
Can. J. Math., Vol. XXV, No. 1, 1973, pp. 141-155 

THE ALGEBRA OF DIFFERENTIALS OF INFINITE 
RANK 

W. C. BROWN 

I n t r o d u c t i o n . Le t k and A denote commutat ive rings with ident i ty and 
assume t h a t A is a ^-algebra. A qth order ^-derivation ô of A into an A -module 
V is an element of Hom^(^4, V) such t h a t for any q + 1 elements a0, . . . , aQ 

of Ay the following identi ty holds: 

Q 

d(a0ai ...aq) = ^ ( - 1 ) * - 1 H an • • • auB(ao . . . âH . . . âu . . . aq) 
i=l 31<...<ji 

Thus , a ls t -order derivation is jus t an ordinary derivation of A into V. 
In [5; 6], Y. Nakai has summarized and refined the work of several authors 

(i.e. E. Kunz [4] and H. Osborn [7]) concerning the construction of a universal 
object Qk

g(A) for qth order derivations of A over k. Following the notat ion 
and terminology of Nakai , Qk

q(A) is defined to be an A -module having the 
following properties: 

(a): There exists a canonical qth order ^-derivation 8k
q of A into Çlk

Q(A). 
(13): £lk

Q(A) is generated as an A -module by 

{ôk
q(a)\a e A}. 

(7) : Given any A -module V together with a qth order ^-derivation X of A 
into V, there exists a unique A -module homomorphism ty mapping £2/( / l ) 
into V such t h a t X = ^ o dk

Q. 
T h e construction of ^(A) together with a s tudy of its functorial properties 
are carried out in [6]. 

Suppose now t h a t F is a commutat ive A -algebra. Then a ^-higher deriva
tion of infinite rank ô = {ôg} from A into V is an infinite sequence of maps 
<5i, Ô2, <53 • • •

 s u c n t h a t 
(1) each èi is an element of Homfc(^4, V), and 
(2) for all q ^ 1 and a, b in A, we have 

Bq(ab) = aôq(b) + ô i ( a ) V i @ ) + • • • + àq(a)b. 

Henceforth, we shall abbreviate this last equation by writing 8q(ab) = 

£*+i«flô<(ûOôj(&). 
Recently the author and W. E. Kuan in [1] have used this notion of ^-higher 

derivations of infinite rank to obtain some new results on analytic products of 
a var ie ty i^ along a subvariety iV. 

Thus , the following question natural ly arises from Nakai ' s work. Does there 
exist a universal object for ^-higher derivations of infinite rank? T h e purpose 
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142 W. C. BROWN 

of this paper is to show that such an object does exist and satisfies properties 
analogous to a, 13 and y for ÇLk

q{A). We shall also study the functorial properties 
of the universal object for &-higher derivations of infinite rank and finish 
with an example for polynomial rings. 

Preliminaries. Through this paper, all rings will be assumed to be associa
tive and commutative but not necessarily containing an identity, k will always 
denote a commutative ring with identity. We shall denote by A and B two 
rings with identities which are ^-algebras via two ring homomorphisms 
0i : k —> A and 62 : k —» B which take the identity of k to the identities in 
A and B respectively. Henceforth we shall not explicitly write the map 0Z. 
Thus, if a is an element of A and x an element of k, we shall write xa instead 
of Oi{x)a. In particular, if SF is a ^-algebra homomorphism of A into B, then 
ty is said to be zero on k if ty o 6± = 0. We shall write ^(k) = 0 if \F is zero 
on k. 

Let F be a ring (commutative but not necessarily containing an identity). 
Then we shall call V an A -algebra if F is a unitary A -module such that 
via = av\ and 

a{viV2) = (CLVI)V2 = viiavz) 

for all vi, V2 in V and a in A. An A -algebra homomorphism from an A -algebra 
Vi to an A -algebra V2 is a ring homomorphism which is also an A -module 
homomorphism. 

Let V be an A -algebra. By a ^-higher derivation ô = {ôq} of A into V, we 
shall mean an infinite sequence <5i, 52, . . . of maps dq : A —* V such that 

(1) each 8a is an element of Hom f t( i , V), and 
(2) for all a and b in A and g ^ 1, we have 

ôg(ab) = aôQ(b) + ôi(<0Vi(&) + • - • + ô«-i(a)«i(&) + ««(<*)&. 

We shall abbreviate this last equation (Leibniz's rule) by writing 

*<(&) = £ **(a)ô,(&). 

Thus, a ^-higher derivation of A into an ^4-algebra F is an infinite sequence 
of linear maps of A into V which are all zero on k and satisfy Leibniz's rule. 
We shall denote the collection of all such ^-higher derivations of A into V by 
3?*{A, V). 

Finally, we assume that the reader is familiar with the results which appear 
in [5; 6]. 

