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Abstract

In this paper we consider a classic problem concerning the high excursion probabilities of a
Gaussian random field f living on a compact set 7. We develop efficient computational
methods for the tail probabilities P{sup; f(¢) > b}. For each positive ¢, we present
Monte Carlo algorithms that run in constant time and compute the probabilities with
relative error ¢ for arbitrarily large b. The efficiency results are applicable to a large
class of Holder continuous Gaussian random fields. Besides computations, the change
of measure and its analysis techniques have several theoretical and practical indications
in the asymptotic analysis of Gaussian random fields.
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1. Introduction

In this paper we consider the design and the analysis of efficient Monte Carlo methods for
the high excursion events of Gaussian random fields. Consider a probability space (2, ¥, P)
and a Gaussian random field

f:TxQ2—>R

living on a d-dimensional compact subset 7 C R¢. Most of the time, we omit the second
argument and write f(¢). Let M = sup,. f(¢). In this paper, we are interested in the efficient
computation of the high excursion probabilities, i.e.

wb) 2P{M > b} asb — oo.
On computing small probabilities converging to 0, it is sensible to consider the relative accuracy
that is defined as follows.

Definition 1. For some positive ¢ and §, a Monte Carlo estimator Z of w is said to admit ¢ — §
relative accuracy if

P{lZ —w| <ew}>1-5. (D

We propose a Monte Carlo estimator admitting & — § relative accuracy for computing the

tail probabilities w(b). One notable feature of this estimator is that the total computational
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complexity to generate one such estimator is bounded by a constant C (g, §) that is independent
of the excursion level b. Thus, to compute w(b) with any prescribed relative accuracy as in (1),
the total computational complexity remains bounded as the event becomes arbitrarily rare. With
such an algorithm, the computation of rare-event probabilities is at the same level of complexity
as the computation of regular probabilities. This efficiency result is applicable to a large class
of Holder continuous Gaussian random fields and, thus, is very generally applicable.

The analysis mainly consists of two components. First, we consider a change of measure on
the continuous sample path space (denoted by Q). The corresponding importance sampling
estimator given in (9) is unbiased. The first step of the analysis is to show that this estimator ad-
mits a standard deviation on the order O (w(b)). Such estimators are said to be strongly efficient,
which is a common efficiency concept in the rare-event simulation literature; see [6], [13].

The second part of the analysis concerns the implementation. The simulation of the es-
timators in the previous paragraph requires the generation of the entire sample path of f.
In that context, the process f is a continuous function. A computer can only generate finite-
dimensional objects, so we need to seek an appropriate discretization scheme in order to perform
the simulations. For instance, a natural approach is to choose a subset

Tmz(tla-"?tm)CT

and to use the discrete field on T}, to approximate the continuous field. Thanks to continuity
and under certain regularity conditions of 7, one can show that P{sup;, f(#) > b}/w(b) — 1
as m — 00, i.e. the bias vanishes as the size of the discretization increases. However, it is
well understood that this convergence is not uniform in . The smaller w(b) is, the slower it
converges. Thus, the set T;, needs to grow in order to maintain a prefixed relative bias. In
fact, as discussed in [3], for any deterministic subset T}, the size m must increase at least
polynomially with b to ensure a given relative accuracy. In this paper we introduce a random
discretization scheme adapted to (correlated with) the random field f. This adaptive scheme
substantially reduces the computation complexity to a constant level.

The high-level excursion of Gaussian random fields is a classic topic in probability. Thereisa
wealth of literature that contains general bounds on P{sup f(#) > b} as well as sharp asymptotic
approximations as b — oo. For an incomplete list of references; see [10], [11], [12], [18], [19],
[25], [28], and [30]. Several methods have been introduced to obtain bounds and asymptotic
approximations, each of which imposes different regularity conditions on the random fields. A
general upper bound for the tail of max f(#) was developed in [11] and [14], which is known
as the Borel-TIS (Borel-Tsirelson-Ibragimov—Sudakov) lemma. For asymptotic results, there
are several methods. The double sum method [27] requires an expansion of the covariance
function around its global maximum and also locally stationary structure. The Euler—Poincaré
characteristics of the excursion set approximation (denoted by x (Ap), where A, is the excursion
set) uses the fact that P{M > b} =~ E{x(Ap)} and requires the random field to be at least
twice differentiable; see [1], [2], [31], [32]. The tube method [29] uses the Karhunen-Lo¢ve
expansion and imposes differentiability assumptions on the covariance function (fast decaying
eigenvalues) and regularity conditions on the random field. The Rice method [7], [8] represents
the distribution of M (density function) in an implicit form. For other convex functionals, the
exact tail approximation of integrals of exponential functions of Gaussian random fields was
developed in [21], [22], and [23]. Recently, Adler et al. [4] studied the geometric properties of
high-level excursion sets for infinitely divisible non-Gaussian fields as well as the conditional
distributions of such properties given the high excursion. In their recent paper, Alder ef al. [3]
studied numerical methods and proposed importance sampling estimators of w(b). In particular,
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the authors show that the proposed estimator is a fully polynomial randomized approximation
scheme, i.e. to achieve the ¢ — § relative accuracy, the total computation complexity is of order
O(e™ 1572 |log w(b)|?); see [26], [33], and [35]. When w(b) is very small, the complexity
O (Jlog w(b)|?) could be computationally heavy.

The algorithm in this paper is built upon a change of measure initially introduced in [3]. Nev-
ertheless, the results are nontrivial and are substantial generalizations of [3]. The contributions
are as follows. Firstly, we show that the continuous importance sampling estimator proposed
in [3] given as in (9) is strongly efficient to compute w () for Holder continuous fields and under
mild regularity conditions. This generalizes the results in [3] who established that their relative
error grows polynomially fast with b unless the process is twice differentiable for which the
exact Slepian model is available. Second, we introduce an adaptive discretization scheme that
reduces the overall computational cost to a constant level. This is a substantial improvement
on [3] who require the discretization size grow polynomially in b for both differentiable and
non-differentiable fields.

The rest of this paper is organized as follows. In Section 2, we present the problem settings
and some existing results that we will refer to in the later analysis. In Section 3, we present
the Monte Carlo methods and the computed efficiency results. Numerical implementations are
included in Section 4. Sections 5 and 6 include the proofs of the theorems.

2. Preliminaries: Gaussian random fields and rare-event simulation

2.1. Gaussian random fields

Throughout this paper, we consider a Gaussian random field living on a d-dimensional
compact subset T C R4, i.e. for any finite subset (¢1,...,%,) C T, (f(t1),..., f(ty)) isa
multivariate Gaussian random vector. For each s, t € T, we define the following functions:

n() =E{f ()}, C(s, 1) = cov(f(s), f(1)), pr = sup (1)l

teT

C(s,t)
2 :C , , 2 — 2 s s =
CO=CEn.  op=swpai),  rGn= 0T

Let A, be the excursion set over the level y,
Ay ={teT: f(t) > v}

and, thus, w(b) = P{A, # &}. Furthermore, we define the concept of a slowly varying
function.

Definition 2. A function L is said to be slowly varying at O if lim,_,o(L(tx)/L(x)) = 1 for
allr € (0, 1).

Throughout this paper, we impose the following technical conditions.
(A1) The process f(¢) is almost surely continuous in ¢.

(A2) For some o € (0, 2], the correlation function satisfies the following local expansion:
1—r(s,t) ~ AsLi(Jt —sD|t —s|* ast — s,

where A; € (0,00) is continuous in s and L; is a slowly varying function at 0.
Furthermore, there exist nonnegative constants «,, Sy, and positive constant ; > 0
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satisfying Bo + 1 > a1 such that
r(t,t 4 s51) = r(t, 1+ $)| < i, Li(siDIsi]Plst — 2Pt for[si] < [s2].  (2)
(A3) The correlation function is nondegenerate, i.e. r(s, t) < 1 for all s # t.
(A4) The standard deviation o (¢) belongs to either of the following two types.

Type 1. Where o (1) = 1forallt € T.

