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The Co-apolars of a Cubic Curve.

By Dr WILLIAM P. MILNE.

(Received 4th January 1917. Mead 9th February 1917.)

1. I t is a well-known fact and easy to prove that if T and V
be any two class-cubics and P a variable point, such that the
pencil of lines from P to Y apolarly separate the pencil of lines
from P to F", then the locus of P is a cubic curve G called the
" apolar locus" of Y and I". Also, T and I" are said to be
"co-apolar class-cubics" of G, or simply "co-apolars" of G. The
problem of finding the general system of co-apolars of a given
cubic curve has not yet been completely solved, but particular
and more important cases have been investigated by me in
several papers contributed to the London Mathematical Society.
In the present communication I propose to deal with the most
general solution of the above problem.

Let the assigned cubic curve be taken in the form
G = ax3 + by3 + cz3 + 3a, a?y + 3a3 x

2 % + 3b3 y*z + 3i, i/2 x
+ 3clz

2x + 3ciz*y + 6kxyz = 0 (1)
and let V be a class-cubic where

V = X (I3 + m3 + n3) + GPlmn = 0 (2)

We wish to find the system of class-cubics I" co-apolar with T
with respect to G.

Let
V = AP + Bm3 + Cn3 + 3A2 P m + 3A3 Pn + 3B3 m

2 n + 3 B1 m
l I

+ 3C1nH + 3Cin
im + 6Klmn = 0 (3)

Then the Apolar Locus of F and I" is

- 3A?, y2 x + 3A3 z*x - 3.53 z
2 y)

+ 6p(C2x2y - B$?z + A3y
2z - C.y2x + B.z1 x - A2z*y) = 0 (4)
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Identifying (1) and (4), we obtain
X(C-B) = a (5)
\(A-C) = b (6)
\(B-A) = c (7)

a2 (8)
a3 (9)
bs (10)
b1 (11)
c1 (12)
c2 (13)

0 = k (14)

(5), (6), (7) taken together show that
a + b + c = 0 (15)

Hence (14) and (15) taken together show that (1) is apolar to
every member of the system (2) where A. and p are supposed to
vary. We thus see that a necessary condition of T being used as a
co-apolar generator of 6 is that 6 be. apolar to T, and also to the
Hessian of Y.

If we therefore suppose the two conditions (14) and (15)
satisfied, and if in addition we put

A + B + C = 3<r, (16)
we obtain, on solving the above system of equations,

. b-c
A

- C, = A* a, - 2p X c2 + ip2

Ci = \ib3-2p\
K=r.
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Hence the co-apolars of F belong to the system

r o ' + <r(P + »i3 + n3) + 6W»wi = O (18)
where

_ , 6 - c „ c — a , a - b „

{
- (X8 &! - 2pXo, + 4/s2 c2) Z

21» + (X8^ - 2pA.Og + 4 ^ 6,) P »
-(kict-2pkb1 + lp*ai)m

in
+ (X8 a, - 2/>X6, + 4/>8 «,) m8I - (X8^ - 2/>Xc8 + 4/>8 6.) n8 i{

+ (X8 6, - 2pXc, + if? aj) n8»

(19)
Hence the co'apolars oj F with respect to G/orm a doubly infinite

linear system of clasg-cubics. In fact, if I" be any one of the
co-apolars of F with respect to G, the complete system ofco-apolars of
F consists of the net of class-cubics defined by Fo', F and the Hessian
of F. (20)

N.B.—Fo' is that particular member of the co-apolar system
which is apolar to {a? + y* + «*) + 6/t xyz = 0 for all values of /«, i.e.
to the Cayleyan and the Hessian of the Cayleyan of F.

2. Let us now consider the degenerate members of the above
net of co-apolar class-cubics. Two conditions are necessary in
order that a class-cubic should degenerate into a point and a
conic. We should therefore expect that a finite number of the
co-apolars of F consist each of a point and a conic, because we
have the two parameters o- and T at our disposal.

Let
IV s (IX + mY+ nZ) (oi8 + j8w»2 + y«s + 5 tnn + e nl + (Im)

+ (J3Z+8Y)min
n*l + (yY+8Z) n*m

+ (8X+eY+(Z)lmn. (21)

Hence, since (21) must belong to the net of class-cubics
described in (20), F,' must be of the form

0 (22)
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where V is defined in (3). Identifying (21) and (22), we obtain

o.X=A+p. (23)
(24)
(25)
(26)
(27)

/3Z+8Y=3B3 (28)
C7-3B, (29)

(30)
(31)
(32)

If now we attempt to eliminate a, /6, y, 8, «, f, /*, v, and to
solve for X, Y, Z, we shall find that there are 9 sets of values for
(X, Y, Z) defined by the intersections of the apolar loci of F' and
T, V and the Hessian of F.

Eliminating 8,e, f from (26), (27), ... (31), we get

(33)

(34)

a.7*-pXl=Z(AtY-B1X) (35)

Also, multiplying (33), (34), (35) by YZ, ZX, XY respectively,
and substituting for OL, /?, y from (23), (24), (25), we obtain

-C2Y) (36)
-AtZ) (37)
5 1 X ) (38)

Adding (36), (37), (38), we obtain

which is the Apolar Locus of F and P + m3 + ns = 0 by (4).

If, again, we multiply (36), (37), (38) by Xs, Y3, Z3 respectively,
add and divide by XYZ, we see that (X, Y, Z) lies on

i.e. the Apolar Locus of V and Imn = 0 by (4).
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Hence there are nine co-apolars of F with respect to G which
each consist of a point and a conic. The points are the 9 inter-
sections of the Apolar Loci of I" and F, I" and the Hessian of F,
where F' t« any one of the co-apolars of F with respect to O. These
nine points therefore constitute an " associated system of points " on
G itself

We next wish to show that if (X, Y,Z) be any one of the
above 9 points, the conic which along with it forms a co-apolar of
F is uniquely determined.

