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ON THE MAXIMAL CONNECTED ALGEBRAIC SUBGROUPS
OF THE CREMONA GROUP 1

HIROSHI UMEMURA

This paper is a continuation of the two preceding papers [12], [13]
where the classification of the de Jonquiéres type subgroups in the Cremona
group of 3 variables is promised. However the classification of such sub-
groups is postponed until the article in preparation “On the maximal con-
nected algebraic subgroups of the Cremona group II”. The purpose of this
paper is to establish a general method to study algebraic subgroups in
the Cremona group of n variables and to illustrate how it works and leads
to the classification of Enriques (Theorem (2.25)) when applied to the 2
variable case. This method gives us also the classification of the maximal
connected algebraic subgroups of the Cremona group of 3 variables. The
reason why we dare to write a new proof of the notorious Enriques The-
orem is as follows. The case of 3 variables is rather complicated and we
are sometimes obliged to indicate only the results and the way how to
prove them without going into the detailed calculations if they are done
quite similarly as in the 2 variable case. Hence we consider the best
way to understand our classification in the 3 variable case is to read a
complete proof in the 2 variable case beforehand. This is a raison d’étre
of a new proof of the Enriques Theorem and hence of this paper. Our
method will be applied for the 4 variable case too.

As in the preceding papers, we work over an algebraically closed field
of characteristic 0. All algebraic groups are connected and when we
speak of a law chunk of algebraic operation (G, X), X is irreducible.
1 denotes either the unit element of a group or the group consisting only
of the unit element.
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§1. Some results in the study of algebraic subgroups of the
Cremona group

Let X be an algebraic variety defined over an algebraically closed field
k of characteristic 0. We study the group of the birational automorphisms
of X. We are particularly interested in connected algebraic subgroups of
the group of the birational automorphisms of X, When we speak of the
group of the birational automorphisms of X and of a morphism of an
algebraic group onto that group, we do not consider the group of the bi-
rational automorphisms merely as an abstract group. There is an algebraic
structure which makes the group of the birational automorphisms some-
thing like an algebraic group. This structure is most naturally expressed
if we make a functorial interpretation.

We denote by Autbirat X a group functor on the category of k-schemes;
for a k-scheme Z, Autbirat X(Z) = Z-pseudo automorphisms of Z X X (cf.
Demazure [3]). Roughly speaking, Autbirat X(Z) = Z-birational auto-
morphisms of Z X X. The group of k-valued points Autbirat X(%) is noth-
ing but the 'group of the k-birational automorphisms of X. In general,
this functor is far from being representable.

The following theorem clarifies the notion of an algebraic morphism
of an algebraic group to Autbirat X.

THEOREM (1.1). Let G be an algebraic group and X an algebraic variety.
Then there is a 1-1 correspondence between the following:

(1) Morphisms of group functors G — Autbirat X,

(2) Algebraic pseudo-operations (G, X).

(8) Algebraic operations (G, X’) + birational isomorphism f: X' —> X
modulo equivalence relation ~ ™.

The correspondence (1) <> (2) is Proposition 4, p. 515, Demazure [4].
(2) — (3) is a well known theorem of Weil (Theorem, p. 375, Weil [15]).
8) = (2) is evident (cf. Umemura [12]).
& (G, X)) + f, is equivalent to (G, X}) + f; if and only if the diagram
GXXI— X
Hdxfi
v v
GxXX X is commutative.
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DerFiNITION (1.2). An algebraic subgroup G of Autbirat X is a sub-
group functor of Autbirat X representable by an algebraic variety.

The following result is also found in Demazure [3] (Proposition 3, p.
513).

PropositioN (1.3). Let X be a variety, G an algebraic group and o
a morphism of G to Autbirat X. Then the Ker ¢ is represented by a closed
subgroup of G.

We need not only algebraic subgroups but also morphisms G —
Autbirat X with finite kernels.

DerFINITION (1.4). Let (G, X) be an algebraic pseudo-operation. We
say (G, X) is effective (resp. almost effective) if the kernel of the induced
morphism G — Autbirat X is 1 (resp. a finite group scheme). It follows
from Theorem (1.1).

ProposiTiON (1.5). There is a 1:1 correspondence between the following
two sets:

{connected algebraic subgroups in Autbirat X} /conjugacy <£> {effective
algebraic operations (G, X")|G is a connected algebraic group, X' is bira-
tionally isomorphic to X} [isomorphism of law chunks of algebraic operation.

See Umemura [13].

Let G be a connected algebraic subgroup of Autbirat X. Let C be
the set of all the algebraic subgroups of Autbirat X conjugate to G. C
will be simply called a conjugacy class of connected algebraic subgroups
in Autbirat X. There corresponds to C, by Proposition (1.5), an equivalence
class of algebraic operations. Any algebraic operation (G, X) of this
equivalence class is called an effective realization (or simply a realization)
of the conjugacy class C. An operation (G’, X) such that there exists a
morphism of algebraic operation (p, Id): (G/, X) — (G, X) with Ker ¢ finite
is said to be an almost effective realization of the conjugacy class C.

LEmMA (1.6). Let X be an algebraic variety and G an (connected) al-
gebraic group contained in Autbirat X. The following are equivalent:

(1) There exists a realization (G, X’) of the conjugacy class of G in
Autbirat X such that G has a non-empty open orbit on X'.

(2) For any realization (G,X’) of the conjugacy class of G in
Autbirat X, G has a non-empty open orbit on X'.
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Proof. Since (2) = (1) is trivial, we prove (1) = (2). Let (G, X), (G, X"")
be realizations of G and we assume (G, X’) has a non-empty open orbit.
It follows from the definition there exists an isomorphism (g, f): (G, X’) —
(G, X”") of law chunks of algebraic operations. Hence by Corollary p. 404
Rosenlicht [7], (G, X”") also has a non-empty open orbit.

DerFINITION (1.7). Let X, G be as in Lemma (1.6). If G satisfies one
of the condition of Lemma (1.6), G is said to be generically transitive.
Otherwise, G is said to be generically intransitive.

The effectiveness of an algebraic operation (G, X) sometimes restricts
the group G.

LEmmA (1.8). Let (G, X) be an effective algebraic operation. If (G, X)
is generically transitive and G is abelian, then dim G = dim X.

Proof. Let G/H be the open orbit in X. The morphism G — Aut X
factors through G — Aut G/H. Since G/H is open in X, the homogeneous
space (G, G/H) is effective. As G is abelian, this shows H =1 and dim G
= dim G/H = dim X,

DerFiNITION (1.9). Let X be a variety and C,, C, be conjugacy classes
of connected algebraic subgroups of Autbirat X. We say C, is a subgroup
of C, if there exist algebraic groups G; (i = 1,2) such that G, C G, C
Autbirat X and such that G, belongs to the conjugacy class C,.

ProrosiTiON (1.10). Let X be a wvariety and C; (i = 1,2) conjugacy
classes of connected algebraic subgroups of Autbirat X. Let (G, X;) be
realizations of C, for i = 1,2. Then, the following are equivalent.

(1) C, is a subgroup of C,.

(2) There exists a morphism (g, f): (G,, X,) — (G, X;) of law chunks of
algebraic operations such that f is birational.

Proof. (1) = (2). In fact, there exist birational maps h,;: X; — X, i =
1,2 and the condition (1) implies there exists a birational automorphism
h: X — X such that A(h,GhHR' C h,G,h;'. This means there exists a
(rational hence regular) morphism ¢: G, — G, such that (¢, A;'ohoh,):
(G, X)) = (G,, X,) is a morphism of algebraic law chunks with birational
h{ toho h,.
(2) = (1). Let us fix a birational map h,: X,— X. Then, h,fG,f'h;' is an
algebraic subgroup of C, and h,G,h;* is an algebraic subgroup of C,. The
inclusion fG,f~! C G, implies the inclusion A,fG,f'h;' C h,G,h;*.

https://doi.org/10.1017/50027763000020183 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000020183

CREMONA GROUP. 217

DerFiniTION (1.11). The Cremona group Cr, of n variable is, by defini-
tion, Autbirat P".

It follows from the definition that Cr,(k) is the group of the k-
automorphisms of the rational function field of n-variables. As we proved
in [13], algebraic subgroups of the Cremona groups are linear. Hence,
from now on we assume all the algebraic groups are linear.

In the proof of Theorem (3.7) Umemura [13], it is important to observe
the orbits of a normal subgroup, e.g., the unipotent radical, the center of
the unipotent radical. The idea of studying the orbits of a normal sub-
group looks naive but it is rather powerful. This method is so useful
that we use it repeatedly. Here is the first example of the application.

Lemma (1.12). Let (G, G/H) be an algebraic homogeneous space and n
the dimension of G/H. We assume the operation of G is effective. If there
is @ normal subgroup N of G isomorphic to G® such that N has an n
dimensional orbit, then (1) m = n, (2) G/H is isomorphic to the affine space
A", and (3) (G,G/H) is a suboperation of the n dimensional affine trans-
formation (GTA,, A"), (4) G is the semi-direct product N-H.

