
ON SOME LIMIT THEOREMS INVOLVING THE 
E M P I R I C A L DISTRIBUTION FUNCTION 

Miklos C s or go 

1. S u m m a r y . Let X . . . .,X be m u t u a l l y independent 
L I n 

r a n d o m v a r i a b l e s with a c o m m o n cont inuous d i s t r i b u t i o n function 
F ( t ) . Le t F (t) be the c o r r e s p o n d i n g e m p i r i c a l d i s t r i b u t i o n 
function, that i s 

F (t) = (number of X < t, 1 < i < n ) / n . 
n l — — — 

Using a t h e o r e m of Mani ja [4], we proved among o t h e r s the 
following s t a t e m e n t in [ l ] . 

T h e o r e m 3 of [ l ] . If 0 < b < 1 and \ > 0 then 

(1 .1) l im P{ /n sup (F (t) - F(t)) < \ } 
n->oo F ( t ) < b 

- 0(XR(b)) - exp( -2X 2 ) 0 ( -X( l -Zb ) R(b)), 

w h e r e 0 is the s t anda rd n o r m a l d i s t r i b u t i o n function and 

R(t) = [ t ( l - t ) ] " 1 / 2 . 

The p u r p o s e of this note is to p r e s e n t ano ther proof of 
th is t h e o r e m . 

Z. P roof . Without l o s s of g e n e r a l i t y we m a y a s s u m e 
F( t ) = t, with t un i fo rmly d i s t r i bu t ed on [0, 1], and F (t) 

i s then the e m p i r i c a l d i s t r i b u t i o n function cons t ruc t ed by 
se lec t ing a r a n d o m s a m p l e of s ize n f rom this un i fo rm 
d i s t r i b u t i o n . Le t 

6 (t) = \Tn (F (t) - t) , 0< t< 1. 
n n — — 

Acco rd ing to a t h e o r e m of D o n s k e r and Doob ([Z] and [3]) we 
have , for X > 0, 
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l i m P { s u p £ (t) < X} = P { s u p £ ( t ) < X} , 

n~>oo 0 < t < 1 n 0 < t < 1 

w h e r e £ ( t ) i s a G a u s s i a n p r o c e s s w i t h p a r a m e t e r t, 0<_t<_l , 

m e a n v a l u e f u n c t i o n E ( £ ( t ) ) = 0 and c o v a r i a n c e f u n c t i o n 
r ( s , t ) = s ( l - t ) , 0 <_ s < t < 1 . T h i s £ (t) p r o c e s s c a n b e c o n v e r t e d 

i n t o t h e c l a s s i c a l W i e n e r p r o c e s s , o r B r o w n i a n m o t i o n , by t h e 

t r a n s f o r m a t i o n 

x(t) = (t+De ( ~ ) , o< t< oq 

w h i c h i s d u e to D o o b [ 3 ] . T h e n w e h a v e E ( X ( t ) ) = 0, and 
r ( s , t) - s f o r 0 <_ s <£ t < oo. In o u r c a s e i t i s i m p l i e d by 
( 2 . 1) t h a t w e h a v e to c o n s i d e r 

( 2 . 2) l i m p { s u p £ ( t )< X} 

n->oo 0 < t £ b 

= P { s u p i(t) < \} - P { s u p [ X ( t ) / ( t + l ) J < X} . 

0 < t < b °±t<. 7~T 

U s i n g a r e s u l t of D o o b [3 ] , Q u a d e [5] p r o v e s t h e f o l l o w i n g 
s t a t e m e n t : 

L e m m a 2 . 1 of [ 5 ] . If 0 < b < 1 and X > 0 t h e n 

( 2 . 3 ) p { s u p ê ( t ) > \ } = (/)(-XR(b)) + e x p ( - 2 X 2 ) o ( - X ( l - 2 b ) R ( b ) ) . 

0 < t < b 

T h i s , t h r o u g h ( 2 . 2 ) , i m m e d i a t e l y i m p l i e s ( 1 . 1 ) of s e c t i o n 1 . 

3 . A r e m a r k . It i s i n t e r e s t i n g to n o t e h e r e t h a t t h e 
e v a l u a t i o n of t h e f o l l o w i n g s t a t e m e n t ( w i t h 0 < a < b < 1 ) : 

P { s u p ^ ( t ) < \ } - P { s u p [ X ( t ) / ( t + l ) ] < \ } 

C3 A) a S ^ £ . ^ a < t < b 
1-a T^b 

f o r t h e ê,(t) and X( t ) p r o c e s s e s of s e c t i o n 2 i s n o t a n e a s y 

t a s k , e v e n t h o u g h w e h a v e ( 2 . 3) of s e c t i o n 2 n o w . H o w e v e r , 

u s i n g t h e a r g u m e n t of s e c t i o n 2, i t i s s e e n t h a t t h e s t a t e m e n t of 

( 3 . 1 ) i s e q u i v a l e n t to 
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l im P{ sup £ (t) < X} , 0 < a < b < 1, 
n->oo a<_t<_b 

and th is s t a t e m e n t has been evaluated by Mani ja in [4]. His 
t h e o r e m i s a l so given in sec t ion 4 of [ l ] . 
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