1. Construction of the universal object for ^-higher derivations. Let 
A and k be as in the preliminaries. We wish to construct an A -algebra 12*04) 
having the following properties: 

(a) There exists a ^-higher derivation bk
A = {dkg

A} from A into 0^(4). 
(b) &k(A) is generated as an A -algebra by the set {8kq

A(a)\a G A, q ^ 1}. 
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ALGEBRA OF DIFFERENTIALS 143 

(c) For any A -algebra V and any ^-higher derivation A = {\q] G Jjfk (A, V), 
there exists a unique A -algebra homomorphism ty : iïk(A) -+ V such 
that for all q ^ 1, ^ o ôkq

A = Xq. 
We note that (b) means that tok(A ) is generated as an A -module by all elements 
of the form ^ î l

A(a î l)5A;ï2
A(a f2) . . . ôkin

A(ain). Thus, Qk(A) does not contain an 
identity element. 

We now proceed to the construction of Qk(A). Following Y. Nakai [6], we 
may construct for each q ^ 1 a universal object tik

q(A) for qth order deriva
tions on A. Consider A (g)k A, and let <p : A ®k A —> A be given by 
^(Z) %i ®yù = S %iyi- Let / be the kernel of <p. We may view A ®kA as 
an A -module via a(x ®y) = ax ®y. Then I is an ideal in A ®k A and 

0-+I-+A ®kA^A-*0 

is an exact sequence of A -modules. We note that I is generated as an A-
module by all elements of the form 1 (x) a — a ® 1, a m A. Here 1 denotes 
the identity of A. 

For all q ^ 1, set Qk*(A) = I/IQ+l and define 

8k<:A-+Qk'(A) by Sk<(a) = (1 (g) a - a (x) 1) + P+1 . 

Then one can readily verify that properties a, (3 and y mentioned in the intro
duction hold. 

Now let S = ©"=i/// f f+1 , the direct sum of the ^4-modules Qk
a(A). Since 

each iïk
Q(A) is generated as an A -module by {bk

q{a)\a G A], we see that S is 
generated as an A -module by {ôk

Q(a)\a G A, q ^ 1}. Set 

Sn = S (x)A S ®A . . . 0A S (the tensor product taken n times). 

Let Bn be the A -submodule of Sn generated by all elements of the form 

Sl ®A. . . ®ASn- S,(X) ®A • • • ®A Sain) 

where the st are in 5, and a is any permutation of {1, . . . , n). Set 5^(S) = 
®5JLi Sn/Bn. Then 5f{S) is just the usual symmetric algebra generated by S 
over A, but without the zero degree terms. Thus, Sf (S) is a commutative 
^4-algebra without an identity element. Since 5 is generated as an A -module 
by the set {8k

Q(a)\a G A, q ^ 1}, Sf{S) is generated as an A -algebra by the 
same set. Thus, S^(S) is generated as an A -module by all elements of the 
form 1 ^ ( 0 . . . ô * > ( O K G A,i, ^ 1}. 

Since iïk
q(A) C S C S^(S), each V may be viewed as a gth order ^-deriva

tion of A into Sf(S). Thus, for each q ^ 1 we have a qt\v order derivation 5 / 
of A into j ^ (5), and ^ (5) is generated as an A -algebra by 

{hq{a)\a £A,q^ 1}. 

Now let J denote the ideal in y (S) generated by all elements of the form 

«*'(<*&)- E à*\a)**Q>) atb in A, q ^ l . 

https://doi.org/10.4153/CJM-1973-013-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1973-013-4


144 W. C. BROWN 

Let 7T : y(S) -*y(S)/J be the natural projection of y (S) onto y(S)/J. Set 
Qk(A) =y(S)/J, and for each q ^ 1, Ôkq

A = TT O dk
a. Then clearly <5^ = 

\ôkq
A] G ^fc(^4, Î2*C4)). We also note the tok(A) is generated as an A -algebra 

by {dkq
A(a)\a Ç. A,q ^ 1} since y(S) is generated as an A -algebra by 

{8k
Q(a)\a 6 A, q ^ 1J. Hence, (12 (̂̂ 4), ôA

A) will be the desired universal 
object if it has the universal mapping property (c) 

THEOREM 1. Let V be any A-algebra and X = {Xq} £J4?k(A, V). Then there 
exists a unique A-algebra homomorphism ^f : tik(A) —> V such that for all 

2 e l , 
^ o 8kq

A = \q. 

Proof. By [6, Proposition 5], \q is a gth order ^-derivation of A into V. Hence 
by the universal mapping property of (12/(^4), 8k

q), there exists a unique 
A -module homomorphism hq : £lk

Q(A) —» F such that Ztff o 8k
Q = Xff. By setting 

^o = ®o°=ihq - S —» F, we obtain a unique -4-module homomorphism of 5 
into F such that for all q ^ 1, Ŝ o o 5 / = \q. Since y (S) is the symmetric 
algebra generated by 5 over A (except for terms of degree zero), and V is 
commutative, we may extend SF o to an A -algebra homomorphism 
^ i :y(S)-+ F by setting 

^ i O i ® A . . . ®A sn + £ n ) = ^0(^1)^0(^2) . . . *o(sn). 

We note that if a is an element of A, then for all q è 1 ^i(V(aO) = 
*oô*ff(a) = Xff(a). 