Proof. Let X be the n dimensional N-orbit. Then X is an open subset.
Since N is normal, for any ge G, gX is also an n dimensional N-orbit.
Hence gX coincides with X, i.e. X is G-invariant and X = G/H. Since
N operated on X = G/H transitively and effectively and since IV is abelian,
m should be equal to n by Lemma (1.8) and X is isomorphic to G®*, hence
to the affine space 4" and N operates on X = G/H ~ A" as translation
group. As N operates transitively on G/H, we get G = NH. Since the
operation of N is effective, N N H = 1 hence G is a semi-direct product.
Now, it remains to show that H is a subgroup of the affine translation.
Let ge H, ne N, then the result of the operation of g on the coset nH is
gnH = gn(g 'g)H = gng 'H. Hence the operation of H on 4" is linear.

CoroLLARY (1.13). Let (G, G/H) be an effective homogeneous space as
in Lemma (1.12). If the center U, of the unipotent radical of G has n
dimensional orbit (here n = dim G/H), then (1) dim U, = n, (2) G/H is iso-
morphic to the affine space A*, (3) (G, G/H) is a suboperation of the n
dimensional affine transformation (GTA,, A", (4) the unipotent radical U is
abelian, namely U = U,, (5) H is reductive and (6) G is a semi-direct
product G = H- U, ~ H-G%".
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Proof. The assertions (1), (2) and (3) follow from Lemma (1.12). To
prove (4), we need

LeEmmA (1.14). Let U be a (connected) unipotent algebraic group and
U’ a closed normal subgroup. If the quotient group U/U’ is 1 dimensional
(hence isomorphic to G,), then the exact sequence

1———>U’—————>U—&>U/U’———>1

splits. Namely there exists a closed subgroup K of U such that the restric-
tion p|z: K — UJU’ is an isomorphism.

Before we start the proof, we notice the assertion of the Lemma is
evidently false if chark > 0. If U is abelian, the result is well-known
(Corollaire, p. 172, Serre [8]). We prove the lemma by induction on the
dimension of U. If dim U = 1, a non-zero homomorphism of G, to G, is
an isomorphism because chark = 0. Let us assume the Lemma holds
for dim U< m. Let U, U’ be as in Lemma (1.14) with dimension U =m
+ 1. The unipotent group has the non-trivial center U, with dim U, > 1.
If p|,, is surjective, as we have seen above the exact sequence

1-— Kerpl,, —> U, > U/U —>1

splits and we have nothing to prove. Hence we may assume p(U,) = 1.
This is equivalent to say that the diagram

1

|

Uz

1— U —U Sy — 1,
ql r 3

uu;

commutes where g, r are canonical maps. It follows from the induction
hypothesis r has a section s. It is sufficient to show g has a section over
s(U/U"), i.e. the exact sequence 1 — U, — q~'(s(U/U")) — s(U/U’) — 1 splits.
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Since U, is abelian, we have to show H¥G,, U,) = 0 for the trivial G,-
module U,. Let more generally W be a finite dimensional vector group
on which G, operates trivially, then H*G,, W) = 0 since W is the direct
sum of G,’s and H¥G,, G,) = 0 (See Proposition 8, p. 172, Serre [8]).
Let us come back to the proof of the assertion (4) in Corollary (1.13).
Consider the exact sequence,
0—U,—>U Uu,—1.

U U

K= G,
Assume U/U, # 1. Since U/U, is unipotent, it contains G,. The exact
sequence restricted on this G, splits by Lemma (1.14). Hence, there exists
a subgroup K of U lying over the G,. Then the subgroup U, -K is uni-
potent and abelian. Hence U,-K is isomorphic to G®"*!. On the other
hand, in the proof of the Lemma, we proved G/H is homogeneous space
of U, hence in particular, a homogeneous space of U,-K. Since U,-K is
abelian and of dimension n + 1, the operation of U,- K on its homogeneous
space of dimension n can not be effective by Lemma (1.8). This contradicts
the assumption that the operation of G is effective. Hence U coincides
with U,. Now the assertions (5), (6) follow from Lemma (1.12).

For the definitions of primitive, imprimitive and de Jonquiéres type
transformations, we refer the reader to Umemura [12], [13]. But we recall
the following properties because they are basic and used frequently in
the sequel.

(1.15) Let G be an analytic group and H a closed analytic subgroup.
Then an analytic operation (G, G/H) is primitive if and only if the Lie
algebra of H is a maximal Lie subalgebra of the Lie algebra of G (Propo-
sition (1.7), Umemura [13]).

(1.16) Let G be an (connected) algebraic group and H be a closed
subgroup. Then an algebraic operation (G, G/H) is of de Jonquigres type

if and only if there exists a closed algebraic subgroup K of G such that
Hc KZ G and dim H < dim K.

The following theorem is an algebraic version of a theorem of
Morozoff [6].

THEOREM (1.17). Let (G, G/H) be an effective algebraic operation with
dim G/H = 2%, We assume that (G, G/H) is primitive, i.e., the associated
® If dimG/H =1, (G, G/H) is a suboperation of (PGL., PY).
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analytic operation (G, G/H)*" is primitive.

(1) If G is not semi-simple, then (i) G/H is isomorphic to an affine
space, (ii) (G, G/H) is (algebraically) an suboperation of the affine transfor-
mation group, (iii) the unipotent radical U of G is abelian and H is a
reductive part of G and (iv) U is an irreducible H-module.

(2) If G is semi-simple, then the Lie algebra g of G is either simple
or isomorphic to the direct product g, X g, of the two copies of a simple Lie
algebra g,.

Proof. If G is not semi-simple, we notice first that G cannot be
reductive. For, otherwise G has a nontrivial center Z and we can find
in Z a 1 dimensional normal subgroup N of G. Then K = NH satisfies
the condition of (1.16) and (G, G/H) is of de dJonquiéres type hence
(G, G/H)** is imprimitive. Let U be the unipotent radical and U, be its
center. U, is a normal subgroup of positive dimension. Therefore, if
U, -HZC G, K = U,-H satisfies the condition of (1.16) and (G, G/H) is of
de Jonquiéres type and (G, G/H)*" is imprimitive. Hence we may assume
U,H = G, namely U, has an open orbit. If U were not irreducible, then
there would exist a proper H-invariant space U’ and K = U’-H would
satisfy the condition (1.16) and (G, G/H) would be of de Jonquiéres type
hence imprimitive. The assertions (1) (i), (ii), (iii) follow from Corollary
(1.13).

Now, we assume G is semi-simple. Let G be the universal covering
of G. Then, the Lie algebra of G is isomorphic to G and G is simply
connected. Let ¢: G — G be the covering map. It is known that p is
finite and algebraic. Let H = ¢ '(H). Then the algebraic operation
(é, G/H) is primitive. Though the algebraic operation (G, G/H) is not
effective but almost effective. Let G = Gi* X G X --- X G where G, is
simple, s, > 1 is an integer for 1 < i < r and we assume that if 1 <i <
j < r, G, is not isomorphic to G,. First, let us show r = 1. Assume r >
2. Since the Lie algebra §) of H is maximal in g, by (1.15) the projection
p;: H— G¥ is either surjective or p,()) is a maximal Lie subalgebra in
gy for 1 < j < r where g; is the Lie algebra of G,. This latter case never
happens as we assume r > 2.

In fact if there exist a j such that p,.(§) is maximal in g¥, then we
have § C p7'pH) S g. As r > 2, there exists an i +j. Since the opera-
tion (G, G/H), is almost effective, & does not contain non-zero ideal. In
particular, the ideal 0 X -+ X 0 X gi* X 0 X --- X 0 is not contained in
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b but is contained in p7'p.(§). Hence § C p7'p,(§) & g which contradicts
the maximality of the Lie subalgebra §). We have therefore surjective
morphisms: § — g for any i. By Levi’s theorem } is isomorphic to the
semi-direct product § = r + §, where r is the radical of § and §, is semi-
simple. We are given surjective morphisms: §, — g% for any i. But it is
an easy excercise of Lie algebra to conclude dimh, > > 7 s, dimg, =
dim g hence dim & > dimg. We have proved r should be 1. Now, we may
assume G = G’* where G’ is simple and s > 1 is an integer. We have to
show s < 2. Assume s > 3. And let ¢’ be the Lie algebra of G’ and p =
Dss....., be the projection of G = G” onto the last s — 1 factors. The same
argument as above shows the map p,:§-— g’“™» is surjective. Since the
Lie algebra ¢’ of G’ is semi-simple, the map p,:§ — (g")*"! splits and there
exist a section i:(g’)’'— 5. The composite morphism p,ci:(g)*"'— g’ is
either 0 or surjective. If p,oi is zero, § contains an ideal 0 X g’ X .-+ X
g’ hence H contains a normal subgroup 1 X G’ X --- X G’ of dimension
(s — 1) dim G’ which contradicts the effectiveness. Thus, p,oi: (@) — g’
is surjective. But any non-zero morphism (g")*~! — g’ is up to automorphism
of g/, the projection onto the j-th factor for a suitable 1 <j<s—1. In
particular, p,oi is the projection onto the j-th factor for a suitable 1 < j
< s — 1, up to automorphism of g’. It follows, then up to automorphism
of G’%, the composite morphism (G’)*"! < s H=>G" is nothing but
(pj, D1, Doy * -+, Ps-1)-  In particular, H contains a normal subgroup

j+1
IXGEX - XGX1TX-XG

of dimension (s — 2) dim G’ >> 0 which is a contradiction. Hence s < 2.
We can answer in positive way to the question proposed in [13].

