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Abstract We prove that the Kodaira dimension of the n-fold universal family of lattice-polarised
holomorphic symplectic varieties with dominant and generically finite period map stabilises to the moduli
number when n is sufficiently large. Then we study the transition of Kodaira dimension explicitly,
from negative to nonnegative, for known explicit families of polarised symplectic varieties. In particular,
we determine the exact transition point in the Beauville-Donagi and Debarre—Voisin cases, where the
Borcherds @12 form plays a crucial role.
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1. Introduction

The discovery of Beauville and Donagi [3] that the Fano variety of lines on a smooth cubic
fourfold is a holomorphic symplectic variety deformation equivalent to the Hilbert squares
of K3 surfaces of genus 8 was the first example of explicit geometric construction of
polarised holomorphic symplectic varieties. Gradually, further examples — all deformation
equivalent to Hilbert schemes of K3 surfaces — have been found:

Iliev and Ranestad [14], with varieties of sums of powers of cubic fourfolds;
O’Grady [26], with double EPW sextics;
Debarre and Voisin [8], with the zero loci of sections of a vector bundle on the
Grassmannian G(6,10);

e Lehn, Lehn, Sorger and van Straten [18], using the spaces of twisted cubics on
cubic fourfolds; and

e Tliev, Kapustka, Kapustka and Ranestad [13], with double EPW cubes.

The moduli spaces M of these polarised symplectic varieties are unirational by
construction. However, if we consider the n-fold fibre product F,, — M of the universal
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family F — M (more or less the moduli space of the varieties with n marked points or its
double cover), its Kodaira dimension «(F,,) is nondecreasing with respect to n [16] and
bounded by dim M = 20 [12]. The main purpose of this paper is to study the transition
of k(F,) as n grows, especially from x = —oo to « > 0, by using modular forms on the
period domain. Moreover, we prove that k(F,) stabilises to dim .M at large n for more
general families of lattice-polarised holomorphic symplectic varieties.

Our main result is summarised as follows:

Theorem 1.1. Let F, be the mn-fold universal family of polarised holomorphic
symplectic wvarieties of Beauville-Donagi (BD), Debarre—Voisin (DV), Lehn—Lehn—
Sorger—van Straten (LLSS), Iliev-Ranestad (IR), O’Grady (OG) or Iliev-Kapustka—
Kapustka—Ranestad (IKKR) type. Then F,, is unirational, x(F,) >0 and «(F,) > 0 for
the bounds of n given in the table.

BD DV LLSS IR OG IKKR
unirational 13 5 5 1 0 0
k>0 14 6 7 6 11 16
k>0 23 13 12 12 19 20

In all cases, k(Fp) =20 when n is sufficiently large. The stabilisation x(F,) = dim M
at large n holds more generally for families F — M of lattice-polarised holomorphic
symplectic varieties whose period map is dominant and generically finite.

This table means that, in the Beauville-Donagi case, for example, F,, — the moduli
space of Fano varieties of cubic fourfolds with n marked points (or equivalently, cubic
fourfolds with n marked lines) — is unirational when n <13, has «(F,,) >0 when n > 14
and has «(F,) > 0 when n > 23. In particular, we find the exact transition point from
k = —00 to k > 0 in the BD and DV cases, and a nearly exact one in the LLSS case. On
the other hand, it would not be easy to explicitly calculate a bound for « = 20; in fact, we
expect that the transition of Kodaira dimension would be sudden, so the actual bound
for k = 20 would be quite near to the (actual) bound for « > 0. (In this sense, the bound
for ¥ > 0 should be temporary.)

Markman [23] gave an analytic construction of general marked universal families over
(non-Haussdorff, unpolarised) period domains. Here we take a more ad hoc construction.
The space F, (birationally) parametrises the isomorphism classes of the n-pointed
polarised symplectic varieties except for the two double-EPW cases, where it is a double
cover of the moduli space.

Theorem 1.1 in the direction of ¥ > 0 is proved by using modular forms on the period
domain. For a family F — M of lattice-polarised holomorphic symplectic varieties of
dimension 2d whose period map is dominant and generically finite, we construct an
injective map (Theorem 3.1)

Sptan (T, det) > HO (K ), (1.1)

where F,, is a smooth projective model of F,, I is an arithmetic group containing the
monodromy group, Si(I", det) is the space of I'-cusp forms of weight k and character det
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and b = dim M. For the six cases in Theorem 1.1, we construct cusp forms explicitly by
using the quasi-pullback of the Borcherds @15 form [4, 5] and its product with modular
forms obtained by the Gritsenko lifting [9]. The same technique of construction should
also be applicable to lattice-polarised families, of which more examples would be available.

The proof of unirationality is done by geometric argument, but in the BD and DV
cases, we also make use of the “transcendental” results K(]-'ﬁD ) >0 and K(]-"éj Vy>0
when checking the nondegeneracy of certain maps in the argument (Claim 4.3).

A similar result has been obtained for K3 surfaces of low genus g [21], where the
quasi-pullback ® g3 4 of ®12 was crucial too. Moreover, when 3 < g < 10, the weight of
® g3 4 minus 19 coincided with the dimension of a representation space appearing in the
projective model of the K3 surfaces. In the present paper we see no such a direct identity,
but we observe a “switched” identity between K3 surfaces of genus 2 and cubic fourfolds
(Remark 4.4).

This paper is organised as follows. Section 2 is a recollection of holomorphic symplectic
manifolds and modular forms. In Section 3 we construct map (1.1) (Theorem 3.1) and
prove the latter half of Theorem 1.1 (Corollary 3.3). The first half of Theorem 1.1 is
proved in Sections 4-8.