Suppose 

5/(aZ>) - Z **'(*)«*'(&) 

is a typical generator of the ideal J in y(S). Since ^1 is an A -algebra homo
morphism, we have 

*i{i**(flb) - £ 8k\a)8k
j(b)} = 

• I O J / W - Z ¥1 o«t '(a)¥io **'(&) = X,(aô)- E X,(a)X,(ô) = 0 
i+J'=Q i+J=Q 

since X is a ^-higher derivation on ^4. Hence, ^ i ( J ) = 0. Thus, ^ i induces an 
A -algebra homomorphism ^ of tik(A) into F such that for all q ^ 1, 
^ o ô*g

A = Xff. Since fi* (̂ 4 ) is generated as an A -algebra by 

{8kq
A(a)\a £A,q^ 1}, 

SF is obviously unique. 

COROLLARY. Let A be a k-algebra with identity. Then there exists an A-algebra 
Qk(A) and a k-higher derivation 8k

A Ç ^fk(A, &k(A)) such that properties 
(a), (b) and (c) are satisfied. 

We shall call (Qk(A), 8k
A) the universal object associated with A, and 

property (c) will be referred to as the universal mapping property (U.M.P.) 
of (iïk(A), ôk

A). Clearly the A -algebra tik(A) is unique up to isomorphism. 
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We remind the reader again that £lk(A) is an A -algebra which does not 
contain an identity. 

2. Functorial properties of Qk(A). In this section we explore the functorial 
properties of Qk (A ). 

Let A and B be two ^-algebras with identities, and let h : A —> B be a 
^-algebra homomorphism taking the identity of A to that of B. Let8k

A = {8kq
A} 

and 8k
B = {8kq

B} be the canonical &-higher derivations of A and B into tik(A) 
and &k(B) respectively. 

Now we may regard &k(B) as an A -algebra via h. Since dk
B o h is a ^-higher 

derivation of A into Qk(B), the U.M.P. of (Qk(A),5k
A) implies that there 

exists a unique A -algebra homomorphism h* : Ûk(A) -~>Çlk(B) such that for 
all q ^ 1, h*8kq

A = 8kq
Bh. The map h need not be a monomorphism but by 

abuse of notation we shall identify A with h (A) in B. Hence, if a is an element 
of A, then h*8kq

A(a) = 8kq
B{a). Suppose C is a third ^-algebra with identity, 

and g : B —» C is a ^-algebra homomorphism taking the identity of 5 to that 
of C. Let g* be the induced mapping between Slk(B) —» Qfc(C). Then via gfe, C 
may be viewed as an A -algebra. One can easily verify that g* o h* = (gh)*: 
Q4(i4)->Ot(C). 

We may use the ^4-algebra map h* to define a ^-algebra homomorphism 
ix : B ®A&k(A)-^ Qk(B) as follows: 

( n \ w 

Here Xi, . . . , xn are elements of Î2& (̂ 4 ), and bi, . . . , bn are elements of B. The 
image of n in 12*05) is a 23-subalgebra, but not necessarily an ideal of tlk(B). 
Let [Im /x] denote the ideal of S^OB) generated by the image of /z. 

Let us set Qk(B/A) = Qk(B)/[Im M], and let j : Qk(B) ->Qk(B/A) be the 
natural projection. Then tik(B/A) is a .B-algebra, and j is a jB-algebra homo
morphism. For each g ^ 1, setôff = jo8kq

B.Then8 = {8q} €3fk(B,Qk(B/A)). 
If a is an element of A, then for all q ^ 1, 

5ff(a) = ; o f c B
B ( a ) = joh*8kq

A(a) = 0 

since h*8kq
A(a) is in Im /x. Hence 8 is a ^-higher derivation of B into 12^(5/^4) 

which is zero an A. Now we can show that (£lk(B/A),ô) has the universal 
mapping property with respect to all ^-higher derivations on B which are 
zero on A. 

LEMMA 1. Suppose V is any B-algebra f and X = {\q} £ 3J?k(B, V) such that 
\q(A) = 0 for all q. Then there exists a unique B-algebra homomorphism 
a : Qk(B/A ) —> V such that ao8 = X. 

Proof. By the U.M.P. of (£lk(B), 8k
B), there exists a unique 5-algebra 

homomorphism <XQ : Qk(B)—* V such that a0 o 8k
B = X. Suppose a is an 
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element of A. Then for all q ^ 1, we have 

(*): 0 = \a(a) = a0ôkg
B(a) = a0(h* o bkq

A{a)). 

Now let z be an arbitrary element of Im ju. Then z = MGCLI &* ®A #*) for 
some b\, . . . ,bn in B and Xi, . . . , xn in Œ*C4)« Since the tensor product is 
over A, we may assume each xt has the form 

àkjiA(aji)àkj2A(a3i) - - • àjcjtA(a3t)' 

Since h* is a ring homomorphism, and a0 is a 5-algebra homomorphism, 
(*) implies a0(z) = 0. Thus, a0([Im /x]) = 0 . Hence, a0 induces a ^-algebra 
homomorphism 

a : O t(5)/[Im M] = 0*(5/i4) -» F 

such that a odq = Xq for all q ^ 1. Since fifc(5/^4) is generated as a .B-algebra 
by {8q(b)\b £ 5 , g ^ 1}, we see that a is necessarily unique. 

LEMMA 2. tik(B/A) ^ fiA(J5) as B-algebras. 

Proof. This lemma follows immediately from Lemma 1 and the uniqueness 
of the universal object &A(B). 

