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Abstract

In this paper, we compare the entropy of the original distribution and its corresponding compound distribution.
Several results are established based on convex order and relative log-concave order. The necessary and suffi-
cient condition for a compound distribution to be log-concave is also discussed, including compound geometric
distribution, compound negative binomial distribution and compound binomial distribution.

1. Introduction

The entropy H(X) of arandom variable X measures the uncertainty of X. In this paper, we only consider
discrete random variables. Let X be a discrete random variable with probability mass function (pmf)
{X1, .- X0 P15+ - > Pn}, that is,

pi=PX=x), i=1,...,n,

withp; > 0,i=1,...,n,and 3| p; = 1. Here, n may be finite or infinite. The Shannon entropy of X
is defined by [1]:

n
H(X) = —Zpi log p;.
i=1

The comparisons between distributions with respect to Shannon entropy are regarded as a measure
of variability or dispersion. In insurance risk theory, similar comparisons are often established for com-
pound distributions. The random variables corresponding to the compound distributions can be recorded
as § = Zf.‘;l ; Xi, which are extensively used in applied settings. For example, in [3], S can be used to
model the total claim amount, M is the number of claims, and the X; are the sizes of claims.

Our results are closely related to those of [8], who established entropy comparison results concerning
compound distributions of random variables taking nonnegative integers based on convex ordering and
log-concavity. We recall the following definitions. First, denote N = {0, 1,2,...}.

Definition 1.1. A sequence {h,, n € N} is said to be log-concave (LC) if h,, > 0 for n € N, and

hﬁ 2 hn+lhn—ls n>1.
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A log-concave sequence {h,,n € N} does not have internal zeros, i.e., there does not exist i <j < k
such that h(i)h(k) # 0 and h(j) = 0. A random variable X taking values in N is said to be log-concave,
if its pmf {f,, n € N} is log-concave.

Definition 1.2. For an integer n > 2, a positive sequence {h;, 0 < i < n} is called ultra-log-concave
of order n (ULC(n)) if,

0<i<n-2

A random variable X taking values in N is said to be ULC(n), if its pmf {f;, 0 < i < n} is ULC(n).
Equivalently, X is ULC(n) if the sequence {fl/('t’), 0 < i < n}is log-concave.

Definition 1.3. A random variable X taking values in N is said to be ultra-log-concave (ULC), if the
support of X is an interval on N, and its pmf { f;, i € N} satisfies:

(i+1)f2 2 (i+2)fifia, 120,

Equivalently, X is ULC if the sequence {ilf;, i € N} is log-concave.
In fact, both ULC(n) and ULC can be defined in terms of the relative log-concave order ([5]).

Definition 1.4. Let f and g be two pmfs on N. Then f'is relative log-concave to g, written as f <ic g, if

(1) the support of f and g are both intervals on N;

(2) supp(f) < supp(g);
3) fi/gi is log-concave on i € supp (f).

From the above definitions, we have X € ULC(n) is equivalent to X <). B(n,p), and X € ULC
is equivalent to X <j. Poi(4), where p € (0,1) and A > 0. Also, we have the following inclusion
relationship ULC(1) € ULC(2) € --- C ULC C LC.

Definition 1.5. For random variables X and Y on N, X is smaller than Y in the convex order, written as
X < Y, ifE[Yw(X)] < E[y(Y)] for all convex functions ¥ on N, provided the expectations exist.

The convex order compares the spread or variability of two distributions. Actually, if X <.« Y and
both X and Y have finite means, we have E[X] = E[Y] and Var(X) < Var(Y). Further properties of the
convex order can be found in [4]. Since entropy ordering also compares the variability of distributions,
it is reasonable to expect some connection with convex ordering. For compound distributions, [7-9]
draw the following conclusion.

Theorem 1.1 Suppose X and Y are two absolutely continuous or nonnegative integer-valued random
variables.

(1) [S8LIO1IfX <ic Y and E[X] = E[Y], then X < Y.
2) [TLIS]1If X <cx Y, and Y has a log-concave pdf or pmf, then H(X) < H(Y).

Theorem 1.1 (2) provides a new method to prove entropy inequality. Compared with direct proof, it
is relatively easier to establish convex ordering and to verify log-concave condition. Many conclusions
in this paper involve Theorem 1.1.

