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Reducibility for SU,, and
Generic Elliptic Representations

David Goldberg

Abstract. 'We study reducibility of representations parabolically induced from discrete series repre-
sentations of SU,,(F) for F a p-adic field of characteristic zero. We use the approach of studying the
relation between R-groups when a reductive subgroup of a quasi-split group and the full group have
the same derived group. We use restriction to show the quotient of R-groups is in natural bijection
with a group of characters. Applying this to SU,(F) C U,(F) we show the R group for SU, is the
semidirect product of an R-group for U, (F) and this group of characters. We derive results on non-
abelian R-groups and generic elliptic representations as well.

Introduction

The problem of classifying the tempered spectrum of a connected reductive quasi-
split group, defined over a local field, F, of characteristic zero, consists of three parts.
The first is to classify the discrete series representations of any Levi subgroup. The
second step is to understand the rank one Plancherel measures, which is equivalent to
understanding the reducibility of those representations parabolically induced from a
discrete series of maximal Levi subgroups. The third step is to understand the struc-
ture of representations parabolically induced from discrete series representations of
an arbitrary parabolic subgroup, using the second step and the combinatorial theory
of the Knapp-Stein R-group. We address this third step here for the case where the
group in question is the quasi-split special unitary group.

This work builds on earlier results on R-groups due to several authors. For quasi-
split unitary groups, U, (F), the R-groups attached to the principal series were com-
puted by Keys [K1, K2] and the theory of restriction yielded R-groups for SU,(F).
Keys gave a description of the R-groups in terms of the Langlands parameteriza-
tion, which in that case is well understood [L]. Recent work by Ban and Zhang (oral
communication) has shown that the construction of the R-group through L-group
considerations, as described in [Al], will be valid for all quasi-split connected re-
ductive groups, once the local parameterization conjecture is established. For U, (F)
and an arbitrary parabolic subgroup, the R-groups were computed in [G2] and these
were shown to be elementary two groups. The computation of the R-group via the
L-group was carried out by D. Prasad [P], and one can see that this computation
agrees with [G2], if you assume that the Langlands L-functions are the same as the
Artin L-functions attached to the parameter. This has been established in some cases
by Henniart [H].
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Following the methods of [K1, K2], and using the theory of [G-K, T], we work
via restriction. As in [T] some of our results can be proved in a more general setting.
Namely, we consider the case where G C G have the same derived group. We are able
to give a rough description of the R-group in this setting. In the case of special unitary
groups we make this explicit due to a stronger understanding of the restriction of
irreducible smooth representations from Levi subgroups M of G, to the subgroup
M = M N G. These results on restriction are given in the latter part of Section 2.

To be more precise we consider a p-adic field F of characteristic zero and residual
characteristic gr, and fix a quadratlc extension E/F. Let Gbea quasi-split reductive
group defined over F, with G(F) G. We assume that G C G is a reductive subgroup
with the property that (G,G] = [G, G], where these represent the derived groups.
Then, for any Levi subgroup M of G, we have that MZ(M) is of finite index in M.
Here M = M(F), with M = MnN G, and Z(M) is the center of M = M(F) Thus,
the theory of [T, §2] applies. In particular, if o is a discrete series representation of
M, then there is a discrete series representation 7 of M with o a component of 7| M-
Furthermore, any irreducible representation 7’ of M for which Hom m(o, ) #0is
of the form 7/ ~ 7 for a character  of M trivial on M.

The R-group, R(0), is a subgroup of the stabilizer, W (o), of o in the Weyl group
W, and by the considerations above,

W(o) C {w|r" ~ 7y, for some x}.

The theory of the R-group dictates that the complement of R(¢) in W (o) is the sub-
group, W'(c), generated by the reflections w,, for which the rank one Plancherel
measure y,(0) = 0. We show that p,(0) = 0 if and only if p,(7) = 0, and thus
W'(o) = W'(r) (¢f. Lemma 2.3). Let

W(a\) = {x|m" ~ 7x for some w € W(0)}.

We show that, for any y € m, there is some w, € R(o) with "% ~ 7, and this
element is unique up to multiplication by elements of R(w) N W (o). Thus, in this
general setting we always have R(c)/ (R (7m) N W (o)) ~ m/X(w), where X(m) =
{x|mx =~ 7} (cf Proposition 3.2).

We then specialize to the case where G = U, and G = SU,. There we show
R(7) < R(o). Furthermore, we can split the sequence

1 — R(w) — R(o) — m/X(ﬂ') — 1.

Thus, there is a subgroup I', of R(c) which is isomorphic to W(a\)/X(w) for which
R(o) =T, x R(m) (cf Theorem 3.7).

The structure of the (unitarily) induced representation ig a (o) is determined by
the representation theory of a certain extension of R(c). More precisely, for w €
R(o), we choose an intertwining operator satisfying T,,6"” = oT,. Then there is
a 2-cocycle v: R(o) x R(o) — (C defined by T, = (w1, w2)T,, T,. The in-
tertwining algebra C(c) of Ind$ (o) is then isomorphic to the twisted group algebra
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C[R(c],. For simplicity of this exposition, we assume that the cocycle splits (which
is the case whenever o is generic [K2], and is always the case for for the classical
groups for which R-groups have been computed [Hr, G2, G4]). Then there is a cor-
respondence p — 7(p) between irreducible representations of R(¢) and classes of
irreducible components of i (o) [A2, K2]. The multiplicity of 7w(p) in ig (o) is
equal to dim p. Further, the behavior of the character 6, of p determines which com-
ponents of ig (o) are elliptic [A2]. More precisely, if R(0) g is the set of elements
of R(o) for which the fixed points a,, of w in q, the real lie algebra of A, is as small as
possible, namely ag, then 7, is elliptic if and only if 6, is non-vanishing on the regular
set R(0)reg- We note a correction to the description of the elliptic tempered spectrum
of U(n) in [G2] (cf. remark 3.10). In the case of G = SU,(F), we examine the elliptic
spectrum in the case where 7 is generic. Recall that, for G = U,,, the Weyl group is
the semidirect product of a permutation group with an elementary two group (con-
sisting of “sign changes”). We show that i¢ (o) has an elliptic component, if and
only if there is an element w = sc of R(c) whose permutation component s is of
maximal possible length, and ¢ changes an odd number of signs. Finally we give an
example of a phenomenon which we had not noted before. Namely, a case where
igm(0) has some elliptic components, but not all of the components are elliptic. In
fact, induced representations which have this property were exhibited in [K2], but,
as this predated Arthur’s description of the elliptic spectrum, [A2], it was not noted
there. We give a specific new example, and indicate how this can be generalized.

