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Abstract  We investigate the multivariate sampling theory associated with multiparameter eigenvalue
problems. A several-variable counterpart of the classical sampling theorem of Whittaker, Kotel’'nikov
and Shannon is given. It arose when the multiparameter system has order one. Two-dimensional sam-
pling theorems associated with two-parameter systems of second-order differential operators will be
established. The sampling formulae are of multivariate non-uniform Lagrange interpolation type. Unlike
many of the known formulae, the interpolating functions are not necessarily products of single variable
functions.
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1. Introduction

In the following Z, R and C denote the sets of integers, real and complex numbers,
respectively. For a positive integer n, the sets Z™, R™ and C" denote the sets of all n
integer tuples, n real tuples and n complex tuples. Let £ C R? be compact and symmetric
with respect to the origin. A function f € Lo(R?) is called band-limited to & if

1 2 .
fla) = 5= [ Flwv)explius +op)d(uo),  (0.9) € B2 (11)
where f(u,v) is the Fourier transform

flu,v) := lim —/_77 /_17 f(z,y) exp(—i(uz + vy)) dz dy, (1.2)

and the limit converges in the Lo(R?)-norm, cf. [7, p. 54]. Before the end of this section
we will give a general definition of n-dimensional band-limited functions and state a
multivariate counterpart of the well-known Paley—Wiener theorem [27] established by
Plancherel and Pélya in [30]. A two-dimensional sampling theorem for functions band-
limited to & = [—m, w] x [—7, 7] (see, for example, [23,28,29,31]) reads as follows.
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Theorem A. Let f(x,y) be band-limited to [—m, 7] X [—7,n]. Then

. (z,y) € R (1.3)

sinm(x —n) sinw(y —m)
—n)  w(y—m)

f(xvy) = Z f(n7m)

n,m=—0o0

m(x

The series (1.3) converges uniformly on compact subsets of R

Theorem A is a two-dimensional version of the classical sampling theorem of Whit-
taker, Kotel’'nikov and Shannon (see [34,38] and [10,11]). The theory of non-uniform
sampling of two-dimensional band-limited signals is established by Butzer and Hinsen
in [7,8] (see also [24]). According to the multivariate Paley—Wiener theorem, functions
band-limited to [—m, 7], n € Z* are entire functions of exponential type (see the defi-
nitions below). In [23] the convergence of the sampling representation of such functions
is shown to be absolute and uniform on compact subsets of C2. In [32] under restrictive
conditions, multidimensional reconstruction formulae were given for multidimensional
signals (functions) which are not necessarily band-limited. The error in these formulae is
proportional to the energy carried in the tail of the function. In case of multidimensional
functions band-limited to [—m, 7], n € ZT, the energy carried in the tail of the function
is zero. However, there are still restrictive conditions.

In view of the Kramer analytic theorem, derived by Everitt et al. [17,18], and its appli-
cations in differential equations, the classical sampling theorem of Whittaker, Kotel'nikov
and Shannon can be derived by using the first-order differential operator

—iy/ () = My(z), |z| <7, AeC, y(—n) =y(n)

(see, for example, [15]). Also, Kramer’s theorem is applied to higher-order eigenvalue
problems to derive sampling formulae (see, for example, [3-5,9,14,16]).

In the present article we discuss the possibility of deriving multidimensional sampling
representations for several-variable transforms arising from multiparameter systems of
differential equations. Multivariate sampling theorems appear when investigating the the-
ory associated with partial differential operators (see, for example, [2]). The separation
of variables of the partial differential equation split the problem into several Sturm-—
Liouville problems, i.e. a multiparameter system where only one parameter appears in
every equation. This is why the kernels of the sampled integral transforms of [2] are prod-
ucts of functions of two variables, one real and one complex. Moreover, the interpolating
functions are products of single variable functions. In the following we study the situa-
tion when we have a system of multiparameter problems where all eigenvalue parameters
may appear in every differential equation. This will lead to sampling representations
of transforms whose kernels are products of functions of more than two variables and
the interpolating functions are more general than those of [2] or (1.3) above. We derive
two-dimensional sampling representations of two-dimensional integral transforms whose
kernels are solutions of two-parameter systems. The spectral analysis of these systems has
a long history and has been extensively studied (see, for example, [6,19-22,33,35,36]).
In § 3 we introduce these systems as well as the properties we need to derive the sampling
theorems. Section 4 is devoted to the derivation of the multivariate sampling theorems.
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We have four different results according to the distribution of the eigenvalues. Section 5
exhibits all the derived sampling representations with illustrative examples. All results in
this setting are two-dimensional Lagrange interpolation series. Moreover, the sampling
representations are in general non-uniform in the sense of [7,8]. Section 2 contains a
first-order example that leads to a multivariate counterpart of the classical sampling
theorem of Whittaker, Kotel’'nikov and Shannon. In this example, all necessary spectral
properties can be easily checked. We end this introduction by defining several-variable
entire functions of exponential type, their order and by stating the multivariate ana-
logue of the Paley—Wiener theorem of [30]. The definitions and the theorem are taken
from [26, Chapter 3] and [37, Chapter 1]. A function f(z) is said to be entire in z € C"
if it decomposes into an absolutely convergent power series

(0= Y axs = Y g sl (14

K>0 ki yeeskin 20

where ax = (a,,...,ax,) are constant coefficients. This definition of entire functions is
in the sense of Weierstrass (see [37, p. 28] and [37, p. 30]) it is equivalent to say that
f(2z) is entire in every variable z;. The coefficients ax = (a1,...,a,) are determined

via [36, pp. 30 and 31]