The contributions and the outline of this paper are as follows.
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(i) In Section 2, based on Theorem 1.1, we give a direct proof for Lemma 3(2) in [6]. Our proofs
are different since [6] constructed a Markov chain whose limiting distribution is a Binomial
distribution.

(ii) Itisinteresting to compare the original distribution and its corresponding compound distribution in
the sense of the log-concave order. [8] considered the Poisson and Binomial distributions. Similar
result is established in Section 3 for the Negative Binomial distribution.

(iii) [8] obtained the necessary and sufficient conditions for a compound Poisson distribution to be log-
concave. In Section 4, we establish necessary and sufficient conditions under which a compound
Negative Binomial distribution or a compound Binomial distribution is log-concave.

(iv) The preservation of convex order under compound operation was investigated by [8]. In Section 5,
we consider whether the log-concave order is preserved under compound operation.

2. The entropy of ULC distribution

Suppose that & is the set that contains all pmfs for nonnegative integer-valued random variables.
Consider two operators S, and T, defined on & [6]:

(1) Forall p € (0,1), S, maps pmf f = {f;,i € N} to another pmf g = {g;,i € N}, where

gi=pficit(1-p)fi, i20,

and define f; = 0 for all i < 0. Suppose that f is the pmf of X, Z ~ B(1, p), independent of X, then
Syf is the pmf of X +Z.
(2) Foralln>1, T, maps pmf g = {g;,i =0, ...,n} to another pmf f = {f;,i =0,...,n— 1}, where
—i i+l
=g+ B, =0, @.1)
n n

Denote g as the pmf of Y. Given Y, consider hypergeometric distribution (n, Y, n—1), that is, suppose
there are n balls in an empty box, in which the number of white balls is Y. Now take n — 1 balls out

of the box randomly without putting them back, and define random variable X as the number of
white balls in the taken balls. Then 7,,g is the pmf of X.

Operators S, and T}, satisfies [6]:
(1) If byp = {b(i,n,p),i =0,...,n} is the pmf of B(n, p), then
Spbn,p = bn+l,pa Tn+]bn+l,p = bn,pa nzl.

So, Ty41 © Spbn,p = bn,p-
(2) ULC(n) contains all the pmfs that are Ultra-log-concave of order n. Moreover, we have S, f €
ULC(n+1)and T,,f € ULC(n — 1) for all f € ULC(n).

[6] proved that if X has pmf f € ULC(n) with E[X] =np, p € (0,1), and Z ~ B(1, p), independent
of X, and if Y is a hypergeometric distribution with parameters (n+ 1,X + Z,n), then H(X) < H(Y).
The proof uses the properties of operators S, and 7,. By constructing a Markov chain whose limiting
distribution is B(n, p) and showing that the entropy never decreases along the iterations of this Markov
chain. Here, we give another method to prove the non-decreasing property of the corresponding entropy
based on Theorem 1.1.

Proposition 2.1. Suppose that X has a pmf f € ULC(n), E[X] = np, p € (0,1), Z ~ B(1,p), where
Z is independent of X. Let Y be a hypergeometric distribution with parameters (n + 1,X + Z,n). Then
X <« Y.
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Proof. Define differential operation Ah; = h; — h;_; for any sequence {h;}, and let g = {g;,i =0, ...,n}
denote the pmf of Y. By (2.1), we have

1-
gi= 2t (pf 1 +qfi) t 1 (pﬁ +4qfis1), g=1-p. (2.2)
Hence,
fi—gi= 0fi = q(i + Dt | = Aluihy),
where
_ G+ Dfist _(n=0fi .
up=p—4gq (I’l—l)f 1= n+1 > OS[<"’

and u;h; = 0, i = —1, n. Therefore, for any convex function sequence ¢ = {¢;}, we have
n n n—1
E[y (V)] -Bly(X)] = ) wilgi—f) == D wihwihy) = ) (i1 = il
i=0 i~0 i=0

Since h; > 0 and X7, h; = ng/(n+ 1), h can be modified to a probability function. On the other

hand, f € ULC(n) means that u; is increasing ini € {0,...,n — 1}; the convexity of ¥ means that
Wiyl — Y is increasing in i, and Z"‘ u;h; = 0. Hence, by Chebyshev rearrangement theorem, we have
T Wist = giuih; > 0, that is, B[y (Y)] > E[y(X)]. o

Under the assumptions of Proposition 2.1, ¥ € ULC(n), and the corresponding pmf is log-concave.
Hence, by Theorem 1.1, X <. Y leads to H(X) < H(Y).