We have now proven the following theorem: 

THEOREM 2. Let A and B be k-algebras with identity, and let h : A —> B be a 
k-algebra homomorphism sending the identity of A to the identity of B. Let 
JJL : B ®A &k(A) —» B be the induced B-algebra homomorphism. Then 

as B-algebras. 

We may use the ideas of Theorem 2 to present some information on exten
sions of &-higher derivations. So as usual, let A and B be ^-algebras with 
identity, and let h : A —» B be as before. We shall say that a ^-higher deriva
tion A = {\q} of A into a ^-algebra V can be extended to B if there exists 
A' = {A/} €Jfk(B, V) such that for all a in A and q ^ 1, \Q'(h(a)) = \q(a). 

PROPOSITION 1. If /J, is infective, and Im /x is an ideal direct summand of 
ttk(B), then every k-higher derivation of A into a B-algebra V can be extended to 
a k-higher derivation of B into V. Conversely, if every k-higher derivation of A 
into a B-algebra V can be extended to a k-higher derivation of B, then /x is infective 
and, Im IJL is a B-algebra direct summand of £lk{B). 

Proof. Let us first assume that /x : B (g)A tik(A) —>iïk(B) is injective, and 
that Imju = [Im p] is an ideal direct summand of tik(B). Suppose F is a 
^-algebra, and A = {A,} e3f?k(A, V). Then by the U.M.P. of (Qk(A),ôk

A), 
there exists a unique A -algebra homomorphism a : Slk{A) —> V such that 
a o 8k

A = A. We may extend a: to a ^-algebra homomorphism ax of B (g)A tik(A ) 
into V in the usual way: 

« i ( L bt (x)A Xi) = J2 bna(xt). 
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Since /x is injective, we may identify B ( g u ^ G 4 ) with Im ju in Qk(B). By 
hypothesis, Im /* is an ideal in tok(B), and there exists an ideal L in Œfc(i3) such 
t h a t Im/x © L = tik(B). Hence, we m a y extend a\ to a .B-algebra homo-
morphism a2 of 12*08) into V such t h a t a2 when restricted to B (x)A 12*04) is 
«i . For each g è l , let X/ = a2 o ÔkQ

B. Clearly X' = {X/} G « ^ ( 5 , F ) . If a is 
an element of A, then for all q ^ 1, we have 

X/ (a ) = a2ôkg
B(a) = a2[/j(l ® A ô , / ( a ) ) ] = 

« i ( l ®A8kQ
A(a)) = a ô * / ( a ) = Xfl(a). 

So we have extended X to X' on B. 
Now let us assume t h a t every ^-higher derivation of A into a ^ -a lgebra V 

can be extended to B. W e first show t h a t /x is injective. For each q ^ 1, let 
>̂ff : 4̂ —> J5 (x) A 12*04) be the ^-module homomorphism defined as follows: 
if a is in A, then pQ(a) = 1 (x)A dkg

A(a). Here 1 of course denotes the ident i ty 
element of B. One easily checks t h a t p = {pq\ is a &-higher derivation of 4̂ 
into B (x)A 12*04). T h u s by hypothesis, p can be extended to a ^-higher deriva
tion p' = {£/} of 5 into B ®AVJC(A). From the U . M . P . of (12*(£), 5**), 
there exists a unique ^ -a lgebra homomorphism SI> : 12*(.B) —>B (x)A 12*04) 
such t h a t ^ o ôk

B = p'. 

Now let z be an element in the kernel of \x. Since 12* (A ) is generated as an 
A -module by products of the form dkil

A(ail)ôki2
A(ai2) . . . bkin

A(ain), we may 
assume z has the form 

z = E 6ii • • • in ®A 8kil
A(atl) . . . àkin

A(ain), bilmmmin in B. 

Now 

= L &<i...f»^ o 5 * ^ 0 ^ ) . . . * o Ôkin
B(aîn) = £ bil...inpil{ail) . . . pin(ain) 

= E &il.--«n(l ®A ^ / ( O ) . . . (1 ®A Ôj t i / f a i J ) = S 

Hence, M is injective. More generally, we have shown t h a t ^ o /* is the ident i ty 
map . Thus , Im fx is a £-a lgebra direct summand of 12*08). 

W e note t h a t if every &-higher derivation of A into V can be extended to B, 
then Im /x is a ^ -a lgebra direct summand of 12*08). However, Im /x need not 
necessarily be an ideal direct summand of 12*08). In one impor tan t case, we 
can simplify the s t a tement of Proposition 1. 

COROLLARY. Suppose that h : A —» B is surjective. Then every k-higher 
derivation of A into a B-algebra V can be extended to B if and only if /x is 
injective. 

Proof. If h is surjective, then /x : B ®A 12*04) —> 12*08) is easily seen to be 
surjective. Hence Im /x = 12*08). T h u s the result follows from Proposition 1. 
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3. Localizations: A special case. Let A be a ^-algebra with identity, and 
suppose M is a multiplicatively closed set containing 1 in A. In this section, 
we further assume that M contains no zero divisors of A. Later we shall remove 
this second condition on M. 