1 o T f(re™) ik

ag = e e " dt. 1.5
A o)
From now on when we say an entire function we mean entire in Weierstrass’s sense. An
entire function f(z) is called of exponential type o := (01,...,0,) = 0 if for every € > 0

there exists a positive constant A. such that

|f(z)| < Acexp {Z(aj +5)zj|}, z=(z1,...,2,) €C". (1.6)

j=1

If inequality (1.6) is satisfied with |z;|%7, p; > 0, instead of |z;| for an entire function f(z)
of exponential type o, then it is said to have order p = (p1, ..., pn) > 0. A several-variable
analogue of the Paley—Wiener theorem [27] is given in [30] and [26, pp. 109 and 110] (see
also [1, p. 134 f.]). Let M,,,, p > 1, denote the space of all entire functions of exponential
type o which belong to L,(R™) when restricted to R™. The space M2 will be called the
space of n-variable functions band-limited to A, := {& € R™ : |z;| < 05,5 = 1,...,n}.
A several-variable analogue of the Paley—Wiener theorem reads as follows.

Theorem B. If f € Mya,0 = (01,...,0,), then the function

~ 1
flz) = 7/ f(z)exp(—ixz)dz, == (x1,...,2,) € R, (1.7)
2O Jon
where the integral converges in the mean, is an Lo (R™)-function which vanishes outside
As ={x € R":|z;| < 0j,j =1,...,n}. Conversely, the function
1
f(z) = 7/ g(@) explizz)de, 2= (z1,...,20) € C" g(@) € La(A,), (L8)
(2m)"/2 Ja,

lies in Mo and g = f almost everywhere.
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2. A multivariate classical result

Let 2, := [—m,x|", with z = (21,...,2,) € 2r, n € Z". Let A := (®ij)1<i,j<n be
an n X n non-singular matrix of complex entries. Let $) denote the Hilbert space of all
Lebesgue measurable functions on (2, which are square integrable. The inner product
and norm are defined in ) to be

(f,9)9 = /Qﬂ f@)g(z)dz, |[flle:= (/Q f(w)|2dw>1/2- (2.1)

™

Consider the first-order multiparameter eigenvalue problem
—iyi(x;) = (a1 + ajpde + -+ g dn)yi(a)), o] < (2.2)
yi(=m) =y;(m), j=1...,n,
in the parameters A1, Az,... A\, € C. For every j, 1 < j < n, the functions
yi(xj, A1, .. ) = exp(i(ajid + ajode + -+ ajndn)z;), j=1,...,n, (2.4)

solve (2.2), where i:= +/—1. Hence the eigenvalues of the system (2.2), (2.3) are deter-
mined by solving the linear system of equations

oA+ - Ay = K,

01 A1+ -+ oAy = ko,
(2.5)

Qpi AL+ app Ay = kn7
where k; € Z. Let K := (ki1,ka, ..., k,) € Z". Then the eigenvalues of (2.2), (2.3) are
A =M ikysee s dnn,) =ATK, K eZm, (2.6)

where A1 is the inverse of A. The corresponding set of eigenfunction is
n
0= {wK(x) = Hexp(ikjacj) s K= (k1,kay ..., ky) € Z"}. (2.7)
j=1

The Fourier system O is an orthogonal basis of . The n-dimensional sampling theorem
associated with the multiparameter problem (2.2), (2.3) is the following.

Theorem 2.1. Let f(A),A = (A1,...,A) € C", be the n-variable integral transform

0= [ s@elzN)dz o) €. (2.8)
where .
&(z, ) = H exp(i(aiAs + - - + ajnn)z;). (2.9)
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Then f()A) admits the sampling representation

- o T s+ agad, — k)
A) = A1) T (g intn ) N ecn. (210

Moreover, f()) is an entire function of exponential type

n n
O 1= (Z lag|m, ..., Z |04;m|7r>.
k=1 k=1

Series (2.10) converges absolutely on C"™ and uniformly on compact subsets of C" and
on the subset of all A\ € C" such that A\ € R™. In particular, if all entries of A are real,
then (2.10) converges uniformly on R™.

Proof. Since O is an orthogonal basis of §), then, from Parseval’s identity,

= TOTR0y (BN, T (V)
Q=2 20

. Aecm (2.11)

Thus, for A € C™,

) = i o 9(@) Ty e*ere da - [, &z, X) [T}, e e dz
B ff?n H?:l eikexs H?:l e—ikewe dx

ki,...,kpn=—00

oo n i(aji A1+ tajnin)x; n —ikyx
_1K)wiH, 1e( Jj1A1 jn n) JH@:Ie £ Zd£

= > fA -

n ikex n —ikex
R oo =—o00 Jo, TMemy et Ty e teme dz

(2.12)

Simple calculations yield

n

n n .
/ H oll0 A o) H e kere qp — H 2sinm(ajid 4 + Qjndn — k)
§2 =1

(ajl)\l +"'+O‘jn>\n7kj) ’
(2.13)

/ l_Ieik””Z l—Ie_ik“”’Z dz =(2m)", AeC" j=1,...,n. (2.14)
2 =1

™ l=1

™ j=1 j=1

Substituting from (2.13) and (2.14) in (2.12), we get the multivariate sampling expan-
sion (2.10) with pointwise convergence on C". Now we establish the other convergence
properties. We start with the absolute convergence. Let A = (A1,...,A,) € C™ be fixed.
Then, by the Cauchy—Schwarz inequality and Parseval’s identity, we obtain