3. Log-concave ordering between the original distribution and its corresponding compound
distribution

Suppose that S is a nonnegative integer-valued random variable, defined by:

M
S=ZX,-,

where {X,,n > 1} is a sequence of independent and identically distributed (iid) nonnegative integer-
valued random variables, and M is a counting random variable independent of all X;’s. Let f and / be
the pmfs of X; and M, respectively. The distribution of § is called a compound distribution with its pmf
denoted by ¢, (f). If M ~ Poi(A), B(n,p) or NB(a, p), then the distribution of S is called compound
Poisson distribution, compound Binomial distribution or compound Negative Binomial distribution.
For @ =1, NB(1, p) reduces to the geometric distribution Geo(p).

In the following, the pmfs of Poi(1), B(n,p), NB(a,p) and Geo(p) distributions are denoted by
poi(1), b(n, p), nb(a, p) and geo(p), respectively. Similarly, the pmfs of the corresponding compound
distributions are denoted by cpoica) (f)s Conp) (f)s Cub(ap) (f) and cgeo(p) (f). Denote by uythe mean
of a distribution with pmf f. Then the means of the distributions with pmf cpoia) (f), Comp) (f),

Cob(ap) (f) are Aug, npuy and a(1 — p)uy /p, respectively.

https://doi.org/10.1017/50269964823000293 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964823000293

Probability in the Engineering and Informational Sciences 5

Proposition 3.1. ([8]) Letfbe a pmf on N.

(1) Ifthe compound Poisson distribution cpoi(2) (f) is non-degenerate and log-concave, and A, 1* > 0,

then poi(A*) <ic cpoi(a) (f)-
(2) If the compound Binomial distribution cy(np)y (f) is non-degenerate and log-concave, and p,p* €

(0, 1), then b(n,P*) <lIc Cb(np) (f)
By Theorem 1.1 and Proposition 3.1, we have

A" = Auy = H(poi(2%)) < H(cpoi(a)(f)), (3.1

p" =pur = H(b(n,p*)) < H(cpnp) (f))- (3.2)

Here, 4" = Auy ensures that two pmfs poi(4*) and cpei(a) (f) have the same mean. Similarly, p* =
puy ensures that two pmfs b(n, p*) and cp(,p) (f) have the same mean. Suppose that M ~ B(n,p),
M* ~ B(n,p*), and {X;,i > 1} are iid random variables with a common pmf f. Assume that all random
variables considered here and below are independent of each other. The explanation of (3.2) is as follows,
and the explanation of (3.1) can be given similarly. We consider two following cases:

(i) Suppose uy > 1. Then p* > p since p* = puy in (3.2). Let {I;,i > 1} be a sequence of iid Bernoulli
random variables with P(I; = 1) = p/p* € (0, 1]. Since ZZ] 1; has the same distribution as M, it
follows that the pmf of Zf;’] I:X; 1S co(npr) (f) = Co(np) () where f is the pmf of /;X;, given by:

f=£*f+(1—£*)5o,
p p

where J¢ is the pmf of a degenerate random variable Z = 0. Notice that My = Py /p* =1, and the
uncertainty of Zf‘;’l 1;X; is obviously stronger than that of M*. Thus, (3.2) holds.

(ii) Suppose yr € (0,1). In this case, p* < p. Let {I;,i > 1} be a sequence of iid Bernoulli random
variables with P(I; = 1) = p*/p € (0,1]. Then ¥, I; ~ B(n,p*), and the pmf of ¥V X; is
Conp) (f). Note that E[I;] = E[X;] = p*/p and I; <.« X; for each i. Thus, the uncertainty of Z?;Il X;
is obviously stronger than Z?;’ , 1i, that is (3.2).

To obtain the similar result for a compound Negative Binomial distribution, we need the recursive
expression for the corresponding pmf.