CororLLARY (1.18). Let G, (i = 1,2) be connected algebraic groups and
H, be closed algebraic subgroups of G, such that the algebraic operation
(G,, G,/H,) are effective and primitive. Let (¢, [): (G,, G\,/H,)*™ — (G,, G,/H,)*"
be an isomorphism of analytic operations. Then the morphism (p,f) is
algebraic, i.e., there exists an isomorphism (¢, f'): (G,, G./H)) — (G,, G,/H,) of
algebraic operations such that (¢, f)*" = (o, f).

Proof. Since the algebricity of f follows from that of ¢, we have to
show ¢ is algebraic. If G, is semi-simple, then the assertion is trivial.
For, an analytic homomorphism of a semi-simple algebraic group to an
algebraic group is algebraic (Théoréme 10, VIII-8, Serre [10]). If G, is not
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semi-simple, then by the proof of Theorem (1.17), G, is the semi-direct
product H,U, where H, is reductive, U, is the unipotent radical of G, and
U, is abelian (i = 1,2). Let R, denote the radical of G, (i = 1,2). By
replacing the reference point of G,/H,, we may assume ¢(H,) = H,. Since
H, is reductive, ¢|y,: H™ — H" is algebraic by Théoréme 10, VIII-8, Serre
[10]. ¢ induces an isomorphism between the radicals R, and R, and we
have to show ¢l|;, is algebraic. If R, = U, then R, = U, and the iso-
morphism ¢|;,: U™ — Ug* is linear hence algebraic. If R, 2 U,, then R,
= U,-G,, and R, = U,-G,. For since, H,-module U, is irreducible, the
center of H, is at most G,. Since the operation is effective, we may
assume the group structure of R, is defined by ¢-u-¢! = ¢ X u (multiplica-
tion of the scalor ¢ on the vector u is denoted by ¢ X u) for te G,, ue U,.
We shall describe the restriction ¢|z, = ¥. Since ¢(H)) = H,, ¢(G,) = Gp.
Thus +: R, = U,-G,, - R, = U,-G,, is written as (u-t) = ¥ (uhr (D)
for ue U, teG, where v,: U, — U, is an analytic map and +,: R — G%
is an analytic morphism of Lie groups. We shall show ,(z) = 1 for any
ue U, In fact, let u,-¢, u,-t, € R, and write the condition for ¢((x, - t,)(u,-t.))
= o(u,-t)p(u,-t,). Comparing the G, component, we get ¥, (u,-(t, X u,) =
Yo (u,) hence v, (f X u,) = ¥(u,). Therefore, for any teG,, ueU,
Pt X u) = ¥ (u) hence ¥,(u) =1. It follows 4 maps U, onto U, hence
Y|y, is linear and ¢ is algebraic.

As we proved in Umemura [13], in Cr; there are few algebraic opera-
tions which are imprimitive and not of de Jonquiéres type. The following
theorem is nothing but an abstraction of Theorem (8.7), Umemura [13].

TeHEOREM (1.19). Let (G, X) be an effective algebraic operation. If (G, X)
is imprimitive (i.e., the associated analytic operation (G, X)*" is imprimitive)
and if (G, X) is not of de Jonquiéres type, then (G, X) is generically trans-
itive and G is semi-simple.

Proof. Let us first notice that dim X > 2 because (G, X) is imprimitive.
By Umemura [13], a generically intransitive operation is of de Jonquiéres
type if the dimension of the transformation space > 2. Hence we may
assume (G, X) is a homogeneous space (G, G/H). By (1.16), it is sufficient
to construct a closed subgroup K such that HC K C G and dim H <
dim K under the hypothesis that G is not semi-simple. If G is solvable,
then there exists a 1 dimensional closed normal subgroup N of G. Since
(G, G/H) is effective, the normal group N is not contained in H and K =
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HN satisfies our requirement. If G is reductive, we may assume G is
not a torus because G = torus case is trivial. Let Z be the center of G.
If G is not semi-simple, dim Z > 1. Let N be a 1 dimensional closed sub-
group of Z. Then N is normal and the normal subgroup N is not con-
tained in H because (G, G/H) is effective. The closed subgroup K = HN
satisfies the desired condition. It remains to check the case where G is
neither solvable nor reductive. Let U, denote the center of the unipotent
radical U of G. Since U, is normal, U, is not contained in H. Hence,
if U,-H +# G, then it is sufficient to put K = U,H. Therefore we may
assume U, -H = G. Namely U, orbit U,H coincides with G/H. It follows
from Corollary (1.13) U= U, and G is the semi-direct product U,-H.
Let g, 5, u, denote the Lie algebras of G, H, U,. Therefore g = u, + b.
By (1.15), the Lie algebra § is not maximal. This implies )-module u, is
not irreducible. Consequently, the vector group U, is not an irreducible
H-module. Let 0 WZ U, be an H-invariant submodule. Then K =
W-H satisfies our requirement.

CoroLLARY (1.20). Let (G, X) be an effective algebraic operation. We
assume the associated analytic operation (G, X)** is imprimitive. If G is
not semi-simple, then (G, X) is of de Jonquiéres type.

This is a part of Theorem (1.19).

LemmA (1.21). Let G be a (connected) reductive algebraic group, (G, X)
an algebraic operation, f: X— Y a morphism of algebraic varieties such
that the diagram

Gx X —2>X
MX/
Y

is commutative, where ¢ is the operation and p, is the projection G X X —
X. If, for any closed point y ¢ Y, the operation of G on the fibre X, = f~'(y)
is not almost effective (resp. effective), then the operation (G, X) is not almost
effective (resp. effective).

Proof. As the effective case is treated similarly, we prove the Lemma
for the almost effective case. Since a normal subgroup of positive dimen-
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sion of G contains a torus, a torus is contained in a maximal torus and since
maximal tori are conjugate, a maximal torus T of G satisfies the hypothesis.
Therefore, we may assume G is a torus. Let F be the inverse image of
the diagonal of X X X by the morphism (p,p,):G X X—-> XX X. F is a
closed subscheme of G X X and a subgroup scheme over X of G X X.
Since a morphism is generically flat, there exists a non-empty open subset
U of X such that the projection p,: F N G X U— U is faithfully flat. By
Lemma 5, p. 520, Demazure [3], there exists a closed subscheme H of G
such that F = H X U. Let xe U be a closed point. It follows from the
assumption, that there exists a closed subgroup K of positive dimension
of G operating trivially on the fibre X,.,. This shows K is a subgroup
of H and the operation of G is not almost effective.

§2. Classification of the maximal connected algebraic subgroups
of the Cremona group of two variables

The classification, up to conjugacy, of the maximal connected alge-
braic subgroups of the Cremona group of two variables Cr, was done by
Enriques [4]. We apply the results of § 1 to recover the result of Enriques.
The method of Enriques is quite different from ours and depends on the
classification of linear systems on two dimensional rational varieties.
Let us indicate roughly why the classification of the maximal connected
algebraic subgroups of the Cremona group is related to the classification
of linear systems on rational varieties. Let (G, X) be a realization of a
conjugacy class of a connected algebraic subgroups in the Cremona group
of n variables. As the theorem of the equivariant resolution of singularity
is proved, then by equivariant completion and equivariant Chow’s lemma
(Sumihiro [11]), we could assume X non-singular and projective. Then,
since X is rational, A"(X) = A"%(X) = 0. Hence the Picard scheme of X
is descrete and the algebraic group G leaves any complete linear system
on X invariant. A maximal algebraic group of Cr, is defined to be the
group of the birational transformations leaving a linear system invariant.

The advantage of our method is the comprehensiveness (we hope) and
to be extendable to the higher dimensional case. The three dimensional
case is treated in Umemura [12], [13] and will be completed by our method
in Umemura [14].

(A) Classification of the maximal primitive connected algebraic sub-
groups of Cr,.
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Let (G, X) be a realization of a conjugacy class of the maximal prim-
itive connected algebraic subgroups of Cr,, Then, by Proposition (1.10),
Theorem (1.17) and Corollaire 1, p. 521, Demazure [14], G is semi-simple
of rank < 2. Hence, the Lie algebra g of G is isomorphic to sl,, sl;, sl, X s,
or G,. Let X be isomorphic to G/H, then by Umemura [13], the Lie algebra
§ of H has the following properties: (1) § is maximal Lie subalgebra of g,
(2) h contains no non-zero ideals of g, (3) dimg — dim§ = 2. It is an easy
exercise to see that G, contains no Lie subalgebra of codimension 2. The
only one possible such G and H is (PGL,, P,). Hence, any primitive con-
nected algebraic subgroup of Cr, is, up to conjugacy, is contained in
(PGL,, P,).