Throughout this paper, a lattice means a free abelian group of finite rank endowed with
a nondegenerate integral symmetric bilinear form. Ay, D; and E,, stand for the negative-
definite root lattices of respective types. The even unimodular lattice of signature (1,1)
is denoted by U. No confusion is likely to occur when U is also used for an open set
of a variety. The Grassmannian parametrising r-dimensional linear subspaces of CV are
denoted by G(r,N)=G(r—1, N —1). We freely use the fact [24] that if G =PGLy acts
on a projective variety X and U is a G-invariant Zariski open set of X contained in
the stable locus, then a geometric quotient U/G exists. If no point of U has nontrivial
stabiliser, then U — U/G is a principal G-bundle in the étale topology. In that case,
every G-linearised vector bundle on U descends to a vector bundle on U/G. Similarly,
if V is a representation of SLy, a geometric quotient (PV x U)/G exists as a Brauer—
Severi variety over U/G. If Y is a normal G-invariant subvariety of PV x U, its geometric
quotient Y /G exists as the image of Y in PV x U)/G.

2. Preliminaries

In this section we recall basic facts about holomorphic symplectic manifolds (§2.1) and
orthogonal modular forms (§2.2).

2.1. Holomorphic symplectic manifolds

A compact Kéhler manifold X of dimension 24 is called a holomorphic symplectic manifold
if it is simply connected and H°(Q%) = Cw for a nowhere degenerate 2-form w. There
exists a nondivisible integral symmetric bilinear form gx of signature (3,b2(X) —3) on
H?(X,Z), called the Beauville form [2], and a constant cx called the Fujiki constant,
such that fx v2?% = cx - gx (v, v)? for every v € H?(X,Z). In particular, for w € HO(Qg(),
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we have gx (w,w) =0 and
9x (w.0)" = 0/ (@A @)? (2.1)
X

for a suitable constant C.

A holomorphic symplectic manifold X is said to be of K3[™! type if it is deformation-
equivalent to the Hilbert scheme of m points on a K3 surface. The Beauville lattice of
such X is isometric to Loy = 3U @ 2E3 @ (—2t), where t =m —1 [2]. Let h € Ly; be a
primitive vector of norm 2D > 0. The orthogonal complement h* N Ly, is described as
follows [10, §3]. For simplicity we assume (¢, D) =1, which holds in later sections except
§8.2. We have either (h, Ly;) = Z or 27Z. In the former case, h is of split type, and h* N Ly,
is isometric to 2U @ 2FEs @ (—2t) @ (—2D). In the latter case, h is of nonsplit type, and

—2t t
1 ~
h ﬂLQt_ZU@QEg;@( ; —(D+t)/2)’ (2.2)
which has determinant ¢D. In Sections 4—7, h will be of nonsplit type and the determinant
tD will be a prime number of class number 1.

2.2. Modular forms

Let L be a lattice of signature (2,b) with b > 3. The dual lattice of L is denoted by LV.
We write A, = LY /L for the discriminant group of L. Ay is equipped with a natural
Q/Z-valued bilinear form, which when L is even is induced from a natural Q/2Z-valued
quadratic form. The Hermitian symmetric domain D = Dy, attached to L is defined as
either of the two connected components of the space

{CwePLc|(w,w)=0,(w,0) >0}.

Let OT (L) be the subgroup of the orthogonal group O(L) preserving the component D.
We write O (L) for the kernel of Ot (L) — O(AL). When A ~ Z/p for a prime p, which
holds in Sections 4-7, we have O(A) = {#id} and so OT(L) = (O (L), —id).

Let £ be the restriction of the tautological line bundle Opr.(—1) over D. L is naturally
O%(Lg)-linearised. Let I be a finite-index subgroup of O* (L) and x be a unitary character
of T'. A T-invariant holomorphic section of £L2* ® x over D is called a modular form of
weight k& and character y with respect to I'. When it vanishes at the cusps, it is called a
cusp form (for the precise definition, see, e.g., [11, 21]). We write M (T, x) for the space
of I'-modular forms of weight k£ and character x, and Si (T, x) for the subspace of cusp
forms. We denote My (I') = My (T',1). If I" < T is a normal subgroup of finite index, the
quotient group I'/T” acts on My (I, x) by translating I''-invariant sections by elements
of I'. We also remark that when x =det and k = b mod 2, —id acts trivially on L& ® det,
so that

My (T, —id), det) = My (T, det). (2.3)

When k # b mod 2, M, ((T", —id), det) is zero.
The Hermitian form (-,7) on L¢ defines an OT(Lg)-invariant Hermitian metric on the
line bundle £. This defines a I'-invariant Hermitian metric on £%*¥ ® x which we denote
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by (, )k y. For brevity, we write (, ) instead of (, )x 1. Let vol be the OF(Lg)-invariant
volume form on D, which exists and is unique up to constant.

Lemma 2.1. Let M’ be a Zariski open set of T\D and D' C D be its inverse image.
Let ® be a I'-invariant holomorphic section of L2 ® x defined over D' with k > b. Then
® € Si(T,x) if and only if [, (P, )y, ,vol < 0.

Proof. In [21, Proposition 3.5], this is proved when D' =D, — that is, ® € My (T, x).
Hence it suffices here to show that [ (D, @)y vol < 0o implies holomorphicity of ®
over D. Let H be an irreducible component of D —D’. We may assume that H is of
codimension 1. If ® has a pole along H, say of order a > 0, a local calculation shows that
in a neighbourhood of a general point of H, with H locally defined by z = 0, the integral

f (@, ®);, vol > C 12| 72%dz A dZ
e<|z|<1

e<|z|=1

2 1 )
= C/ d9/ ro2etl gy (z = re')

0 £

must diverge as ¢ — 0. O

Let Il 56 =2U @ 3FEg be the even unimodular lattice of signature (2,26). Borcherds [4]
discovered a modular form @15 of weight 12 and character det for O" (115 26). The quasi-
pullback of @15 is defined as follows [4, 5]. Let L be a sublattice of Il o6 of signature (2, b)
and N = L+ NIl 56. Let 7(N) be the number of (—2)-vectors in N. Then

(D)
1_[5(6’ ) Dy, ’

where § runs over all (—2)-vectors in N up to %1, is a nonzero modular form on Dy, of
weight 124 r(N)/2 and character det for Ot (L). Moreover, when r(N) > 0, 3|1 is a
cusp form [11].