Lemma 3.2. Denote the pmf of cup(ap) (f) as g. Then

(n+ Dt = —— 3" [(@ = Dj +n+alfpiguy. n20. (33)
Jj=0

1 —qfo 4

Proof. In [3], it is assumed that fy = 0. We consider a more general situation, fo > 0. The pmf of
NB(«, p) is denoted by {p,,n > 0}, that is

+n—1
Pn= (a " )p”q”, nx0,g=1-p,
n

SO
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where a=¢q, b = (@ — 1)q. Hence, for all n > 0,

n+l . n
b .
Z ((1+ Fjl)ﬁgtﬁl—j = Qfognﬂ + % [((l - 1)] +n+ a']fj"+lgn—j‘ (34)

7=0 =

Denote by f<k) = {fi(k),i € N} the pmf of Zf‘ 1 Xi, where X, ..., X; are iid random variables with a
(k) _ n+1f(1<+1)

n+l—j k+1/n+1

common pmf f. On the other hand, by using "+1 Wi , we have

n+l n+1 ®
Z (Cl + — nt )f]g}’l+l—] Z ( _1) Z n+l-j
n+l
Z (k)
n+ 1 n+1—/
o P
k+1
1 Z n+1—]

— (k+1)
k +1 Furt
_ (k)
- pkfn+l
k=1

~ pof ) + Zp Y 0 =0 0>

= 8n+l- 3.5)
By (3.4) and (3.5), we conclude (3.3). ]

Proposition 3.3. Let f be a pmf defined on N. If o > «a € (0,1], p,p* € (0, 1), and if the compound
Negative Binomial distribution cqp(ap)(f) is non-degenerate and log-concave, then nb(a*,p*) <ic
Cnb(a.p) (f)

Proof. Denote g = cnp(a,p)(f). Since g is non-degenerate and log-concave, we have g, > 0 forn € N
and

S s 8 gjcn (3.6)
8n-j-1 8n-1

Since @ € (0,1) and a* > a, it follows that:

(a-Dj+n+a nta n+a*
(a-1j+n-1+a n+a-1 n+a*-1

j>1. (3.7)

In view of (3.6) and (3.7), we have
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q ~ . 8n
(n+Dgpe1 = [(@=1)j+n+alfir18n-i-1
B I—QfO; / VRS 8n-1
g q n—1
> g_"l.1_qf0Z[(a—l)j+n+a11§+1gn_j_1
n— i=0
gn f4n
=z — n-—
B gn—l ] *+n f]‘+1g 71
N -1
> &“ﬁ+m - iﬁm~4y+(n—n+awﬂ&ﬁ4
gn-1(@*+n—-1) 1-gqfy =
w(@” +
N

gn—l(a* +n-— 1)

The above inequality can be simplified to:

2
[(a*i:—l)l = ((I%Z;—IZ) ' (ir:rlz)’ n=l,

n n—1 n+l

that is, gn/(a*tl"*l) is log-convex, so nb(a*, p*) <. g. mi

Corollary 3.4. Suppose that f is a pmf defined on N with the mean p > 0. For a € (0, 1], if there exists
a* > a and p* € (0, 1) such that:

a*(1-p") _ ap(l -p)
P P

and cpv(a.p) (f) is non-degenerate and log-concave, then H (nb(a*, p*)) < H (cab(ap) (f))-

Proof. By Proposition 3.3, nb(a*, p*) <ic Cnb(a,p)(f)- It is easy to verify that the means of nb(a*, p*)
and cpp(a,p) (f) are equal. Thus, the desired result follows from Theorem 1.1(1) directly. |

Proposition 3.5. Suppose that a > 0 and p € (0, 1). If cap(ap) (f) is non-degenerate and log-concave,
then poi(A) <ic cnb(ap) (f) for any A > 0. In particular, when 1* = au(1 - p)/p, we have H(poi(1*)) <
H(Cnb(a,p) (f))

Proof. The notations are the same as in the proof of Proposition 3.3. Obviously, g, > 0 for n > 0 and
by the log-concavity of g, we have

L U

8n+1-j 8n+1

Hence, forn > 0,

n

q . 8n
< [(@=1)j+n+alfitigni-)-
1-af & SRS e

n+1

8n q .
S — - [(a—l) +n+l+a i+1 1—f
gwt 1o ]ZO ! Vet

(n+1)gus1 <
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=B (42 g,

8n+1

that is, nlg, is log-convex in n € N. Thus, poi(1) <ic Cnp(a,p)(f)- The rest can be derived directly from
Theorem 1.1. o

4. Log-concavity of a compound distribution

[8] proved that if f is log-concave, then cpoica) (f) is log-concave if and only if /lf12 > 2f>. In order
to show that Propositions 3.3, 3.5 and Corollary 3.4 are meaningful, we need to investigate the log-
concavity of compound Negative Binomial distribution. Firstly, we study the necessary and sufficient
condition for a compound Geometric distribution to be log-concave.