Type 2. Where o (¢) has a unique maximum attained at t* and satisfies the following
conditions:
lo(t) — o (s)| < ko La(Jt —s|)|t —s|** foralls,t e T;

o(t™) —o(t) ~ ALy(|t* —tD|t* —t|** ast — t*,

where oy € (0, 1], A > 0, and L is a slowly varying function at 0 such that the
limit limy 0+ (L1 (x)/L2(x)) exists.

(AS5) There exists «, > 0 such that if o(f) is of Type 1 then |u(s) — u(s + 1) <
K/ L1(ED11%1/2; if o (¢) is of Type 2 then [u(s) — pu(s + 1)| < i /Lo (2])]2]%2/2.

(A6) There exist k;, and ¢ small enough, such that mes(B(¢, &) NT) > kme? wy for anyt €T,
where B(t, ¢) is the e-ball centered around ¢ and wy is the volume of the d-dimensional
unit ball.

Condition (A2) ensures that the normalized process (f (f) — w(¢))/o (t) is Holder continuous
with coefficient a1 /2. The bound in (2) imposes slightly more conditions on the normalized
process. Forinstance, inthe 1 —r(s, t) = |t —s|%! case, we can choose fp = a1 —1land 8] = 1
ifa; > 1; Bo =0and B; = o1 if 0 < @1 < 1. Condition (A3) excludes the degenerated case
as it is not essential and makes the technical development more concise. Conditions (A4) and
(AS) require that the mean and the standard deviation functions are also Holder continuous. In
Condition (A4), we can adjust the constant A such that the limit lim,_, o+ L1(x)/L2(x) belongs
to the set {0, 1, co}. Condition (A5) ensures that the variation of the mean function is bounded
by those of f(#) and o (¢). In the later technical development, the analysis is divided into two
cases: o] < ap and @] > og.

Throughout this paper, we use the following notation for the asymptotics. We write 7 (b) =
o(gb)) if h(b)/g(b) — 0asb — oo; h(b) = O(g(b)) if h(b) < kg(b) for some x > 0;
h(b) = ©(g(b)) if h(b) = O(g(b)) and g(b) = O(h(D)); h(b) ~ g(b) if h(b)/g(b) — 1 as
b — oo.

2.2. Rare-event simulation and importance sampling

2.2.1. Rare-event simulation. The research focus of rare-event simulation is on estimating w =
P{B}, where P{B} ~ 0. Itis customary to introduce a parameter, say b > 0, with a meaningful
interpretation from an applied standpoint such that w(b) — Oasb — oo. Consider an estimator
Zp such that EZ, = w(b). A popular efficiency concept in the rare-event simulation literature
is the so-called strong efficiency, see [6], [13], [17], that is defined as follows.

Definition 3. A Monte Carlo estimator Z, is said to be strongly efficient in estimating w (b) if
E{Z,} = w(b) and there exists a k¢ € (0, co) such that

var(Zp)

sup ——— < K.
p=0 w3(b)
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Strong efficiency measures mean squared error in relative terms for an unbiased estimator.
Suppose that a strongly efficient estimator of w(b) has been constructed, denoted by Zp, and
n 1ndependent and 1dentlcally distributed (i.i.d.) replicates of Z; are generated z! b yeen Z 1(7”)
Let Zb ! /n) Zl 1 Z ) be the averaged estimator that has variance var(Z)/n. By means

of the Chebyshev 1nequa11ty, we obtain

var(Zp)

P{| Zp.n, — w(b)| > ew(b)} < ne2wl(b)’

For any § > 0, to achieve the ¢ — § accuracy, we need to generate

_ var(Zp) Ko
T 8e2w2(b) T 8e?

replicates of Zj. This choice of n is uniform in the rarity parameter b. We will later show that
the proposed continuous importance sampling estimator is strongly efficient.

2.2.2. Importance sampling and variance reduction. Importance sampling is based on the basic
identity,

dP
P(B) — / Lwes) dPo) = / lioeh) 55 @40 3)

for a measurable set B, where we assume that the probability measure Q is such that Q{- N B}
is absolutely continuous with respect to the measure P{- N B}. We denote the indicator function
by 1. If we use E€ to denote expectation under Q then (3) trivially yields the random variable
Z(w) = liyep)(dP/dQ)(w) is an unbiased estimator of P{B} > 0 under the measure Q, or
symbolically, EC Z = P{B}.

A central component lies in the selection of Q in order to minimize the variance of Z. Itiseasy
to verify thatif we choose @*{-} = P{- | B} = P{-N B}/P{B} then the corresponding estimator
has 0 variance and, thus, it is usually referred to as the zero-variance change of measure.
However, @* is clearly a change of measure that is of no practical value, since P{B} — the
quantity that we are attempting to evaluate in the first place — is unknown. Nevertheless, when
constructing a good importance sampling distribution for a family of sets {By: b > by} for
which 0 < P{Bp} — 0as b — oo, it is often useful to analyze the asymptotic behavior of @*
as P{B,} — 0 in order to guide the construction of a useful Q.

2.2.3. The change of measure. We now present a change of measure defined on the continuous
sample path space denoted by Q. This measure was initially proposed by Alder et al. [3].
We should be able to compute the Radon—-Nikodym derivative and also be able to simulate
the process f under Q;. We describe the measure Qj from two aspects. First, we present its
Radon-Nikokym derivative with respect to [P,

@ / b (F (1))
R )

where A (¢) is a density function on the set 7', g5, ;(x) is a density function on the real line, and
¢:(x) is the density function of f(¢) under the measure [P evaluated at f () = x. We will need
to choose 4 (t) and gy, ; (x) such that the measure Q}, satisfies the absolute continuity condition
to guarantee the unbiasedness.

We will present the specific forms of ,(¢) and gp ((x) momentarily. Before that, we will
complete the description of Qj by presenting the simulation method of f under Q.

dr, “)
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Algorithm 1. (Continuous simulation.) To generate a random sample path under the measure
0Oy, we need a three-step procedure.

Step 1. Generate a random index 7 € T following the density 7, (¢).
Step 2. Conditional on the realization of t, sample f(7) from the density gp ; (x).

Step 3. Conditional on the realization of (z, (7)), generate { f(¢): t # t} from the original
conditional distribution P{f € - | f(7)}.

It is not difficult to verify that the above three-step procedure is consistent with the Radon—
Nikodym derivative given as in (4). The process f () mostly follows the distribution under P
except at one random location v where f(t) follows an alternative distribution gp  (x). The
overall Radon—Nikodym derivative is an average of the likelihood ratio g, ;(f(¢))/e:(f (t))
with respect to the density A (7).

Now, we present the specific forms of %, (¢) and gp ;(x) for the computation of w(b). For
some positive constant a, let y be

a
=b——. 5
Y b 4)

We choose ;

{fO>y}
Gb,t(x) = @ (x) —————, (6)
’ TR0 > )
i.e. the conditional distribution of f(¢) given that f(#) > y. The distribution of t is chosen as
P{f () >y}

hy() = — LD >V (7)

JrP{f(s) > y}ds

The choice of a in (5) does not affect the efficiency results, nor the complexity analysis. To
simplify the discussion, we fix a to be unity, i.e.

b 1

V= b
The random index t indicates the location where the distribution of the random field is changed.
Furthermore, g ;(x) is chosen to be the conditional distribution given a high excursion. The
index t basically localizes the maximum of f(#). Thus, as an approximation of the zero-
variance change of measure, the distribution 4, (¢) should be chosen close to the conditional
distribution of the maximum #, £ arg sup, f(¢) given that f(¢.) > b. This is our guideline to
choose hj(t). For each t € T, the conditional probability that f(t) > b given M > b is

P{f () > b}

P{f(t)>b| M > b} = RS

The denominator P{M > b} is free of ¢ and, thus, P{f(¢) > b | M > b} x P{f(¢) > b}. Our
choice of hp(t) o< P{f(t) > y} approximates P{f(¢) > b | M > b} by replacing b with y
mostly for technical convenience. With such choices of £, (¢) and gy ; (x), the Radon—Nikodym
takes the following form:

d0r _ Jrlisw=pn dt _  mes(4y)
AP~ [ P{f(t) > yldt [ P{f(t) > y)de’

®)
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where
mes(Ay) :/1{,€Ay} dt

is the Lebesgue measure of A, . According to Fubini’s theorem, the denominator of (8) is

/T}P’{f(t) > y}dr = E[mes(A,)].