Let A M denote the localization of A by M. Recall then that AM is a subring 
of the total quotient ring of A. Thus, AM consists of all fractions of the form 
a/m where a is in A and m is an element of M. Two fractions a/m and a'/m' 
are equal if am' = ma'. Since M contains 1, we may view A as a subring of 
A M under the identification of a with a/1. 

We wish to prove the following theorem: 

THEOREM 3. AM ®A Qk(A) ^ Qk(AM) as A M~algebvas, 

We first need two lemmas: 

LEMMA 3. &A{AM) = 0. 

Proof. Let ÔA
AM = {ÔAQ

AM} denote the canonical A -higher derivation of 
AM into tiA(AM). Since &A(AM) is generated as an ylM-algebra by the set 
{ôAq

AM(a/m)\a/m Ç AM, a ^ 1}, it suffices to show that dAq
AM = 0 for all q. 

Now each bAq
AM is zero on A. Hence for a/m in AM, we have 

0 = 6At
A"(a) = 8 x / " ( ^ - y ) = Z^i^tfiM-lA^j) = 

f-5Aa
AM(a/m). 

Since ra/1 is a unit in AM, we get dAq
AM(a/m) = 0. 

LEMMA 4. £ ^ r j k-higher derivation of A into an AM-algebra V can be extended 
to a k-higher derivation of AM into V. 

Proof. Let V be an ^4^-algebra. Then V does not necessarily contain an 
identity element. So let V* = AM 0 V and define multiplication in V* as 
follows: 

(#i + ^i) (a2 + v2) = aia2 + aiv2 + a2vi + viv2. 

Then F* is an ^4M-algebra which contains AM. The identity of A M is the 
identity of V*. 

Now let X = {\q} 6 J4?k(A, V). Then X may be viewed as a ^-higher deriva
tion of A into F*. Now by [2, Lemma 2], we may extend X uniquely to a k-
higher derivation Xr = {X/J GJ^(^4 M , F*). We next show that each X/ 
actually maps AM into F. We prove this by induction on q. Let a/m be an 
element of AM. Then 

= m\i(a/m) + a/m\i(m). 
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Thus, Xi'(o/m) = (l/m)(Xi(a) — (a/m)X1(m)) which is an element in V. 
Assume we have shown that Xi', . . . , Xff_/ map AM into F. Then 

X«(fl> = X « ' ( £ ' i r ) = £ X/(a/m) • X/(m). 
Thus, 

Xfl'(a/ra) = — {Xc(a) — \i{m)\\-i{a/m) — . . . — \q(m)a/m}. 

By the induction hypothesis, 

(l/m){Xff(a) — Xi(m)X(Z_i/(a/m) — . . . — \a{m)a/m) 

is an element of V. Hence, X/ (a/m) is an element of F. Thus, we have extended 
X to X', a &-higher derivation of ^4M into F. 

We may now proceed with the proof of Theorem 3. By Lemma 4, every 
&-higher derivation of A into an ^4M-algebra F can be extended to a &-higher 
derivation of AM into F. Hence by Proposition 1, the ^4M-algebra homo-
morphism /x : AM ®A tik(A) —> Çlk(AM) is injective. Since 0A(^4M) = 0, 
Theorem 2 implies that [Im ju] = 0fc(^4M). Hence, Theorem 3 will follow if we 
show that Im fi is an ideal in 12^(^4^). 

Let dk
AM = {djcqAM} be the canonical &-higher derivation of AM into tik(AM). 

To show that Im \x is all of Çlk(AM), it suffices to show that ôkq
AM(a/m) G Im/z 

for all a/m in AM and q ^ 1. We prove this by induction on q. For q — 1, we 
have 

o*iAM0/m) = —2 {mbki
AMict) - ahiAM(m)) € Im M. 

By induction, 

5 , / ^ ( a /m) = - {a* /" (a ) - £ S*/^(m) - . . . hk^
A™(a/m)hiAM(m) \ 

77t \ lil / 

is an element of Im ju- Therefore, /* is surjective. This completes the proof of 
Theorem 3. 

4. Direct sums. As usual, let A be a ^-algebra with identity. Suppose 
there exists two ideals J i and J2 in 4̂ such that J\ © 72 = A as &-algebras. 
Then Ji + J2 = A, and J i Pi J2 = JV2 = 0. Let 1 denote the identity of A, 
and write 1 = e± + e2 with ei in Jx and e2 in J2 respectively. Then each Jt is a 
&-algebra with identity et. Thus, we may form tok(Ji) and ^ ( / 2 ) . Since ttk(Ji) 
is a J ralgebra, Œfc(/i) © ^ ( ^ 2 ) is naturally an A = Jx ©J2-algebra. Speci
fically if a is an element of A and x and y are elements of 12* (/1) and Œfc(/2) 
respectively, then fl(x©)') = a±x ®a2y. Here ai is in Ju a2 in J2y and 
a = ai + a2. We can now prove the following theorem: 

THEOREM 4. tik(A) ^ 12* (Ji) © 12* (J2) ^ A-algebras. 
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Proof. Le t d/1 = {ôkQ
Jl\ and 5k

J* = {dk/
2} be the canonical ^-higher 

derivat ions of J\ into Çlk(Ji) and J 2 into &k(J2) respectively. Le t 

be denned as follows: 
For a in A} 

ôq(a) = h/^ae^ ®ôk/*(ae2). 