(B) Classification of the imprimitive connected algebraic groups which
are not of de Jonquiéres type.

Before we begin the classification, let us notice the following Lemma
which is almost evident but will be often used.

LemmA (2.1). Let (G, X) be a realization of a conjugacy class C of the
connected algebraic groups in Cr,. Then, the following are equivalent:

(1) The conjugacy class C is of de Jonquiéres type.

(2) The algebraic operation (G, X) is of de Jonquiéres type.

(3 There exists a morphism (g, f): (G, X) — (PGL,, P') of law chunks
of algebraic operation such that ¢(G) # 1.

If we assume the realization (G, X) is a homogeneous space (G, G/H),
then the following condition is equivalent to the preceding conditions (1),
), 3:

(4) There exists a morphism (o, f): (G, G/|H) — (PGL,, P*) of algebraic
operations with ¢(G) = 1.

Proof. The equivalence of (1) and (2) is the definition. Let (G’, X’)
be an algebraic operation such that X’ is a rational curve. Then (G/, X’)
is considered as a suboperation of (PGL,, P') and a unirational curve is
rational. This shows the equivalence of (2) and (3). The equivalence of
(3) and (4) follows from Corollary, p. 404, Rosenlicht [7].

The following Proposition is similar to Theorem (3.7) Umemura [13]
and proved by the same method.

TueoreM (2.2). Let (G, X) be a realization of a conjugacy class of the
connected algebraic subgroups in Cr,. Let g be the Lie algebra of G. If
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(G, X) is imprimitive and if g is not isomorphic to s, then (G, X) is of de
Jonquiéres type.

Proof. By Theorem (1.19), we may assume that (G, X) is generically
transitive and G is semi-simple. Therefore we assume (G, X) is a homo-
geneous space (G, G/H).. Since any 1 dimensional effective analytic law
chunk is contained in (PGL,, P"), it follows from the hypothesis that there
exists a morphism of law chunks of analytic operation (o, f): (G, G/H)*"
— (PGL,, P')*~ with non-trivial ¢. Hence, the Lie algebra g contains sl,
as a direct factor. If g is not isomorphic to sl,, then the ker¢ contains
an ideal f of g such that f is a simple Lie algebra. Since f is simple,
there exists a normal closed algebraic subgroup K of G corresponding to
¥ by Theorems 15, p. 177, Chevalley [2]. The orbits of K are one dimen-
sional because 2 C kerp. Hence KH C G. Since the operation (G, G/H)
is effective, the normal subgroup K is not contained in H and dim H <
dim KH. Therefore by (1.16), (G, G/H) is of de Jonquiéres type.

CoRroLLARY (2.3). Let (G, X) be a realization of a conjugacy class of
the connected algebraic groups in Cr,. If (G, X) is imprimitive and not of
de Jonquiéres type, then (G, X) is isomorphic to (SO,, SO,/D,) as an alge-
braic law chunk of operation (or in usual language, birationally isomorphic
to). The definition of D, is given in the proof.

Proof. By Theorem (1.19) and Theorem (2.2), (G, X) is isomorphic to
(G, G/H) as an algebraic law chunk of operation and G is isomorphic to
SL, or SO, There is a morphism ¢:SL,— SO, of degree 2. Hence in
either case, G/H is isomorphic to SL,/H’ for an appropriate 1 dimensional
closed algebraic subgroup H’ of SL,. It is easy to see that a 1 dimensional
closed algebraic subgroup H’ of SL, is conjugate to one of the following:

A
© b M2 Yesm)
(3) U,.={(g ab_l)eSLzla"=1}, n=1,2---.

Hence the operation (G, G/H) is isomorphic to (SL,, SL,/H’) or (SO,
SO,/p(H’)) as an algebraic operation. If H' is T or U, (n=1,2,---),
then

https://doi.org/10.1017/50027763000020183 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000020183

CREMONA GROUP 227

wen- (3 2)es)

and the operation (G, G/H) is of de Jonquiéres type by (1.16). Hence
H’ = D, and D, is not contained in a Borel subgroup. Therefore (SL,,
SL,/D.) is not of de Jonquiéres type. But the operation (SL,, SL,/D.) is
not effective. Hence (G, G/H) is isomorphic to (SO, SO,/o(D.)) as an
algebraic operation. Since ¢(D..) is isomorphic to D.., ¢(D.) is, by abuse
of notation, denoted by D..

ProposITION (2.4). The conjugacy class in Cr, of the almost effective
realization (SL,, SL,/D..) is a subgroup of the conjugacy class of the reali-
zation (PGL,, P,), hence is not maximal among the connected algebraic sub-
groups in Cr,.

Proof. Let V be the irreducible representation of degree 2 of SL,.
Let u, v be a base of V such that

(a 2) ¢ SL, transforms (u,v)+—> (au 4+ cv, bu + dv) .
c

Let us consider the irreducible representation S* V) of degree 3 and pro-
jectify the SL, operation on P(S*(V)). Then the stabilizer at uv e P(S*(V))
coincides with D,. Therefore we get a morphism (SL,, SL,/D.) — (PGL,,
P(S*V))) and the Proposition follows from Proposition (1.10).

(C) Classification of the maximal connected algebraic subgroups of
de Jonquiéres type in Cr,.

Case (C-tr). First we treat generically transitive operations. Hence,
we assume that all realizations are homogeneous space (G, G/H).

Case (C-tr-1). G is neither reductive nor solvable.

Let U denote the unipotent radical of G and U, the center of U. It
follows from the hypothesis that dim U, > 1. If the dimension of the
orbit U,H C G/H is 2, then (G, G/H) is a suboperation of the 2 dimensional
affine transformation group by Theorem (1.13) and is not maximal. Hence,
we may assume that the dimension of the orbit U,H C G/H is < 1. But
since the operation is effective, the normal subgroup U, of positive di-
mension is not contained in H. Therefore the dimension of the orbit
U,H c G/H is equal to 1 and we get the morphism of algebraic operation
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6, o) 24D, 6, qu,H) .

The fibre of f: G/H— G|/U,H is U,H/H which is a 1 dimensional homo-
geneous space of the commutative unipotent group U,, hence isomorphic
to A'. Since any effective algebraic operation on a rational curve is a
suboperation of (PGL,, P'), there exists a morphism (¢,f): (G, G/UH) —~
(PGL,, P") of algebraic operations such that f is an open immersion. Let
us consider the composite (¢',f) of (Id, ) and (p,f). This gives us an
exact sequence

1 >N—>G d > PGL, , where N = Ker¢’.

Since the fibre of f is 4' and no simple algebraic group acts on 4', N° is
solvable. As we assume G is not solvable, the map ¢’ is surjective. Hence
the sequence

(2.5) 1—>N—>G-2>PGL, —>1

is exact, U is a subgroup of N and N is a subgroup of the automorphism
group Autp, G/H of A'-bundle. Since the unipotent part of the solvable
algebraic group Aut 4' is G,, the operation of U on each fibre is abelian
and hence U is abelian because the operation is effective. Therefore
U= U,. The connected component N° is normal and we get a com-

mutative diagram
1—> N—>G—PGL,—>1
1—> N'—» G—> G/N° >1.
Since [N: N°] < oo, the morphism G/N° — PGL, is finite, N° is the radical
of G and the Lie algebra of G/N° is isomorphic to sl,.
Case (C-tr-1-a). We assume U = N°.
The unipotent part U is a G/U-module. Through the isogeny SL, —
G|U, U is an SL,-module. If we consider the semi-direct product U-SL,,

by the structure theorem in characteristic 0, there exists an isogeny
4: U-SL, — G such that the diagram below is commutative;

0—>U—>U.8L,-P> SL, —>1

“ l«!f lisogeny
/

0—U— G —‘L)G/U‘—-—>1
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where i is the canonical inclusion, p is the projection and SL, — G/U is
the natural isogeny. Let us put G = U-SL, and H = 4~ '(H). Then the
operation (G, G/H) is almost effective.

LemmA (2.6). The SL,-module U is irreducible.

Proof. If U~ @:_, V, be a decomposition into the direct sum of irre-
ducible modules. Let B C SL, be a Borel subgroup, C — B a Cartan sub-
group, W C B the unipotent part of B and v, e V, be the highest weight
vector with respect to C and B. Then let us put D = {A,v; + --- + 2,02,
ek,1<i<r} Then D-W is a closed abelian subgroup of dimension
r+1of G. D has a 2 dimensional orbit on G/H because A,v, has 1 di-
mensional orbit along a fibre and W has 1 dimensional orbit in horizontal
direction. Hence by Lemma (1.8), dim D =r 4+ 1< 2. Namely r < 1.

