ON THE PRIME FACTORS OF THE NUMBER 2°7'-1

by A. ROTKIEWICZ
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From the proof of Theorem 2 of [5] it follows that for every positive integer k there exist
infinitely many primes p in the arithmetical progression ax+b (x =0, 1, 2,...), where aand b
are relatively prime positive integers, such that the number 227! —1 has at least k composite
factors of the form (p—1)x+ 1. The following question arises:

For any given natural number k, do there exist infinitely many primes p such that the number
2P~ —1 has k prime factors of the form(p—1)x+ 1 and p = b (mod a), where a and b are coprime
positive integers?

For k = 2 the answer to this question is in the affirmative because in the paper [5] we
proved that for every prime number p # 2, 3, 5, 7, 13 there exists a prime ¢ > p such thatg = 1
(modp—1)and g |27~ —1.

Here we prove the following

THEOREM 1. In every arithmetical progression ax+b, where a and b are relatively prime
positive integers (excluding the case a = 0 (mod 16), b =9 (mod 16)), there exist infinitely many
primes p such that the number 2°~* —1 has at least three distinct prime factors of the form
(p—Dx+1.

LemMA. For every natural number c there exist infinitely many primes p in every arith-
metical progression ax+b (x =0, 1, 2,...), where a and bc are relatively prime positive integers
such that

P I 2p—=1)e__ 1,

Proof. Let Q denote the field of rational numbers and (, be a primitive nth root of unity.
Let

K=0¢), L=0¢), M=00").

If ¢ =0 (mod2), then a # 0 (mod 2) and the discriminants of the fields K and LM are
coprime. Hence we have

KnLM=Q, ¢))]

where LM denotes the union of L and M, and K n LM the intersection of K and LM.

If ¢ # 0 (mod 2), then by Nagell’s theorem [4] for every prime divisor g > 1 of the number
¢ the number 2'/7 does not belong to the field Q({,.) = KL. Thus by a theorem of Capelli [1]
the polynomial x°—2 is irreducible in KL. Hence

|KLM| = [KL||M],
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where | F| denotes the degree of the field F. On the other hand, in view of (g, ¢) = 1, we have
|KL|=|K||L|. Thus

|KLM| = | K[[L||M].

Hence we again get formula (1).
It now follows from a theorem of Hasse [3, p. 144] that for every class X of conjugate
elements of the Galois group of the field K there exist infinitely many primes p such that

5>
p

p is divisible by a prime ideal of the first degree in LM. 3)

and

Since (b, c) =1 we may assume I = {t}, where {{? = (5. From (2) it follows that
® = {? (mod p) where p is a prime ideal in K which divides p. Hence {5 = {2and p = b(mod a).
On the other hand, from (3) and a theorem of Dedekind [2, Satz I, pp. 15-16], it follows

that the congruence x°—2 = 0 (mod p) has ¢ solutions, and then by Euler’s criterion we have
2(0=1e = 1 (mod p).

Proof of Theorem 1. Let a and b be relatively prime positive integers. We exclude the
case a = 0 (mod 16), b = 9 (mod 16). Let ¢ be a prime number such that gt 2a. If 2 | a, and
b # 9 (mod 16), then there exists a positive integer x, such that ax,+b =9 (mod 16). If2fa
then there exists a positive integer x, such that ax,+b = 1 (mod 16).

In both cases 16ax+ax,+b %9 (mod 16), and (16a, ax,+b) = 1 for every x. By the
Lemma, there exist infinitely many primes p such that p # 9 (mod 16), p = @ (mod b) and

p I ap=1a_1q, @)

Let p > 20 be a prime number possessing the above properties. We first consider the case
when p = 3 (mod4). Since p > 20 we have {(p—1) = 10 and, by a theorem of Zsigmondy [9],
the number 2¥P~1 _ | has a primitive prime factor g of the form 4(p—1)/+1. (A prime p is
called a primitive prime factor of the number 2"—1 if p | 2"—tand py2*—1for 0 < x <n.)

Since p = 3 (mod 4) we have 2.V 4(p—1). Thus 2 | land g = 1 (modp—1). The primitive
prime factor of the number 2°~! —1 is the second prime factor of the form (p—1)x+1. The
prime p which divided 2(°~1/9—1 is the third prime factor of the form (p—1)x+1.

Now suppose that p = 5 (mod 8). In view of a theorem of A. Schinzel [8], there exist two
primitive prime factors ¢ and r of the number 2?7 ! —1 such that g =1 (modp—1), r=1
(modp—1). The prime p is the third prime factor of the form (p—1)x+1.

Finally we consider the case 16 | p—1. From a theorem of Zsigmondy [9], there exists a
primitive prime factor ¢ of the number 28~ 1, We prove that this prime factor g is of the
form (p—1)x+1. Indeed, since ¢ is a primitive prime factor of the number 2P~V —1, we
have g = 1 (mod 4(p—1)).

Since 16 | p—1we have g = 1 (mod 8), and the number 2 is a quadratic residue modulo g.
Thus ¢|2*@""—1. Since g is a primitive prime factor of the number 2¥®~"—1, we have

Hp—1)|4(g—1); henceg =1 (modp—1).
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The primitive prime factor of the number 2°~1—1 is the second prime factor of the form
(p—1Dx+1. The prime p is the third prime factor of the form (p —1)x+ 1. This completes the
proof of Theorem 1.

A number m is called a pseudoprime if it is composite and m | 2m—2. K. Szymiczek proved
in [7] that for infinitely many primes p of the form 8k +1 there exist primes g and r (distinct
from each other and from p) such that all the numbers pq, pr and ¢r are pseudoprimes.

From the Lemma we obtain

THEOREM 2. For infinitely many primes p of the form ax+ b, where (a, b) = 1 there exist
primes q and r (distinct from each other and from p) such that all the numbers pq, qr and pr are
pseudoprimes.

Proof. Let(a, b) =1 and let g be a prime number such that ¢4 2a. By the Lemma, there
exist infinitely many primes p such that

p|2¢~Pk—1,  p=b (moda).
The rest of the proof runs completely parallel to the proof of Theorem 2 given in [7].

A number each of whose divisors d satisfies the relation d|2*—2 is called a super-pseudo-
prime number.

THEOREM 3. For infinitely many primes p of the form ax+b, where (a, b) = 1, (excluding
the case a = 0 (mod 16), b = 9 (mod 16)) there exist primes q and r such that the number pgr is
a super-pseudoprime number.

Proof. Leta %0 (mod 16) or b 529 (mod 16). It follows from Theorem 1 that there exist
distinct prime numbers p, g and r such thatg, r = 1 (modp—1) and

pgr|2P~'—1. (6)

Let d be any divisor of the number pgr. From (6) it follows that d | 2°"1_]. We have also
d=1(modp-1). Hence
d|2”'1—1|2"'1—1]2"—2.

Theorem 3 is thus proved.
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