Proposition 4.1. Suppose fis a pmf defined on N such that f; > 0. For p € (0, 1), we have cgeo(p)(f) €
LC if and only if f, =0 for all k > 2.

Proof. Denote the pmf of Geo(p) as {p,,n > 0}. Then the pmf of cgeo(p) (f) is g. By (3.3), we have:
n
8n+1 = 1] Z.ﬁﬂgn—j: n >0, 4.1)
J=0

where n = g/(1 — gfy) > 0.
First of all, observe that

(1) go =po+ 2,2 Pty =P+ 2,2 Pq"fy =p/(1 = qfo) = pn/q > 0;
2) fiz0=g,>0forn>0.

(=) Prove that f,, = 0 for all n > 2 by induction. For n=2, by (4.1), we have g, = nfi1g0,82 =
nlfig1 +f280]. Substituting in g% > 8082, we have f,g9 = 0, that is, f = 0 and g% = g0g2.

Now assume that f;, =0 forn =2,--- ,k and gi_l = gr-28k- Notice that

8k-1 = Nf18k-2> &k = Nf18k-1,> &k+1 = Nf18k +fis180]-
Substituting in g,% > gk—18k+1, We have
2.2 2
fl 8r-1 Zfl 8k8k—2 * f1fi+1808k-2-

So, fifk+1808k-2 = 0. Thus, fr+1 = 0 and in the meantime, g,% = gk-18k+1- The necessity is proved by

induction.
(&) Suppose that f;, = 0 for all k > 2. By (4.1), we have

gnet =Nf18n = (f1)"™ g0, n>0. (4.2)
It is obvious that gﬁ = gu—18n+1 forn > 1 and, hence, g € LC. ]
Remark 4.2.

(1) By (4.2), we have

Cgeo(p) (f) € LC = cgeo(p) (f) = geo ( 1 —quo) :

https://doi.org/10.1017/50269964823000293 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964823000293

Probability in the Engineering and Informational Sciences 9

(2) Assume that f, = 0 for n > 2 with f; > 0. Then g := cyp(ap)(f) € LCif and only if @ > 1. In fact,
if f, = 0 for n > 2, then (3.3) can be simplified to:

n+a

8n+l = nflgm n>0.

n+1

It is easy to verify that

a-1 a-1
2 1)
n+1 n+2

2
8nt1 = 8n8n+2 &
thatis, @ > 1.

Proposition4.3. Suppose that f € LC, and denote g = 1—p andn = q/(1-qfy). Then g := cnp(ap) (f) €
LC if and only if

(@ = Dnff 2 2% 4.3)
The proof of Proposition 4.3 is postponed to Appendix A.1.

Remark 4.4. Suppose that f € LC,0 < @ < a*andp > p* > 0.If g := cpp(ayp) (f) € LC, then
Cnb(a*,p*)(.f) e LC.

Next, the necessary and sufficient condition for a compound Binomial distribution to be log-concave
is discussed. To this end, we first give the recursive expression of its corresponding pmf.

Lemma 4.5. Denote g := cy(np) (f)- Then the pmf {gi, k € N} has recursive expression as follows:
k
(k+ Dgiw1 =0 Y [(n+ 1)j+n—klfiiges, k20, (4.4)
=0
where 6 =p/(pfo+q) andg=1—p.
Proof. The proof of (4.4) is similar to (3.3) since

pe__p (n+lp b

LE - -, Vk=x=1
Pk-1 4 qk k
Here, (3.5) still holds,
k+1 .
bj
Z a+ fi8k+1-j = 8k+1, k 20, 4.5)
£ k+1
J=0
and (3.4) is replaced by the following formula
k+1 .
bj
23@+;:ﬂﬁ&“ﬂ
j=0
p p &
= ——fogns1 + [(n+1)j+n—klfi18-, k=0. (4.6)
q q(n+1) &
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Thus, (4.4) follows from (4.5) and (4.6). m]
Proposition 4.6. Denote g := cp(np)(f), and let f € LC. If g € LC, then
(n+1)3f} = 25, 4.7

where § = p/(pfo + q) and q = 1 — p. In particular, for n=1, (4.7) is also the sufficient condition for
co(1p) (f) € LC. But for n > 2, (4.7) is not the sufficient condition for g € LC.