To determine H, we need

LEMMA (2.7). Let L be a unipotent group (defined over an algebraically
closed field characteristic 0) and M be a closed subgroup. Then M is con-
nected.

Proof. Induction on the dimension of L. If dimL =1, L ~ G, and
the assertion is trivial. For a general L, there exists a normal subgroup
K of dimension 1 so that there exists an exact sequence

1—>K—>L—>LK—>1.

By the induction hypothesis K N M and ¢(M) is connected, hence M is
connected.
Let us now determine the closed subgroup H of G. To this end, we

fix a Borel subgroup
ne{; 0)est)
k *

and a Cartan subgroup

o~ {(y 2)es]

of SL,. Let u,v be variables and

¢ a)ese
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operates linearly on the 2 dimensional vector space U, = ku @ kv by u >
au + cv, v— bu + dv. Let U, be the (n — 1)-th symmetric power S*~%(U,)
of U,. U, is the irreducible representation of degree n of SL,, By Lemma
(2.6), there exists an integer n > 1 such that the unipotent radical U is
isomorphic to U,,, as an SL,module. Since dim UH/H = dim U/U N H is
equal to 1, p(H) is 2 dimensional hence a Borel subgroup of SL, By
taking a conjugation if necessary, we may assume p(H) = B. Since we
are in characteristic 0, U N H < U is connected by Lemma (2.7). There-
fore it follows, from the exact sequence

(2.8) 0—>UNH—>H—>B—>1,

that H is connected. By exact sequence (2.8), U N H c U is a B-invariant
space with dim U/U N H = 1. The B-invariant space of codimension 1 of
U is uniquely determined: U N H is generated by monomials u""'v, u*-%,
-+.,U" which we denote by U,.,, or U’. The weights of these monomials
are n —2, n —4,---, —n. The subgroup H is contained in p~%(B) = U-B.
The image p(H) contains a torus G, hence H contains also a torus G,,.
Taking again the conjugation by an element of U.-B, we may assume that
the torus 0-C — U-Bis in H. Let u, b,c, h be the Lie algebra of U, B,
C,H. Then the Lie algebra u + b of U-B is decomposed into the direct
sum of c-eigen spaces: u -+ b = > %, W,_,. + (W_, + ¢) where W, ~ k and
the index i is the weight of the vector space with respect to the adjoint
action of c. SincehDhANu=>"., W, s, h Dcandsincedimh =dimu
4+ dimb — 1, h is also the direct sum of c-eigen spaces and A should be
>y W, s + ¢ + (one dimensional c-eigen space) W’ where W’ is a sub-
space of W, 4+ W_,. Hence W = W, or W_,. In the first case H=U.C
and in the second case H = (u*'v, - - -, wv""!, v")-B. Since the operation
@6, G/H) is almost effective, H contains no normal subgroup of G of pos-
itive dimension and H can not coincide with U-C. Hence H = (u*-'v,
u %, ..., v")-B.
To state our conclusion we need definitions.

DerFINITION (2.9). For an integer n > 0, we denote by G, the semi-
direct product U,,,SL,, U,,, is the linear space (u* 'v, u* %? ---,v") and
H, denotes the closed subgroup U/, ,B of G,.

We have proved

ProrosiTION (2.10). There exists an integer n > 0 such that the con-
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jugacy class of the algebraic operation (G, G/H) in case (C-tr-1-a) is realized
by (G., G./H,).
We write explicitly the operation (G,, G,/H,) in terms of a local co-

ordinate system for a later use.

ProposiTiON (2.11). For an integer n > 0, the algebraic operation
(G,, G./H,) realizes an algebraic subgroup in Cr, consisting of the follow-
ing k-automorphisms of k(x,y):

, ax +b v+ fux) a b
(2, ) (cx T d et d)"), where (c d>€SL2, fu(x) € Elx]

deg f.(x) < n and x,y are independent variables over k.

Proof. To avoid the index, we put G, =G, H, = H, U, = U and
U,=U.

Let

K= {yu"((l) ’f)e USL, = é]x,yek} .

Then K is a closed subgroup of G isomorphic to G®. Since K N H = 1,
the orbit K-H in G/H is isomorphic to G®* ~ 4* and we can take x,y as
a coordinate system on A4’. Let us express the regular operation of G on
G/H as a rational operation on the open subset K-H of G/H by using
the coordinate system x,y. First let

=ab)SL
8 (cde ’e

To write the operation of g in terms of coordinate system x, y is equivalent
to determine «’,y’ such that

N

Let us solve (2.12) which is equivalent to

C a)relo Dere DE

Therefore, since we have seen H = U’- B,

a b\, (1 x\_ ., .f1 \(& n—ll)(a,o)
(c d)yu (o 1)“3'“(0 1)(;_1““‘ “Nee @

for suitable
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a 0
c/ a/—l

e b) ,,(a b)“‘(a b)(l x)

(c d yu ¢c d c d/\0 1
(1 ®N(E Z)<1 x’)“‘(l x)(a 0)
y“(o 1)(12“‘“ "No 1) Lo iNe o)’

ot er(Q g)g 9= [ye s Hewwer ]G Y L)

aek, 1<l<n, ( )eSLz,

and we get

1) ¢l D=6 DE 2
(2.14) ylau + cv)* = y'u™ + g au" " (x’u + v) .

It follows from (2.13) &’ = (ax + b)/(cx + d). To solve (2.14), we notice
(au + cv)” = ((@ — cx)u + c(x’u + v))". Therefore y = y(a — cx’)* = y/(cx
4+ d)*. The operation of U on A4° is determined in a similar way and they
are the set of automorphisms (x, ¥) — (x,5) + f.(x), f.(x) € k[x], deg f.(x) < n.

Case (C-tr-1-p). N’ is not unipotent.

Since the fibre of f is 4!, and Aut 4' is solvable, N° is solvable and
the dimension of a maximal torus of N° is at most 1 and N° = U-G,, by
Lemma (1.21). By the structure theorem, there is an isogeny ++: N°.-SL,
= G — @G such that 4 |N° is an isomorphism. Hence, there are an isogeny
+:U-G,-SL, - G and a commutative diagram

1—>UG,—>U.G,-SL,~%> SL, —>1

1 b,

1-—s N — G 2>pPGL,—>1,

where i is the canonical inclusion, p is the projection and SL, - PGL, is
the isogeny. The algebraic group ¢(U-SL,) is in case (C-tr-1-«). Hence
U is abelian and the G, -SL;-module U is irreducible. We shall see below
as G,-module, U is of weight 1. Now let H = y~*(H). By (C-tr-1-a),
HNU-SL, = (u* v, u»%?, - - -, v")B. As every algebraic action of G, on
A" has a fixed point, G,(CN) has a fixed point on the fibre H/U N H ~
A'. Hence we may assume that by taking the conjugation of an element
of U if necessary, that the maximal torus G, of N° is contained H.
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LeEmmA (2.15). H is connected.

Proof. As dim NH/H = dim N/N N H = 1, dim p(H) is 2 and p(H) is
a Borel subgroup and in particular connected (Borel [1]).

Therefore, it is sufficient to show that H N UG, is connected. In
fact, by the exact sequence 0 — U — UG,, — G,, — 1, we get 0> U N H—
(ﬁ N U)G, — G, —1. But, as we are in characteristic 0, the subgroup
U N H of the unipotent group U is connected by Lemma (2.7). Thus H
N UG, is connected.

We have shown that H is connected and H O U’-G,,- B, where U’ =
(w* v, u**, ---,v"). But dim U-G,SL,/H = 2 = dim U-G,,-SL,/U’-G,,- B.
Hence H = U’-G,,-B. Thus if we determine the G,-module structure U,
everything is determined. Since U is an irreducible G, -SL,-module U ~
V® U,,, where V is an irreducible G,-module. If the representation G,
— GL(U) ~ G, 2+— 2 is not faithful (|/| > 2), taking the same coordinate
system as in the proof of Proposition (2.11), we see that the operation of
G, is given by (x, ) — (x, 2y). 1€ G,, and is not faithful. This contradicts
the assumption that | N° is an isomorphism and N° operates faithfully.
We thus proved U is a G,,-module of dimension n + 1 and of weight +1
hence we may assume of weight 1.

We fix notations to state the result.

DEFINITION (2.16). Let k be the G,-module of weight 1 and U, ,, (resp.
U’,) is the irreducible SL, (resp. B)-module in Definition (2.9) for n > 0.
The irreducible G,,SL,-module £ ® U,,, is also denoted by U,,,. G™ is
the semi-direct product U,,,-G,SL, and we put H® = U,,,-G,B.

We have proved

ProposiTiON (2.17). There exists an integer n > 0 such that the con-
jugacy class of the algebraic operation (G, G/H) in case (C-tr-1-p) is realized
by (G™, G™[H™).

We can also make explicit the operation (G™, G™/H™) in terms of
a local coordinate system.