Sil’lﬂ'(Oéjl/\l —+ -+ Oéjn)\n - k])

k17~--§=—00 ’f(A_lK)jl:[l m(ad + -+ ajndn — k)
o @0, T (1)) (P, ), Yk ()
- KZ [ZBIE
[0 T () [PV (S 4262, T PV
<<K§n [Z50Ir ) (KZ [Z50Ir ) <oo,  (219)
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since g(-),P(-,A) € $. As for the uniform convergence let N be a positive integer and
define the function

sn(Q) == ‘f(/\)_ Z F(A- H sin aj1>\1+ 4 Ay — kj)

, AeCh,
|K|<N ij1>\1 + -+ ajn)\n — kj)

(2.16)
where | K| := \/k? + - - + k2. To prove uniform convergence of (2.10) on a subset M, it
is sufficient to prove that sy (A) approaches zero as N — oo without depending on \.
Again, using the Cauchy—Schwarz and Bessel’s inequalities, we obtain

“sinm(agid + o+ ajpdn — k)
sn(A) < f(A 1K J j 2
) K>N’ ]1;[1 m(ajid + -+ ajnAn — kj)
Wy 2\1/2
S ( > ‘(()()()M ) D¢, D)5, AeC™ (2.17)
|[K|>N

To prove uniform convergence on a subset of C”, it suffices to show that ||D(-, A)|s is
bounded on this subset. Indeed,

" sinh 7 Im 2;
(-, ||5_H/ oxp(—2Imzjz)dey = [[ T aecn,  (2.18)
j=1

where z; = aj1 A\ + -+ - + ajp A, and Im 2z is the imaginary part of z. Then ||P(-, )||g is
bounded on compact subsets of C™, implying the uniform convergence of series (2.10) on
compact subsets of C™. This also proves that f()) is holomorphic on compact subsets of
C™ in Weierstrass’s sense. Hence f is entire. To prove that f(A) has exponential type o,
we first apply the Cauchy—Schwarz inequality to the integral transform (2.8) to obtain

P < @) max [9(a )llg()lls, A€, (219)

Now we prove that
Max |p(z, A)| < exp{Z(Z |ajk|7r> )\k|}, AeCm (2.20)
k=1 \j=1

Indeed, suppose that ¢(x, ) # 0. Since |exp(z)| < exp|z| for all z € C, then

n

H p(lajil[Alm + - -+ [ajnl|Ajn ).

Taking the logarithm and collecting similar terms we obtain

In J(z, )| < Z(Z |ajk|w) Al

k=1 V\j=1
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which leads to inequality (2.20). The last inequality together with (2.19) proves that f())
has exponential type o,. It remains to prove uniform convergence on the subset of C"
where A\ € R™. This is clear because in this case

1D, A3 = H/ exp(—2Im zjz;) dz; = (2m)". (2.21)

This completes the proof of Theorem 2.1. O

Remark 2.2. Under restrictive conditions, Prosser obtained a sampling formula of
the type (2.10) [32, Equation (13)]. From the Paley—Wiener theorem, Theorem B above,
the multivariate transform (2.8) can be written as the several-variable Fourier transform

) = s | etz Nz 6@ = G | resp(-iz- 2 ax

(2.22)
This leads to a sampling representation of f(A) of the form

kym knm\ 1 sin(oj A — k;m)
=S (- ) IR (223)

KeZ j=1

where o; := Y 7_, |ag;|m, j = 1,...,n. As in the classical case, the role of the multi-
parameter operators in deriving the previous sampling formulae is not seen here since
we could check and compute everything explicitly. This is because of the exceptional
situation of first-order problems. In higher-order problems, the derivation of the sampling
theorems is impossible without the use of the theory of differential operators.

3. A two-parameter system

In this section we introduce a two-parameter system of second-order Sturm-Liouville
problems. This system is studied by Faierman [19-22] and Sleeman [35,36] (see also
[6,33]). We state the main results needed for the derivation of the sampling theorems, in
particular, the discreteness of the eigenvalues and the completeness of the eigenfunctions.
Consider the two-parameter system

=" (z) +q(@)y(z) = A+ py(z), O0<z<m, (
Ui(y) :=y(0) cosa — 3/ (0) sina = 0, 0<ac<m,
Us(y) =y(m)cosf—y(m)sinf =0, 0<pB<m,

and

() +pt)2(t) = (A —pz(t), 0<
V1(z) := 2(0) cosy — 2’ (0) siny = 0, 0<y<m,
Vo(z) := z(m) cos § — 2'(m) sind = 0, 0<$
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Here A,y € C are the eigenvalue parameters and ¢(z), p(t) are continuous real-valued
functions on [0, 71]. A complex pair A := (A, p) is called an eigenvalue of the system (3.1)—
(3.6) if there are non-trivial solutions y(z, A) := y(z, A, u) of (3.1) which satisfy (3.2),
(3.3) and z(t, A) := z(t, \, p) of (3.4) which satisfy (3.5), (3.6). In this case the product

U(x,t,A) :=W(x,t,\ p) =y(x, A)z(t, A), (3.7)

is an eigenfunction of the two-parameter system (3.1)—(3.6) corresponding to the eigen-
value A. Let 2y := [0,7] x [0,7] and H := Lo(§2) denote the usual Ly(§2) space of
Lebesgue measurable functions on 2 which are square integrable with the following
inner product and norm:

o= [ / T gt dedt,  (flc= ( / / |f<x,t>2dxdt)l/2. (3.8)