Remark 1. For different problems, we may choose different 4, (¢) and g ; (x) to approximate
various conditional distributions. For instance, gp ((x) was chosen to be in the exponential
family of ¢, (x) in [24] for the derivation of tail approximations of f e/ dr.

2.3. The bias control

In addition to the variance control, we also need to account for the computational effort
required to generate Zj. This issue is especially important in this paper. The random objects
in this analysis are continuous processes. For the implementation, we need to use a discrete
object to approximate the continuous process. Inevitably, discretization induces bias, though
it vanishes as the discretization mesh increases. To ensure the ¢ — § relative accuracy, the bias
needs to be controlled to a level less than ew(b).

In [3], it was established that, to ensure a bias of order ew(b), the size of the discretization
must grow at a polynomial rate of b for both differentiable and non-differentiable fields. The
authors also provided an optimality result. For twice differentiable and homogeneous fields,
the size of a prefixed/deterministic set 7,, must be at least of order O (b?) so that the bias can
be controlled to the level ew(b). In this paper, we adopt an adaptive discretization scheme that
substantially reduces the necessary size of T,, to a constant.

3. Main results

The main results of this paper consist of a random discretization scheme of T associated
with the change of measure O and the efficiency results of the importance sampling estimators
and the overall complexity.

3.1. An adaptive discretization scheme and the algorithms

3.1.1. The continuous estimator and the challenges. Based on the change of measure Qj, an
unbiased estimator for w(b) is given by

JrPUF(0) > yYde

mes(Ay)

9)

dP
Zy £ Y p=p) a0, = 1pysp)

We call Z,, the continuous estimator. It is straightforward to obtain E,{Z;} = w(b), where we
use [E;{-} to denote the expectation under the measure Q. The second moment of Z;, is

2
{7 P{f(tz) > y}dt) . b}’
mes=(A,)

Ey{Z3) =Eb{

where f(t) is generated from Algorithm 1. We will later show that Z, (under regularity
conditions) is strongly efficient, i.e. ]E;,{Zz} = O (w?(b)).

For the implementation, we are not able to simulate the continuous field f and, therefore,
have to adopt a simulatable estimator, Zp, that approximates the continuous estimator Zj.
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A natural approach is to consider the random field on a finite set 7;, = {t1, ..., %} C T and to
use P{maxr, f(#) > b} as an approximation of w(b) = P{supy f(¢) > b}. The bias is given
by

P[Sl;pf(t) > b} —]P’{mTixf(t) > b} =P{T,NA, =3, M > b}.

We explain without rigorous derivation that the above scheme usually induces a heavy
computational overhead. To simplify the discussion, we consider that f is a stationary process
and its covariance function satisfies the local expansion (slightly abusing the notation)

C(t) 2 cov(f(s), f(s +1) =1—1]* +o(1]"). (10)

Then, the process is Holder continuous with coefficient a/2. Under this setting, standard
results yield an estimate of the excursion set E{mes(Ap) | M > b} = ©(b—24/*y_ Thanks to
stationarity, Aj is approximately uniformly distributed over the domain 7.

Note that the bias term P{7,, N A, = &, M > b} is the probability that 7,,, does not intersect
with Ap. Therefore, if m < pd/e T, is too sparse such that it is not able to catch the set
Ayp no matter how T, is distributed over 7. It is necessary to have a lattice of size at least of
order O (b*¢/*). This heuristic calculation was made rigorous for smooth fields in [3]. Thus,
the computational complexity to generate the process f on the set 7, grows at a polynomial
rate with b. In this paper, we aim to further reduce the discretization size to a constant level
while still maintaining the e-relative bias. For this reason, we propose to randomly sample an
appropriate discrete set that is correlated with f.

3.1.2. A closer look at the excursion set A,. The proposed adaptive discretization scheme is
closely associated with the three-step simulation procedure. Of the three steps in Algorithm 1,
Step 1 and Step 2 are implementable. It is Step 3, generating { f(¢): ¢t # 7} conditional on
(z, f (1)), that requires discretization. In order to estimate w(b) and to generate the estimator
Zp,, we need only to simulate the random indicator 1y ) and the volume of the excursion set
mes(A,) conditional on (z, f(z)). The term fT P{f(¢) > y}dt is a deterministic number that
can be computed via routine numerical methods.

In what follows, we focus on the simulation and approximation of 1{s~p) and mes(A, ). For
the purposes of illustration, we discuss the stationary case with covariance function satisfying
the expansion in (10). We define ¢ = b*/® and the normalized process

g(t):b(f(r+§)—b>. (11)

Note that b(f(r) — y) asymptotically follows an exponential distribution. Conditional on
f(t) = vy + z/b the g process has expectation Ep{g(¢) | f(t) =y +z/b} =z—1—-(1+
o(1)|t/£1%[b* + (z = 1)]. For all z = o(b?), we have

Eb{g(t) | f(t)=y + %} =z—1—({04o0()|t|* asb — oo.

In addition, the covariance of g(¢) is cov(g(s), g(¢)) = (|s|* + [£|* — |s — t|*) + o(1) where
o(l) — 0 as b — oo. Therefore, g(¢) converges in distribution to a Gaussian process with the
above mean and covariance function. In addition, f (7 +¢/¢) > y if and only if g(¢) > —1.
The excursion set A, can be written as

Ay =1+ 'A% 2 er i r e AR ),
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where A% | = {t: g(t) > —1}. Note that the process g() is a Gaussian process with standard
deviation O(|t|“/ Zyanda negative drift of order O (—|¢|%). Therefore, in expectation, g(¢) goes
below —1 when z < [t|%, where z is asymptotically an exponential random variable. Thus, the
excursion set A% | is of order O(1). Furthermore, A, is a random set within 0 (¢~ 1) distance
from the random index 7. The volume mes(A, ) is of order O (¢~%). This heuristic calculation
is well understood; see [5], [9]. The above discussion quantifies the intuition that 7 localizes
the global maximum of f. It also localizes the excursion set A,,. Therefore, upon considering
approximating/computing mes(A, ) and 1{sp), we should focus on the region around t.
Conditional on a specific realization of the process f, we formulate the approximation of

mes(A,) as an estimation problem. The ratio mes(A,)/mes(T) € [0, 1] corresponds to the
following probability:

mes(Ay)

mes(7T)
where U is a uniform random variable on the set 7' with respect to the Lebesgue measure.
Estimating mes(A, ) constitutes another rare-event simulation problem.

=P{U € A,},

3.1.3. An adaptive discretization scheme. Based on the understanding of the excursion set A,
we construct a discretization scheme adaptive to the realization of t. To proceed, we provide
the general form of ¢ in the presence of slowly varying functions

¢ 2 max{|s| ™" Li(IsDIs|*" = b2 or La(|s]]s|®? > b2).

In the case of constant variance, we formally define o = oo and, thus, ¢ is defined as ¢ £
max{|s|~: Li(|s])|s|*" > b~2}. We further define two other scale factors,

g 2 max{|s|™' Li(IsDIs|® = b2}, i=1,2. (12)

It is straightforward to verify that ¢ = max(¢1, ¢2). Consider an isotropic distribution (centered
around 0) with density k(¢), i.e. k() = k(s) if |s| = |t]. We choose k(¢) to be reasonably
heavy-tailed such that for some ¢; > 0,

k(1) ~ t]7478 ast — oo.

In addition there exists a k1 > 0 such that k(#) < « for all z. For instance, we can choose k()
to be, but not necessarily restricted to, the multivariate ¢-distribution. Furthermore, conditional
on t, we define the rescaled density

ke (1) = £k (0 = 1)) (13)
that centers around 7 and has scale £ ~'. We construct a r-adapted random subset of 7' by
generating i.i.d. random variables from the density k;  (¢), denoted by 71, .. ., #,. Then, define

mes(A,) & 1 i Lira=ry (14)
4 m i kr,;(ti)

that is an unbiased estimator of mes(A, ) in the sense that for each realization of f,
Er,;{rﬁe\s(Ay) | f}= meS(Ay),

where E; .{- | f} is the expectation with respect to #1, ..., f; under the density k;, for a
particular realization of f. Notationally, if #; ¢ T then 1{7(;,)>,} = 0.
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Similar to the approximation of mes(A,), we use the same t-adapted random subset to
approximate 1{y/-py, i.€.