ProposiTioN (2.18). For an integer n > 0, the algebraic operation
(G™, G™[H™) realizes an algebraic subgroup in Cr, consisting of the fol-
lowing k-automorphisms of k(x,y):

, ax +b Ay + f.(%) a b
(x, 5): (cx LAt d)n.-) ., where (c d) € SL,, f.(x) € kla] ,
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deg f.(x) < n, A€ k* and x,y are independent variables over k.

Proof. Using the same coordinate system as in the proof of Proposi-
tion (2.11), the Proposition is proved in a similar way.

ProprosITION (2.19). For n > 0, the operation (G,, G,/H,) is a sub-
operation of (G™, G™[H™),

Proof. In fact, consider a morphism of algebraic groups ¢: G, =
U,.SL,—~G™ =U,,,-G,SL,, o(u-g)=u-1-g for ueU,,, geSL, then
¢ (H™) = H, and the Proposition is proved.

Summing up Proposition (2.10), Proposition (2.17) and Proposition
(2.19), we get

ProposiTioN (2.20). Let G be a connected algebraic subgroup of the
Cremona group Cr, of two variables. We assume that G is generically
transitive and that G is not solvable. Let (G, G/H) be a realization of G
and U be the unipotent radical of G.

(1) The following are equivalent:

(i) The dimension of a U-orbit in G/H is 1.

(ii) The dimension of any U-orbit in G/H is 1.

(2) If one of the conditions (i), (ii) is satisfied, then there exists an
integer n > 0 such that in Cr, the conjugacy class of G is contained in the
conjugacy class of (G™, G™[H™),

Proof. Let us prove the assertion (1). It is sufficient to show (i) =
(ii). For ge G, UgH = gg'UgH = gUH and the U-orbit gH is the trans-
lation by g of the U-orbit UH. The assertion (2) is a consequence of
Proposition (2.10), Proposition (2.17) and Proposition (2.19).

We shall see the conjugacy class of (G™, G™/H™) is maximal in Cr,
for n > 2 (Theorem (2.25)) but not so for n = 0,1 (Proposition (2.21) and
Proposition (2.24)).

ProrosiTION (2.21). In the Cremona group Cr, of two variables, the
conjugacy class determined by the almost effective realization (G®, G®/H®)
is a subgroup of the conjugacy class determined by an effective realization
(PGL, P).

Proof. Let p = {(a;;) € SLs|a,; = 0, j = 2, 3}. P is a parabolic subgroup
and (SL,, SL,/P) is an almost effective realization of the conjugacy class
of (PGL,, P*). Let ¢: G® = UG, -SL, — SL, be defined by the formula,
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a
go((au-l—bv)-t-A):(A b ) for a,beck, tck*, AecSL,.
0 0 ¢

Then ¢~'(p) = U},G,,- B = H® and ¢ defines a morphism (g, f): (G®, GO/H®)
— (SL,, SL,/P) of algebraic operations. Since ¢(G®) has an open orbit
on P? and ¢ is injective, f is birational. The Proposition now follows
from Proposition (1.10).

Case (C-tr-2). @ is generically transitive and reductive.

Let R be the radical of G. Since k = C, there exists a semi-simple
algebraic group G’ and an isogeny ¢: R X G’ — G such that the restriction
of ¢ on R is an isomorphism. Let (G, G/H) be an effective realization.
By corollaire 1, p. 521, Demazure [3], the rank of G < 2. Since G, contains
no Lie subalgebra of codimension 2, we can exclude the simple algebraic
group of which the Lie algebra is G,. Hence there exist an algebraic
group G and an isogeny v : G — G such that v is an isomorphism on the
radical of G and G is isomorphic to one of the following: (i) SL,, (ii) SL,
X SL,, (i) G, X SL,, (iv) SL,, (v) G, X G,. Since (G, G/H) is of de
Jonquiéres type, by Lemma (2.1) there exists a non-trivial morphism of
law chunks of algebraic operations (g, f): (G, G/H) — (PGL,, P'), hence the
first group SL, is excluded. Let us determine all algebraic subgroup H
c @G of codimension 2 such that

(*) the radical operates on (G/H) effectively and the algebraic opera-
tion (G, G/H) is almost effective and of de Jonquiéres type. This gives
us almost effective realizations of all the group G in case (C-tr-2).

LemMma (2.22). Up to isomorphism, we have a list of all the algebraic
subgroup of G of codimension 2 satisfying the condition (*):

group G subgroups H
SL, x SL, B X B, B is a Borel subgroup of SL,

G, X SL, {t" X (t 2) Ixe k, te k*}, n is a non-negative

x
integer
SL, U, = {(s Ol>lxe k, 5" = 1}, n is a non-negative
x s
integer
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= e

o= {(y 22 Uln-on eex]

G, X G, 1.

Proof of the Lemma. If G = SL, X SL,, we show H is solvable. If
H is not solvable, then there is a non-trivial morphism SL, — H. Hence,
there is a non-trivial morphism SL,— SL, X SL,. This morphism is, up
to automorphism of SL,, one of the following: (1) x — (x, 1), (ii) x — (1, x),
(iii) x— (x, ). The morphisms (i) and (ii) do not occur. For H does not
contain any normal algebraic subgroup of positive dimension because
(G, G/H) is almost effective. Let 4 denote the morphism (iii). The Lie
algebra sl, X sl, is considered as an sl,-module by 4,. Then, as s/,-module,
sl, X sl, is isomorphic to sl, ® sl,, Hence 4,sl, is a maximal sl-invariant
space and in particular maximal Lie algebra of sl, X sl,, This proves
there is no algebraic subgroup of SL, X SL, containing 4(SL,) and of co-
dimension 2. Now we may assume H is solvable. Therefore the connected
component H° is contained in a Borel subgroup B X B. Counting the
dimension, we conclude H° = B X B. Since any parabolic subgroup is
connected, H = B X B (Borel [1]).

If G =G, X SL,, H is solvable. For, otherwise, H contains a normal
subgroup of positive dimension SL, As G, operates on G/H effectively
and G, is in the center of G, G, N H = {1} and we get an exact sequence

1—>G, —> G,,-SL,—2> SL,—> 1,

U U

H =B
where p is the projection. Since the dimension of the image p(H) is 2,
p(ﬁ ) is a Borel subgroup B of SL,, We may assume B = lower triangular
matrices in SL,, Now we conclude

H= {tmx (t O)ltek*,xek}
x ¢

for an appropriate integer m. Since m and —m give the same subgroup,
we may assume m is non-negative.

If G = SL,, the result is well known. If G = G, X G,, the assertion
is trivial.
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ProrosiTioN (2.23). The notation being as in Lemma (2.22), the con-
jugacy class in Cr, determined by an almost effective realization (G, G/H)
will be simply called the conjugacy class of (G, G/H).

(1) The conjugacy class of

(Gm X SL,, Gy X SLZ/{t" % (i 2)‘tek, tek*})

is a subgroup of the conjugacy class of (G™, G™[H™), for n > 0. (Defini-
tion (1.9)).

(2) The conjugacy class of (SL,, SL,/U,) is a subgroup of the conjugacy
class of (G™, G™[H™), for n > 0.

(8) The conjugacy class of (SL,, SL,/T) is a subgroup of the conjugacy
class of (SL, X SL,, SL, X SL,/B X B).

(4) The conjugacy class of (SL,, SL,/D.)) is a subgroup of the conjugacy
class of (PGL,, P,).

(5) The conjugacy class of (G, X G, G, X G,[1) is a subgroup of the
conjugacy class of (PGL,, P,).

Proof. To prove the first assertion, by Proposition (1.10) it is sufficient
to construct a morphism of algebraic operations

(s f): (Gm x SL,, G, X SL, / {tn % (i 0)

1

xek, te k*})
—> (G™, G™ [H™)

such that f is a birational morphism. Let «: G™ = U,,, -G, -SL, - G™
= Ui Gr-SL, be the inner automorphism a(x) = v*-x-(—v") for x € G™.
An easy calculation shows that

#0-G,-SL) N H® = {O-t"-(t 0

g t_1>eGm-U.SL2|xek, tek*} :

If we consider the composite map

Gn X SL,—> Up.-Gn-SL,—>> U, ,,-G,,- SL,
where i((¢, A)) = 0-¢- A for

teG,, AeSL,, (ai)‘H® = {t" X (‘ O)eGm % SLZ}
X

t-l

and the first assertion is proved. As for the second assertion, by the
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inclusion SL, =G, X SL, A — (1, A), (SL,, SL,/U,) is a suboperation of

(6 x SLu 6o x SL./fer < (1 2)})

and we have shown (1). Therefore the assertion (2) is proved. To prove
the assertion (3), we give only ¢ of morphism (p,f) because f is uniquely
determined by f. ¢:SL,— SL, X SL, is defined by ¢(A) = (4,°‘A""). We
have ¢ '(B X B) = H. The assertion (4) is proved in Proposition (2.4).
The assertion (5) is trivial.

As the conjugacy class realized by the algebraic operation (G©,
G®/H®) failed to be maximal (Proposition (2.21)), (G®, G®/H®) is not
maximal either.