T h e n one can easily show t h a t 5 = {ôq} is a &-higher derivat ion of A in to 
®k(Ji) © ^ ( ^ 2 ) . F rom the U . M . P . of (Qk(A), ôk

A), we get a unique ,4-algebra 
homomorphism ^"i : tik(A) — > ^ ( / i ) © ^ ( ^ 2 ) such t h a t ^ 1 o § / = 5. T h u s 
for all a in ^4, 

*(«*/(<*)) = fc/^aei) © ô * / » ( a e 2 ) . 

Le t C\ and c2 denote the inclusion mappings of J\ and J2 into 4̂ respectively. 
Then 6k

Aod €Jt?k(JuQk(A)), and 5 / o c 2 ^^fk{J2^k{A)). Thus , we get 
a unique JValgebra homomorphism a\ : tok(Ji) —>flfc(^) a n d a unique J2-
algebra homomorphism a2 : tik(J2) —» 12*04) such t h a t a i o dk

Jl = dk
A o c\, 

and a2 o ô//2 = ôk
A o c2. W e m a y use «i and a2 to define a m a p ^ 2 from 

®*(Ji) (BtokiA) into S2fe(̂ 4) as follows: ^ 2 ( x ©31) = a i (x ) + a2(;y). Here x 
is an element of O fc(Ji), and y is an element of Qk(J2). Since e\e2 = 0, ^ 2 is an 
A -algebra homomorphism. If a is any element of A, then for all q ^ 1 we have 

= ôkQ
A(aei) + ôkq

A(ae2) = ôkq
A(a). 

T h u s , we have constructed A -algebra homomorphisms 

¥ 1 : 0*(A) -> 0*(/1) © 0»(J2) and * 2 : 12,(JJ © Qk(J2) -+Qk(A). 

Since ( ^ 2 o t i ) o ^ = ô / ( the U . M . P . of ( 1 2 * 0 4 ) , ^ ) implies t h a t 
SP"2 o ^ 1 = ident i ty . Suppose V is any A -algebra, and X Ç J ^ 0 4 , V). Then 
there exists a unique A -algebra homomorphism a : Slk{A) —> V such t h a t 
a o ôk

A = X. T h e composite m a p a o ^ 2 is an A -algebra homomorphism of 
toktfi) © QfcC^) into F such t h a t (a o >F2) o S = X. W e note t h a t a o ^ 2 is 
necessarily the unique A -algebra m a p for which (a o ^ 2 ) o 8 = X. Hence, 
(Ojt^i) ©O f c ( J 2 ) , 5 ) has the U . M . P . Thus , ^ 1 o ^ 2 = identi ty, and 
®k(Ji) © ^ ( ^ 2 ) is isomorphic to £2*04) as ^4-algebras. 

5. R e s i d u e c la s s f o r m a t i o n s . Le t A be a ^-algebra with ident i ty , and let 
J be an ideal in A. Le t 7r : A —+A/J denote the canonical projection of A 
onto AI J. T h e n as we noted before, the induced A -algebra homomorphism 
7T* : £2* (A ) —> £2, (A I J) is surjective. Hence, the induced mapping 
H : {A I J) (g)A Qk(A) -> Qk(A/J) of (4 / J ) -algebras is surjective. Le t TV denote 
the kernel of fx. Then 

0 ->N _> ( ^ / / ) ® A o , ( ^ ) ^> 0*( i4 / J ) -> 0 
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is a short exact sequence of (A /J) -algebras. In this section, we wish to deter
mine the structure of N. 

Since 0 —> / —* A —> A/J —> 0 is exact, 

J ®AQk(A)-*A ®Atik(A)-*(A/J) ®AVk(A)-*0 

is exact. Thus, (A/J) ®Atik(A) £îQk(A)/J-Qk(A) as (A//)-algebras. Here 
J -tok(A) is the image of / (x)A Q,k(A) under the composite map 

J ®A&*(A)-+A ®AQk(A)->tik(A). 

Clearly J • Qk(A) is an ideal in 12*04), and Qk(A)// • tik(A) is naturally an 
(A I J) -algebra. 

Let ôk
A(J) denote the ideal in £2*04) generated by the set {ôkq

A(x)\x in J , 
q ^ 1}. Set J = ôk

A(J) + J • Qk(A). Clearly J is an ideal in Qk(A). 
Now M : (A/J) ®AVk(A) —> Qk(A/J) induces an (A/J)-algebra homo-

morphism (which we will also call /x) from Qk(A)/J • Qk(A) to Qk(A/J). Since 
7r*(J) = 0, 7T* induces an (A/J)-algebra homomorphism /Z from £lk(A)/J to 
tok(A/J). Specifically, Ji(y + / ) = ir*(y). Here 3; is any element of $lk(A). We 
shall show that /z is actually an (A/J)-isomorphism of Çlk(A)/J onto Qk(A/J). 