In later sections, we will embed At N Ly, into I1; 96 by embedding the last rank 2
component of formula (2.2) into Eg. The following model of Eg will be used:

Dialp =

Eg = {(z;) € Q¥| () € Z®or (z;) € (Z+1/2)%, 21 +--- + a5 € 27}. (2.4)

Here we take the standard (negative) quadratic form on Q®. The (—2)-vectors in Eg are
as follows. For j # k we define 8+ +, = (z;) by #; = %1, 3 = %1 and 2; =0 for i # 7, k. For

example, 841, o = (1, —1,0,...,0). For a subset S of {1,...,8} consisting of even elements,
we define 8 = (z;) by #; =1/2 if i € § and 2; = —1/2 if i ¢ S. These are the 240 roots
of Eg.

We will also use the Gritsenko lifting [9]. Assume that L is even and contains 2U. We
shall specialise to the case b = 20 for later use. For an odd number k, let My (o) be the
space of modular forms for SLy(Z) of weight k& with values in the Weil representation py,
on CAp. The Gritsenko lifting with b = 20 is an injective, O* (L)-equivariant map

My (pr) = Myo(OF(L)).
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The dimension of My (pr) for k > 2 can be explicitly computed by using the formula in [6].
A similar formula for the O(Ap)-invariant part My, (p)CA2) is given in [20].

3. Cusp forms and canonical forms

In this section we establish, in a general setting, a correspondence between canonical
forms on an n-fold universal family of holomorphic symplectic varieties and modular
forms on the period domain. This is the basis of this paper. As a consequence, we deduce
in Corollary 3.3 the latter half of Theorem 1.1. The first half of Theorem 1.1 will be
proved case by case in later sections.

Let M be a hyperbolic lattice and L be a lattice of signature (2,b). We say that a
smooth algebraic family 7 : F — M of holomorphic symplectic manifolds is M -polarised
with polarised Beauville lattice L if R*m,7 contains a sub local system Apor in its (1,1)-
part whose fibre is isometric to M with the orthogonal complement isometric to L. Let
Aper = (A por) N R%7, 7 and choose an isometry (A per)q, = L at some base point x5 € M.
If a finite-index subgroup I' of OT(L) contains the monodromy group of A, we can
define the period map

P:M— F\DL, ol d [Hz’O(Fz)C(Aper)z(g)C]'

By Borel’s extension theorem, P is a morphism of algebraic varieties. Our interest will
be in the case rk(M) = 1, but the proof of the following theorem works in the general
lattice-polarised setting as well:

Theorem 3.1. Let L be a lattice of signature (2,b) and I' be a finite-index subgroup
of OY(L). Let F — M be a smooth algebraic family of lattice-polarised holomorphic
symplectic manifolds of dimension 2d with polarised Beauville lattice L whose monodromy
group 1is contained in I'. Assume that the period map P : M — T'\D is dominant and
generically finite. If Fr, =F X pp--- X m F (n times) and Fo is a smooth projective model
of Frn, we have a natural injective map

Sptdn (T, det) = H°(Kz ) (3.1)
which makes the following diagram commutative:

w2 K (3.2)

E
' \
| 1 (3.1)Y
A Y
F\D - z PSb+dn(Fa det)v-
Here ¢ is the canonical map of F,, and ¢ is the rational map defined by the sections
n Sprdan (L, det). Furthermore, if the period map P is birational and T does not contain
—id, map (3.1) is an isomorphism.

Proof. Let M'=P(M) c I'\D and D’ C D be the inverse image of M’. Shrinking M
as necessary, we may assume that both M—> M and D' — M’ are u{lramiﬁed. We take
the universal cover M — M of M and pull back the family: write F = F x oy M with
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the projection 7 : F — M. We obtain a lift P : M — D’ C D of the period map P which
is equivariant with respect to the monodromy representation w;(M) — . Since P is
unramified, P is unramified too. We first construct an injective map

HO(D', L2 " @ det)" — HY(F,.Kx,). (3.3)

where H°(F,, Kz, ) means the space of holomorphic (rather than regular) canonical forms
on F,.

We have a natural O (Lg)-equivariant isomorphism Kp ~ £L®® ® det of line bundles
over D (see, e.g., [11, 21]), and hence a 71 (M)-equivariant isomorphism

Ko~ P*Kp ~P*(L®" @ det) (3.4)

over M. Here my(M) acts on P*L, P*det through the I-action on £, det and the
monodromy representation 1 (M) — T.

On the other hand, by the definition of the period map, we have a canonical 1som0rphlsm
Q2 ~ P*L sending a symplectic form to its cohomology class. Since 7: F — M
is a family of holomorphic symplectic manifolds, both 7,Q2 and 7K, are invertible
sheaves, and the homomorphism (7,Q2)®? — 7,K, defined by the wedge product
is isomorphic. Therefore we have a natural isomorphism ., K, >~ P*L£®4 Since the
natural homomorphism 7*m, K, — K, is isomorphic, we find that K, ~ n*P*L®¢. By
construction this is 1 (M)-equivariant. If we write F,, = F,, X ;¢ M with the projection
Ty fn — M, this shows that

Ky, ~ i P* Lo (3.5)

as 71 (M)-linearised line bundles on F,,. Combining formulas (3.4) and (3.5), we obtain
a 1 (M)-equivariant isomorphism

Kz ~miP*(LET" @ det)

over F,. Hence pullback of sections of £&0+9" @ det over D' by P o, defines a 71 (M)-
equivariant injective map

HO(D', L2 @ det) — H(F,, Kz ). (3.6)

Taking the invariant parts by I' and 71 (M), respectively, we obtain map (3.3).

