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ABSTRACT 
Vector laypunov f u n c t i o n s and s t a b i l i t i e s and c h a o t i c i -

t i e s of F u n c t i o n a l D i f f e r e n t i a l E q u a t i o n s o c c u r r i n g i n C e l e ­
s t i a l Mechan ics and S t e l l a r Dynamics have been d i s c u s s e d . 
Fuzzy dynamica l sys tems a r e more r e a l i s t i c wh i l e c o n s i d e r i n g 
problems o c c u r r i n g i n C e l e s t i a l Mechan ics and S t e l l a r y Dyna­
mic s . 

DISCUSSION 

L a S a l l e used Vec to r Laypunov F u n c t i o n s and t h e P r i n c i p l e 
of i n v a r i a n c e to have g e o m e t r i c p i c t u r e s of t h e r e g i o n s of 
S t a b i l i t i e s i n [ 4 ] which i n t u r n a r e ex tended t o D i f f e r e n c e 
Equa t ions in [ 1 4 ] and d i f f e r e n c e e q u a t i o n s a r e e x p l o i t e d t o 
o b t a i n q u a l i t a t i v e r e s u l t s i n Chaos, and s t a b i l i t i e s wi th 
r i c h a p p l i c a t i o n s [ 5 ( i ) , 5 ( i i ) , 1 3 ] . A l l t h e r e s e a r c h e r s in 
C e l e s t i a l Mechan ics and S t e l l a r y Dynamic s, wh i l e i n v e s t i g a t i n g 
s eve ra l c o m p l i c a t e d p rob lems , cou ld c o n s i d e r d i f f e r e n t i a l e q ­
u a t i o n s , i g n o r i n g t h e t i m e d e l a y e q u a t i o n s which a r e e q u a l l y 
impor tan t because t h e o r i g i n and e v o l u t i o n of t h e s o l a r s y s ­
tem a l o n g w i t h t h e o t h e r p l a n e t s and t h e S t a r s depend on t h e i r 
pas t h i s t o r y a l s o . We f e e l t h e Vector Laypunov F u n c t i o n a l s 
could be c o n v e n i e n t l y used even t o d e a l w i t h t h e C h a o t i c i t i e s 
b e s i d e s S t a b i l i t i e s , i n s t a b i l i t i e s and c o n d i t i o n a l s t a b i l i t i e s . 
Computat ional a s p e c t s h a s n o t been c o n s i d e r e d a l t h o u g h i t i s 
e q u a l l y i m p o r t a n t . These r e s u l t s c a n e a s i l y be extended t o 
f u n c t i o n a l d i f f e r e n t i a l system z ' ( t ) = F ( z t , X.) where t i s t h e 
t ime, z t (&) = z (t+&), -c <_ 6 <_ 0, Xt (6) = X ( t+6) , -* <_ 6 <_ 0 

Xt i s a f a s t o s c i l l a t i n g f u n c t i o n a l pa ramete r which i s more 
g e n e r a l t h a n t h e f a s t o s c i l l a t i n g pa ramete r c o n s i d e r e d by 
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Richard Bellman and h i s c o l l a b o r a t o r s i n [ 1 5 ] . Analogeous t o 
t h e system ( 3 . 0 1 ) i n [ 1 ] . We c o n s i d e r (m+n) d imens iona l m u l t i -
f requency o s c i l l a t o r y f u n c t i o n a l d i f f e r e n t i a l 

d x / d t = X f ( x t , y t ) 

d y / d t = u ( x t ) + X g ( x t , y t ) ( 1 ) 

wi th n f a s t and m slow v a r i a b l e s , x . = x ( t + 0 ) , - r <_ © <_ 0, 
x t , f t q f f - r . O ] , * 1 ) , y t , u , g c C j ( [ - r , 0 ] , R n ) . C - ^ C ^ a n d 

C ( [ - r , 0 ] , R ) = C a r e s p a c e s of c o n t i n u o u s f u n c t i o n s f and 
g a r e d e f i n e d and 2Tr-per iodic w i t h r e s p e c t t o t h e second 
v a r i a b l e y t . System (1 ) can be reduced t o t h e m u l t i f r e q u e n c y 
o s c i l l a t o r y system of o r d i n a r y d i f f e r e n t i a l e q u a t i o n s of t h e 
t y p e ( 3 . 0 1 ) i n [ 1 ] . System (1) a l s o d e a l s w i t h t h e t h r e e -
body problem d e a l i n g wi th t h e s tudy of t h e mot ion of each of 
t h e t h r e e o b j e c t s P 0 » p i and Pg having a r b i t r a r y masses m .m^ 

and m2 r e s p e c t i v e l y and a t t r a c t i n g one a n o t h e r i n a c c o r d a n c e 
wi th t h e Newton 's Lav; of g r a v i t a t i o n and t h e t h r e e - b o d y p r o b ­
lem can be i n t e r p r e t e d a s a t w o - p l a n e t problem where in t h e 
bod ie s w i t h t h e m a s s e s m^ and m, a r e t h e two p l a n e t s and t h e 
body w i t h t h e mass m0 i s t h e SUN. And t h e d i f f e r e n t i a l e q u a t -
o n s of mot ion of t h e p l a n e t s w i l l be of t h e form 

