¢; = ¢ = ¢3 = c. This forces

(€ =(C)=(Cs):c+ %wl ) =1,

‘We thus understand that

3
3 3
L3=3y, £, 43) € [O, %m} with €1 4+ £, + €3 < %_rs

We also have N3(n) = {(i, j, k) € {0, ..., n— 133, i+j+ k=n}, so that we have D}’ = Q{,
and combining this with

> /f,ﬁ”(s 31, €[3]) d€1deades = 1,

s[3]eN3(n)
we obtain

Si- 1+si—1

IP’A(n)—n‘sm( =3 > / —d@ldézdég.

! N
s3leNaen Y BIeLs jy 5=+ 5 = D)

Put (i, j, k) = s[3] and perform the substitution £ = %(Zl + €7 + £3) to get

, . 3
3 _ i1 +k—1 _ k-1
IP’A(n)—n'sm( )y 3 E / 12(r3 2 (r3s — &y (r3 o —ﬁ ds
= i+j— D i+k— DI KG+i—1!\ 2

=n! ((n_ll)!)3 Z (n71><n;1)(n;1> (g)nfors %6203_5)2,1—3“

i+j+k=n
__n <3n—3) -3 (V3\" ,,
=P\ )T o \ 2 )3
_2"Gn—3)!
C@mli((n— 1Y O
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B.2. The square
Theorem 12. (Valtr [24].) For all n > 3, we have

Pry(n) = # ()

Again, we propose a new proof of Valtr’s result.

Proof. Consider a square (i.e. the case k =4) of side length r4 = 1. Pick ¢y, ¢3, ¢3, ¢4 and
£y, £2, €3, €4 satistying the equations (C;)1 <j<4. Since the only equiangular polygons with four
sides are rectangles, we have c; = c3 and ¢ = c4. This implies

Cr1=C):a+bi+43=1,
Cr=Ca) i+l +Lls=1.
This means in particular that
Ly= {(Zl, €3, 03, €4) € [0, 1]* with £; + £3 < 1 and £ + £4 < 1}.

Just as before, we have D,(f) = (@514), so that

f I (s[4], €[4]) de1derdezde, =1,

s[4]1eNy(n)
from which we deduce
S/ 1+5j
Po(n) =n! / —d£1d€2d€3d64,
5[412;4(”) 4]6[,4 S]‘(S] 1+5 ])'

where Ny(n) = {(sl, $2, 83, §4) € N* such that s; + 57 + s3+s4=nand s; + 5j11 > 1}. Put
(h, i, j, k) = s[4] and perform the substitutions ¢ =1 — (£1 + £3), c; = 1 — (€3 + £4) to get

i+j—1

~ (1 — ™11 = ep)cy
Pg(n) =n! Z // Rh+i—1! ilGi+j—1)

(h.i.jk)eN4(n)

j+k—1 k=1
‘) )

NG+ k= DU+ k— 1)

dcides.

This leads to

1 2
Po(n) = n!( / a- c)c"_zdc)
0

1 1 1 |
g Z Rh+i—Dili+j— D jG+k— D kl(h+k— 1) (B.1)
(h,i,j,k)eNg(n) LB J 1! k! 1

The integral is a standard beta-integral, so that
1 2 2
—2)!
n'(/ (1—c)c"—2dc> =n! <(” )) :
0 n!
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It remains to compute the big sum S that appears separately in (B.1):

s=ommmne, o () GO ()

(h,i,j,k)eNg(n)
n—1
- (n— 2)!(211 — 2 ; (”:1 ) (Z:i) (2:—_12>

=z ()

which is Valtr’s formula. O

Appendix C. Computation of m,

In this section, we aim to prove that the determinant m, of the matrix ¥ Uofsize (k — 1) x
(k — 1), defined in Theorem 7 as

6 4 3 ... ... 3
4 85 4 ... 43
35
N .
X, ::5 S o4 .. .. .. 4 | fork large enough,
3
3 4 4
3 6
is indeed
K

(- +e- VI F e+ V3,

M =375

as given in Theorem 1.

Proof. We define the matrix D, as

8 5 3 e .. 3 8/3
43 0 .- 0 16/3 8 4 ‘4
0 1 4 5
D, :=2x_" =1: 4 T 0 Tl 4 ’
: r o0 T
0 0 4/3 4 4 ... 4 5 8 16/3
83 3 ... ... 3 5 8

where, the factor 2 aside, we have just multiplied by ‘—3‘ the first and last columns of X ! This
means of course that

det (D) =2"1(4/3)’m,.
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We now decompose Dy as Dy := Oy + E, with

5 1 0 v e 0 —1/3
4 4 -
s s 3 0 00
4 4 0 1
Oc = |: : and E,:=|: o . . .0
4 10
3 ... ... 3
0 0 -~ 0 . 4 4/3
~1/3 0 - .- 0 15
We first claim that
4
det (Eq) = 5 (2(—1)“‘ L2V 2+ ~/§)K) . C.1)

To prove this, notice first that taking two Laplace expansions of the determinant of the (m x m)
matrix

41 0 0
1

Ln:= 10 0
: . . o1
0 -0 1 4

gives a constant-recursive sequence of order 2 for its determinant:
det (L) =4 det (Ly—1) — det (Lyp—2),

which can be solved immediately to get

1
det (L;;) Wi

Taking several Laplace expansions of det (E,) along the first column allows one to either
deal with diagonal matrices (leading to the term g(—l)’( —1), or with Ly_> and L._3 to
ultimately get (C.1).

How do we compute det (D, ) = det (Q, + E,)? In general, since the determinant is a mul-
tilinear alternating map of the columns of the matrix, for two (m x m) matrices A = (4;)1<i<m
and B = (B;)1<i<m, (Where A; is the ith column of A), we can write

[e+va—e—vart],  m=1

det(A+B)=det(A; + By, ..., An+ By)

= Y det(Aien + Biljien)ieqt..m):

where I LJ = {1, ..., m} means that [,J forms a partition of {1, ..., m}.
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In the case where all columns of B are the same, the sum above only keeps the partitions
(1J) of {1, ..., m} where either |J| =0 (hence we retrieve det (A)), or |J| = 1. We therefore
introduce the matrix E,((l ), forallie{l, ..., x — 1}, which is the matrix E, with its ith column
replaced by (34 - - -4 3)'. By the previous argument we have

Kk—1
det (D) = det (E,) + Z det (ED). (C.2)
i=1

We now make the following claim. O

Lemma 18 For all « large enough, we have the following:
1. det (EV) =2 det(E,) forall i€ (2, ...,k —2},
2. det (E{") =det (X ") = 1 det ().

This lemma allows us to conclude, since by (C.2), we now have
2 2
det (D) =det(E.) | 1+ §(K -3)+1)= §K det (E,).

Proof of Lemma 18. The proof relies on some determinant-preserving column manipula-
tions on E,((’), which provide matrices equal to E, up to a constant factor.

Pick i € {2, ...,k —2}, and consider the matrix E,((i) where the ith column is multiplied
by 3/2. Then subtract all other columns from the ith. Then add —1/4 times the first and last
columns to the ith column, to obtain E, . This gives the first part.

If i=1 or k — 1 the same reasoning works: multiply the ith column by 2, and then there
exists a linear combination of the columns other than i that can be added to the ith column to
retrieve E,. O
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