Next we prove that restriction of map (3.3) gives the desired map (3.1). Let ® be
a T-invariant section of £®T9" ® det over D’ and w € H(Kx,) be the image of ® by
map (3.3). We shall show that

/ ond=C (P, D) ptdn, detvol
n M

for some constant C. Our assertion then follows from Lemma 2.1 and the standard fact
that w extends over a smooth projective model of F,, if and only if [ F, OA® < 00.
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Since the problem is local, it suffices to take an arbitrary small open set U C M and
prove

/ oA =C (CD, cb)bern, detVOl (37)
) P(U)

for some constant C' independent of U. In what follows, C' stands for any such unspecified
constant. Since U is small, we may decompose ® as ® = d; ® Cbg’d"7 with @ a local section
of £L8* @ det and ®5 a local section of £. Let w; be the canonical form on U ~ 73( U)
corresponding to @1, and w, be the relative symplectic form on F|y — U corresponding

to 75*d>2. On the one hand, we have
w1 A@y = C(P1,P1)p, detvol (3.8)

(see, e.g., [21, §3.1]). On the other hand, at each fibre X of Flu the pointwise Petersson
norm (®Ps, P31 = (O, P2) is nothing but the pairing ¢x (w2, ®2) in the Beauville form of
X. Since

ix @260 = C [ (@275
b
by equation (2.1), we find that

(@5, @™ = C | (pfoz A Apro)? Apioz A= Apra)?,  (3.9)
X’Vl
where p;: X™ — X is the ¢th projection. Since (pjwa A--- /\p:a)g)d is the canonical form
on X™ corresponding to the value of ®$%" at [X| € U, equations (3.8) and (3.9) imply
equation (3.7). Thus we obtain map (3.1). Since this map is defined by pullback of sections
of line bundles, diagram (3.2) is commutative.

Finally, when P is birational, we may assume as before that it is an open immersion.
If T does not contain —id, I' acts on D effectively, and the monodromy group coincides
with I". We can kill the monodromy by pulling back the family 7 — M to D’ instead of
to M. If we rewrite F,, = F,, x o¢ D', then map (3.6) is isomorphic. Taking the [-invariant
part, we see that map (3.3) is isomorphic. Finally, taking the subspace of finite norm, we
see that map (3.1) is isomorphic. This completes the proof of Theorem 3.1. O

Remark 3.2. The last statement of Theorem 3.1 can also be proved more directly by
using the line bundles on M C I'\D coming from the I'-linearised line bundles £, det on D.

Corollary 3.3. If n is sufficiently large, then k(F,)=1b.

Proof. Since F, — F,,_1 is a smooth family of holomorphic symplectic varieties, « (Fy,)
is nondecreasing with respect to n by litaka’s subadditivity conjecture known in this
case [16]. We also have the bound «(F,) < dimM = b by Iitaka’s addition formula [12].

We take a weight ky such that Sy, (I", det) # {0}. Then we take a weight k; such that
k1 = b—ko mod d and that ['\D --» PM,, (I')" is generically finite onto its image. (When
I' contains —id, we must have k) = b mod 2, so b — kg + dZ contains sufficiently large
even k;.) Since

Sty (T, det) - My, (T') C Sgo 4, (T, det),
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Theorem 3.1 implies that for ng = (ko + k1 — b)/d, the image of the canonical map of fno
has dimension > b. Hence «(Fy,) > b, and so «(F,,) = b for all n > ny. O

This proves the latter half of Theorem 1.1. In the following sections, we apply
Theorem 3.1 to the six explicit families in Theorem 1.1. In practice, one needs to identify
the group I'. For example, according to [22, Remark 8.5] and [11, Remark 3.15], the
monodromy group of a family of polarised symplectic manifolds of K32 type with
polarisation vector A is contained in O (AN Ly).

4. Fano varieties of cubic fourfolds

In this section we prove Theorem 1.1 for the case of Fano varieties of cubic fourfolds
[3]. Let Y C P® be a smooth cubic fourfold. The Fano variety F(Y) C G(1,5) of YV
is the variety parametrising lines on Y, which is smooth of dimension 4. Beauville and
Donagi [3] proved that F'(Y) is a holomorphic symplectic manifold of K 3! type polarised
by the Pliicker, and its polarised Beauville lattice is isometric to L.y, = 2U @ 2FE3 @
As. In fact, the polarised Beauville lattice of F'(Y) is isomorphic to the primitive part
of H*(Y,Z) as polarised Hodge structures, where the intersection form on H*(Y,Z) is
(—1)-scaled.

Let U C |Ops5(3)| be the parameter space of smooth cubic fourfolds. By GIT [24],
the geometric quotient U/PGLg exists as an affine variety of dimension 20. Let ' =
O"(Lewy). The period map U/PGLg — '\D is an open immersion by Voisin [28], and
the complement of its image was determined by Looijenga [19] and Laza [17].

Lemma 4.1 (cf. [17]). The cusp form ®12|L,
Ses(I", det) have dimension > 2.

has weight 48. Moreover, Sge(T, det) and

cub

Proof. Write L = L.,,. The weight of ®15|, is computed in [17]. (A3 ~ Eg has 72 roots.)
We have dim M (pr) = [(k+3)/6] by computing the formula in [6]. The product of ®12|,
with the Gritsenko lift of Mg(pz) and Mi;(pr) proves the second assertion. O

We consider the parameter space of smooth cubic fourfolds with n marked lines,
Fo={(Y,l,--, 1) YeUl,- - l, e F(Y)} CUxG(5)",

and let F, = F,,/PGLg. Then F,, is smooth over the open locus of U/PGLg where
cubic fourfolds have no nontrivial stabiliser. By Lemma 4.1, with 48 =20+ 2-14 and
66 = 20+2-23, we see that Fi4 has positive geometric genus and k (Fag) > 0. (Cusp forms
of weight 68 will be used in Section 6.) It remains to prove that Fi3 is unirational.