2 
d x 1 G ( m 0 + m 1 ) x 1

 x 2 ~ x l x l 
— J - + § = Gm2( —g g - ) 
d t r± ^ 2 rx 

d 2 y l u G(mo+m1)y1 y ^ y± 

+ = Gm2 ( - j 3 - ) 3 
1 "12 *1 

d t r , AT,, r 

2 
d z± G(mQ^1)z1 z2-z z i , 
~T~ + 3 = G m 2 ( ~3 3 ~ > 
d t r i A1 r 

d x 2 G(mo+m2)x2 x -x 

—2— + 3 = G r a l ( -3— - x " 5 - ) 

d t r 2 A 1 2 r 2 

x 2 

d 2 y 2 G(mo+m2)y2 y i - y 2 y 2 

+ o = Gm1 ( 2 3 ~ u m l v ' A3 3 
r 2 \ 2

 r 2 
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2 
d z„ G(m +m,,)z0 z- -z„ z„ 

2 + _ _ o _ 2 _ 2 _ = G m i ( 1 2 _ _ _ 2 _ } ( 2 ) 
d t r 2 *12 r 2 

where ( x - . y ^ . z - ) a re the rec tangula r coord ina tes of the p l a ­

net P- and (xn.yniZo) a r e t h e rec tangular coord ina tes of the 
planet P2 with the SUN as the o r i g i n , G i s the g r a v i t a t i o n a l 
constant and 

^ 2
 = ( x 2 ~ x i ) 2 + ( y 2 ~ y i ) 2 + ^ z 2 - z i ) 2 

ri = x i + y i + zl • i = 1 ' 2 ' 

x n Let z = ( "y ) , M ( ^ ), F ( z t , A ) = F ( x t , y t , X ) = 

X f ( x t , y t ) -N 

u (xt) + Xg(xt,yt) J 

Functional d i f f e r e n t i a l equation (1) can now be wr i t t en a s 

z ' ( t ) = F (z t ,X) (3) 

where F :C( [ - r , 0] , Rm+n) x (0, ») * C( [ - r , 0]_, Rm+n) with the 
i n i t i a l function z ( t ) = <)>(t), - r ' £_ t <_ 0. Consider Vector 
Laypunov funct ional V(z ): C3 (C, Rp) and as usual i t s d e r i ­
vat ive i s taken along the so lu t ions of (3) 

V ( z t ( * ) - V ( < * ) 
V ( z ) = lun inf[ i— ] 

X t * 0+ X 

Define E = { z t : V ' ( z t ) = 0, z t e C ( [ - r , 0 ] , Rm+n)} and l e t M 
be the l a r g e s t • invar ian t se t in E, t h a t i s M i s the union of 
a l l so lu t ions of (3) defined on R = (-«>, <*>) tha t remains for 
a l l t in E. Consider a set 

V - 1 ( c ) = { z t : V ( z t ) = c, z t e C} 
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Theorem: Let V (z t ) be a Laypunov funct ional of (3) defined 
on C sa t i s fy ing the above cond i t i ons . If z t (<f>) i s a so lu t ion 
of (3) that i s compact for a l l t >_ 0, then the re i s a cons t ­
ant vector c £ R such tha t z. (ij>) -»- M n V~ (c) as t + <*>. 

Proof of t h i s Theorem i s analogeous to tha t of Theorem 3.1 in 
[ 4 ] . 

By using t h i s Theorem we can have a p i c t u r e of the r e g ­
ions of s t a b i l i t y and a lso i n s t a b i l i t y for system (3 ) . 

Even for Difference Equations Laypunov Functions have 
been exploited to obta in s imilar r e s u l t s in [ 1 4 ] . These di f ­
ference equations a re used to get r e s u l t s of q u a l i t a t i v e na t ­
ure in Chaos, besides s t a b i l i t i e s in [ 5 ( i ) , 5 ( i i ) , 1 3 ] . 
Remarks: (1) Instead of (3) , we may consider Functional Dif­
f e r e n t i a l Equation 

z ' ( t ) = F ( z t , X t ) (4) 

where X = X(t+9), - r <_©'<_ 0 

Xt e C 4 ( [ - r , 0 ] , R q ) , F: C x C4 - C 

and X. i s a funct ional parameter. 

The above r e s u l t s and the Theorem can be extended to ( 4 ) . 
Our Functional D i f f e ren t i a l Equation (4) i s much more 

general than equation (1) in [15] considered by Bellman and 
his c o l l a b o r a t o r s . 
(2) Fuzzy Dynamical Systems a re more r e a l i s t i c while cons ide­
r ing problems occurr ing in Ce le s t i a l Mechanics and S te l l a ry 
Dynamics. The above r e s u l t s can also be obtained by cons ider ­
ing Generalized Dynamical Systems and Fuzzy Dynamical Systems 
occurr ing in Ce l e s t i a l Mechanics and S te l l a r Dynamics, besides 
Stochastic Dynamical Systems. 
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