1 Notation and Preliminaries

Let F be a nonarchimedean local field of characteristic zero, and residual characteris-
tic qr. Fix a quadratic extension E/F. Let 7y be the non-trivial Galois automorphism
of E/F, which we also denote by x — X. Fix an element 3 € E with y(3) = —f. For
ne 7t let

—1
and fix a hermitian form h, € M, (E), by

B, = {un if nis odd,

Bu, ifniseven.

1

For g = (gij) € Resg/r GL,, weletg = (gl.j) and set e(g) = u,'¢ 'u,'. Denote by

G = G(n) = U,, the quasi-split unitary group defined with respect to E/F and h,,.
Thus _
G = {g € Resg/p GL,|gh,,'g = hy},
We let G = G(n) = SU, = G N Resg/p SL,. If H C G, then welet H = HN G.
We denote the F-points by G = G(F) and G = G(F), and similarly for other groups.
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Let T be the maximal torus in G of diagonal elements, and let A, be the maximal
split subtorus of T. Denote by <1>(E-;, KO) the roots of XO in G. We fix B = TU to
be the Borel subgroup of upper triangular elements of G. Let A be the simple roots
with respect to this fixed choice of Borel subgroup. If 6 C A, then we denote by
Py = MyNj the associated standard parabolic subgroup. Since we will be working
with a fixed 0, we drop the subscript and simply write P = MN. Let Ag; be the split
component of M. We write Hy (respectively, Hp) for the homomorphism from M
(respectively M) to ay; (respectively, ay) given in [H-C], where ag; and ay are the
real Lie algebras of A 51 and Ay, respectively.
Note that, for some choice of partition {n;, ny, ..., n,, m'} of [g} ,

Ay = {diag{xiLn, o0y« XLy, Ly & Lo %y Ly Y% € Resgyr GLy b
where m = 2m’ or 2m’ + 1, depending on whether 7 is even or odd. Then

(1.1) M= {diag {g1.82,- - & h.€(g), ... €(g1)} |g € Resg/r GL,,h € U(m)}
=~ Resg/p GLy, X Resg/p GL;, X + -+ X Resg/p GL,, x U(m).

Let ®(G, A) be the reduced roots of A in G. The Weyl group,
W (M) = Ng(A)/M =~ 8 x 2,

where 8 C S, is generated by the transpositions (i) for which #; = nj, and Z ~ 7
is the subgroup of W (M) is generated by “block sign changes” C; given by

Ci(glnga' "agia"'7gr;h) = (glag27'"5€(gi)a"'7gr7h)'

The realization of s;; € § with s;; = (i j) under the above isomorphism is given by

Sij(glv" -5 8iy - "agja"'aghh) = (glv" 'agja"‘;gia"'vgrah)~

We use w to represent both a class in W (M) and a representative of that class in
Ng(M ). This should cause no confusion here. IfM = M N G, and A = A N G, then
<I>(G,A) = ®(G,A), WM) = W (M), and we identify the action of W (M) as the
restriction of the action of W (M) to M.

If 7 is an irreducible admissible representation of M sthenmr~m Q- - Qm T,
where each 7; is an irreducible admissible representation of GL,,(E) and 7 is one of
G(m). Let W = W(M) act on 7 by 7rW(m) = w(w™ lmw).

We use Harish-Chandra’s notation €.(G ) to denote the (equivalence classes of) ir-
reducible admissible representations of G,and & o G) Es( G) represent the tempered
and square integrable classes, respectively. Similar notation is used for M, M, and
G. We use the notation ig (o) for the representation of G unitarily induced from
the representation o of M, of course extended trivially to the unipotent radical of a
parabolic P with Levi component M.
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Note that the center Z(G) of G is isomorphic to E! = {x € E|xx = 1}. Since
G = [(~}, é], the theory of [T, §2] applies to restriction from Gto G. Similarly we
can apply these results to restriction from M to M, which is the subject of the next
section. _ B B B

We use X(G) and X(M) to denote the characters of G and M, respectively. If x €
X(G), then x(g) = x/(detg), for some character x’ of E'. We will abuse notation
and use x to represent both the character of G, and the character of E! through which
it factors. If 7 € &,(M), and x € X(M) then we denote by 7x the representation
g — m(g)x(g). Then welet X(m) = {x € X(M) | mx ~7}.

In order to describe the generic elliptic spectrum we need to make some observa-
tions about the Lie algebra g of G. We have

g ~{X € sl,(C) | Xu, +u,'X =0}.

If apy is the Lie algebra of Ay, then a straightforward calculation shows

ay = {diag(a1I,,, a2l - . -y arly,, Oy —arly,, - . ., —a11,) | Z ni(a; — a;) = 0}.
i

We will sometimes denote an element of ays by Yy (ay, ..., a,). Forw € W(G, Ay),
welet a,, = {X € ay|w - X = X}, where w - X = ad(w)X. Note that ag = {0}.

2 Plancherel Measures and Restriction

In this section we establish some results on compatibility of Plancherel measures
with restriction. Much of this follows immediately from earlier work to which we
refer. Many of these results apply more generally to the situation where G C G and
[G,G] = [5, 5]. For the moment we work in that context, with M a Levi subgroup
of G (possibly éitself) andM =MNG.

Lemma2.1 Letw € &(M).

(a) There is an integer mg so that w|y = my @:‘(:1 o, with o; irreducible and inequiv-
alent. [G-K].

(b) If Homy(m, ') # O, then there is a character x of]\7I, so that 7’ ~ wx. [T,
Corollary 2.5]. N

(c) Everyo € &,(M) is a component of 7|y for some 7 € E,(M) [T, Proposition 2.2].

Corollary 2.2 Suppose o € &,(M) and 7 € &,(M) with 7|m containing o. Suppose
that for some w € W(M), 0" ~ . Then, thereisa x € X(M) so that ™" ~ 1.