Proposition 4.2. Fy3 s rational.

Proof. Consider the second projection m: Fi3 — G(1,5)*3. If (11, ..., li3) € w(F13), the
fibre w=(ly,...,13) is a nonempty open set of the linear system of cubics containing
l1,..., 3, which we denote by

PV(l,....h3) = PKer(H*(Ops(3)) — @13, HY (O}, (3))).
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This shows that Fj3 is birationally a PV-bundle over 7 (F;3) with
N =dim Fi3 — dim 7 (Fi3) > dim Fi3 — dim G(1,5)*3 = 3.
Hence we are reduced to the following assertion:

Claim 4.3. 7: Fi3 — G(1,5)'? is dominant.

Assume to the contrary that m is not dominant. Then we have dim V (ly,...,L3) >
5 for a general point (Ii,...,L3) of mw(Fi3). Consider the similar projection 7’: Fi4 —
G(1,5)* in n=14. Since Fi4 = F1,/PGLg cannot be uniruled as just proved, we must have
dim V (I, ...,l14) =1 for general (li,...,lL4) € 7' (F14). On the other hand, V(li,...,l4)
can be written as

Vh,....ly) =Ker(V(L,....lh3) > H°(0y,,(3))),

where p is the restriction map. Hence for general (I,...,L3) € 7(F13), we have
dim V(l,...,l13) =5, p is surjective and 7 (F13) is of codimension 1 in G(1, 5)13.

The last property implies that the similar projection 7”: Fio — G(1,5)'? in n = 12
must be dominant, because otherwise m(Fy3) would be dense in the inverse image of
7" (F12) € G(1,5)'2 by the projection G(1,5)'* — G(1,5)'2, which contradicts the S;3-
invariance of 7 (F43). This in turn shows that

dim V(ly,...,l12) =dim Fy5 —dimG(1,5)12 +1=8

for a general point (I, ..., l12) of G(1,5)*2. However, since V(l,...,hL3) — HO(Ol14 3)) is
surjective, V(ly,...,l12) = HO(OI14 (3)) is surjective too. Hence dim V (I, ..., L2, 14) = 4.
But since (I3, ..., 12, l14) is a general point of 7 (F3), this is absurd. This proves Claim 4.3
and so finishes the proof of Proposition 4.2. O

Remark 4.4. In the analogous case of K3 surfaces of genus g [21], when 3 < g < 10, the
weight of the quasi-pullback ® g3 4 of ®12 coincided with

weight(P g3 ¢) = dim Vy 419 = dim V, 4+ dim(moduli)

for a representation space V, related to the projective model of the K3 surfaces. Here,
for ® k39 and O ypic = P12l the “switched” equalities

cub?
weight(® g 3.0) — 19 = 56 = h°(Ops (3))
weight (P cypic) — 20 = 28 = h%(Op2(6))

hold. Is this accidental?

5. Debarre—Voisin fourfolds

In this section we prove Theorem 1.1 for the case of Debarre—Voisin fourfolds [8]. Let £ be
the dual of the rank 6 universal sub vector bundle over the Grassmannian G(6,10). The
space HO(A\® &) is naturally isomorphic to /A\*(C'%)Y. Debarre and Voisin [8] proved that
the zero locus X, C G(6,10) of a general section o of /\35 is a holomorphic symplectic
manifold of K3 type, and the polarisation given by the Pliicker has Beauville norm 22

https://doi.org/10.1017/51474748021000013 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000013

Universal holomorphic symplectic varieties 1859

and is of nonsplit type. The polarised Beauville lattice is hence isometric to

Lpy =2U®2Es® K, K= (‘12 _16>.

Let T = 0% (Lpy).

Lemma 5.1. There exists an embedding K — Eg with r(K+) =40. The resulting cusp
form @3]y, has weight 32. Moreover, Sy(T", det) has dimension > 2.

Proof. Let vy, v; be the basis of K in the matrix expression. We embed K into Fg, in
model (2.4) of Eg, by

n— (1,-10,...,0), v+ (0,11,20,...,0).

The roots of Eg orthogonal to these two vectors are 81;+; with 4,5 > 5 and %8¢ with
1,2,3€ S and 4 ¢ S. The total number is 24 + 16 = 40. Hence the weight of ®13|7,, is
12420 = 32. Working out the formula in [6], we also see that dim M (oL, ) = (k—1)/2.
Taking the product of ®12|7,,,, with the Gritsenko lift of M5(pr,, ), we obtain the last
assertion. O

Let U be the open locus of ]P’(/\3 C'%)V where X, is smooth of dimension 4 and
[o] is PGLjg-stable with no nontrivial stabiliser. The period map U/PGLjg — I'\D is
generically finite and dominant [8]. Consider the incidence

Fnp={(o],p1,--.pn) € Ux G(6,10)" | p; € X, } C U x G(6,10)"

and let F, = F,/PGLjp. By Lemma 5.1, with 32 =20+2-6 and 46 =20+2-13, we
see that Fg has positive geometric genus and «(Fi3) > 0. It remains to show that F5 is
unirational.

Proposition 5.2. F5 is rational.

Proof. Consider the second projection m: F, — G(6,10)". The fibre 7~ 1(p1,...,pn)
over (pi,...,pn) € 7(F,) is a nonempty open set of the linear system PV (p1,...,pn) C
]P’HO(/\3 &) of sections vanishing at py,...,p,. When n =5, we have

dim V(p1,...,ps) = hO(A3E) = 5-tk(A3E) = 20,

so Fy — m(Fs) is birationally a P¥-bundle with N > 19. Furthermore, by the same
argument as for Claim 4.3, the result « (Fg) > 0 enables us to conclude that F5 — G(6,10)°
is dominant. Therefore F5 is rational. O

6. Lehn—-Lehn—Sorger—van Straten eightfolds

In this section we prove Theorem 1.1 for the case of Lehn-Lehn—Sorger—van Straten
eightfolds [18]. They have the same parameter space and period space as the Beauville—
Donagi case.