We first define a ^-higher derivation ô = {Sff} Çi2lfk{A/J,Çlk(A)/J) as 
follows: For a in 4̂ and g ^ 1, set 

*,(« + /) = «*/(«) + £ 
Since each bkq

A is additive and ôk
A (J) C ^, each 8q is a well defined &-linear 

homomorphism. Since 8k
A is a ^-higher derivation, ô = {ôq} is a &-higher 

derivation of A/J into £2*04)//. From the U.M.P. of (Qk(A/J),ôk
A/J), we 

get a unique (^4/J)-algebra homomorphism 

*:Qk(A/J)-+Qk(A)/J 

such that * ô * / / J ( a + J) = 3, (a + J ) = 5*/(a) + / for all q ^ l and 
a in A. 

The 04//)-algebra homomorphism jl : £lk(A)/J—>£lk(A/J) is clearly 
surjective. Using SF, we can now show the /Z is injective. Suppose z is an 
element in the kernel of /Z. Then z has the form 

2 = L G Ù . . . Ï A Ù A ( 0 . . . Ôkîn
A(ain) + J 

where ailmm.in and aixi . . . , ain are elements of A. Let à denote the image of 
an element a (in A) in A /J. Then we have 

0 = *0z(s)) = * {L ^ . . . « A ^ ' t o i ) . • . hin
A,J(âin)} 

= T,âti...u***tiA/J(âti) • - - ¥**«/"(*<•) 

= Z ^ i i . . . ^ û ( ^ ù ) • • • K(âin) 

= E Â«l...f.(***/(a<l) + • ? ) . . . ( ^ / O O + -?) = ». 

Hence, M is injective. 
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We have now proven that Q,k{A)/&k
A(J)-\-J • &k(A) is isomorphic to 

Qk(A/J). Thus, we get the following commutative diagram with exact rows: 

0 - • N -» (A/J) ®A Qk(A) -» Uk(A/J) - • 0 

8k
A(J) + J-Qk(A) Qk(A) . . . 

° ^ 7 - B t ( ^ ) ^ J - a t ( A ) * { / ) ° ' 

The middle mapping is the (A /J) -algebra isomorphism sending 

£ â< (g) xz-—> X) a<*< + ^ • ®k(A). 

The commutativity of the above diagram implies that 

N£*ôk
A(J)+J-Qk(A)/J-Q*(A) 

as (A/J)-algebras. Hence, we have proven the following theorem: 

THEOREM 5. Let A be a k-algebra with identity and J an ideal of A. Let dk
A (J) 

be the ideal in &k(A) generated by the set {ôkq
A(x)\x G J, q ^ 1}. Then if N is 

the kernel of the map n : (A /J) ®A Q,k (A ) —•» fiA (̂ 4 / J ) , 

# = { E â , ®A**|âi 6 A/J,xt e dk
A(J)}. 

6. Localizations. The general case. In this section, we shall prove 
Theorem 3 without the added assumption that M consist of nonzero divisors. 
So let A be a ^-algebra with identity, and let M be any multiplicatively 
closed set containing the identity 1 in A. Let n = {x 6 A\mx = 0 for some 
m in M}. Let n : A —>A/n be the natural projection of A onto 4/w. Then 
ir(M) — M* consists of nonzero divisors in A/n, and (A/n)M* = AM. We 
wish to prove the following theorem: 

THEOREM 6. AM ®A Slk(A) ~ Qk(AM) as AM-algebras. 

Proof. Let N denote the kernel of p : A/n ®A tik(A) -> Qk(A/n). Then 

0->N-*A/n ®Attk(A) ->Qk(A/n) -> 0 

is an exact sequence of (A /n) -algebras. Tensoring with ®AAM (=®A/n(A/n)M*) 
which is exact, we obtain that 

0->iV ®AAM-+ (A/n) ®Atik(A) ®AAM->ttk(A/n) ®AAM->0 

is exact. Now (A/n) ®AVk(A) ®AAM^ (A/n) ®AQk(A) ®U/n)(A/n)M* ^ 
AM ®A^TC(A) and Slk(A/n) ®AAM^Qk(A/n) ®A/n (A/n)M* which by 
Theorem 3 is isomorphic to tlk(AM). Hence, we have 

0->iV ®AAM->AM ®Atik(A)->nk(AM)-+0 

is exact. Thus, the result will follow if we show N ®A AM = 0. 
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By Theorem 5, N = { £ 0< ®Xi\at Ç 4 / » , x t Ç <$/(»} . Consider any 
generator of N (x)A ̂ 4M of the form 

(*) ai ®AyàkiA(x) ®A à/m. 

Here â\ is an element of A/n, y an element of tok(A), x an element of n and 
â/m a representative of an element in AM. Since x is in n, there exists an m' 
in Af such that m'x = 0. Now âm''/mm' is a well defined element of AM, and 
â/m = âm'/mm'. Hence, 

<Si ®Ayà*iA(x) ®A (â/m) = ai ®Aym'ôki
A(x) ®A (â/mm'). 

Now, 0 = 8kl
A(m'x) = m'8kl

A(x) + xô*iA(w'). Thus, 

ai (g^ 3>m'^iA(#) ®A -z—7 = - ai ®A yxôki
A(m') ®A ^r-r = 

mm mm 

- xâi ®A y8ki
A(mf) ®A T—7 = 0. 

mm 

The last term is zero since xâi = 0. Hence, any generator of the form (*) is 
zero. The same proof shows that any generator of the form 

ai ®A 8ki
A (x) (g)A à/m 

is zero also. 
Let us assume we have proven that any generators of N ®A AM of the form 

à\ ®A yh%A (%) ®A à/m or ai ®A 8ki
A (x) ®A â/m are zero for i = 1 , . . . , q — 1. 