For a reduced root o € CI>(§,1~X), we write y,(m) for the rank one Plancherel
measure attached to « (see [H-C]). We know that y,(7) = 0 if and only if the
standard intertwining operator v — A(v, 7, w,) has a pole at v = 0. Here v € a,
the complexified dual of the Lie algebra of A, and w,, is the reflection associated to
a. Similarly, for o € €,(M) we have the Plancherel measure yi, (o). This is given
by the pole of the standard intertwining operator vy — A(v, 0, t4a), Where 1y €
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aZ, the complexified dual of the Lie algebra of A. Note that, since N = N, the
intertwining operators are given by the same formula. That is, for v and v, in the
region of convergence,

(2.1) A(l/,ﬂ',wu)f(@:/ f(w;lng)dn,
*N,,

(2.2) A(Vo,o,wa)f(g):/ f(w,'ng) dn,
*Na

where £ is in the space ofiMyM(W®q§:V’H§()> ), fisin the space of iy, (o ®@q ),

g€ M, and g € M, (see [H-C] for definitions of M,,, *N,,). The operators are then
defined for all v by meromorphic continuation.

Lemma 2.3  Suppose [6, (~}] = [G, G] and ZG\@ is finite abelian. Let M be a Levi
subgroup of G and set M = M N G. Let LS &,(M) and suppose 7 € E,(M) is a
component of |y Then, for any a € ®(PA) = ®(P, A), we have i, (7) = 0 if and
only if pi (o) = 0.

Proof We note that one can adapt the proof of a similar result in [Sh3], but we
choose a slightly different approach. Let 7|y = my EB:;I 0j, and assume o = 0.
IfII = is (), then I|g ~ igm(m|ym) = my @Ll icm(oi). Let w = w,. Then the

intertwining operators for G satisfy
(2.3) Alwy, 7w AW, 7,w) = pa(v, ™) 7a(G/P)?,

where
'_Ya(é/ﬁ) :/ q;2<PmHP,,(ﬂ)) dn,

*Na

is the constant given in [H-C]. The meromorphic function p, (v, 7) is the Plancherel
density and 1, (0, 7) = po (7). Restricting the relation (2.3) to G, (and restricting to

Va,

the igm(0 ® qp - )-isotypic subspace) gives

(2.4) Ao, wo, w A0, 0,w) = pia (W, ™) 70 (G/P).

On the other hand, we have

(2.5) A(wrlo, wo, w™DAW]e, 0,w) = paW]e,0) ™" 7a(G/P)?,

and the result follows by letting v go to zero. ]
Let A'(m) = {a € <I>(l~’,1~&)|,ua(7r) = 0}. Lemma 2.3 shows A’(7) = A'(0),

where A’(0) is similarly defined. We let W/(7) = (w,|a € A'()). Then W' () =

W'(o), and since p,(0) = 0 implies o™ ~ o, W/(7) C W(o) = {w € W(M) |
oV ~o}.
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We now give several partial converses to Corollary 2.2 in the case where G = U,
and G = SU,. Some of these will be crucial in describing the R-group explicitly
in Section 3, while others we include to show the extent to which we can establish
the converse at this time. We have yet to determine whether the converse holds in
general.

Lemma2.4 LetG = U, and G = SU,. Suppose M is maximal, © € &.(M) is
generic, and " ~ 7. Then for each component o of 7|y we have 0" ~ o.

Proof Let 7 = 1g/r be the quadratic character of F* attached to the extension E/F
by local class field theory. Fix any character x,, of E so that x,|px = 7. Let m be as
in equation (1.1). First suppose m = 0, which implies n = 2k is even. Note that

M = {(g 5(g)> ‘ detgdete(g) = 1}.

Since dete(g) = detg—!, we have M ~ {g € GLi(E)|detg € F*}. Thus, x,|m = 7.
Since M ~ GL(E) and " ~ 7, we have 7° ~ . By [G3] exactly one of L(s, 7, A) or
L(s, mxy,A) has a pole at s = 0, where A is the Asai representation of GLy(C). Thus,
either p(m) = 0 or p(mx,) = 0, where p is the Plancherel measure [Sh2]. Let o be an
irreducible component of 7w|M. Then, by Lemma 2.3 either pu(o) = 0 or u(on) = 0.
The first of these requires 0° ~ . The second of these requires (on)° ~ on. But
since n° = 1, we will again have 0 ~ ¢ in this case.

Now suppose that m > 0, so M ~ GL{(E) x SU,,(F). Then m = m ® T, where
7 is an irreducible discrete series representation of GLy(E) and 7 is an irreducible
generic discrete series representation of SU,,(F). Note that 7" ~ 7 implies 7] ~ .
Consider 7 and 7x;,. Then u(7) = 0if and only if L(s, 71, A)L(2s, 71 x 7) has a pole
ats = 0 (see [Sh2, G-S]). Similarly p(7x;,) = 0ifand only if L(s, X, A)L(2s, m11 X
71) has a pole. As in the case m = 0, precisely one of L(s, 7, A) or L(s, w1, A) has
a pole at s = 0, and thus, at least one of u(m) and p(my,) is zero. But, as o is a
component of both 7 and 7y, we must have (o) = 0, which therefore requires
o ~ 0. |

Lemma 2.5 Suppose m = 1, where m is as in (1.1). Then, for any ™ € &.(M) the
representation o = |y is irreducible. Hence when " ~ 7y, we have o ~ o.

Proof Since m = 1, we have
M ~ GL, (E) X GL,,(E) X --- x GL,, (E) x E'.

Note that if (g1, £, . .-,4, ) € M, then

h= (f[det(gx(gi))*l) .

i=1
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Thus,
M ~ GL,,(E) x - -+ x GL, (E).

Now it is clear thatif 71 ~ 7 ®- - - Q@ m, ®& € EC(A7I),then7r|M ~ (M- Q) EE°
is irreducible. n

Lemma 2.6  Let m be as in equation (1.1). Supposem =0, orm >~ m QM @ -+ - &

T @ T, With T|sym) of multiplicity 1.

(a) If s € 8 satisfies m° ~ 7x for some x € X(M), then 0° ~ o for any irreducible
component o of T |p.

(b) Suppose w = sc, where s = s15, - - - 5 is the disjoint cycle decomposition, and ¢
changes an even number of signs in each cycle s;. If T ~ wy, then ¢ ~ o, for
each component o of 7|y.