Lmax, fan=p)  Lm=b) -
Based on the above discussions, we present the final algorithm.
Algorithm 2. The algorithm consists of the following steps.
Step 1. Generate a random index t € T following the density %, (¢) in (7).

Step 2. Conditional on the realization of 7, sample f(7) from gp ;(x) in (6).

Step 3. Conditional on the realization of t, generate i.i.d. random indices ¢, .. ., t,, following
density k¢ (f).

Step 4. Conditional on the realization of (z, f (7)), generate multivariate normal random vector
(f(1),..., f(ty)) from the original/nominal conditional distribution of P{- | f(7)}.

Step 5. Output
5, — l{ma/x%l £(@)>b)
mes(A,)

where mes(A, ) is given as in (14).

/ PLf() > y)dr,
T

We will call 2;, the discrete estimator.

3.2. The main results

We present the efficiency results of the proposed algorithms.

Theorem 1. Consider a Gaussian random field f that satisfies conditions (Al)—(A6) of Defi-
nition 2. Let Zj, be given as in (9) and Algorithm 1. Then, Zy, is strongly efficient in estimating
w(b), i.e. there exists Kk such that

Ep{Z}} < kow?(b) forall b > 0.

Theorem 2. Consider a Gaussian random field f that satisfies conditions (A1)—(A6) of Defi-
nition 2. Let Zj, be the estimator given by Algorithm 2. There exists . > 0 such that for any
e > 0 if we choose m = Ae~¢@/min(@1,02)+2/B1) thep

|Ep{Zp} — wb)| < ew(b) forallb > 0.
Furthermore, there exists ko such that
Ep{Z3} < kow? (b).
With the above results, we generate n i.i.d. replicates of 7, denoted by zM , 21(7”),
with m chosen as in Theorem 2 such that the averaged estimator, (1/n) >}, 2;”, has its bias

bounded by ew(b)/2 and its variance bounded by kow?(b)/n. To achieve ¢ relative error with
(1 — &) confidence, we need to choose n = 4o /e28, i.e.

|
]P’H— S 20 —w)
m
i=1

The total computational complexity is of order O (m3s~25~"), where m? is the complexity of
the Cholesky decomposition of the covariance matrix for the generation of an m-dimensional
Gaussian random vector.

> £w(b)} < 6.
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4. Numerical analysis

We present four numerical examples in order to demonstrate the performance of our algo-
rithm. First, we consider a one-dimensional Gaussian field whose tail probability is known in a
closed form. For the discretization, we deploy m = 20 points when d = 1, and 40 points when
d = 2. To make sure that the bias is small enough, we have performed the simulations with ten
times more points and the results did not change substantially. We only report the results for
the cases with fewer points to illustrate the efficiency.

Example 1. Consider f(r) = X cost + Y sint, T = [0, %], where X and Y are independent
standard Gaussian variables. The probability P{sup,.r f(t) > b} is known in closed form

(see [1]),

3
IP’[ sup f(1) > b] —1— D)+ —e b2, (15)
0<t<3/4 8

In Table 1, we list the simulation results.
The following three examples consider random fields over a two-dimensional square.

Example 2. Consider a mean 0, unit variance, stationary, and smooth Gaussian field over
T = [0, 1]? with covariance function

2
C(t)=e ",
In Table 2, we list the simulation results.
Example 3. Consider a continuous inhomogenous Gaussian field on 7 = [0, 1]> with mean
and covariance function
12

w(®) =0.11, + 0.1, C(s, 1) =e "5,
In Table 3, we list the simulation results.
Example 4. Consider the continuous Gaussian field living on 7 = [0, 1]? with mean and
covariance function

w(t) =0.11 + 0.1, C(s,t) = e 1=sV/4,
In Table 4, we list the simulation results.
TaBLE 1: Simulation results for the cosine process in Example 1, where n = 1000 and m = 20, and where
k(t) is chosen to be the density function of the z-distribution with degrees of freedom 3. The ‘True value’
is calculated from (15), ‘Est.’ is the estimated value, ‘Std. dev.’ is the standard deviation of the averaged

Monte Carlo estimator over n i.i.d. samples, and the ‘Coefficient of variation’ is the ratio between the
standard deviation of a single Monte Carlo estimator and its expectation.

b True value Est. Std. dev. Coefficient of variation
3 268x1073  255x1073  1.09x 107 1.35
4 717x1075 717 x 1075  3.22x 1070 1.42
5 731x1077  733x1077  3.41x1078 1.47
6 280x107° 284x107° 1.35x10°10 1.51
7 401 x10712 407x10712 198 x 10713 1.54
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TaBLE 2: Simulation results for Example 2, where n = 1000, m = 40, and k(t) = (25/327)(1 +

0.64)t|%) 3.
b Est. Std. dev. Coefficient of variation
3 932x1073  3.63x107* 1.23
4 339x107* 151 x107° 1.41
5 420x107° 171 x 1077 1.28
6 193x107% 8.15x 10710 1.33
7 325x1071 127 x 10712 1.23
8 1.87x107% 7.11x10°!6 1.20

TaBLE 3: Simulation results for Example 3, where n = 1000, m = 40, and k(¢) is the same as that of

Example 2.
b Est. Std. dev. Coefficient of variation
3 125x1072 561 x107* 1.42
4 495x107*  1.95x 107 1.24
5 7.16x107% 280 x 1077 1.24
6 351x10°% 136x107° 1.22
7 6.69x 1071 272 x 10712 1.29
8 450x107% 191x10°1 1.34

TABLE 4: Simulation results for Example 4, where n = 1000, m = 40, and k(r) = (1/87)(1 + |¢|%)73.

b Est. Std. dev. Coefficient of variation
3 135x1072  6.63x 107 1.55
4 740 x107* 436 x 1073 1.86
5 154x1075  7.53x 1077 1.55
6 993x10°% 523x107° 1.66
7 287x10710 133x 10711 147
8 260x10°13 1.41x10714 1.71

For all the examples, the ratios of standard error over the estimated value do not increase as b
increases. This is consistent with our theoretical analysis. Also note that m does not increase
as the level increases, which reduces the computational complexity significantly. Overall, the
numerical estimates are very accurate.

5. Proof of Theorem 1

Throughout the proof, we will use « as a generic notation to denote large and not-so-important
constants whose value may vary from place to place. Similarly, we use &g as a generic notation
for small positive constants.

The first result we cite is the Borel-TIS inequality (see [2], [11], [14]) that will be used very
often in our technical development.
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Proposition 1. Let f(t) be a centered Gaussian process almost surely bounded in T. Then,
E{sup,er f(t)} < oo and

b2
P (sup £ (&)~ Elsup f(1) = b) < eXp<—2—2).

teT teT or

In order to show strong efficiency, we need to establish a lower bound of the probability

w(b) =]Eb{;' M > b}/]P’{f(t) > y}dt
T

mes(A,)’

and an upper bound of the second moment

2
Ep(Z3) =Eb{;~ M > b}[/ P{f(1) > y}dti| .
T

mes?(Ay)’

The central analysis lies in the following two quantities:

1 1
L =E)——: M > by, L =Ey ——— M > b;.
! b{mes(Ay) g } : b{mesz(Ay) ~ }

We will show that there exist constants « and &g such that
I > eo¢?, L < kg™

If these inequalities are proved then lim sup,,_, o, I2/1 12 < oo is in place and we conclude our
proof for Theorem 1. For the rest of the proof, we establish these two inequalities.

To proceed, we describe the conditional Gaussian random field given f (). First, if we write
f(r) = y + z/b then (conditional on ) z asymptotically follows an exponential distribution
with expectation o2(t). Conditional on f(t) = y + z/b, let

f(t+r)=E{f(t+r)If(r)=y+§}+fo(t), (16)

where fy(¢) is a zero-mean Gaussian process. By means of conditional Gaussian calculation,
the conditional mean and conditional covariance function are given by
b4
p(t) =E{f(t+r) | f(O=y+ Z}
o(t+1t Z
=M(t+t)+¥r(r+t,r) y+ - —n@), amn
o(1) b
Co(s, 1) = cov(fo(s), fo(1))
=o(t+s)o(r+)rs+rt,t+71)—r(T+t,0)r(r +s,7)].