Consider a generator of the form 

2 = ai (g)A yhQ
A (x) ®A â/m. 

Since x is an element of n, we can find an m' in M such that m'x — 0. Then 

z = ai ®Ay/m'8kq
A(x) ®A â/mm'. 

Now, 0 = 8kq
A(m'x) = Y,i+j=ahiA(m')hkj

A(x). Thus, 

z = — ôi ^ A ^ f e / ^ ) ^ - / ^ ) + oA;2
A(m/)^ff-2

A(x) + . . . 

^ / ( r a ' ) ) ®A à I mm' = 0 

by the induction hypothesis. A similar proof shows that 

<*i ®A 8kq
A(x) ®A â/m = 0. 

Thus, for all q ^ 1 any generator of the form 

ai ®A yhqA M ®A â/m or ai ®A 8kq
A (x) ®A à/m 

is zero. Since any element of N ®A AM is a linear combination of generators 
of these two types, we get N ®A AM = 0. Thus, 

AM ®Ato*(A)=&MM)-
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7. Tensor products. In this last section involving the functorial properties 
of tik(A), we shall present a tensor product relationship. Let A and B be 
fe-algebras with identities. Then B (g)k A is a ^-algebra with identity and, we 
can construct QB(B (g)kA). We can also consider B (g)k tok(A) as a (B ®kA)-
algebra. These two (B ®k A)-algebras are isomorphic. 

THEOREM 7. Let A and B be two k-algebras with identities. Then 

QB(B ®kA)^B ®kVk(A) 

as (B ®k A)-algebras. 

Proof. We begin by defining a I?-higher derivation of B ®* A into 
B (x)fc &k(A) as follows: For all a ^ 1 set 

( n \ n 

Z) bi ®kdi) = Z) bi ®^/ (a<) . 
i=i J *=i 

Here bi, . . . ,bn are in B, and a±, . . . , an are in A. Then one can readily 
verify that ô = {ôq} 6 2?B(B ®kA, B ®k Qk(A)). From the U.M.P. of 
(iïB(B (g)kA), 8B

B®kA)j there exists a unique (B ®k A)-algebra homo-
morphism ^ i : QB(B ®k A) -> B ®k&k(A) such that ^ O 5 / ® A A = 5. 

Let a : 4̂ —•» I? (x)̂  ̂ 4 be the ^-algebra homomorphism given by a (a) = 1 (g) a. 
Then bB

B®kA o a is a ^-higher derivation of 4̂ into tiB(B ®kA). Hence by the 
U.M.P. of (1404), èk

A), there exists a unique ^4-algebra homomorphism 
¥ 2 ' : Ofc(^l) ~>flB(5 0 * 4 ) such that ¥ 2 ' o ô / = 5 ^ ® ^ o a. We may 
extend ^ 2 ' in the usual way to a (B ®fc 4. ) -algebra homomorphism 
^2 : 5 ®kQk(A)-+QB(B ®kA). Specifically, * 2 ( L 6, ®Xi) = E &<^2

/(xi). 
Here the bi are in I?, and the xt are in £lk(A). 

Thus, we have (B (x)* A ) -algebra homomorphisms 

¥ i : M S ®*;4)->J3 (g^Û*^) and * 2 : B ®, Q*(4) -> QB(5 0 * 4 ) . 

I t remains to show that these maps are inverses of each other. This is a some
what laborious but straight forward computation and will be omitted. 

8. An example. In this last section, we compute £lk(A) in the case that A 
is a polynomial ring. 

Let Xi, . . . , xn denote a set of indeterminates, and let A = k[xi, . . . , xn] be 
the ring of polynomials in x±, . . . , xn with coefficients in k. 

Let {uiq\i = 1, . . . , n, a = 1, . . . , GO } be a second set of indeterminates 
over A. Let A{uiQ) denote the ring of polynomials in the uiq with coefficients 
in A but without constant term. 

We may define a &-higher derivation ô = {ôq} of A into A{uiq) by defining 

àg(xi) = uiqf for i = 1 , . . . , n 

and a = 1, . . . , oo 
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and then extending by Leibniz's rule [3, Proposition 2]. Clearly A{uiq) is 
generated as an A -algebra by the set {bq{%i)\i = 1, . . . , n, q ^ 1}. 

Suppose X = {\q} 6 Jf?k(A, V) where V is an A -algebra. We can define an 
A -algebra homomorphism SF : A{uiq) —> V by setting ^r(uiq) = Xff(#*). Then 
SF is the unique A -algebra homomorphism which satisfies ty 08 = X. Hence, 
ilk(k[xh . . . , x j ) = % i , . . . , xu](uiq). 

Added in proof. It has recently come to my attention that P. Ribenboim in 
Higher derivations of rings. / , Rev. Roumaine Math. Pures Appl. 24 (1971), 
77-110, has also constructed a universal object using different techniques 
than appear here. 
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