Eliminating a, /J, y between (26), (27), ... (31), we deduce

X{(Z-<Y) = Z(A2Z-ASY) (39)
Y(?X-(Z) = 3(B,X-B,Z) (40)
Z(eY-8X) = 3 ( C \ r - C 2 X ) (41)

Hence, by the subtraction of (40) from (41) and the use of (32), the
following results appear :—

B , Z ) _ ( g , r C , i ) + 2{K + v)

) ( 4 4 )

If we substitute from (23), (24), (25), (42), (43), (44), in
(26), (27), (28), (29), (30), (31), we obtain in addition to the
Apolar Loci of F, P + m* + ws and Iran, linear equations for fi and v
in terms of X, Y, Z.

Hence there exist nine conies which correspond each to each to one
of the nine intersections of the Apolar Loci of V and F, F' and the
Hessian of Y where V is any one of the co-apolars of F with respect
to G. These nine points and their corresponding conies constitute
the nine degenerate co-apolar members of the F' system.

3. Corresponding to every value of A.: p in the system
F = A. (P + m3 + w3) + 6/o Itnn = 0

we get a determinate system of nine "associated points" on the
original cubic G. By what has been proved above, we see that
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these nine points may be regarded as the intersection of G with
the cubic

as2 (B3 z - C% y) + f (Cx x - A3 z) + # (At y - Bl as) = 0,

i.e. in virtue of (17)

c1y
2z + O3J/2 x

This is a much simpler system of cubic curves than one would
have expected from the nature of the problem, and would probably
yield interesting results on further investigation.

4. The above investigation sheds a good deal of light indirectly
on a paper published by me in the Proceedings of the Edinburgh
Mathematical Society (Session 1911-12), on "The system of cubic
curves circumscribing two triangles and apolar to them." We
can show that if ABC and DEF be the two triangles, and if
2j = 6 Imn = 0 and ^ = A13 + etc. = 0 be respectively the tangential
equations to the vertices of ABC and DEF, the system of cubic curves
circumscribing ABC, DEF and apolar to them is the Apolar Loci
of X2j + 22 and the Hessian of /i2j + 2a , A. and p being arbitrary.

For the circumscribing system was shown in the above paper
to consist of the pencil denned by the two cubic curves,

Cix
ty-Blx*z + A3y*z-Citfx + B1s!ix-Aaz

iy = 0 .. (45)
and

CB1x*y-BCix
2z + AC2y

2z-CA.iifx + BA3z*x-AB3z
2y = O. (46)

(45) is plainly the Apolar Locus of 2] (or 22) and X2j + 2^ = 0.

Again, the Hessian of A2, + 2j is

{AB1C1-A(K+Xf+2AiA3(K+X)-B1A3
i-C1A2

s}P + etc.

+ {ABCX - 2AB3 (K + X) + AB, C2 - BA* + A2(K+ Xf

- Bi C, As + 2A2 A3 B3 - CtAf} P m + etc.

+ {ABC - (AB3 C2 + BC, A3 + CA2 £,) + 2 (K+ X)3

-2(K+ X) (B.C, + C2A2 + A3B3) + 3 (A.,B3C\ + A&C*)} Imn = 0,
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i.e. on expansion of powers of A (/ being a certain Invariant),

/ 2 2 + A {( - 2AK+2A2A3) P + {- 2BK+ 2B3BJ m3

+ ( - 2CK+ 2Cj C2)n
3 + ( - 2AB3 + 2A2K)

+ (-2AC2

2CJK.) n2m + (6K2 - 2BX Cx + C2A2 + A3B3) Imn}

- Al3 - Bm? - Cn3 + A2Pm + A3l
2 n + B3m

2n +

+ 2X3lmn = 0 (47)

(since the Hessian of the points is three points).

Now the Apolar Locus of 22 and Imn is (45). Also the Apolar
Locus of the coefficient of A.2 and Imn is (45), while the Apolar
Locus of the coefficient of X3 and Imn vanishes identically.

Finally, the Apolar Locus of the coefficient of A and Imn is

Hence the Apolar Locus of (47) and Imn is

(48)
which gives the required result in virtue of (45) and (46), K being
easily found in terms of A.

Hence the Apolar Loci of any member A {ABC) + {DEF) and the
Hessian of any other member fi {ABC) + {DEF) constitute the complete
system of cubic curves circumscribing ABC and DEF and apolar to
them.

5. Reverting once more to the results of § 2, let Px, P2 be two
of the points forming part of the 9 degenerate members of the
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co-apolar system I", and let C,, Cg be the tangential equations to
their corresponding (or complementary) conies. Then by (18),

P, d s F , ' + o-j (P + m3 + n3) + 6T, imn
P2 C2 s To' + o-, (P + m3 + n») + 6T8 ;»»n

. •. P, C, - P2 C2 = (<r, - <r2) (i» + m3 + n3) + (T, - T2) im«.

, Hence the class-cubic of the Y-aystem which touches the line
joining P, and P2 can be regarded as generated by the four-line
system of conies touching the common tangents of the conies C\ and
Cg, and having P, corresponding to C2 and Pa to C, . In fact, a
class-cubic touching the 9 lines (viz. the common tangents of Cy

and C3, the join of P, and P a , the tangents from P, to (72 and
P2 to Cx) passes through the 9 fundamental points of the T-system.
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