ProposITION (2.24). The conjugacy class determined by (G®, GO/H®)
is a subgroup of the conjugacy class realized by the almost effective algebraic
operation (SL, X SL,, SL,/B X SL,/B).

Proof. By abuse of notation, let B be the Borel subgroup of PSL,
consisting of the matrices (a;)):<;,;<: € PGL,, a,; = 0. Then (PGL, X PGL,,
PGL,/B X PGL,/B) realizes the same conjugacy class as (SL, X SL,, SL,/B
X SL,/B). It is sufficient, by Proposition (1.3) and Proposition (1.10), the
construct a morphism

(¢ f):(G*, G®/H®) — (PGL, X PGL,, PGL,/B x PGL,/B)

of algebraic operations such that f is birational. Since both spaces are
homogeneous, f is uniquely determined by ¢. Let ¢: G® = U;-G,,-SL, —
SL, X SL, be defined by

i = (£ %))

for we U, teG,, Ae SL,. Then ¢ is a morphism of algebraic groups and
¢ (B X B) =0-1-B, hence ¢ gives an open immersion f.

TuEOREM (Enriques) (2.25). Let G be a connected algebraic subgroup
of the Cremona group Cr, of two variables.

(1) The conjugacy class of G in Cr, is a subgroup of the conjugacy
class realized by one of the following almost effective algebraic operations

(i) (PGL, Py,

(ii) (G™,G™/H™), n = 2,3, ---
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(i) (PGL, X PGL,, PGL, X PGL,/B X B), B lis a Borel subgroup of
PGL,.

(2) There exists no inclusions among the conjugacy classes realized by
the almost effective algebraic operations (i), (ii), (iii).

Proof. The second assertion follows from Proposition (1.10) if we
notice that there is no inclusion among the Lie algebras of the conjugacy
class of the almost effective realizations (i), (ii), (iii). The first assertion
is already verified under several additional assumptions on G:

(1) G is primitive (A);

(2) G is imprimitive but not of de Jonquiéres type ((B), Corollary
(2.3), Proposition (2.4));

(8) G is of de Jonquiéres type, generically transitive and neither solv-
able nor reductive ((C-tr-1), Proposition (2.20), Proposition (2.21), Proposi-
tion (2.24);

(4) G is of de Jonquiéres type, generically transitive and reductive
((C-tr-2), Lemma (2.22) Proposition (2.23)).

The rest of the paper is devoted to the proof of the Theorem. The
proof will be done as follows:

(5) G is of de Jonquieéres type, generically transitive and solvable
(Proposition (2.26));

(6) G is generically intransitive (C-intr).

Case (C-tr-4). @G is generically transitive and solvable.

In this case Theorem (2.25) follows from the following Proposition.

ProrosiTiON (2.26). Let G be a (connected) algebraic subgroup of the
Cremona group Cr, of 2 variables. If G is generically transitive and solv-
able, G is contained in one of the conjugacy classes of the almost effective
realizations (1), (ii), (iii) of Theorem (2.25).

Proof. By Corollaire 1, p. 521, Demazure [3], we may assume G is
not a torus. Let U denote the unipotent part of G and U, its center.
If U, has 2 dimensional orbit, then by Lemma (1.12) G is a suboperation
of affine transformation and hence a suboperation of (PGL,, P,). Thus we
may assume the orbits of U, are 1 dimensional as in Proposition (2.20).
Now Proposition (2.26) follows from Proposition (2.21), Proposition (2.24)
and from

Lemma (2.27). Under the same assumption as in Proposition (2.26), if
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the dimension of the Uj-orbits are 1, G is a subgroup of the almost effective
realization (G™, G™[H™) for an appropriate integer n > 0.

Proof of the Lemma. Let (G, G/H) be an effective realization of G.
The morphism of algebraic operations (G, G/H)— (G, G/U,H), gives an
exact sequence

(2.28) 1-—>N—G- G —>1.

G’ is a solvable subgroup of PGL,. Hence, G is isomorphic to G,, G, or
the affine transformation group GTA, of 1 variable. The proof of Lemma
(2.27) is given under the hypotheses G’ ~ affine transformation group GTA,.
The proof in other cases is similar and simpler, hence omitted. Therefore
from now on we assume G’ ~ GTA,. Let U be the unipotent part of the
solvable group G and 7T a (fixed) maximal torus. The unipotent part Ny
of N is abelian for the same reason as in case (C-tr-1). The maximal torus
T acts on U and on its center U, by inner automorphism. Since N, is
normal in U, Ny is a T-module. Since by Lemma (2.7) we have N, = U
N N, restricting exact sequence (2.28) on U, we get an exact sequence

T

(2.29) 0 N, —> U G,—>0
of T-groups.

SuBLEMMA (2.30). Let S be a torus and U, be a unipotent group. We
assume S acts on U, Let U, be a S-invariant closed normal subgroup of
U,. Let U, be the quotient S-group U,/U,;

(2.31) 1—U,—> U, -5 UJU,—>1.

If UJU, is 1 dimensional (hence U,/U, is isomorphic to G,), then exact
sequence (2.31) of S-groups, S-splits. Namely, there exists an S-morphism
s; UJU,— U such that wos = Id.

Proof. Let Z be the center of U,. We prove the existence of S-section
s by induction on the dimension of U,. Before we begin the induction,
we notice that if U, is abelian, the Sublemma follows from the semi-
simplicity of S-module U,. In particular, if the restriction x|Z is surjec-
tive, then an S-section exists. If dim U, =1, then lemma is obvious.
If #|Z: Z— U,/U, is surjective, then the an S-section exists as we noticed
above. If z|Z is not surjective, then z(Z) = 0 and we get a commutative
diagram of S-groups,
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3
lﬁ
IS
IS

«—J<«—N<«—o
N

N

H—

Since dim U/Z < dim U,, by induction hypothesis there exists an S-equiv-
ariant section s of U,/Z — U,/U,. If we restrict the vertical exact sequence
on s(U,/U,), an S-equivariant section of p over s(U,/U,) exists by the same
arguments as in the proof of Lemma (1.14).

Let us come back to the proof of Lemma (2.27). By sublemma (2.30),
there exists a T-section s of exact sequence (2.29). s(G,)T is a closed
subgroup of G. Since s(G,)T is solvable, there exists a 1 dimensional
$(G,)T-invariant space V of s(G,)T-module U,. We put W= V.s(G)).
Since 1 dimensional representation V of G, is trivial, W is a closed sub-
group of G isomorphic to G, X G,. The orbit W-H in G/H coincides with
G/H. To see this, let us consider a commutative diagram;

W.Hc G/H

Lo

W-U,H c GJU,H

and we observe that W.-U,H = G/U,H and that the both fibrations have
the same fibres. In fact, W-U,H = the open orbit of G,(CGF) in 4' =
G/U,H and W-U,H = G|U,H. As for fibres, A' ~ V-H < U,H ~ A" hence
V-H = U,-H. Since W has a 2 dimensional orbit and W is abelian, W
is canonically isomorphic to the orbit W-H. Let us fix an isomorphism
G, X G, =W and a coordinate system on G,. Then they define a co-
ordinate system (y,x) on W hence on W.-H = G/H. We use this co-
ordinate system (v, x) to write explicitly the operation (G, G/H). In order
to show G is a subgroup of the conjugacy class of the almost effective
realization (G™, G™/H™) for an appropriate integer n > 0, it is sufficient
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to prove the operations of the maximal torus 7' and the unipotent part
U are contained in the group of the birational automorphisms in Propo-
sition (2.18), when they are expressed by using the above coordinate
system on G/H.

As in the proof of Lemma (1.12), it is easy to see that the operation
of the maximal torus 7' is a suboperation of the operation of 2 dimensional
torus; (v, x) — (v, £2x). Since U is the semi-direct product Ny;-s(G,), we
have to write the operations of N, = U N N and s(G,) using the coordinate
system (y, x). The operation of s(G,) is (y,x) —(y,x + c) for cek. As
we have seen above N, is abelian and is a direct sum N, = (N, N H)- V.
The operation of V is (y, x) — (y + d, x) for de k. Therefore it suffices to
write the operation of N, N H. To describe the operation of N, N H, we
need some notations. Let us take a base e, ---, e, of N, such that the
s(G,)-module structure on N, is ‘given by, for xe G,,

(xeh X€yy =+ vy xel) = (el’ €y v vy el) (fzj(x)) )

where f,;(x) 1 < i, j <[ are polynomials in x and the matrix F(2) = (f;(x))
is lower triangular (f;(x) =0if 1<i<j<!l)and fi(x)=1for 1 <i<!
(Theorem (Kolchin) LA 5.7, Serre [11]). By Lemma (1.8), s(G,)-invariant
subspace of N, is 1 dimensional. Therefore {ie,|2ek} = V. Let > %, a.e,
= weN,. To write the operation of w using the coordinate system (y, x)
is equivalent to determining (y’, x’) such that

(2.32) (fi“l aiei>(yel-x) = (y'e,-x') (?::1 biei> in N,-s(G,)

where x, x’ are considered as elements of s(G,) and >3 , be,eN, N H.
From (2.32), we get

(ZL} ae, + yel)-x = (y’el -+ x'(zl] b,ei>x"‘)-x’ .
i=1 i=1
Hence x = x’ and

3 3
(2-33) ; ae; + ye, = ylez + Z Z btfki(x)ek .

i=1k=1

SUBLEMMA (2.34). There exist 3, ek, 1 <i<1l—1 such that, for any
>itiae,e Ny, N H, the coefficient a, is equal to a linear combination

2t da,.