Proof (a) The argument is essentially that of [G1, Lemma 2.3]. We give the proof
in the case m = 0, and the proof when p|sy () is multiplicity one is identical. Let

My = [M,M] = [M,M] ~ SL, (E) x SL,,(E) x - -- x SL,, (E).

Since each 7;[sy, () is multiplicity one [T], so is 7|y,. If p is a component of o |y,
then p ~ p; ® p ® - - - ® p;, for some choice of components p; of isz, (k). Suppose
s = 515, - - - 5 is the disjoint cycle decomposition of s and, without loss of generality,
assume thats; = (12 --- jy1) s, = (ji+1--- j2),..., sk = (=1 + 1---ji). Let
j = ji. Since m° ~ 7y, we then have 7;;; ~ mx ~ 7\, fori = 1,2,...,j— 1,and
T WX, e, T 71X’ Thus, for each 1 < i < j, p; is an irreducible component
of m. By [G-K], foreach 1 < i < j — I, thereis an a; € E*, so that p;4; = pf(“’),

where
5(a) = (“ Im_l) .

Leta; = (aya,---aj—1)~". Then p?(aj) = p1. Setg; = diag{d(a1),d(a2),...,8(aj)}.
Thendetg1 = l,and(pl ®"'®ﬂj)gl — P2®"'®Pj®p1 = (p1 ®"'®pj)51-
Similarly, for i = 2,3,.. .k, we can find such a g;, with determinant 1. Setting g =
diag{g1, £, -,k (gk),--.,&(g1)}, wehave g € M and p ~ p® ~ p°. Therefore, p°
is a component of both |y, and 0|y, and thus by multiplicity one, 0° ~ o.

(b) Now suppose w = sc, with ¢ # 1. We again assume s = s15; - - - sg. Suppose
s; = (12--- j), and for some d with 0 < d < j — 1, that ¢ = Cyy1Casz---Cjc/,

i

where ¢’ acts trivially on {1,2,...,j}. Then, 7% ~ 7y implies 7,; ~ mx for
i= 1,2,...,j—1,and7rfh’ ~ 7ix. Hereeachb; € {0,1}. Letp=p; ®---®p, ® T,
be a component of 7|y, where, again, My = [M,M]. Then, fori = 1,...,j, we

b . . . .
have (pit1)°" = pf(“’) , for some a;. Since j — d is even, we let

b=e(8(a)"" d(a)™" - b(an)”")
(0(ag+1)) ™ 'e(8(ag42)) " (0(ages) ™" - - -e((aj—1)) "
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Then p? o~ pj. Therefore, we set
& = diag{d(a),...,d(aj_1), b}.

Note that det(g;) det(e(g1)) = 1, and thus, choosing g, . . ., g in a similar manner,
we have

8= diag{ghg% s ;gkae(gk)v s 7€(g1)} € Ma
with p8 ~ p". Therefore, we again see that p” ~ p. Then, as oy, and 0" |y, have a
common component, multiplicity one implies o ~ ¢". ]

Lemma 2.7 Supposem =7 @M & -+ Q@ m, @ T, and that T|sy(m) is of multiplicity
one. If ¢ € Z satisfies 1° ~ 7, then 0 ~ o, for each component o of 7|y

Proof LetMy = M;xM;x---xM,xSU(m) C M,withM; = {g € GL,,(E)| detg €
F*}. Then, 7|y, is of multiplicity one. If ¢ = [[;,C; for some J C {1,2,...,r},
then ¢ ~ @, 77 ® ®i¢] m; @ 7. Let o be a component of 7|y, and suppose o
is a component of o|py,. Then oy = p1 @ - -+ ® p, @ T, where p; is a component of
7i|pm, and 79 is a component of 7|sy (). Therefore,

o5~ @i e @piem=on
ic] i¢]

by Lemma 2.4. Thus, o is a component of both ¢ and ¢¢ upon restriction to M,
and hence by multiplicity one o ~ o°. ]

Remark If T is generic, then the representation 7 satisfies the hypotheses of Lemmas
2.6 and 2.6.

Now assume m > 2. Recall that for h € U,,(F), we have deth € E', and thus, by
Hilbert’s Theorem 90, deth = aa~!, for some a € EX. For a € EX we let

a
am(a) = Im72
Then det(o,(a)) = det h. Note o, (ab) = oy (ba) = ayn(a)a, (b). If g € GLi(E), we

abuse notation and write o, (g) for v, (det(g)).

Lemma 2.8 If]\7I & GL,, (E) X GL,,(E) X - -+ X GL, (E) x Uy, (F), and m > 2, then
M ~ GL,,(E) X - -+ X GL,,(E) » SU,,(F).

Proof Letg= (g1,%,...,8) € GL, (E) X --- X GL, (E). Then the map
g

(g7 hO) = Olm(g)flho
e(g)
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is a set bijection from GL,, X - - - X GL,(E) x SU,,(F) to M. The action of GL,, (E) X
-+ X GL, (E) on SU,(F)isbygoh = am(g)ha,,(g) L. Ttis now easy to see that our
map is an isomorphism. ]

Ifx = (g,...,8,h) = (g, h) € M, and w € W, then we denote wxw™!
by (¢", h). Restricting to M, we see that under the above isomorphism W acts on
(GLy, (E) % - -+ X GLy, (E)) X SU,,(F) by w- (g, ho) = (", (cm(g) ™' aum(g")ho). (Note
that o, (g7 1) (g") € SU,.(F).)

Now suppose 7 >~ T, @M, ®m, - - @M, @7 and that V =V, QV,®--- @V, QV,;
is the space of m. We may write g = (g1,...,4) € GL, (E) X --- x GL, (E), and
mo(g) = ®;m;(g) acting on V| = QI_,V;. Let (79, Vo) be a component of 7|sy,,F).
Then, with respect to the semidirect product decomposition in Lemma 2.8, the map

(2.6) (8 ho) — (vg @ vo — mo(g)vg @ T(am(g) ™ )7o(ho) o) »

is an irreducible component of 7|);. We now prove another partial converse to Corol-
lary 2.2. Note that we do not assume multiplicity one upon restriction. This result is
crucial to the R-group computations of Section 3.