Proof. (1) By lemma 4.5, we have g = ndfigo and g» = [(n — 1)dfig1 + 2n8f280]/2. In view of
g% > 8082, we obtain (4.7).

(2) For n=1, (4.7) holds, that is 6f12 > f». Based on the random expression of the random variable
corresponding to g, we have gg = g + pfo and gx = pfy for k > 1. To prove g € LC, we only need to
prove g% > gog2, that is, (4.7).

(3) Take a counterexample to illustrate: assume =2, and cp(2,5) (f) = cb(1,p) (f) *Cv(1,p) (). Denote
h = co(1p)(f), by (2), we have hg = g + pfo, hx = pfi, k = 1. Especially, take p = 20/23,

f:(1 13 9 0’0’_._).

20°5°10° 20°
Then
4 4 6 9
h_(g,g,g,g,()’()"”)'
Hence,

120 108 108
232 232" 230780 |

g=hx+h= (go,gl,gz,

Obviously, gﬁ < g3g5, which means that g is not log-concave. On the other hand, 6 = p/(pfo+q) =5,
f € LC, and 36f12 = 3/5 = 2f,, that is (4.7) holds. Therefore, (4.7) is not the sufficient condition for
geLC. m]

5. The relative log-concavity

Lemma 2 in [8] states that, for pmfs f, g,f* and g* defined on Z,, if f < f* and g < g*, then
¢g(f) <cx cg(f*). On the other hand, g < poi(1) for any g € ULC and 1> 0. Connected with
Theorem 1.1, it is easy to establish the following proposition.

Proposition 5.1.

(1) [8]If g € ULC and pty = A, then ¢,(f) <ex ¢poicy(f).
(2) [81.[2]If g € ULC, pg = A > 0 and cpoi(a)(f) € LC, then H(cg(f)) < H(cpoi(a) (f))-

Notice that g € ULC(n) & g <ic b(n,p) forall p € (0, 1), and that g € LC < g <. geo() for
all 1> 0. The following two propositions are easily established by Theorem 1.1.

Proposition 5.2.

(1) Ifg € ULC(n) and pg = np, then cg(f) <cx Co(np) (f)-
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(2) If g € ULC(n), pg = np and co(np)(f) € LC, then H(cy(f)) < H(cpnp) (f))-
Proposition 5.3.

(1) IfgeLCand Hg = (1 =2A)/A, then Cg(f) <cx Cgeo() (f)-
(2) IfgelC pug= (1-2A)/A and Cgeo(A) (f) € LC, then H(Cg(f)) < H(Cgeo(/l) ()

Naturally, the following problems will arise:
Question

(1) If g € ULC and pg = 4, is it correct ¢y (f) <ic Cpoi(a) (f)?
(2) If g € ULC(n) and ug = np, is it correct cg(f) <ic Co(np) (f)?
(3) If ge LCand p, = (1 —2)/4, is it correct that cg(f) <ic Cgeo(a) (f)?

The following three counterexamples show that the assertions in Question 1 are negative.

Example 5.1. g € ULC, g = 2 and f € LC ¢4(f) <ic cpoi(a) (f)-
Suppose that g = B(2,4/2) and 0 < A < 2, f satisfies fj = 0 for j > 3, and denote s = c,(f) and
t = cpoi(a) (f)- Then

2 2 2
A Pl 2, A Pl
So—(l—z) +/1(1—§)f0+qfo, S1—/1(1—§)f1+?f0f1,
2 22 A2, 22 2,
Sz—/l(l—z)f2+7f0f2+1f1, S3—7flf2, S4_Zf s

and

A
to = e/l(fo—l), = Af e/l(fo—l)’ tr = E(Aflz + 2f2)e’l(f°_1),

1 21
13 = Cfi (g/1f12 +f2) ol gy = T (8/12 41202 +2f22) =D,

Especially, we take A =1 and f = (fp,f1,/2) = (1/3,1/3,1/3), thatis, f is a discrete uniform distribution
on {0, 1,2}. Obviously, f € ULC. By calculation,

9'3714719° 145

(SQ S1 S2 83 S4)

429 9 54) o
l‘o’t1,t2’t3’l‘4 '

It can be verified that

2 2
(S—l) 2% 5, (Si) ~ 2% _ 0015 <0.
31 fo I 13 14

Hence, s;/1; is not log-concave, so s £ t.