Proof. Ny N H is a linear subspace of N, of codimension 1 and since
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the operation of N,-s(G,) is transitive and effective, N, N H contains no
s(G,)-invariant subspace of positive dimension. Hence (N, N H) N V = 0.
Let p (resp. q): N, = ke, D ke, D -+ Dke,—> ke, Dke,® - -- @ ke,_, (resp.
ke,) be the projection. The restriction p,|N, N H is an isomorphism be-
cause p|N, N H is injective and because dim N, N H=1[1— 1. Thus,
go(p|Ny N H)' is a homomorphism and the sublemma is proved. q.e.d.

From (2.33), we can determine
a, = b,f,,(x) = b, a; = b,fo(x) + byfo(%) = a,fu(x) + b,

and inductively b,, 1 <i< 1! — 1, hence also b, by sublemma (2.34), are
expressed as linear combinations of a,’s whose coefficients are polynomials
in x. Therefore y’ = y 4 linear combination of a,’s whose coefficients are
polynomials in x. The operation of w = >!_,a.e,e N, on W-H C G/H is
written in terms of coordinate system (y, x); (v, x) — (3, ) — (y + linear
combination of a,’s whose coefficients are polynomial in x, x). Therefore,
for an appropriate n the operations of T, s(G,), V, N, (hence of G = (N,
V)s(G,))T) is contained in the k-automorphism group in Proposition (2.18)
and Lemma (2.27) is proved.

Case (C-intr). G is generically intransitive.

Let (G, X) be a realization of G. Then by Theorem 2, p. 407, Rosenlicht
[7], there exists a morphism (g, f): (G, X) — (1, V) of law chunks of algebraic
operation such that dim V = 1 and f is dominant. By the Liiroth theorem,
V is rational. Replacing X by an open subset of X, we may assume (p, f)
is a morphism of algebraic operations and V is non-singular.

This case is divided into two subcases: (i) G is reductive, (ii) G is
not reductive. We shall see in the second subcase G is necessarily solvable.

Bubcase (C-intr-1). G is generically intransitive and reductive.

Since the fibre of f is 1 dimensional, it follows from our assumption
and Lemma (1.22) that G is a algebraic subgroup of PGL, Hence G is
either G,, or PGL,. If G = G,, then by Corollaire 1, p. 521, Demazure
[8], (G,, X) is a suboperation of (PGL,, P?). Thus, we assume G = PGL,.
Then f: X — V is P'-bundle. Since the Brauer group of a curve vanishes
(cf. Grothendieck [5]), f: X — V' is a locally trivial P* = bundle. Replacing
V by an open subset V’/ and X by V'), we may assume f is trivial,
namely X =~ V X P, Let s: V— X be a section and we choose a Borel
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subgroup B of PGL, Let us recall the following well known facts valid
for any semi-simple group and its Borel subgroup.

(2.35.1) Any Borel subgroup of PGL, is conjugate to the Borel
group B and the normalizer of B coincides with B itself. This gives a
1:1 correspondence

PGL,/B > (Borel subgroups of PGL}  (gB—>gBg") .

(2.35.2) The fibering given by the projection p: PGL, —»PGLZ/B is
locally trivial for the Zariski topology.

Let us now consider the map F: V — PGL,/B defined as follows; ve
V, v U~ (stabilizer at s(v)). By (2.35.2), replacing V by an open subset,
we may assume there exist a morphism F: V — PGL, such that the diagram

PGL,

rFal
P
v—E > pGL,B
is commutative. Let (1 X PGL,, V X PGL,/B) = (PGL,, V X PGL,/B) be the
product operation. Let f: V X PGL,/B— X be a morphism defined by
h(z, gB)) = gF(2)-'s(z). The morphism % is well-defined and is an iso-
morphism. Then (Id, &): (PGL,, V X PGL,/B) — (PGL,, X) is an isomorphism
of algebraic operations. Hence (G, X) is considered as a suboperation of
the operation (iii) of Theorem (2.25).

Subcase (C-intr-2). G is generically intransitive and not reductive.

Let U be the unipotent radical of G. By Theorem 2, p. 407, Rosenlicht
[7] we may assume there exist a non-singular rational curve V and a
morphism of algebraic operations (1, f): (U, X) — (1, V) such that the fibres
of f are U-orbits and f is faithfully flat. Hence the fibres of f are iso-
morphic to 4. Since U is normal, the operation of G respects the fibra-
tion f: X — V. As the dimension of G-orbits 1, G operates trivially on V.
Therefore we get a morphism of algebraic operations (1, f): (G, X) — (1, V).
Let G be a semi-simple, closed, connected subgroup of G. Then, by Lemma
(1.21) G is a subgroup of Aut 4' which is solvable. Hence G’ =1 and G
is solvable. By Lemma (1.21), the rank of G < 1. Since the unipotent
part U of respects the fibration f: X — V whose fibre is 4!, the operation
of U on each fibre of f is abelian and hence U is abelian. Consequently,
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U is isomorphic to G®" for a certain integer r. By Theorem 10, p. 426,
Rosenlicht [9], we may assume f is trivial i.e.,, X = V X 4. Taking V
smaller, we may assume V 1is non-singular and affine. To define an
operation of G on X respecting the fibering f is equivalent to giving a
morphism of group schemes over V, V X G — Aut, VX 4' = V X Aut 4
and hence a morphism of group schemes over V, VX G —» V X G,.
Therefore, there is a 1:1 correspondence:

. . . 1:1
{operations of G®" on X respecting the fibrations f} <—

1
HomV—group scheme (V >< Ga®7’ V X Ga) = HO( V, O”)(‘BT .

Hence there exist f,f, -+, f. € H(V, O,) such that the operation of G%"
=Uon VX A4 is given by (x,y) — (x,y + > a.f) for (e, a, -, a,)e
G9'. To normalized this operation, let V be the non-singular compactifi-
cation of V so that V~P. Let {P,P, ---,P}=V — V. As a local
coordinate on V, we take a global coordinate on 4 =V — P,. Let ge
HY(V, O,) such that g~' is also regular on V and such that gf,e HY(V —
P,, Op_p) for 1 <i < r. If we twist the coordinate y by (x, y) — (%, g(x)u),
the operation of U = GP" becomes (x,y) — (x, ¥y + D71 @;8(x)f:x) and hence
U is a suboperation of Proposition (2.20) for suitable n. It remains to
control the operation of G,(CG) on the fibre. To define a G, operation
on V X A! respecting the fibration is equivalent to giving a morphism of
group schemes over V,V X G, — Aut, VX 4' = V X Aut 4'. Since any
1 dimensional torus in Aut 4' is conjugate to a fixed 1 dimensional torus,
to define a G, operation on V X A4'is equivalent to give a morphism
V — Aut 4'/Normalizer of G, = Aut 4'/G,, ~ A'. As Aut 4' — Aut 4'/G,,
has a section, we may assume as in (C-intr-1). If we change the co-
ordinate by (x,y) — (x,y + f(x)) for a certain fe H'(V, O,), the G, (CG)
operation is given by (x, y) — (x, ty) for € G,. Since the coordinate change
(x,y) = (x, ¥y + f(x)) does not affect the operation of U = G®", G is a sub-
operation of Proposition (2.20) for a suitable n. This completes the clas-
sification in Case (C-intr), hence the proof of Thecrem (2.25).

As a concluding remark, let us notice the maximal connected algebraic
groups in Cr, are related to the relatively minimal models of the rational
surfaces. The homogeneous space G™/H™ is an A'-bundle over G™/
U,. H™ = P'. Since the SL,-orbit SL,- U,, H™ = SL,/B = P!, the A'-bundle
G™[H™ - G@™|U,, H™ = P' has a section hence the A'-bundle is a line
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bundle. It is easy to see G™/H' is isomorphic to V(0p.(n)) over P' and
(G™, V(O0p:(n))) is equivariantly completed to (Aut’ F,, F,) where F, =
P(Op, ® Opi(n)). Since F, is projective, Aut’ F, is an algebraic group. By
the maximality of G™ in Cr,, G™ = Aut’ F,. The rational surfaces P?
F,(n > 2), PGL,/B X PGL,/JB = P* X P' are exactly relatively minimal
models of rational surfaces. We have proved

THEOREM (2.36). The maximal connected algebraic groups in Cr, are
exactly the connected components of 1 of the automorphism groups of the
relatively minimal models of rational surfaces.
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