The next lemma controls the conditional variance.

Lemma 1. Under conditions (Al1)—(A6) of Definition 2, there exists a constant A1 > 0 such
that, for all T € T and large enough b, the following statements hold.

() Forallt+t €T,
Co(t,t) < M Ly(Jt)e]*".
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(i) Fors,t €T,
var(fo(s) — fo(t)) < Ap max(Li(|t — st — s|*', La(|t — sDt — 5]%?).

(iii) For any € > 0, there exists § > 0 (independent of b) such that for each t,

B[ s fo)f =

ls—t|<8¢~!

@lm

The proofs for (i) and (ii) are an application of conditions (A2), (A3), and (A6) of Definition 2 and
elementary calculations. Part (iii) is a direct corollary of (ii) and Dudley’s entropy bound [16,
Theorem 1.1]. We omit the detailed derivations. We proceed to the analysis of I; and I> by
considering the Type 1 and Type 2 standard deviation functions (condition (A4)) separately.

Here, we provide the proof only when o (¢) is of Type 1 in condition (A4), i.e. a constant
variance. The proof of the non-constant case is similar; see [20]. The constant variance case
corresponds to ap = 00. The scaling factor is given by ¢ = ¢1. We aim to show that I, < /<§12d
and 11 > sogld.

5.1. The I, term

For some yp > 0 chosen to be sufficiently small (independent of ») and to be determined in
the later analysis, the I; term is bounded by

‘M > b} <y M + ;mes(A,) < yied, M > b} (18)

{ 1

es?(Ay)’
To control the second term of the above inequality, we need to provide a bound on the following
tail probability for 0 < y < yp:

1
By { mes?(A,)’

Op{mes(A,) < y'¢7? M > b} = /P{mes(Ay) <y M>b| f@) =y + %}

x hb(r)w drdz. (19)

The probability inside the integral is with respect to the original measure P because, con-
ditional on f(t), f(¢) follows the original conditional distribution. We develop bounds for
P{mes(A,) <y Cl_d M > b | f(r) =y + z/b} under two situations: z > 1and 0 < z < 1.
Situation 1. Where z > 1. Define a constant cd =w, 4 » Where wy is the volume of the d-
dimensional unit ball. The event {mes(A,) <y g“l }1mphestheevent {1nf|t tl<cays! f@) <
} Otherwise, 1f{1nf|t tl<caye)! S@) > y}then {|t — 1| < cayl; } €A, and mes(Ay) >
y §1 ~?_Thus, we have the bound

P{mes(A,,) <Yt M=b| f=y+ IZ—]}
SP{ inf  f@) <y f(r)=y+§}-
lt—7|=<cay¢;

Using the representation in (16), the right-hand side of the above probability can be expressed
as

Pl inf  fo)+ ) < v (20)

lt1<cayey
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Note that u;(0) = y +z/b > y + 1/b. For the constant variance case, (17) can be written as
z
U () =pt+t)+r(T+t 1) (y + b ,u(r)). 21

According to condition (AS5), we have |, (t) — u:(0)] = OBL()[t]*") + O/ L (2)]t]|%).
According to the choice of ¢ in (12), we have
-1
b= Ll(ca’yfi )y“‘
Ly (51 )

According to [20, Lemma 5(i)], the ratio L1 (cay&, b /L1 1) varies slower than any polyno-
mial of y. Thus, we have

bL1(1)|1|"" < kbLi(caygy Hy* g™ = for 7] < caye; ',

e (1) — 1 (0)] < y*1/2p7 1 (22)

By choosing y small, we have

1
ue() zy + 5 forli < caver ! (23)

Furthermore, by Lemma 1(i) the conditional variance is Co(z, 1) < A1 L1(cayt, l)cj1 y¥e o
Following the same argument as that of (22), we obtain

Co(t, 1) = O(y*'?b™2) for |t| < cayt; . (24)

By Lemma 1(iii), E{SUPIII<Cdyo§" bfo(t)} = o(1) as yg — 0. So we can choose yo small
enough such that -

1
El sup  fo()p <. (25)
{|t|5c,1yocf' } 4b

By the Borel-T1IS inequality (see Proposition 1), (20), (23), (24), and (25), there exists a positive
constant &g, such that

1
P{mes(An <Y M>b| f()=y+ %} < P{ inf | fo(0)] > @}

[t|<caygy
< exp(—egy *'/?).

Situation 2. Where 0 <z= 1. With yg defined to satisfy (23) and (25), we let ¢ = c4y0
and define a finite subset 7' = {t{, ..., ty} C T such that

1. Fori # j, |t; — tj| = ¢/2¢1.
2. Forany t € T, there exists i, such that |t — ;| < ¢/{;.
Furthermore, let
Bi={teT:|t—g|<cg "} forie{l,2,...,N}
and, thus, | J; B; = T. Note that

P{mes(Ay) < ydél_d,M >b| f(r)=y+ %}

N
= gP{mes(Ay) = ydél_d,tseug f@O>b| f(t)=y + lz_y}
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With ¢4 as previously chosen, each of the summands in the above equation is bounded by

P{meS(Ay) <y, Sug fO>blfo)=y+ IZ—]}
teB;

1
E]P’{ sup If(t)—f(S)|>E Supf(t)>b|f(f)—)/+b} (26)

1€B; ls—t|<cayt] 1€B;

The above inequality is derived from the following argument. Suppose that f(#9) > b.
In order to have mes(A,) < y ;1 , with the same argument as that of (20), we must
have 1nf|S tol<caye)! f(s) < b —1/b. Thus, there exist |s0 —tol < cayf ! and | f(s0) —
fto)| > 1/b. Therefore the event {mes(A,) > y ;1 , SUP; ¢, f(t) > b} is a subset of
{supteB As—tl<cayei 1| f@) — f(s)| > 1/b, SUPsep; f () > b}, which yields (26).

Selectmg 80, 81 > 0 small enough, and A large enough, we provide a bound for (26) under
the following four cases.

Case I. When 0 < |r; — | < y~%¢7!
Case 2. When y=%¢7! < |t — 7] < 6.
Case 3. When |t; — t| > 681,y < b,
Case 4. When |t; — | > 81,y = b~

To facilitate the discussion, define x; = ¢;|t; — /.

Case 1. When 0 < |t; — 7| < y™% <N L we provide a bound for (26) via the conditional
representation (16) and the calculation in (17). According to conditions (A2) and (AS5) of
Definition 2, for |t — s| < cdyg“l_1 and ¢t € B;, we have

e (1) — 1o ()] < ut 2 Ly (%) Y2 ke (i + DB L (i + 1Dy e,
1

According to the definition of ¢; in (12) and [20, Lemma 5(i)], the above equation can be
bounded by

2Kuy°”/4 + 2k, y~S0Pothi—eo
b .

We choose &g small such that it is further bounded by |, () — po(s)| < ky%0b~! for some
possibly different g > 0. Furthermore, we choose yp > 0 small enough such that for0 < y <

yoand |[s —t] < cdygfl,

e (1) — pe(s)] <

e (s) = e ()] < %

The above inequality provides a bound on the variation of the mean function over the set B;
when #; is within y"s"gf ! distance close to 7. The probability in (26) can be bounded by

1

(26) < ]P’{ sup [ fo(®) — fo(s)| > E}
teB;.lt—s|<cayey!

Note that, by Lemma 1(ii), for |s — ¢| < cdyg“f] and for y < yo, we have

Li(cayt

> yot]b—z — O(yo”/zb_2).
L

var(fo(s) — fo(1)) < A1
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We apply the Borel-TIS inequality (see Proposition 1) to the double-indexed Gaussian field
E(s, 1) = fo(s) — fo(¢) and show that there exists a positive constant &y such that

R —d .d _ E
P{mes(Ay) >y il,tseugf(t)>b|f(f)_y+b}

1
5}?{ sup | fo(t) — fo(s)| > %}

teBi,\Hlsc[zy{fl

< exp(—goy~*/?).