Let Y C P° be a smooth cubic fourfold which does not contain a plane. The space
M9t (Y) of generalised twisted cubics on Y is defined as the closure of the locus of
twisted cubics on Y in the Hilbert scheme Hilbs,,1(Y). By [18], M9%(Y) is smooth and
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irreducible of dimension 10, and there exists a natural contraction M9°(Y) — X (Y) to
a holomorphic symplectic manifold X (Y) with general fibres P2. The variety X (Y) is of
K34 type [1] and has a polarisation of Beauville norm 2 and nonsplit type (see [7, footnote
22]). Hence its polarised Beauville lattice is isometric to the lattice Loy =2U @ 2E3® Ao
considered in Section 4, and the monodromy group is evidently contained in O%(L..;). We
can reuse Lemma 4.1: since O (Leyp) = (O*(Lcub), —id) and the weights in Lemma 4.1 are
even, the cusp forms there are not just O*(Lcub)—invariant but also OF(L.yp)-invariant,
as remarked in equation (2.3).

Let H = Hilb%*“(P®) be the irreducible component of the Hilbert scheme Hilbs,, 1 (P°)
that contains the locus of twisted cubics in P°. Then H is smooth of dimension 20, and we
have M9%(Y) = H NHilbs,,+1(Y) for Y above [18]. Let U C |Ops(3)| be the parameter
space of smooth cubic fourfolds which does not contain a plane and has no nontrivial
stabiliser in PGLg. The period map U/PGLg — I'\D, where I' = O (Lcys), is generically
finite and dominant [18, 1]. We consider the incidence

M9 ={(Y,Cy,....C) e Ux H"|C; e M9“(Y)} C U x H".

As noticed in [18], the construction of X(Y) can be done in families. This produces
a smooth family X — U of symplectic eightfolds and a contraction Mlgtc — X over
U with general fibres P2. Taking the n-fold fibre product X, = X xy--- xy X, we
obtain a morphism M9 — X,, over U with general fibres (P?)". Let F,, = X,,/PGLg.
By Lemma 4.1, now with 48 =20+4-7 and 68 =20+4-12 (d =4 in place of d =2) and
with T' = O% (L) in place of O*(Lcub), we see that F7 has positive geometric genus and
Kk (F12) > 0. It remains to show that Fj5 is unirational.

Proposition 6.1. MZ* is unirational.
Proof. We enlarge M¢* to the complete incidence over |Ops(3)]:
(M) ={(Y,C,....Cp) € |OpsB) | x H* | C; C Y }.

The fibre of the projection m: (MJ*)* — H™ over (Ci,...,C,) € H™ is the linear
system PV (Ci,...,Cn) C |Ops(3)| of cubics containing Ci,...,C,. When n =5, we
have dim V(C4, ..., Cs) = 6 for any (C,...,Cs) € H?, so 7 is surjective, and there is a
unique irreducible component of (M5gtc)* of dimension > 105 that is birationally a PV-
bundle over H® with N > 5. On the other hand, M5gtC is an open set of the unique
irreducible component of (ngtc)* of dimension 105 that dominates |Ops(3)|. We want to
show that these two irreducible components coincide: then M&,)gtC — H° is dominant, and

I i birationally a P?-bundle over H® and hence unirational.

Let (Ci, ..., Cs) be a general point of H°. By genericity we may assume that each C; is
smooth and spans a 3-plane P; C P°, P; NP;isalineand C;NP; =0.Let (Y, (4, ..., Cs5) be
a general point of 7 71(CY, ..., C5) =PV (Cy, ..., Cs). It suffices to show that generalisation
of (Y,C,...,Cs) — that is, small perturbation inside (MJ*)* — contains (Y’,C},..., CL)
with Y/ e U.

We may assume that Y is irreducible and contains no 3-plane, because the locus of
(Y, C4,..., C5) with Y reducible or containing a 3-plane has dimension < 105. Since each

C; is smooth, the results of [18, §2] tell us that the cubic surface S; = ¥ N P; either
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has at most ADE singularities, or is integral but nonnormal (singular along a line) or is
reducible. By comparison of dimension again, we may assume that at least one, say S,
is of the first type.

Now (Cs,...,C5) is a general point of H*. The projection Mftc — H* is dominant,
as can be checked similarly in an inductive way. Therefore there exists a cubic fourfold
Y"” € U containing Cs, ..., Cs5. Let Y’ be a general member of the pencil (Y, Y”). Since
Y” € U, wehave Y’ € U. Since both Y and Y” contain Cs, ..., Cs, Y’ contains Cs, ..., Cs
too. In the fixed 3-plane P;, the cubic surface 8" = Y’'N P; degenerates to the cubic surface
S1 =Y N P; with at most ADE singularities, so S” has at most ADE singularities too. By
[18, Theorem 2.1], the nets of twisted cubics on cubic surfaces degenerate flatly in such
a family. Therefore we have a twisted cubic C’ C S’ which specialises to C; C S1 as Y’
specialises to Y. Therefore (Y’,C’, Cy,...,C5) € Mg)gltC specialises to (Y, Cy, Cy, ..., Cs).
This proves our assertion. O

7. Varieties of sums of powers of cubic fourfolds

In this section we prove Theorem 1.1 for the case of Iliev—Ranestad fourfolds [14]. Let H be
the irreducible component of the Hilbert scheme Hilbyg|Ops(1)| of length 10 subschemes
of |Ops (1)| that contains the locus of 10 distinct points. For a cubic fourfold ¥ C P? with
defining equation f € H°(Ops (3)), its variety of sums of 10 powers VSP(Y) = VSP(Y,10)
is defined as the closure in H of the locus of distinct ([li], ..., [lio]) such that f =3, ;1
for some A; € C. Iliev and Ranestad [14, 15] proved that when Y is general, VSP(Y) is
a holomorphic symplectic manifold of K32 type, with polarisation of Beauville norm 38
and nonsplit type. (See also [25] for the computation of polarisation.) Hence its polarised
Beauville lattice is isometric to

—2 1
Lip=2U®2E:d K, K_<1 _10>.