Proposition 2.9 LetG = U, aridG = SU,,. Suppose]VI ~ GL,, (E)X--+xGL, (E)x
Un(F) andm > 2. Let m € E,(M) and suppose o is an irreducible component of 7| p.
Then W(m) C W (o).

Proof Letw € W(m) and suppose that w = sc, with s € § and ¢ € Z. We note that
fr~m® - ®m T, then

T T @M ® R, BT,

where each ¢; is either ¢ or trivial. Since 7" ~ 7, we have m; ~ 7rf("i) for each 1, so fix
an intertwining, T: V) — V; with mT; = Tiwf("i). Then T = ), T; ® idy, satisfies
7T = Tw". Now suppose that ¢ is given by (2.6). Then

To" (g, ho) (vy @ vo) = Q) Timly (@)vi @ T(m(g") ™ )To(tm(g) ™ ctm(g" Vo)vo

i=1

Q) mi(g) Ti(vi) @ T(am(®) ™ )olho)vo

i=1

(g, ho) T(vg®p).

Thus T is an equivalence between ¢* and o. ]

Remarks

(a) The proof of Proposition 2.9 will apply to to the case 7" ~ 7x whenever the
identity is an equivalence between 7 and 7.
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(b) There is a similar result when m = 0, using an identification M ~ (GL,, (E) X
GL,,(E)x---xGL, _,(E))xSL, (E). To the extent we need this result in Section
3, however, Lemma 2.7 will suffice.

Corollary 2.10  Let G= U, and G = SU,,. Forany 7 € &, (M), and any irreducible
component o of 7|y, we have W () C W (o).

Proof This will follow immediately from Lemmas 2.4, 2.6, 2.7, and Proposition 2.9,
unless m = 0 and w does not satisfy the hypotheses of either part of Lemma 2.6.
This case we now resolve. All that is left is to consider the case where m = 0 and
w = sc, with ¢ # 1 changing an odd number of signs in some cycle of s. So, suppose
s = 515, - - - 5 is the disjoint cycle decomposition for s, with s; = (12 - - - j). Further
suppose that for some 1 < d < j,wehavec = C4Cyy, - - - Cjc’, with ¢/ acting trivially
on{l,...,j}and j —d+1 odd. Then 7" ~ 7 implies

1
M XMy e N 2 Mgy N Mg - T T

Therefore, m; ~ n; for 1 < i < j. Hence, C; € W(w). Taking w; = wC}, we see
that w; changes an even number of signs among {1, ..., j}. Proceeding in the same
manner on the cycles s, . . ., 5, if necessary, we see we can write w = wycp, with wy
satisfying the hypotheses of Lemma 2.6(b) and both wy and ¢y in W (7). Since m = 0,
Lemma 2.7 applies to ¢y. Thus, we know ™ ~ ¢ and 0% ~ ¢, and hence 0" ~ 0.

|

3 R-Groups

For the moment we work in the more general setting where G C G have the same
derived group. Let R, () = R(w) N W (o). Note that if w € R, (o), then wA'(7) =
A’(7), and thus by Lemma 2.3, wA’(c) = A’(o), which, combined with the fact
that w € W (o), shows that w € R(o). Note that if w € R(c) N W(x), then as
wA’(c) = A'(0), we have w € R, (0), so we certainly have R, (o) = R(c) N W ().
It is clear that R, (o) is a normal subgroup of R(c). In this section we first describe
the quotient R(0) /R (o). Then, specializing to the case where G= U,and G = SU,,
we show that R(o) is a semidirect product of R(7) and a naturally occurring group
of characters.

Definition 3.1 Letma\) ={x¢€ X(M) | 7" ~ 7y for some w € W (o)}

Let w € R(0). Then, by Corollary 2.2, thereisa x € X(M) for which 7" ~ wx. If
" ~ wx] =~ TX2, then Xlxz_l € X(r). Thus p: R(o) — W(o)/X(r) given by

(3.1) p(w) = yifand only if 7" ~ 7y

is a well defined homomorphism. Let x € m/X(’ﬂ'). Choose w € W(o) with
7 ~ mx. Thenw = rw’, with r € R(c) and w’ € W'(o). By Lemma 2.3, w’ €
W'(r), and in particular, o~ Therefore, 7" ~ 7. Hence, for any x € W(0o)
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there is an element r € R(o) with 7" ~ 7. Thus, ¢ is surjective, with kernel R (o).
The following result is now obvious.

Proposition 3.2 Suppose [G,G] = [G,Gl], and ZG\(~} is finite abelian. For any
m € &E(M) and any irreducible component o of 7|y we have R;(c) < R(c) and
R(0)/R:(0) ~ W(o)/X(m).

We now specialize to the case where G = U,(F)and G = SU,(F). ForC € Z
thereisa J C {1,2,...,r} with

(3.2) c=c¢=]]c.
i€]

By [G2] there is a subset J() so that R(w) = (C;|i € J(w)). By Corollary 2.10,
R(mw) C R(o). Also note that if 7" ~ 72 ~ 7y, then ACC m, which implies
o™ " ~ g. Hence if x € W(0o), then ¢ ~ ¢ forall w € W with 7" ~ 7y.

Lemma 3.3  Suppose x € W(;) and further suppose there are elements w, = sy,
wy = 556 € R(0) with m™ ~ 7y ~ 2. Heres; € 8, and ¢; € Z. Then s; = s,.

1

Proof Note W1W;1 € R(o)NW (m) = R(w). Therefore, W1W;1 € Z. Since wyw,
(s15, 1)(526152_ e)) is the decomposition of wyw, ! in the semidirect product W
8 x Z, we have s; = s,. |

For x € ma\), denote by s, the unique element in & so that s, c € R(o) for some
¢ € Z. We will give an explicit description of s,. First, we need a lemma.

Lemma 3.4 Supposem ~m Q- - Qm @T. Let w=sc € W(G, A) with " ~ my,
for some x. Suppose, c(i) # i. Then mx >~ T;x".