Combining all the B; such that |f; — 7| < y™% <N ! we obtain
_ Z
PL—j;—>ydd, sup f®>b|ﬂﬂ=y+3}
mes(Ay) j—t|<y~d0¢]!
= 0(y ™ exp(—e0y~*!/%)
< exp(=y~*),
possibly redefining &.

Case 2. When y~% ;l‘l < |t; — 7| < 81. For this case, we implicitly require that y_‘SOg“l_l <
81. Fort € B; and y small enough, we have

1
IP’{ sup If(t)—f(s)|>l—],supf(t)>b|f(r)=7/+£}

teB;.|s—t|<cayey ! 1€B; b

sp%wfm>b|ﬂw=y+f}

teB; b

According to condition (A2) and (21), we have the bound

Ay Li(xicy !
—TMJC;)”b_l fort +1t € B;.

() <b—
a 2 L

According to Lemma 1 and the definition of ¢, the variance of f(¢) is controlled by

L (xié']_l)qub_z

Co(t,1) <20 X
L1(§1 )

a1/2
i

According to Proposition 1 and [20, Lemma 5(ii)], we have Lj(x; g“fl) /L1 (;fl)x? > x
for y_‘SO < x;j < 81¢1. It follows that

-1
]P’{sup f@O)>b| fx)=y+ E} < ]P’{ sup fo(t) > ﬁMﬁ”b_l}

t€B; b t+TeB; 2 Ligrh !
2 e—1
Sexp(_ﬁw‘xle)
8A1 Ll@] )

A2
< exp(—g—)flxl‘_"l/Z).
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Combining all the B; such that y_60 < xj < 81¢1, we have

— Z
{—A>y il sup f(r)>b|f<r>=y+3}
mes(4y) yohog <li—t|<s)
o0 2
A
<Y ey 4kt exp[—g; (v + k)“l”}
k=0 !
< exp(—y ™)

for some constant g9 > 0.
Case 3. When |t; — 7| > §1and y < b~*. Since C(s, t) is uniformly Holder continuous,
we can always choose A large such that for |s — ¢] < cdygl_l < cdb_kg“l_l,

1
1) — < .
[z (1) — pe($)] < b
By Lemma 1(ii) and [20, Lemma 5(i)], for [s—#| < cay¢ fl , the conditional variance var ( fo(s)—
Jfo(t)) is bounded by
-1
Li(cayg, )y"”b*Z _

0 (y*/?b72).
Ly

var(fo(s) — fo(1)) = A1
Thus, there exists a constant &g > 0 such that

1
P{ sup If(t)—f(S)|>Z,Supf(t)>b|f(f)=7/+£}

1€B;,|s—t1<cayt;! t€B; b

1
SIP’{ sup [ fo(@®) — fo(s)| > E}

1€B;,|s—t1<cayt)

< 2exp(—eoy ).

Note that ¢] < ¥ 5o for y < b, we have

1
P{— >y ed, sup f()> b | f(r)=y+£}

mes(AV) |[t—1]>6 b
1 4
= O(Cf‘)suplP’{ sup [f @O = f&)] > . sup f() > b | f(f)=y+g}
i l‘eBi,|Sft\§Cdy§171 teB;

< O™y exp(—eoy /%)
< 0y~ exp(—eoy™ /%)
<exp(=y~ %)
for some possibly different constant &g.
Case 4. Where |t; — T| > 8 and y > b~*. Note that condition (A3) implies that for any

81 > 0, there exists ¢ > 0 such that for s — ¢| > &1, we have r (s, t) < 1 — ¢. Thus, according
to (21), there exists ¢ > 0 such that p,(#) < (1 — &)b. According to Proposition 1, we have
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for large enough b and some ¢ > 0,

- —d .d B z
= P{ sup fo(t) + pc (1) > b}
[t]=81
=P{sup fo) > eb)]
[t]>61
e2b?
< exp<—_)
20%
<exp(=y ).

Combining Cases 1-4, for some constants gg and yg chosen to be small, we have for y € (0, yo],

a1 N —dpd = 5 _v—¢&0
P{mes(Ay)>y LM =>b1 ) V+b}§e7<p( ¥ 27)

Together with (19), we have

1 —d .d _y—E0
Q%m%mﬂ>y Q,M>b}§wm y 0. (28)

Thus, according to (18), for some x > 0, we have

oy___ -~ . —2d~ - 2d
{mes(Ay)z’M>b} < (kK +yy " (29)

5.2. The I term

To provide a lower bound of

1
L=E%! — . M>b},
mes(A,)

we basically need to prove that mes(A, ) cannot always be very large. Thus, it is sufficient to
show that f(¢) drops below y when ¢ is reasonably far away from 7. In the next lemma we
show that for any § > 0, the process f(¢) drops below y almost all the time when |t — T| > 6.

Lemma 2. Under conditions (Al)—(A6), for a standard deviation of Type 1, we have

QOpy su &>yt < e~ for some g0 > 0.
p

|[t—1|>§

Lemma 3. Under conditions (Al)—(A6), there exist 5 small and k large (independent of b),
such that for x > k, we have

ay /4

of s fozy)<e

x¢7I<|r—1|<8
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For the proof of Lemma 2 and Lemma 3; see [20]. We proceed to developing a lower bound
for I;. First, note that the event {M > b} is a regular event under Qyp, i.e.

Qu{M > b} = Oy f(x) > b} > ze".

The final step is based on an asymptotic calculation of the overshoot distribution of a standard
Gaussian random variable. According to Lemmas 2 and 3, we choose x such that

0| s O zy)<ie
|t—r\>x;‘1_1
Let w,; be the volume of the d-dimensional unit ball. Thus, we have
1 de.—d
I > EQb{m; M > b, mes(A)) < wgx“{; }
> a);lx_dg‘fiQh{mes(Ay) < a)dxd{l_d, M > b}
> wy x4 100 (M > b} — Qpfmes(A,) = wax¢; )]
> o'l opM = b = 0] s )z v}]
|t—r|>)c{f1

1

> o x el @™ —e). (30)

Summarizing (29) and (30), we have

2
Ey(Z}) < Kc%d( [rro > y}dr) R LV CEL?
and, therefore,
E% 7}
LTy VN

6. Proof of Theorem 2

Let T, = {t1, ..., t,,} be generated in Step 3 of Algorithm 2. We start the analysis with the
following decomposition:
, 1 Umax™ . f)>b
7y — Zp = {sup f()>b} {mi(.’il f(t:)>b} E{mes(A, )}
mes(Ay) mes(Ay)
= E{mes(A,)} lisw f-) Timan /)24
mes(Ay) mes(Ay)
Lmaxy, ran=p)  Lymaxi, r@>b)
mes(A,) mes(A,) [

where n’l?s(A,,) is defined as in (14). According to the result in Theorem 1, it is sufficient to
show that [EC¢{Z), — Z,}| < eP{M > b} and var(Z, — Z;) = O(P*{M > b}). We define the
following notation:

~ Lwpro=b)  Lmaxtt, ran>n) b Lmax, fan=p)  Lmaxit, ra)>b)

~ mes(A,) mes(A,) mes(A,) mes(A,)

We establish upper bounds for the first and second moments for each of the two terms,
respectively.
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6.1. The J; term

Note that J; is nonnegative and
1
Ey{Ji} = Ep{ ————:; M > by max f(t;) < b}.
mes(Ay) i=1

From the proof of Theorem 1, in particular (28), it follows that 1{s7~p)/¢ dmes(Ay) is uniformly
integrable in the parameter b, where { = max({y, {2). Thus, for any § small enough, we have

‘M > b; B} < (—log8)/%05¢¢. (31)

E,{ —
s ”{ mes(A,)’

0p(B)=<é

Therefore, it is sufficient to derive a bound for
0 {M > bimix £ @) <|.
Let x be large and 8’ be small, we have the following:
0| M > b;miax f (1) < b} (32)

=] s f)>bimax ) <b)

x¢l<|t—1|<8

+0f s f@ b s f() < bimix f(0) <0

[t—1|<x¢~! lt—t|>x¢ 7!
+0p| sup £ > bimax f() = b).
lt—|>8' i=l

We will provide a specific choice of m such that
Os{sup £(1) > bimx f (1) < b} <82 61,
1=

where ¢ is the relative bias preset in the statement of the theorem. We consider each of the three
terms in (32).