Let @i(x, A\, pt) = @iz, A+ p) and x; (¢, A, u) = xi (6, A — p), i = 1,2, denote the solutions
of (3.1) and (3.4) respectively which satisfy the initial conditions
©1(0,\ + p) = sina, 01 (0, X+ p) = cos (3.9)
@a(m, A+ p) =sin B, @y(m, A+ p) = cos 3; (3.10)
X1(0,\ — p) = siny, X1(0, X — p) = cosy; (3.11)
X2(m, A — i) = sin §, X5 (T, A — 1) = cosd. (3.12)

Thus, ¢;(z, A + p) satisfy (3.1), x:(t, A — p) satisfy (3.4) and
Ui(¢:) =0, Vilxi) =0, i=1,2, forall (\ pu)eC? (3.13)

To find the eigenvalues and the eigenfunctions of the system (3.1)—(3.6) we have four
choices.

(i) The eigenvalues are the solutions of the system
Uz(p1) =0, Va(x1) =0, (3.14)

and the corresponding eigenfunctions are
Uz, t, A\ p) = @1(z, A+ p)xa(t, A — ). (3.15)
(ii) The eigenvalues are the solutions of the system

Uz(p1) =0, Vi(xe) =0, (3.16)

and the corresponding eigenfunctions are

g}(l’,t, Av”) :Qﬁl(x,A+ﬂ)X2(t,>\*ﬂ) (317)
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(iii) The eigenvalues are the solutions of the system

Ui(p2) =0,  Va(xa) =0, (3.18)

and the corresponding eigenfunctions are
W(‘T,t,A,‘u) = 902(1.3)‘4’#))(1@7)‘7,“‘) (319)
(iv) The eigenvalues are the solutions of the system

U1 ((,02) = 07 Vl (XQ) = O, (320)

and the corresponding eigenfunctions are
U(x,t, A\ 1) = @a(x, N+ p)xe(t, A — p). (3.21)

It should be noted that the eigenvalues are the same in every case and the corresponding
eigenfunctions are unique up to a multiplicative constant. Moreover, the following facts
concerning the eigenvalues and the eigenfunctions of system (3.1)—(3.6) hold (cf. [20,35]).

Theorem C. The eigenvalues of the system (3.1)—(3.6) form a denumerable set in
R? with no finite limit points. Eigenfunctions corresponding to different eigenvalues are
orthogonal. The totality of all eigenfunctions is an orthogonal basis of H.

4. The sampling theorems

This section includes four different sampling formulae associated with the multiparameter
system (3.1)—(3.6). Classifications will be according to whether there are eigenvalues of
the two-parameter system (3.1)—(3.6) of the form A = (A, u), where A # £u; A = p but
A # —u (i.e. when there are eigenvalues of the form (u, 1) but there are no eigenvalues
of the form (A, —A)); A = —p but A # p and finally when A = +pu. Let {Anm}5%,—1
denote the sequence of all eigenvalues of the system (3.1)-(3.6) for which A # +pu. For
convenience, let w;j, 0;;, ¥;; be

wij(A ) = wig(A 4 p) == Ui(py), 1<i#j<2, (4.1
Oij( A i) = 0i5(N —p) :=Vilx;), 1<i#j<2, (4
‘I’z‘j(%t’)v/i) = ¢l($7>\au)Xj(t7)\7lJ/)7 1 < Z7j < 2.

The first sampling theorem of this paper is the following.

Theorem 4.1. Assume that system (3.1)—(3.6) has no eigenvalues of the form A =
(A, ), A = £pu. Let g(z,t) € La(£2). Let fi1(A, ) be the transform

fii(\p) = /W/7T g(x, )W (x, t, A, p) dz dt. (4.4)
00
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Then f11(A, p) is an entire function of order % and type oo := (27, 27) that admits the
sampling representation

0o wgl()\ + /l)
by = >\mn7 mn
Pl = 2L O o) i s o T o)
y O21(A — p) (4.5)

()‘ — M= ()‘Mn - ,u/mn))eél()\mn - an)’

where the derivative of woy is with respect to A + p and that of 691 is with respect to
A — p. The sampling series (4.5) converges absolutely on C? and uniformly on compact
subsets of C2.

Proof. Since {¥11(x,t, Mnn, fmn) } =1 i an orthogonal basis of H, then applying
Parseval’s identity to (4.4) implies

o — ﬁll(m,n)
A ) = m,n , 4.6
Fulo) =2 il g e S T 0
where o
éll(mvn):// g(%t)@u(l‘,t,)\mn,an)dHCdt:J?u(/\mm,umn) (47)
0J0
and

jll(ma n) = / / !1711(3;‘, ta )‘7 M)@11($7 t7 )\mn7 an) d.’L’ dt
0J0
= / Qpl(x»)\'i_///)@l(xv)\mn +/~Lmn) diE / Xl(t7>\ _N)Xl(tv)\mn _an) dt
0 0
(4.8)
Let A= (A, p) € C? and m,n € Z* such that A # A,,,. Using integration by parts and
the fact that ¢1(z, A + ), ©1(x, Amn, + ftmn) satisty (3.1), we obtain
(1= O+ sima)) [ 618X+ P2 A + o)
0
where the derivatives in the right-hand side are with respect to z. Substituting from (3.9)
in (4.9) leads to
A+ 10— Amn + Hmn)) / e1(z, A+ @)@ (2, Amn + timn) do
0
= [@1(7(7 A+ :u')al (7Ta Amn + ,Umn) - <)0/1 (777 A+ :u)@l(ﬂ-’ Amn + U'nm)]' (410)