Let T' = o+(L[R).

Lemma 7.1. There exists an embedding K — Eg with r(K+) =40. The resulting cusp
form ®12|1,, has weight 32. Moreover, Sy4(I', det) has dimension > 2.

Proof. Let vy, vy be the basis of K in the matrix expression. We embed K <« FEg by
sending, in model (2.4) of Fg,

/Ulr_)(]-v_]-voa“'70)7 UQl_)(Oa173109"'90)'

The roots of Eg orthogonal to these two vectors are 81, +; with ¢,7 > 4, whose number is
2-5-4=40. Hence ®12|1,, has weight 12420 = 32. Furthermore, computing the formula
in [6], we see that dim My, (pr,,,) = [(5k —3)/6]. The product of ®12|r,,, with the Gritsenko
lift of M3(py,,) implies the last assertion. O

Let U be the open locus of |Ops(3)| where VSP(Y) is smooth of dimension 4 and Y
is smooth with no nontrivial stabiliser. The period map U/PGLg — I'\D is generically
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finite and dominant [14, 15]. Consider the incidence
VSP, ={(Y.Ty,....,T,) € Ux H"|T; e VSP(Y)} C U x H"

and let F,, = VSP,,/PGLg¢. By Lemma 7.1, with 32 =20+42-6 and 44 =20+2-12, we
see that Fg has positive geometric genus and «(F12) > 0. On the other hand, as observed
n [14], VSP; is birationally a P%-bundle over H and hence rational. Therefore Fj is
unirational. This proves Theorem 1.1 in the present case.

Remark 7.2. There also exist embeddings K «— Eg with r(K*) = 30 (send vy to
(0,1,1,2,2,0,0,0) or to (0,1,1,1,1,1,1,2)), but the resulting cusp form has weight 27, which
is not of the form 20+ 2n. This, however, suggests that ¥ > 0 would actually start from
at least n =4.

8. Double EPW series

In this section we prove Theorem 1.1 for double EPW sextics [26] and double EPW
cubes [13]. They share some common features: both are parametrised by the Lagrangian
Grassmannian LG = LG (A’ C®), where A\*CS is equipped with the canonical symplectic
form A*C6 x A*C% — A®CP. Both are constructed as double covers of degeneracy loci
related to /\3 CS. And both have Lgpw = 2U @ 2E3 ® 2A; as the polarised Beauville
lattices. Thus they share the same parameter space and essentially the same period
space.

The presence of covering involution requires extra care in the construction of the
universal (or perhaps we should say “tautological”) family over a Zariski open set of
the moduli space.

8.1. Double EPW sextics

We recall the construction of double EPW sextics following [26, 27]. Let F be the vector
bundle over P® whose fibre over [v] € P% is the image of Cv A (A®C%) — A®CS. For [4] €
LG we write Y[k| CP5 for the locus of those [v] € P® such that dim(ANF,) > k. We say
that A is generic if Y4[3] =# and PAN G(3,6) =@ in P(A’CP). In that case, Y4 = Y4[1]
is a sextic hypersurface in P° singular along Y4[2], Y4[2] is a smooth surface and Y,
has a transversal family of A;-singularities along Y4[2]. Let A4: F — ( /\3 C8/4) ® Ops
be the composition of the inclusion F — /\3 C%® Ops and the projection /\3 CO® Ops —
(/\3 CY/A)® Ops. Then coker(A 4) = i,Z 4 for a coherent sheaf £4 on Y, where i: Y4 < P°
is the inclusion. Let §4 = {4 ® Oy, (=3). If we choose a Lagrangian subspace B of
/\3 CS transverse to A, we can define a multiplication &4 x £4 — Oy,. Although B
is necessary for the construction, the resulting multiplication does not depend on the
choice of B (27, p. 152]. Then let X4 = Spec(Oy, ®£&4). This is a double cover of Y.
If A is generic, X4 is a holomorphic symplectic manifold of K3[?! type. The polarisation
(pullback of Ops(1)) has Beauville norm 2 and is of split type, and the polarised
Beauville lattice is isometric to Lgpw . If LG° C LG is the open locus of generic A, the
period map LG°/PGLg — I'\D, where I' = O (Lgpw), is birational according to [26, §6]
and [22, §8].
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Lemma 8.1. The cusp form ®i2lr,,, has weight 42. Moreover, Sss(T', det) has
dimension > 2.

Proof. We embed 24; in Fg in any natural way. Then (24;)* ~ Dg has 60 roots, so
®19|1,p,y has weight 42. Working out the formula in [6], we see that dim My (prpp, ) =
[k/3]. The product of ®12|1,p,, with the Gritsenko lift of M7 (pr,,py,, ) implies the second
assertion. ]

The construction of double EPW sextics can be done over a Zariski open set of the
moduli space as follows (cf. [27]). Let LG C LG° be the open locus where A has no
nontrivial stabiliser, and 7y : LG’ x P® — LG’, my: LG’ x P> — P5 be the projections. Let
Y =U, Y4 € LG’ x P° be the universal family of EPW sextics over LG'.

Lemma 8.2. There exists a PGLg-invariant Zariski open set LG"” of LG' such that
Oparyps (Y) 23 0ps(6) as PGLg-linearised line bundles over LG" x P5.