6.1.1. The first term in (32). We choose x = min{(—log8)**, §'¢}, where @ = min{a, a2 }.
According to Lemma 3, the first term in (32) is bounded by

o s fo=biniixfa) <o) <0 s fo>0f <o

x¢l<|t—1|<8 x¢l<|t—1|<8
Notationally, we define sup,. f (1) = —oo. Thus, when x = §'¢, the above probability is 0.

6.1.2. The second term in (32). Simple derivations yield

0 s O >b swp  f) < boniix f) < b)

lt—t|<xz~! lt—t|>xz!
=By {0sfmixfe) < b1 ffi s f@ b s f0) <b)
1= lt—T|<xt™ lt—t|>x8~
< Ep{(1= B s f0)>b). (33)
lt—t|<x¢™

https://doi.org/10.1239/aap/1444308882 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1444308882

808 X.LIAND J. LIU

where 8(Ap) = ;dmes(Ab N B(z, x/¢))inf|;<x k(t) is a lower bound of the probability that
Op{t; € Ap | f} and B(z, x) is the ball centered around t with radius x. In what follows,
we need to show that mes(Aj) cannot be too small on the set {sup‘t7,|<x§_| f(t) > b} and,
therefore, B(Ap) cannot be too small. We write & = {supj,_ -1 f(#) > b} and write (33)
as

Ep{(1 — B(Ap)™; €1} = Ep{(1 — B(A)™; &1, D, 5,3 + Ep{(1 — B(Ap))™; &1, Diy s},
where for some A3 and 8 positive, we define
Disiy = | sup FORNIOIER

|s—t|<rz¢ s, reB(r,xgh)
For some &y small, we choose §; = 96 and A3 = 805%/ atl/Biteo e apply the Borel-TIS
lemma to the double-indexed process £(s,#) = f(s) — f(¢) whose variance is bounded by
Lemma 1(ii). Thus, we obtain the following bound:

Ep{(1 — B(A))"; €1, DS, 5} < QulD5, 5} < 6.
Therefore, (33) is bounded by
8 +Ep(1 — B(Ap)™: &1, Diys, )

We further split the expectation

Ep{(1 = B(AR)"; €1, Do}
SEp{(1 = BN Digsys sup f() > b+8167" 6]

lt—7|<x¢~!

+ 0| Digsib< s ) <b+abT e ]

[t—1|<x¢~!

We derive a bound of the second term by considering the standardized process g(¢) = b(f(t +
t/¢) — b) conditional on f(t) = y + z/b. g(¢) can be written as

_Cu/g+T)
80 = =Gy, (34)

where [(#) is a random field whose distribution is independent of z. So, we have

Ct/t+7)

Qb{b < sup f) < b+511f‘] — 0plsup L2V i) e (o, 51)} = 005)).
|t—7|<x¢—1 lt]<x C(z, 1)

The last equality holds because z has a density bounded everywhere (asymptotically exponen-
tial), and % <C@t/t+1)/C(1,7) < a%/az(r). Given a realization of [(¢) ,
Ct/t+1)

S e (0@

implies that z has to fall in an interval with length less than 2§;. Thus, if we choose &g small
and §; = &4, then

Qb{b< sup f(t)<b+81{71} < 6.

lt—1|<x¢~!
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Therefore, (33) is bounded by

25+EQb[(1—ﬁ(Ab))mQDA3,51; sup f(t)>b+81b_1,81}.

lt—7|<xg !
Note that, on the set Dy, 5,, mes(A, N B(t, x{’l )) is controlled by the overshoot

sup  f(1) — D,
[t—7|<x¢~!
i.e. if SUP|; _r|<x¢-! f() > b+ 61/bthen mes(Ap N B(z, x{’l)) > eokgg’d. In addition, the
density k; ¢ (¢) is bounded from below by x~4=¢ fort € B(x, xg“_l). Thus, the probability
B(Ap) has a lower bound

B(Ap) > 80x_d_glk‘3i > 5032d/a+d/ﬂ1+250.

The final step of the above inequality follows from the fact that x = min{(—log8)*/%, §'¢}.

Thus, (33) is bounded by
26 + (1 _ 8052d/a+d/l31+28())m'

For some large x, m = k§ —2d/a=d/B1=3¢0 gpq, therefore,

0| swp O >b swp  f() < binix f) < b} <45,

[t—t|<x¢~! lt—t|>x¢~!

6.1.3. The last term in (32). According to the result in Lemma 2, we can choose &g and 8" such
that

0sf swp f)zy) el

[t—t|>8"

There are two cases: § > e_iobz and § < e—cob”
Case 1. Where § > e~%0%"_ In this case, the last term in (32) is bounded trivially by

0o sup @ > binix f) <b) = 0] swp f =) <o
lt—1|>8' i=1 li—t|>8
Case 2. Where § < e~%**. We need a similar analysis to that of the second term. We now

split the probability for 8, = 8110,

0o sup f0) > binmitx f1) < b} < 0] sup f0) € b 82b7H)

lt—7|=4 |t—1|>8

+ 0] sup F(0) > b+ 8ab7Hmiax £0) < b).

|[t—7|>6"

We now consider the first term and split the set {¢: |t — 7| > §} into two parts. Define the set

{ C(t, 1) 1 }
F=4t: > ,
C(t,t)  (—logéy)?

We start with the small overshoot probability on the set F,

Qb[b< sup f(t)§b+%2}.

|[t—t|>8,teF
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Using (34) and applying a similar analysis to that of the second term, we have

Cit/¢+71)
— 7+t 0,6
Qb{lt/;|>;,lrl})z+reF C(r,7) et el 2)}
= 0((—10g 52)*82)

<. (35)

Qb{b< sup f(t)<b+52b—1}

[t—1|>8',teF

IA

The last two steps are based on the fact that z is a random variable independent of /(¢) and has
bounded density. Thus, the above probability is bounded by

supPx < z < x + (log 82)282} = O((log 82)%87).
X

We will return to this estimate soon.

We now consider ¢ in F¢. For some k( large, we have Qp{z > —kglogés} < 8. Thus,
we only consider z < —kplogdy. Conditional on f(r) = y + z/b, the conditional mean
is sup,cpe (t — ) < C > 0. In addition, the conditional variance of f(¢) on the set F°
is almost o-2(r). Thus, we can apply classic results on the density estimation of the sup f(r)
(cf. [34, Theorem 2]). Thatis, conditional on f(t) = y+2/b,sup,_r|>4 pe f (t) has abounded
density over [b, b + 8,b~*] for some A > 1 and, thus,

Qb{ sup f() elb,b+8bM | f(1) =y + 2} = 0(8).

|[t—1|>8",teF°

Summarizing the above results, we have

Qb{ sup f(t)e[b,b—i—c?zb_x]}

lt—1]=8

=] s fO elbb+5b7M) + Oplz = —kologh)

|t—7|>6",teF

+ Qb{ sup f@) el[b,b+ 82b™*1, 7z < —ko log(Sz}

|t—t|>68",teF°¢

< 36.

The last term in (32) is bounded by

b sup f() > bimix f(1) < b}

[t—1|>8'

=35+ 0p] sup £ > b+ sbHmax £ (1) < b
|I*T|Z5/ i=1
For the second term, we apply the old trick of choosing A4 = 65/ atl/Biteo,—2r/a—2/ i and,
thus,

onf swp 1) = ()] > 0207} < 5. (36)

|s—t|<Xq
Note that % < —&y ! log 8. We can choose a different gg so that 14 can be simplified to

Ay = 8§/a+1/ﬁ1+80.
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If sup, | f () — f(O)] < 867% and sup,,_, o5 f(t) > b+ 6ob™*, we have f(A}) >
so)\ﬁg —d=¢1 With a different choice of &0, we choose

m=—22;9¢4 1 log§ = 0 (57 4@/t1/B=e0), 37)

then, we have

Ep{(1=B(An)™ sup b <|f(s) = [()] < 82b™ f()) > b+8b7") <5 (38)

ls—t|<hs

Therefore, combining the bounds in (35), (36), and (38), if ¢ < e=20"" and we choose m as in
(37), then

0] sup () > bindix fa) < b} < 55.

|[t—7|>¢§

Combining the bounds for all the three terms in (32), we have
0p{M > bimitx f(1) < b < 55.
=

If we choose § = ¢!140 and

m = 05 @/+1Piten)y = o (g~d@/at1/p—2deo)

then according to the bound in (31), we have
E2 J, < ¢%e.