Proof First suppose that s(i) = i, so w(i) = —i. Then 7" ~ 7y implies 77 ~ ;.
Applying w again we see m; ~ m;x?, while 7; ~ (m;x)° ~ 75x° ~ mxXx°. Thus,
TiX = X

Now suppose that s(i) # i. Assume s = s15; - - - 54, is the disjoint cycle decom-
position of s, and s, (i) # i. Without loss of generality, suppose that s; = (12--- j),
and that, for some 1 < d < j, we have ¢ = Cy4Cyyy - --Cjc’, with ¢’ trivial on
{1,...,j}. Ifd > 2, then 7" ~ 7y implies m, ~ m;X. Then o~ X%, implies
5~ 7r]E-X2 ~ 7ix. Thus m, >~ mx® =~ 7 X, proving the claim in this case. If d = 1,
then " ~ 7y implies 75 ~ 7\, while applying w? gives 7, ~ 75X ~ 75 X°, proving
the claim in this case as well. [ |

We now describe the permutation s, explicitly. For x € ma\), we let Q(y, ) =

{i|m; =~ mix, orws ~ m;x}. We then let Q(x,7) = {1,2,...,7} \ Q(m, x). For
i€ Qx,m), let s(i) = i. If Q1(x,7) = I, we are done and s = 1. Otherwise,
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for each i € Q(x, ), we let Q(i,x,7) = {j € Q(x,m)|r; ~ mix}, and let
Qs x,m) ={j € Ulx, 7T)|7Tj- ~ 7;x }. Let i1; = min(£2; (x, 7)). Define

i _ min(Ql(illaXaTr)) ile(illaXaﬂ—) # Q,
2 max(5 (i1, x, 7)) otherwise.

Suppose we have defined i)y, i15,...4;. If ij; = i1), then we let s; = (i1y,i12,. ..,
i1j—1). Otherwise, we let

- min(Ql(i1j>Xv7T)) ile(iU,XﬂT)?ﬁ@,
1+ max(Q5(i;;, x, 7)) otherwise.

This, inductively, defines an element s; of 8.
Now let Q,(x, ™) = Qi (x,7) \ {in, ..., i1j—1}. f Qy(x, m) = @, we are done,
and s = s;. Otherwise, repeat the above process by taking i,; = min(£2,(x, 7)), and

defining

S min(Ql(i2j7Xa7T)) ile(iZﬁXaﬂ-) #Qv

T max(Q5(inj, x, ) otherwise,
and let j, be the smallest integer greater than 1 for which i;, = 5. Set s, =
(i21,...,i2j,—1). Proceed inductively to define Q3(x, ), Q(x, 7), ..., Qulm, X),
with associated cycles s3, 54, . . ., S, and suppose that k is minimal with the property

that {11 (m, x) = . Then let s = s;5; - - - 5. By construction, if m; ~ 7; fori < j,
and s;/ (i) # i, then s (j) # j for some j' > i’

Lemma 3.5 Lety € W(a\), and defines = s\, - - - 5, as above. Then's = s,.

Proof We define w = sc with the property that 7% ~ 7y, and then show w € R(0o).
That will show that s = s,. We let ¢ be defined by

C(l) o i ifﬂ's(i) =~ TX,
—1i ifﬁf(i) ~ mix and Ty 2 miX.

Then, setting w = sc, we have 7 ~ 7 by construction. We show that w preserves
the positivity of all elements of A’(c). First suppose o = «vjj = e, — ep,_,+1, where
b = ni + ny+ -+ n;. Then, m; ~ 7;. I w(i) = s(i), then way; = eg;) £ egj).
This would be a negative root if and only if w(j) = s(j) and s(j) < s(i). But as
w(i) = s(i), we know that if w(j) = s(j), then s(j) > s(i), by construction. On the
other hand, if w(i) = —s(i), then we must have s(j) < s(i) and c(j) = —j, as well,
so again wae > 0.

Suppose that o = a{j = ey, +ep,_ 41 € A'(0). Then 7 >~ ;. Ifwai’j < 0, then
certainly either w(i) = —s(i), or w(j) = —s(j). Thus, by Lemma 3.4, m;x ~ m;x°.
If w(i) = s(i), and w(j) = —s(j), then 7y; ~ m;x. Note that my;) ~ TEXT 2 TiXs

and thus, by the choice of s(i), we must have s(i) < s(j). Therefore wai’j > 0,
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contradicting our assumption. So we must have w(i) = —s(i). If w(j) = —s(j),
then 75 ;) ~ m;x =~ m; x which implies my(j) ~ m;x. Then, by construction of 5, we

would have assigned s(i) = j', with j* < s(j), and 7j» ~ m;x. We would then have
w(i) = s(i) = j’, contradicting our assumption. Thus, we must have w(j) = s(j).
Then 7y(j) ~ mix = 7ix =~ (m;X)*, and thus by construction, s(i) > s(j). Therefore,
wo; = ay(j)siy > 0, which contradicts our assumption. Hence it is impossible for
waj; < 0ifaf; € Al(0).

Finally, suppose that

g = {eb, if n is odd,

2ep, ifniseven.

Then 7 ~ m;. Assume wf3; < 0. Then we must have c(i) = —i. If s(i) = i,
then m; ~ 7Y, which now says m; ~ m;x, and by assumption we have c(i) = i,
contradicting our assumption. Now suppose that s(i) # i. Then as c(i) = —i, we

have, by Lemma 3.4, m;x ~ 7;x° and wf(i) o~ mix. Since m§ =~ m;, we have my;) ~ X,
which means that Q,(i, x, 7) # @ and therefore, we are forced to take c(i) = i. This
also contradicts our assumption and hence w3; > 0 for all §; € A’(0).

In order to conclude that s = s,, we must know that wo ~ o. However, by

—

assumption, x € W(o), and thus 0" ~ o. (See the remark preceding Lemma 3.3.)
| ]

Remark Note that it is possible that s, = s, with 7 % 7y. In particular, it is
possible that s, = 1, and ¢ € Z is an element of W (o) \ W (7).

Lemma 3.6  Suppose x € W/X(w). Then there is a unique minimal ], C
{1,2,...,r} withs,C; € R(0). Definew, = s,Cj,.

Proof Choose any element w € R(o) with ¥ ~ 7. By Lemma 3.3, we have
w=ys,Cyforsome J. Let J' = {i € J|C; € R(m)}. Let J, = J\J'. Then,C;» € R(0),
and thus w, = 5,C; = 5,C;Cy;r € R(0). For any J;, with 5,Cj, € R(0), we have
(5yC; ) 'sC), = Cj, € R(m) so J, C J(m), and 5,Cj, = 5,C; Cy,. Therefore, as
IXQI(TF):®>]XC]1- u

Since, by Corollary 2.10, R(w) = R, (o), Proposition 3.2 gives us the exact se-
quence

(3.3) 1 — R(1) — R(o) — W(0)/X(r) — 1.