Since 11 (x, t, A, imn) 1S an eigenfunction of (3.1)—(3.6), then @1 (2, App+itmn ) satisfies
(3.3). We distinguish between two cases. First, if sin 8 # 0, then substituting from (3.3)
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in (4.10), we obtain

@1(71-’ )\mn + an)
sin 3

w21 (A+p).
(4.11)

0
If sin 8 = 0, then cos 8 = 1 and substituting from (3.3) in (4.10) yields

()‘+ﬂ*(>‘mn+ﬂmn))/ ©1(2, A1) @1 (2, A +fbmn ) do = *El (7, Apn A fomn ) w21 (A+42).
0

(4.12)
Similar computations for x(¢, A\, i), X (¢, Amn, fimn) lead to
T _ X1 (7Ta Arn — Nmn)
(Aiﬂi(Amﬂilu‘mn)) 0 Xl(t’)‘flu‘)xl(ta)\mnf,ufmn) dt = Sino 921(A*,U,),
(4.13)

if sind # 0, and

(A+u—(/\mn—umn))/ X1 (6 A=) X1 (E, Amn — timn) A = =X1 (T, A = pimn ) 021 (A= 1),

’ (4.14)
otherwise. Now we prove that if sin8 # 0, then @1 (7, Ao + tmn) # 0. Indeed, let
sin 8 # 0 and @1 (7, A + fomn) = 0. Since W11 (x, t, A,y fomn) 1s an eigenfunction, then
©1(2, A+ limn ) satisfies (3.3). Therefore, @} (7, Ajun + fomn) sin 8 = 0. Thus ¢! (7, Ann +
tmn) = 0, implying that ©1(z, Amn + ftmn) = 0 on [0, 7]. Hence @11 (x,t, Apmpn) = 0 on £2,
contradicting the fact that ¥y (z, ¢, A,y ) is an eigenfunction. Hence 1 (7, An, fhmn) # 0.
Similarly ¢! (7, Ann + fmn) # 0 when sin 8 = 0; x1 (7, M — fmn) 7 0 if sind # 0 and
X5 (T A — o) # 0 if sind = 0. To compute ¥y (m, n)/ |11 (2, t, Ay flonn ) |13, we
start with the case sin 8 # 0 # sind. From (4.11) and (4.13), we obtain

1
sin 3

g 1
/ |X1 (% Amn — ,Umn)|2 dt = .75921(777 Amn — ﬂmn)oélo\mn - Nmn)a (4~16)
o sin

/ “Pl(xa )\mn + ,Ufmn)|2 dx = @1(777 )\mn + ﬂm7l)wl21()\mn + ,umn)7 (415)
0

where wh; (Amn + fmn) and 65 (Apn — fimn) are the derivatives of way (A4 ) with respect
to A+ p at Apn + fmn and of 61 (A — ) with respect to A — 1 at Ay — fhmn. From
(4.11), (4.13), (4.15) and (4.16), we obtain, when 3 # 0 # 4,

@11(m, n) _ w21(/\ + ,U,)
021 (A, 1)
X . (4.17)
(A= 1) = Amn = amn)) 031 - (Amn — tnn)
Similarly (4.17) holds for the other choices of 3, 8. Since (A, ) € C? and m, n are
arbitrary, provided that (A, ) # (Amn, bmn), the combination (4.6), (4.7) and (4.17) leads
to the desired sampling representation for f11(\, ) when (A, ) € C%, (X, 1) # My fomn)
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for all m,n € Z* and the convergence is pointwise. The proof in case (A, tt) = (Amn, hmn)
is trivial. The proof of the absolute convergence on C? can be established as in §2 above.
As for the proof of the uniform convergence on compact subsets of C2, let M C C? be
compact and N € ZT. Define Sy (A) = Sy (A, 1) to be

wat (A + p)
Sn (A = A - /\mna mn
NOu) = (o) = B Ot G G T )
021 (X — 1)
X ) )‘7 S M.
(/\ +p = ()‘mn - an))e/m(/\mn - :um”) ( ,u)
(4.18)

Using the Cauchy—Schwarz and Bessel’s inequalities we obtain

‘ g(n,m)
||u711($, ty Amns an)”?—l

2.1/2
> o (M) e M.

(4.19)
To prove uniform convergence on M, it is sufficient to show that ||Wq(z,t, A, u)|l% is
bounded on M. Indeed,

SvOui) < et A (3

m,n>N

121 (. 8, X, @)l = lpn (2, A+ )L 0,m X1 (A = )T 0,m), (M) € M. (4.20)

Using a result of [12, p. 225] we can find positive constants C1(M) and Co(M) which
depend only on M such that

1 (@, A+ w7, 0. <CLM), It A =m0 < Ca(M), (A p) € M. (4.21)

The last inequalities complete the proof of uniform convergence on M. From the uniform
convergence on compact subsets of C2, fi1(\, i) is entire. Now we prove that fi1(\, )
is of order % and type og. First, applying the Cauchy—-Schwarz inequality to the integral
transform (4.4) we obtain

s p) < max, (e, 6\ w)lllgCllee,  (Np) € C2. (4.22)

(z,t)€
Using the method of variation of constants, we obtain

) sin(v/A + pax)
T, A+ p) =sinacos(y/ A+ px) + cosa————=

sin(vV A+ p(z — €)p1(& A+ p)g(€) €. (4.23)