Similarly, according to the uniform integrability of ¢ 2 /mes? (Ay), by choosing the same m,
there exists a «q such that

E2{J2} < ko,

6.2. The J, term

We now proceed to

1 1
T2 = Lmaxyr f(’i)>b}|:meS(Ay) - rr’le\s(Ay)]

We study the behavior of J by means of the scaled process g(z) defined as in (11). For the
analysis of Jp, we translate everything to the scale of g(¢). Recall the process g(¢) given by

(11)is
g(t) = b<f(r + é) —b)

foreacht, f(r +t/¢) > y ifand only if g(¢) > —1.

Conditionalon, t1, ..., t;, arei.i.d. with density k; ; () defined asin (13). Lets; = (t;—7)¢
and, thus, s1, . . ., s, arei.i.d. following density k(s). We can then rewrite the estimator in (14) as
_ O Lgsn=—1)
mes(A,) = — —= .

A== Z k(s;)

i=1
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Thus, mes(A,) is an unbiased estimator of mes(A,), i.e. E(mes(A,) | f) = mes(A,).
Conditional on a particular realization of f(¢) (or equivalently, g(t)), the variance of rﬁe\s(Ay)
is
—2d
var(es(Ay) | f) = L
m

where

o550 ] i

andzy = max(Jt|: g(t) > —1). By means of the inequality 1/(1 + x) — 1 > —x, we have

1 I es(Ay) — mes(Ay)
mes(A,) mes(A,) ~ mes?(A,)
Therefore,
| | 2 —2d
E I  mSS(A,) > mes(d,) | £l < LT
mes(A,) mes(A,) m mes*(A,)

It is the expectation on the set {mes(A,) < mes(A, )} that induces complications in that the
factor 1/mes(A,) can be very large when there are not many # in the excursion set A,. We
now proceed to this case. Conditional on a particular realization of f (and, equivalently, the
process g(t)), the analysis consists of three steps.

Step 1. Define the f-dependent probability

prEOplticA,: f}:/A k,,;(r)dr:/Ag k(1) dr.
Y —1

Using standard exponential change of measure techniques for large deviations [15], we obtain

Qb{z Lisea,y < pr(l—83)m ‘ f} “Miarr forall 85 € (0, 1),
i=1

where the rate function I(;”,f =0,pr(1—=383)—@(0s), @) =log(l1—py +pfe9), and 0, =
log(1 —383/(1 — py(1 — 83))). By elementary calculus, if we choose §3 = % then we have, for
some gg > 0,

Isy,p, = €opy forall py > 0.

Furthermore, we have

1 1 z "
E{(mes(Ay) - n’le\s(A,,)> ;mes(A,) < mes(Ay),Iln:ale(ti) > b,

m
D jea,) < = f}
i=1

4
§E{M mes(A,) < mes(A,), maxf(tl) > b, ;1{,@ y < - ‘ f}
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There is at least one #; in the excursion set A,. Therefore, the estimator rﬁe\s(A,,) >
m~ ekt 7). Thus, the above expectation is upper bounded by

< k™2 (tpym> g2 eeomps

Step 2. We consider the situation when ) _ 1, eA,} > prm/2. The unbiasedness of mes(A,)
suggests that

mes(A,) = IE{

8
TG }pf’

where S is a random index following density k(s). Note that on the set A% k() < k(S) < k.
Thus, if we let Ay = /cl_lk(tf) then on the set {)_ Litea,) > prm/2}, we have
Af A
mes(A,) > %(V).

Thus, using a Taylor expansion, we have

1 R pym
E — ; A Ay); 1, —_
(s = ) 4 <mestarn Eten = 257 |1}

2%(mes(Ay) — mMes(A,))* prm ‘
<E ;mes(A,) < mes(A,); 1 >
B b{ )»‘}mes“(Ay) 47 (4y) Z ey} 2 f}

24y s —2d
~ mrjmest(A,)
Step 3. Combining the previous analysis, we obtain
24§72d IC12 Kf§_2d
mes*(A,) k>(t5)m ~ mmes*(A,)

Ep{J5 | f} < +k(tp) " PmP g emomrr - (39)

The density k(¢) has a heavy tail that is k(¢) ~ 1/|z‘|d+£1 and k(t) < k1 for all ¢. In Step 3, we
provide a bound on the distributions of #7 and p .

We start with 7. For each s > 0, 7y > s if and only if sup,_, ., (t) > —1. According to
the results in Lemmas 2 and 3, for sufficiently large s, there exists some gy > O such that

Opity > s} = Qb[ sup g(t) > —1; <exp{—s®} fors <8¢

|[t—t|>s

and
Op{ty > s} < exp(—eob?) fors > 8'¢.

Therefore, all moments of K~ (¢ ) are bounded. We have
Bk~ (1)} < By} < iy

for some constant «; possibly depending on /. Thus, by the Cauchy—Schwarz inequality, the
expectation of the first two terms in (39) can be bounded as follows:

24y =2 K} _ o) ¢4 B P
]E{mes4(AV) k2 (tpym’ M= b} =T ]E{mess(AV) }E{k () = “m

—2d —4d 2d

m x mes*(A,) m mes8(A,)

https://doi.org/10.1239/aap/1444308882 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1444308882

814 X.LIAND J. LIU

We now proceed to the third term in (39) concerning p . The expectation of this term is
bounded by

Ep{m?k(ty)"2e"™OPf s M > b} < \/JEb{m‘*e*Zmeopf; M > by JEpk=*(tp))}.

The second term /I, {k—*(¢ £)}1is O(1). We proceed to the first term,

Ep{m*e™2"0P1; M > b} = Ep{m*e 2"0P1; pp > m™1/?)
+ Ep{m*e2"0Pr; pr <m™'2 M > b}

< mie200Vm +m*Qplpr <m™ % M > b).

We now proceed to control Qp{p s < m~12, M > b}. Note that Pf = k(tf)mes(A‘il). For
each x > 0,

Oplpr < x, M > b} < Qplk(ty) < /x or mes(A®)) < /x, M > b}
< Qplty > x712UH) 4 Qpfmes(A% ) < VX, M > b).
According to the bounds in (27), for some 9 > 0 and g9 > 0, we have
Opfmes(A% ) < Vx, M > b} = Qp{mes(A,) < :7/x, M > b} < exp(—x /%)
for sufficiently small x. According to the previous result, we have
Oplts > X124y < om0 g 1/26+e)  grp

and
Qb{tf - x—1/2(d+£1)} < e—Eob2 for x—1/2(d+e1) > 5’@-.

Thus, for large enough XA and small enough ¢, we have
Owipr < m Y2 M > b} < e ™" form < b*:

form > b* (with sufficiently large 1), 7y > m!/4@+0 implies that t+17/¢ ¢ T,i.e.m!/4d+eD)
is too large and, thus,
Opips <m™ ) =0 form > b*.

Therefore, we have m* Opipy < m Y2 M > b} < kmte™ ™ for sufficiently large m and,
furthermore,
Eb{m4k(tf)*2e*m€0pf; M > b} < km*e™°/2,

Summarizing the results in all the three steps, we have Eb{]zz} < k¢ /m. If we choose
m = k max {e 2, g ~d@/at1/Bi+3e0)y — O (g=d2/+2/B1)) then

Ep|Zy — Zp| = Byl )y + JzI/TP{f(t) > yhdr < Sé“d/TP{f(t) > y}dt

and

2
Ep{Zy — Zp)? < K;“( / P{f(t) > y}dr) :
T
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