The next result will show that this exact sequence splits, so R(o) is a semidirect prod-
uct.

Theorem 3.7 Let G = U,and G = SU,,. Let x1, x> € W/X(W), and wy, be as

in Lemma 3.6. Then wy,wy, = Wy,y,. ThusTy = {w, | x € m} is a subgroup of
R(0). Furthermore, R(c) = T', X R(m).
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Proof Let w; = w,, and suppose w; = s;C}, is the decomposition given in Lemma
3.6. Then J;N J(7) = &. Note that wyw, = Slszcs;l(]])C]z. Suppose s;l(]l)ﬂ](w) =+

2. Let j € ;' (J1) N J(xr). Then CSZ—I(]I)C]' = Cy,with |J'| < |s;1(]1)|, and hence
|J'| < |Ji|- Now

—1 —1 —1
w = wiwCiw; ' = 512C1()CiCLCLs; | = s19Cyrsy " = s1Cqp),

and " ~ my. However, since |s,(J')] = |J’| < |J1], this contradicts our choice of
Ji. Thus, s{l(h) N J(w) = @. Since [, N J(7) = &, as well we see Cs;l(h)C]2 =Cy,
with J N J(7) = @. Now wyw, = 515Cj = s,,,,C; € R(0), and since J N J(7) = &,
we know J = J,y,, by the proof of Lemma 3.6. Thus, w;w, = w,,,,. This shows
that I',; is a subgroup of R(o).

In order to show that the sequence (3.3) splits, we consider the composition

W(0)/X(r) 5 Ty £ W(a)/X(r),

where ¢ is given by (3.1) and ¥(x) = w,. Note that Lemma 3.6 shows 1) is well
defined, and the above argument shows that 1 is a homomorphism. By definition,
woP(x) = p(wy) = x. Thus, ¢ oy = 1, which proves that (3.3) splits. Thus,

R(o) =T, x R(w) ~ W(o)/X(m) x R(m). [ |

We address non-abelian R-groups. Suppose w, = 5,C; € I',. Suppose further
that s, (i) = i forall i € J(m). Then w, centralizes R(7), and hence lies in the center
of R(0). Thus, R is non-abelian if and only if there is some w = s,c € R(o) with
s(i) # i for somei € J(m).

Lemma 3.8 LetR(w) = (C;|i € J(m)).

(a) Thereisno j & J(m) for which 77? ~mjandC; € R(o).
(b) If w = sc € R(o) then s(J(m)) = J(m).

Proof (a) Suppose j ¢ J(m) and 75 ~ ;. Then C; € W(m) and C; ¢ R(m),
by assumption. Thus, Cjox < 0 for some o € A’(w) = A’(0), which shows that
Cj ¢ R(O’)

For (b), suppose that there is some i € J(m) with s(i) ¢ J(). Then, since C; €
R(m) C R(0), we see that wC; € R(o). Letc = Cj. If i € ], then wC; = sCp\ iy €
R(0), and thus we may assume that i ¢ J. Now since wC; = Cy;w € R(0), we see
that Cy;) € R(0), as well. Note that if 7C0 ~ 17, then Ty = (i) while 7; >~ .
Since my(;) ~ m;&, for some &, we have ;)1 =~ 7y;). Thus, 7% ~ 7. However, this
contradicts part (a), which completes the lemma. ]

We now wish to describe the conditions under which ig (o) has elliptic con-
stituents when o is generic. With this assumption, the cocycle is a coboundary (see
[K2, p. 62]), so C(o) =~ C[R(c)]. Recall that the regular elements are given by
R(0)reg = {w € R(0) | a,, = {0} }. We first describe all the regular elements of R(c),
without regard to whether o is generic. If we know that the cocycle split in general,
this would then describe the elliptic spectrum in general.
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Theorem 3.9 Let G = U, and G = SU,. Let m € E,(M), and suppose that o is a
component of |y Then R(0)weg # @ if and only if there is an element w = 5,Cj €
R(o) with s, an r-cycle and | ]| odd, where ] C {1,2,...,r} is given by (3.2).

Proof If s, has more than one orbit, one can easily construct a non-zero element
X € a,. Let O; = {1,5(1),5*(1),...,s5 (1)} and O, = {j,s(j),...,s""'(j)} be
two distinct orbits of 5,. Let a; = 0, fori ¢ O, U O,. We set a; = a; = 1, and for
1<i<k=21let

a _ asi—1(1) ifSiil(l) ¢ ],
< —dg-1(1) ifSiil(l) cJ

similarly, for 1 <i < /¢ — 2 welet

a5 = As—1(j) lfSlil(]) ¢ I,
oY —asi—l(]‘) ifSlil(]') e

Let X = Yy(ay, ay, ..., a,), as in Section 1. Then wX = X, and tr X = 0,s0 X € q,,.
Therefore, if w = 5,C is regular, then s, is an r-cycle.

Suppose, without loss of generality, thats, = (12---r),and X = Yy(ay,...,a,) €
a,,. Suppose a; = A. Then, for 2 < i < r, we have a; = £A. Thus, we simply denote
X = X;(\). Now, as tr X = 0, we have nr(A — ) = 0,50 A € R. Note that ifa, = A
andr € Jora, = —Aandr € ], then A\ = —), and hence a,, = {0}. Suppose
|J] is even. If r € J, then a, = — A\, as w changes an odd number of signs among
1,2,...,r— 1. Then X;(\) € a,, forany A € R. Similarly, if r ¢ J, thena, = X and
hence X;(\) € a,, forany A € R. Thus, w & R(0)yg if | J| is even. On the other hand,
if|J]isodd and r € J, thena, = A, so X;(\) € a,, only for A = 0. Similarly, if | J| is
odd and r ¢ J, then a, = A, so again a,, = {0}. [ |

Remark We note that Theorem 3.9 is inconsistent with the results of [G2], and this
is due to an error in that work which we now correct. Note that az = {A,|\ € iR}.
Then we easily see that a,, = az ifand onlyif m = 0, r = 1, and R ~ Z,. That is,
only the Siegel Levi subgroup of U,, supports non-discrete elliptic representations.