Proof. Consider the quotient ) = Y /PGLg, which is a divisor of the Brauer—Severi
variety P = (LG’ x P%)/PGLg over M = LG’ /PGLg. Each fibre of JJ — M is a canonical
divisor of the fibre of 7 : P — M. This implies that Op()) ~ K; @ 1*O (D) for some
divisor D of M. Removing the support of D from M, we obtain Op()) >~ K, over its
complement. Pulling back this isomorphism to LG’ x P° — LG’, we obtain the desired
PGLg-equivariant isomorphism. O

We rewrite LG” = LG’ and Y|,qg» = Y. Let E be the universal quotient vector bundle
of rank 10 over LG'. We have a natural homomorphism A: njF — 7} E over LG’ x P°
whose restriction to {A} x P? is A4, and coker(A) = 4, for a coherent sheaf ¢ on Y
where i: Y — LG’ x P® is the inclusion. As was done in [27], if we choose B € LG and
let Ug C LG’ be the open locus of those A transverse to B, we have a multiplication
¢{x¢ = Oy(Y) over Y|y,. Since the multiplication does not depend on the choice of
B at each fibre, we obtain an SLg-equivariant multiplication ¢ x ¢ — Oy (Y) over the
whole Y. If we set £ =¢ ® Oy (—3), Lemma 8.2 enables us to pass to an SLg-equivariant
multiplication & x § — Oy . Since the scalar matrices in SLg act trivially on &, & is actually
PGLg-linearised and this multiplication is PGLg-equivariant.

Now taking X = Spec(Oy ®&), we obtain a universal family of double EPW sextics over
LG acted on by PGLg. Let M = LG'/PGLg, F = X/PGLg and F,, = F X pq-++ X p F
(n times). Note that this is not a moduli space even birationally, as we have not divided
out by the covering involution. By Lemma 8.1, with 42=20+42-11 and 58 =20+2-19,
we see that F7; has positive geometric genus and «(Fig9) > 0. This proves Theorem 1.1
in the case of double EPW sextics.

8.2. Double EPW cubes

We recall the construction of double EPW cubes following [13]. For [U] € G(3,6), we
write Ty = (/\2 U)ACS c /\3((?6. For [A] € LG, let D,f C G(3,6) be the locus of those
[U] with dim(AN Ty) > k. We say that A is generic if D' =@ and PAN G(3,6) =@ in
P( /\‘3 C%). In that case, D4 is a sixfold singular along D!, D3! is a smooth threefold and
the singularities of D2A are a transversal family of %(1, 1,1) quotient singularity along Dé“.

https://doi.org/10.1017/51474748021000013 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000013

1864 S. Ma

Let D§' — D3' be the blowup at D' and E C D4* be the exceptional divisor. Then D!
is smooth and E is a smooth bicanonical divisor of D' [13, p. 254]. Take the double
cover Y4 — D3* branched over E and contract the P?-ruling of the ramification divisor
by using pullback of some multiple of O DQA(l). This produces a holomorphic symplectic

manifold Y, of K31 type [13, Theorem 1.1].

The polarisation has Beauville norm 4 and divisibility 2, so the polarised Beauville
lattice is isometric to Lgpw by [10]. The monodromy group is evidently contained
in OY(Lgpw) (but whether it is smaller seems unclear to me). The quotient
Ot (Lgpw)/Ot (Lgpw) is S5 generated by the switch of the two copies of Aj, say
t € OT(Lgpw). Construction of cusp forms becomes more delicate than the previous
cases, as ®12|r,py, I8 anti-invariant under ¢.

Lemma 8.3. Let ' = Ot (Lgpw). Then Ses(T, det) # {0} and Sgo(T, det) has dimension
> 2.

Proof. We abbreviate L = Lgpy . We first verify that ®;5|y is t-anti-invariant. Let ¢’ be
the involution of the Dg lattice induced by the involution of its Dynkin diagram. Then
t® ! extends to an involution 7 of 15 56. The modular form @15 is i-invariant. If we run §
over the positive roots of Dg, the product [[;(8,-) is also i-invariant, because ¢ permutes
the positive roots of Dg. Therefore ®12/[[,(8,-) as a section of L84 @ det over Dipy o6 18
T-invariant. Since det(?) = 1 while det(t) = —1, ®12|z as a section of £L242 ® det over Dy,
is anti-invariant under ¢.

In order to construct t-invariant cusp forms of character det, we take the product of
®5|; with the Gritsenko lift of the t-anti-invariant part of My (pr). By the formulae in
[6] and [20], we see that dim My (pr) = [k/3] and dim My, (pr)' = [(k+2)/4] for k > 2 odd.
We also require the congruence condition 42+ &k + 9 = 20 mod 3, namely k£ =2 mod 3.
Now, when k = 17 (resp., k = 29), the t-anti-invariant part has dimension 1 (resp., 2).
This proves our claim. O

We can do the double-cover construction over a Zariski open set of the moduli space.
Let LG° C LG be the open set of generic [A] which is PGLg-stable and has no nontrivial
stabiliser. Let Dy = UAD2A C LG° x G(3,6) be the universal family of D2As. We have
the geometric quotients M = LG°/PGLg, Z = Dy /PGLg with projection Z — M. The
relative O(2) descends. Let Z — Z be the blowup at Sing(2), B C Z be the exceptional
divisor and 7: Z — M be the projection. As in the proof of Lemma 8.2, we may shrink
M to a Zariski open set M’ C M so that Blyy ~ 2K,;. Then we can take the double
cover of Z|xy branched over B|ny. Contracting the ramification divisor relatively by
using pullback of a multiple of the relative O(2), we obtain a universal family F — M’
of double EPW cubes over M. Then let F,, = F X ¢ -+ X a0 F (1 times).

The period map M — I'\D is generically finite and dominant [13, Proposition 5.1]. By
Lemma 8.3, with 68 =204 3-16 and 80 = 20+ 3- 20, we see that F14 has positive geometric
genus and k (Fag) > 0. This proves Theorem 1.1 in the case of double EPW cubes.

Acknowledgment I would like to thank Kieran O’Grady for valuable advice on double
EPW sextics.
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