=

1 xT
e
Ao

Applying the same technique of [13, Chapter 5] (see also [25]), we have for large |A| and
large |u| the following asymptotic formula:

lp1(2, A+ p)| < [sinaf|cos(v/A + p)| + |cos af|——==

sin(v/A + px)
A+ p

O(expumm))

VA +
(4.24)
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uniformly for « € [0, 7]. Let R > 1 be a sufficiently large positive number such (4.24) is
satisfied for all (\, ) € C?, where |\| > R, |u| > R. Using the inequalities

lcos 2| < eI, fsinz| < el [V/A+ pl < VI + Vul, (4.25)

we can find a positive constant A such that

lo1(@, A+ p)| < Arexp((VIAl + vV |ul)m), Al |ul = R. (4.26)
Similarly, there is a positive constant B which is independent of ¢, A, u, for which
max (A~ )| < Brexp(VIN +Vahm), ALl >R (427)

Combining the last two inequalities together with (4.19), f11 eventually has order % and
type og, which suffices to accomplish the proof. O

Similar results hold for the transforms

fl'j(/\nu) = // g(xﬂt)wij(xﬂfa)‘mu) dl’dt, g(xvt) € LQ(“QO)a 1<4,j<2, 1+5>2.
0J0

(4.28)

In the following we discuss the other three cases. We consider the boundary-value prob-
lems:

—y"(x) +q(x)y(x) =0,  Ui(y) = Ua(y) = 0; (4.29)

=2"(t) + p(t)z(t) = 0, Vi(z) = Va(z) = 0. (4.30)

The remaining three cases are when (4.29) has a non-trivial solution but (4.30) does not,
the converse situation and finally when both problems have non-trivial solutions. Let us
consider the first case. Thus for (\, ) € C%, u = — X problem (3.1)—(3.3) has a non-trivial
solution, ¢o(z) say. Then, for such points, (3.5), (3.6) become

—2"(t) + p(t)z(t) = 2Xz(¢), Vi(z) = Va(z) = 0. (4.31)

From Sturm-Liouville’s theory (cf. [13,25]), problem (4.31) has a sequence of real eigen-
values {\,}52,, which is bounded below and has no finite limit points. Moreover, by
assumptions A, # 0 for all n. The sequence A, is the set of the solutions of

921 ()\ — /J,) = 921(2)\) or 912()\ — M) = 912(2)\). (432)

In this situation system (3.1)—(3.6) will have a sequence of eigenvalues A, = (A, —Ap)
and the corresponding eigenfunctions are

WOl(l'a tv >\n7 _)\n) = SOO(x)Xl(ty )\na _>\n) }

(4.33)
or wOQ(xa t, A, 7)\n) = @O(x)x2(t7 Ans 7)\71)

In addition to this sequence we will have the sequence of eigenvalues A, = (A, thmn)
determined before as well as the corresponding eigenfunctions. The sampling result in
this case will be as follows.
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Theorem 4.2. Suppose that problem (4.29) has a non-trivial solution and problem
(4.30) has only the trivial solution. Then the two-variable integral transform

o= [ [ st ded g0 e ). @30

is an entire function of order % and type o¢. It admits the two-variable sampling expansion

_ wn(Atp) B 021 (A — )
fu(\p) = O+ ), (0) an ns ()\+H ) (o)
wa1 (A + p)
+ A"’n./n,’ mn
m;f“( ) = o )y O+ finr)
y 021(A — p)

(4.35)

The sampling series (4.35) converges absolutely on C? and uniformly on compact subsets
of C2. Similar results hold for transforms (4.28).

Proof. Since the only difference between (4.35) and (4.5) is the first single-variable
sum of (4.35), we only indicate how to get this sum and the rest of the proof will be as
that of Theorem 4.1 above. Indeed, applying Parseval’s relation on (4.34), we get

> 5 ¥y (n,n) — 5 ¥11(m, )
(A
fll N z::g ||Lpll x,t, Anaf z; g HWH((L'ﬂf, )\mnvﬂmn)H’QH
(4.36)
where, as in Theorem 4.1,

§(n7n) = fll(/\m _)\n)a ﬁ(n,m) = fll()‘mm/'&mn)a (4'37)

and o
@1, (n,n) :// Wy (2,8, N )P (2,8, A, —Ap) da dt, (4.38)

0Jo

and ¥y (m,n) is given in (4.8) above. As we have indicated the double term of (4.36) is
nothing but that of (4.35). It remains to compute the single-variable sum of (4.35). For
n €7, (\pn) € C?, we have

@11(n,n):// Lpu(x,t,)\,,u)@u(x,u)\n,—)\n)dxdt
0J0

- / 1@ A+ 1)1 (,0,0) da / (B — @)X (b A —An)dt. (4.39)
0 0
and

||Lp11(xa L, Anv _)‘N)H’ZH = ||(,01(.’L‘, 0, O)“QLz(Oﬂr) HXl (t? )‘717 _/\TL)”QLz(Oﬂr)' (440)
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Using the same technique employed in proving Theorem 4.1, we obtain

11 (n, n) _wn(A+p) 021 (N — )
[P0 (@, t, Ay =M lF, (N )why (0) (A = 1) — (200))05; (20n)

(4.41)