We note that by Lemma 3.6(b), there are two possibilities for R(o) in the situation
of Theorem 3.9. Namely, if R(w) = {1} then s, an r-cycle implies R(0) ~ Z,.
Otherwise R(m) # {1} implies R(7) = (C;|1 <i<r) ~ 75 Nowifn € W(o),
then s, € R(0). If 5,(1) # 1, and 5,,(j) = j, then 7; ~ ;5 implies 717 ~ 7, which
contradicts our assumption that s, (1) # 1. This implies that s, = s\ for some i, and
soR(o) ~ 7, x 7}.

We now give a specific case of this second phenomenon, and note that the induced
representation will contain both elliptic and non-elliptic representations. Suppose
r = 3 and we are in this second case, namely R(c') ~ 73 x 73. Lets = (123). Let x be a
character of R(7), and let R,; be the stabilizer of  in R(c). By [Se, Proposition 25] we
know that any irreducible representation of R(¢) is given by p = p,. \ = Indﬁi_”) (k®
A), where & is extended to R, trivially, and A is an irreducible representation of R, N
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75. Note that if w = sc, then w acts transitively on R(7). Thus R, # R(7) if and
only if K(C;) = k(C;) for i # j. This implies either k = 1, or k(C;) = —1 for
all 7, and we denote this character by sgn. So, if K # 1,s¢gn, then R, = R(w), and
P = px = Indﬁgg k. Then, by the induced character formula, the character ,; of p,
on an element w = sc is

1 _
0,.(sc) = 3 E k(x"Lsex) = 0,
XER(0)
x~ ! (sc)xER(T)

as the sum has no terms since R(7) is normal. Thus, all the components 7(p,;) with
k # 1,sgn are non-elliptic. There are two such representations, as there are two
orbits of such x under Z3. Each of these components appears in ig (o) with multi-
plicity three. On the other hand, the six components components 7(p; 1), 7(pgn.2)s
are elliptic, and these appear with multiplicity one. We conclude that there are rep-
resentations o for which ig (o) has some elliptic components, but not all the com-
ponents are elliptic. It is clear that this phenomenon will generalize to the case where
r is prime.

Note that, when P = B is the Borel subgroup, these are precisely the examples
discussed in [K2]. The phenomenon noted above was not mentioned there merely
because the results of [A2] were not yet available.

Acknowledgements I wish to thank J. Arthur, D. Ban, G. Henniart, R. Kottwitz, E.
Shahidi, and M. Tadic for helpful conversations and communications regarding this
work. I also thank the referee for the helpful comments and conscientious reading
of the manuscript. Finally, this work grew out of conversations with Alan Roche re-
garding the connection between Arthur’s R-group construction and the Knapp-Stein
R-group. I wish to especially thank Alan for his insights, comments, and collegial
support.

References

[A1]  J. Arthur, Unipotent automorphic representations: conjectures. Soc. Math. France, Asterisque
171-172, 1989, pp. 13-17.

[A2] , On elliptic tempered characters. Acta. Math. 171(1993), 73-138.

[B] A. Borel, Automorphic L-functions. Proc. Sympos. Pure Math. 33, American Mathematical
Society, Providence, RI, 1979, pp. 27-61.

[G-K] S.S. Gelbart and A.W. Knapp, L-indistinguishability and R-groups for the special linear group. Adv.
in Math. 43(1982), 101-121.

[G1]  D. Goldberg, R-groups and elliptic representations for SL,. Pacific J. Math 165(1994), 77-92.

[G2] , R-groups and elliptic representations for unitary groups. Proc. Amer. Math. Soc.
123(1995), 1267-1276.

[G3] , Some results on reducibility for unitary groups and local Asai L-functions. J. reine angew.
Math 448(1994), 65-95.

[G4] , R-groups and elliptic representations for similitude groups. Math. Annalen 307(1997),

569-588.

[G-S] D. Goldberg and F. Shahidi, The tempered spectrum of quasi-split classical groups. 1. Canad. J.
Math. 53(2001), no. 2, 244-277.

[H-C] Harish-Chandra, Harmonic analysis on reductive p-adic groups. Proc. Sympos. Pure Math. 26,
Providence, RI, 1973, pp. 167-192.

https://doi.org/10.4153/CJM-2006-014-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2006-014-6

Reducibility for SU, and Generic Elliptic Representations 361

[H]

[Hr]
[K1]

[K2]
(L]
[P]
[Se]
[Sh1]
[Sh2]

[Sh3]
[Sil]

[Si2]

(T]

G. Henniart, Correspondance de Langlands et fonctions L des carrés extérieur et symétrique.
preprint IHES.

R.A. Herb, Elliptic representations of Sp(2n) and SO(n). Pacific J. Math. 161(1993), 347-358.
C.D. Keys, Principal series representations of special unitary groups over local fields. Compo. Math.
51(1984), 115-130.

, L-indistinguishability and R-groups for quasi-split unitary groups in even dimension.
Ann. Sci. Ec. Norm. Sup. 20(1987), 31-64.

R.P. Langlands, Representations of abelian algebraic groups. Yale University, 1968.

D. Prasad, Theta correspondence for unitary groups. Pacific J. Math 194(2000), 427-438.

J.-P. Serre Linear Representations of Finite Groups. Springer-Verlag, New York, 1977.

F. Shahidi, Twisted endoscopy and reducibility of induced representations for p-adic groups. Duke
J. Math. 66(1992), 1-41.

, A proof of Langlands conjecture for Plancherel measures; complementary series for p-adic
groups. Ann. Math. (2) 132(1990), 273-330.

, Some results on L-indistinguishability for SL(r). Canad. J. Math 35(1983), 1075-1109.

, The Knapp-Stein dimension theorem for p-adic groups. Proc. Amer. Math. Soc. 68(1978),
243-246.

A.]. Silberger, The Knapp-Stein dimension theorem for p-adic groups. Correction. Proc. Amer.
Math. Soc. 76(1979), 169—170.

M. Tadic, Notes on representations of non-archimedean SL(n). Pacific J. Math. 152(1992), 375-396.

Department of Mathematics
Purdue University
West Lafayette, IN 47907

US.A.

e-mail: goldberg@math.purdue.edu

https://doi.org/10.4153/CJM-2006-014-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2006-014-6