Example 5.2. g € LC, o = (1 = A)/dand f € LCHF= ¢4(f) <ic Coeoa) (f)-
Suppose that f and g satisfy f; = g; = 0 for j > 3, and denote s = ¢, (f) and # = cgeo(f). Then

so=go+gifo+gfs,  s1=g1fi + 280,
=g1h+eQhk+1D),  s3=20fifb,  si=gf
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and

t=nfito, t=n(fitt +H0), B=n(fib+hHt), ta=n(firz+ht),

with 7= (1 - 2)/[1 = (1 = Dfp]. If we take £ = (fo.fi.fo) = (1/3,1/3,1/3) € LC, then

71-3 1-2 1-24
42 7 227 4

g=(go,g1,gz)=(

Given A = 40/77, g is log-concave, that is, g <jc Geo(2). It is easy to verify that

2
(s_a) _2%_ 0082 <0,
13 h Iy

hence, s/t is not log-concave, so s £ ¢.

Example 5.3. g € ULC(n), ug =np, p € (0,1) and f € LCF= ¢ (f) <ic conp) (f)-

Suppose that f = (fo,f1./f2) = (1/3,1/3,1/3) € LC and g = (go,&1,82) = (1 = 3p/2,p,p/2). If
p € (1/2,2/3), then g € ULC(2). Denote s = ¢,(f) and t = cy(2,) (f). Then s; and ¢; can be calculated
as in Example 5.2. Choose p = 7/12. Then

2
(S_S) _ %% _ 1728 <0,
13 14

hence, s /1 is not log-concave, so s £ .
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Appendix A. Proof of Proposition 4.3
Proof. Forreading convenience, use P = g as pmf, and set P; = 0 for i < 0. Denote r; = nf}1, and rewrite

(3.3) as:

n

(n+1)Ppsy = Z[(a— 1)j+n+alrP,_j, Ynzo0. (A.1)
=0

(=) By (A.1), we have P| = argPy, Py = [(1 + @)rgP + 2arPy] /2. Since P € LC, it follows that
P2 > PyP;, and thus
] 9 9

1
Py -argPy > 5[(1 + a@)roPy + 2ar; Py Py.
So (4.3) can be proved directly by simplify the above equation.
(&) Suppose (4.3) holds. First, notice the following equations:

n

aP,P,.1 =Z[(a = Dj+n+al](n+a)riP,_iP,

J=0
n—1
=Dl =Dj+n—1+al(n+1+a)rPo1 Pu,
Jj=0
n n
(n+12P2, =3 > [(@= Dk+n+all(e = Di+n+alnrPy Py,
k=0 [=0
2p2 2
n(n+2)PnJrl =(n+1)°P,., — P,
n—=1 n+l
n(n+2)P,Py =ZZ[(CL/ —Dk+n-1+a][(a-Di+n+1+a] XrrPy_i1-xPnii-i-
k=0 [=0

The first equation follows from the fact that the right hand side equals (n+@)P,, - (n+ 1)P,y1 — (n+
1+ )P,y - nP, = aP, P, . Define

I = (@roPy = Pus1)Pus1. (A2)
Then,

n(n + 2) [P -P Pn+2]

= (aroPyPy1 — n+1) +(n+ 1)2Pn+1 —n(n+2)P,Ppir — argPpPpy

n+l

n
=50+ Z[(a — Dk +n+al[(@— D)l +n+alrrPuiPo
k=0 1=0
1 n+l
ZZ [(@a-=Dk+n-1+a][(a—Dl+n+1+a]rrPy_1-xPurs1-i

n—
k=0 I1=0

-1 [(a—l)]+n+a](n+a)rjP Py
Jj=0
n—1
+ 1y Z[(a —Dj+n-1+a]l(n+1+a)rP,_1_jPu
j=0

https://doi.org/10.1017/50269964823000293 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964823000293