O

It should be noted that although expansion (4.35) contains two series it can be written
as one sum. This might be done by rearranging the eigenvalues and the eigenfunctions
in one sequence and then applying Parseval’s relation with respect to all eigenfunctions.
The same for expansions (4.44) and (4.46) below. The second case is similar to the first,
but here problem (4.29) has only the trivial solution and problem (4.30) has a non-trivial
solution xo(#). In this case for all A = (A\,u) € C2, X\ = pu, problem (3.4)—(3.6) has
a non-trivial solution, namely xo(t). So, if A = p, (3.1)—(3.3) is the single-parameter
Sturm-Liouville problem

=" +q(x)y =2uy,  Ui(y) =Ua(y) =0. (4.42)

From Sturm-Liouville’s theory, (4.42) has a sequence of real eigenvalues {1, 15, where
{pn} is bounded below with no finite limit points and p,, # 0. Hence A, = (pn, ptn) is a
sequence of eigenvalues of the two-parameter system (3.1)—(3.6) with the eigenfunctions

Vio(2,t, fns fin) 7= P1(T, s ) X0(8) O Yoo (@, E, fin, fin) = @2(, fn, fin) X0 (F)-
(4.43)

Theorem 4.3. Assume that problem (4.29) has only the trivial solution and problem
(4.30) has a non-trivial solution. Let g(x,t) € H and

fll()‘?ﬂ) = / / g(m,t)%l(x,t, Aau) dxdt. (444)
0J0
Then f11(\, p) is entire of order % and type o and it can be recovered via the sampling
series
0o1(A — 1) war (A + 1)
A? = N ol Ay mn»s
P = 01 2 T ) O
- w21 (A + 1)
+ f /\mna Hmn
mzz ul LTI TN PE P WY
" O21(A — )

(4.45)

The sampling expansion (4.45) converges absolutely on C? and uniformly on compact
subsets of C2. Similar results hold for (4.28).

It remains to discuss the situation when both (4.29) and (4.30) have non-trivial solu-
tions. In this case if A,, p, have the above meanings, the sampling theorem associated
with the system (3.1)—(3.6) will be the following.
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Theorem 4.4. Suppose that problem (4.29), (4.30) has non-trivial solutions. Then
the transform

Fa(op) = / W/W o D0 (o 60, ) dadt, g(a,t) € H, (4.46)
0J0

is entire in A = (A, u) of order % and type oq. It can be reconstructed via the interpolation
form

fin(A 1) = f11(0,0) warA+p)  On(A—p)

(A+ u)%l( ) (A= 11)85,(0)
wa1 /\+u qu B 021 (N — )

()‘ + :u C‘)21 ()‘ m—= (2/\n))0/21(2)‘n)
Oa1 (A — 1) wor(A+ )
A f Mna Mn
(A= 1)05,(0) Z o (N p1— 241) w0y (2410
wa1 (A + p)
+ f Amn’ /’l/mn
m,zn;1 il )()"’_/‘_ (Amn + pmn ) )@y (Amn + ponn)
o f21(A — )
A —=p = (Apn — Nmn))elzl()‘mn - /‘mn).

(4.47)

where {\,,}22; and {u,}5°, are the non-zero eigenvalues of problems (4.31) and (4.42),
respectively. The sampling representation (4.47) converges absolutely on C? and uni-
formly on compact subsets of C2. Similar results hold for the transforms (4.28).

5. Examples

In this section we introduce three examples exhibiting the sampling theorems established
above. The first example illustrates Theorem 4.1, when zero is not an eigenvalue of the
Sturm-Liouville problems (4.31) and (4.42), the second example is devoted to the case
when zero is an eigenvalue of one problem only and the last example is when zero is an
eigenvalue of both.

Example 5.1. Consider the system
-y =A+py,  y(0)=y(r)=0, (5.1)
2" =(\—p)z, 2(0) =z

In the notation of the above section g(x) = 0 = p(¢t), « = 8 = v = 6 = 0. Therefore, in
the above notation

sin v/ + px sin /A + p(x — )

a)‘7 = 9 ’)\7 = 5 53
(A, p) € C2, X # —p. If A = —p, then
%01(1“7AHU’) =T, QDQ(J:’)V/’L) =T —T. (54)
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As for (5.2),
sin /A — ut sinvA—pu(t—m
X1 (ta )‘a ,M) = 7/1/5 X2(t7 )\7 ,LL) = M( ) (55)
A— U A—p
(A ) € C2, A # p and
X1 (ta )‘a /j/) = t7 @2(.6’ )" /j/) =t—m (56)

otherwise. We first notice that there are no eigenvalues of the form A = (A, ) such that
A = £u. Also, in the above notation,

sin A + pm sin /A — umw
wn (A p) = —win(A+p1) = BT g (A=) = —Bip(A - p) = T
A A—pu
(5.7)
Hence the eigenvalues are the solutions of the system
Ap=n% AX—p=m? IN#+u, nmeZ. (5.8)
Therefore, the eigenvalues of the system (5.1), (5.2) are
2 2 2 2
Ao = Conmetim) = (5" 5, mome 2, (5.9

and the corresponding sequence of eigenfunctions is {sinnz/n x sinmz/m}yS ;. If we
apply Theorem 4.1 to the transform

FOwp) = /OF/OWg(x,t)Sin\X\A_jﬂuxSiri/\f\__uutdmdt, gla,t) € La(20),  (5.10)

then we obtain the following sampling result, (\, u) € C?,

O i f<n2 +m? n?— m2> 2n2 sin (v A+ g —n) 2m?sin (/A — p —m)
e~ 2 72 VA + p(A+ p —n?) 7/ — (A —p—m?)
(5.11)
Example 5.2. Consider the system
=" =A+pwy,  y(0)=y(r) =0, (5.12)
2" =(\—p)z, 2'(0) = 2'(7) = 0. (5.13)