14 W. Xia and W. Lv

= J,gl) + Z Z[(a —Dk+n+a][(a-1DIl+n+alrrPpiPni

k=0 I=1
n—1 n+l
- Z[(a - Dk+n-1+a][(e-DI+n+1+alrrPy_1-kPni1-
k=0 i=1
n n
Sy Z Z[(a ~Dk+n+a][(@=1)I+1)+n+alrrm PeiPp_i_i
k=0 [=0
= D@ =Dk +n=1+all(@= D+ 1) +n+1+alrnrm Pa P
k=0 [=0
n n
=7+ [a(k+1)+n—k|[a(+2)+n—1 = 1]rer1 PpiPn-1-i
k=0 1=0
n n
- Z[a/(k+ D) +n—1—=kl[a(l+2) +n - rerm Poi—kPn_i
k=0 [=0
) 2

where J,Ez) , J,§3) and J,(l4) are defined by

n n
1P =a? Z Z(k + 1)U+ 2)ririe1 [Po—ikPn-1-1 = Pp—1-kPp—i]

k=0 [=0
=0 ) [PacikPa-1ot = Puot P [+ D)1+ 2)riris = (1+ 1) (k + 2)riran,
k>1
n n
I =33 M= k) (= 1= )Py iPuoy g = (1= 1= k) (1= DPyy P i) ririsn
k=0 [=0
= Z[(" —k)(n—1=1)Pyy P11 — (n=1=k)(n = DPpy—kPp—t] (rcrie1 = rires1)s
k>l
n n
I =a Y S mmalk+ 1) == 1)+ (0= k) (L +2)1PyiPu-1
k=0 [=0
n n
—a )" Y nera[(k+ D)(n=10)+ (n =k = 1)1 +2)]Pyt 4Py,
k=0 1=0

Define function i(k,l) = (k+1)(n—1)+(n—k—1)(I+2), which satisfies h(k, ) = h(l, k). Therefore,
J,(l4) can be simplified to:

n n
I =a ) Y e [k D) + 1= k+ )Py Paoi—t = h(k, Py-1-kPy-1]
k=0 =0

n n
=a kz(; ;}: ikt h(k, D) (Po—iPro1-1 — Pp_1-1Pn-1)

n n
+a Z Z rirt (L=k+ )Py Py_1y
=0 =0
=a Z h(k, 1) (Pn—kPn—1-1 = Pu—i—kPn-1) (FiFis1 = riris1)
]

https://doi.org/10.1017/50269964823000293 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964823000293

Probability in the Engineering and Informational Sciences 15

n n+l

+a Z Z rir(l = k)Py_jPp_g
=0 =1
n

. ;Z? (ks 1) (Pt P11 = PuctPut) (rris1 = riris1) + @ kz; rerokPi Py
2 =

>a Z h(k, D) (Pp—kPp—1-1 = Pno1—kPu_1) ("k7141 = 17%s1)- (A3)
=1

Then, we prove the log-concavity of {P,,n > 0} by induction. For k = 1, it is the same as (4.3). Now
assume P,% > Py_1Py41 for all k < n. To prove Pﬁ +1 = PuPus2, it suffices to prove:

Ay Sy S (S
In fact, J,EV) > 0 for all v € {1,2,3,4}. Details are as follows.

e y=1: By the assumption of induction, we have arg = Py/Py > P»/P; > P,+1/P, and, hence,
J > 0 due to (A.2).
e y=2:f € LC implies that {(i + 1)r;,i > 0} is also log-concave. Hence,

(k+ 1)U +2rgrr = U+ D) (k+2)rree1, k=L

Furthermore, P, P,—1-; = Pn—1-kPn—; for k > [, which holds by the assumption of induction.
So, J? > 0.
e v =3: The hypothesis means that Py is log-concave in k € {0, 1,--- ,n + 1}, implying that kPy, is
log-concave in k € {0, 1,...,n+ 1}. Therefore,

(I’l - k)(n -1- I)Pnkanflfl 2 (I’l -1- k)(l’l - l)Pnflkanfl’ k=1

Obviously, riri1 > rirge for k > 1. Thus, 1,53) > 0.
e v =4: By the definition of i(k,[), we have

h(k,l) >0, Yk <n-1, h(n,n—1)=0; h(n,l)>0,VI<n-2.
Applying (A.3), we have

I za Z h(k,1)(Pp—xPn-1-1 = Puo1—kPu-1) ("k7141 — 1741)

[<k>n-1

n
+a Z h(n, ) PoPp_1—(rprie1 — 1i7per) = 0.
=0

Based on the above discussion, the log-concavity of {P,,n > 0} is proved by induction. O
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