In this example ¢(x) =0 = p(t) on [0, 7] and « = =0, v = § = 7/2. In the notation of
the previous section, ¢;(z, A + 1) will be as in (5.3), (5.4) above and x;(t, A — ) will be

X1(t, A — ) = cos /A — ut, X1(t, A — ) = cos /A — u(t —m), (5.14)
if A pand x1(¢, A — p) = x2(¢, A — ) = 1 otherwise. Hence

w21(A + p) = —wiz(A 4 p) = sin A+ pm/ /A + 4, /\#u,}

(5.15)
o1 (N — 1) = 01 (N — 1) = —/ A — psin /X — pm,  N#p
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We notice that for all (A, z) € C2, A = p, (5.13) has a solution, namely xo(t) = 1. In this
case Theorem 4.3 is applicable. To compute the eigenvalues, we first need to compute
the eigenvalues of the problem

-y =2xy,  y(0)=y(r) =0, (5.16)

which are denoted by {u,}3%; in Theorem 4.3 above. These eigenvalues are p,, = n?/2,
n € ZT. The corresponding eigenfunctions are

P1(@, ) = TSI me L. (5.17)

Therefore, A, = (pin, tn) = (n?/2,n2/2), n € Z*, are eigenvalues of the system (5.12),
(5.13) with the eigenfunctions

sinnz

Xo(t) = 901<t7:um Un)Xl(ty,um Mn) = Wll(w7t7/’[/n7/’[”ﬂ)'

The rest of the eigenvalues can be determined from

in+/\
wlg(/\+u):u20, 010N — 1) = /A — psin /X —pumr =0, \# +pu.

A+
(5.18)

Hence

A, = n2+m2’n2—m2
2 2

are the rest of the eigenvalues of (5.12), (5.13) with the eigenfunctions W11 (z, t, Amn, fomn),
m,n € Z*. The sampling result of this case will be following. Let g(z,t) € H and

VA
fup) = // sm )\—’_—i-,um os /A — ptdzdt. (5.19)
Then f(A, 1) admits the sampling series
sin(v/A — ) i f<nz n) 2n?sinm(vV A+ p—n)
TV — 1 no 272 ) /XN + pu(\+ p—n?)
n i s n?+m? n?—m2\2y/A—pusint(v/ A —p—m)
2 72 7(A — p—m?)
" 2n2sinw(vV A+ —n)
VA PN+ p—n?)

The following example exhibits the last sampling result of the previous section.

fupm) =

n,m=1

(5.20)

Example 5.3. Consider the two-parameter system

-y (x) = A+ py(@), Y (0)=y'(1)=0, (5.21)
=2"(t) = (A — p)z(t), 2'(0) =z 0
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This case coincides with that considered in Theorem 4.4 above. In this example
X1(t, A =), x2(t, A — p), 012(A — ) and 021 (A — p) will be as in the previous exam-
ple, while

p1(z, A+ p) =cosV/A+px, @2z, A+ p) =cos A+ p(z — ) (5.23)

ifAN#£ —pu, pr(x, A\ + p) = ¢1(x, A+ 1) = 1 otherwise and

wig A+ ) = wor (A4 ) = =/ A+ psin /A 4+ pum, A # —p. (5.24)
The eigenvalues of system (5.21), (5.22) are the sequences

n? n? m2 —m? n? +m2 n? —m?
An: o | Am: a5 | Amn: >\mnu mn) = 5
(2 2) ( 22 ) (A mn) ( 2 2 )

(5.25)
n,m € Z* and Ay = (0,0). The corresponding sequences of eigenfunctions will be respec-

tively
n2 TL2 m2 m2
§01 ((E,2,2>, X1 <t7 2,_2>7 501(t7Amnvﬂmn)xl(thmnaﬂmn)? (526)

in addition to the eigenfunction 1 corresponding to the eigenvalue Ay = (0,0). In this
case the sampling expansion of the transform

fyp) = /OTF/(;r g(x,t) cos /A + pxcos /X — ptdadt, g(z,t) € La(2), (5.27)

will be
sinm/ ,usmm//\ 1

f()‘vl'é):f((])())
sin /A — ,uoo TLQTL 2VA+ psinmt(vVA+p—n)
v Zf(z ;)

’ T(A + p —n?)
ﬁ&( )
A s

QWT\IDW:\/;)’J_T”). (5.28)

In the above examples the eigenvalues—the sampling points—are determined explicitly.
It is easy to derive sampling formulae where all eigenvalues cannot be computed explicitly.
The results obtained in this article may be extended in several directions. First, when
replacing the differential operator by either difference or integral ones as particular cases
of the theory developed in [6]. In particular the use of Green’s function in deriving the
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sampling forms. In another direction, the differential equations (3.1) and (3.4) might
be replaced by the general ones of [19-22;35,36]. The main issue in this setting is
to give concrete examples. Also, the problems when we have differential equations of
distinct orders defined on different intervals are interesting. Finally, the derivation of the
sampling theory associated with singular multiparameter eigenvalue problems is another
possible extension.

Acknowledgements. The author thanks the referee who suggested adding the ref-
erence [31] and for indicating that the multi-dimensional sampling theorem goes back to
Plancherel and Pélya [31, §48], which seems to be the first derivation of the theorem.
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