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At the Lundberg Symposium, Stockholm 1968 Jung and Lundberg
presented a report on similar problems as those treated in this
note, and to the Astin colloquium, Berlin 1968 the present author
presented a report with the same title as this note, where some of
the results in the first-mentioned report were commented upon.
Jung and Lundberg kindly discussed the topic here concerned with
the present author some time after the colloquium. On account of
this discussion, the present author withdrew his report from the
publication in its original form. The following context is a revision
and a completion of the author's report to the colloquium.

1. Basic definitions

Let T be a parameter measured on its original, absolute scale,
and let s = S(T) (or t = t{i) ) be the same parameter measured
on an operational scale with respect to the probability distribution
[s(r)]TOexp [-S(T) ] /nil (or the corresponding for t). The para-
meter will often be referred to as "time", which does not imply
a restriction of the theory to proper time parameters.

A random function X(s) is said to be distributed in a cPd i.w.s.
(compound Poisson distribution in the wide sense), if the distribution
function of X(s) for every fixed parameter point (s, T) in a finite
or infinite domaine of the parametric space as a function of T can
be written in the following general form

2 ]e~vs{vs)m W™* (x, s) dv U(v, T) / nil, s — S(T). (ia)
m - 0 0

where the asterisk power m*, here and throughout this note, is
taken to mean, for m > o, the m times iterated convolution of the
distribution function with itself, and, for m = o, unity. W(x, s)
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*
= J V(x, u) du\s, V(x, s) being the conditional distribution func-

tion of the size of one change in X(s) relative to the hypothesis
that the change has occurred at s, here abbreviated to the change
distribution. U(v, T) is a distribution function, called the structure
function. In the general case V(x, s) and U(v, T) may depend on
s and T respectively. If, particularly, these functions are supposed
to be independent of the parameter, they will be denoted V(x),
U(v) respectively. In the particular case, where V(x) = e(v—ci),
Ci being an arbitrary but fixed constant and s(£), here, and in
the following context, the unity distribution equal to zero for
negative values, and to unity for non-negative values of £, the
cPd is said to be elementary and, in the opposite case, non-
elementary. In the elementary case the distribution of X(s) is
defined by the integral appearing in (ia) with x — a, so that
W{x, s) = W{x) = 1.

In this note, the distribution defined by (ia), in the particular
case, where U(v, T) = U(v) independently of T, will of reasons
given below, be called a cPd :i. If, in addition, U(v) = z(v—yi),
yi being an arbitrary but fixed constant, the cPd: i reduces to
a Poisson probability distribution, in the general case, a non-
elementary, or, if V(x) = e(x—ci), an elementary distribution,
defined by the integral with W(x, s) = W(x) = i. If, on the other

hand, U(v, T), particularly, is in the form £ Qm (T) 2U
m*(v),

m i -o

where Qm (T) is a not specified probability distribution of the
variable wi assuming only integer values, the distribution defined
by (ia) may be called an aco cPd : i (average of convoluted cPd : i),
(cf. section 6, here below). An aco cPd: i can, as proved later in
this note, be interpreted as a bunch distribution, as for the element-
ary case defined by Thyrion ([i]*, p. 68), provided that this
definition is extended to include the non-elementary case (which
under certain conditions is possible, see section 7 here below), and
to allow the number of events within each bunch to depend on
a parameter.

*) Numbers within square brackets refer to the list of literature at the
end of this note.
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If the term equivalent is used for two variables, for which the
distribution function of one of the variables can be transformed to
the distribution function of the other variable, by a simple transfor-
mation of the parameter or of the parameter vector, a variable with
the ch.f. (characteristic function) in the form 9(7)) = !$ [2<p (TJ) ],
where an angle over the symbol for a ch.f., here and in the
following context, is taken to mean the generating function,
defined by <p(z) = <p(-i log TJ), 9(7)) being a ch.f., TJ a real variable
and i the imaginary unit, is said to be equivalent to a generalized
variable with the ch.f. ^(TJ) by a generalizing variable with the
ch.f. 29fa)- Consider a (v—1) times iterated generalization for which
the ch.f. can be written in the following general form

<?M= i?i(2?i [39i( • • • v-i9i[VPi fa)] )]} (lb)

A variable with such a ch.f. is by Thyrion [1], said to be distributed
in bunches (v = 2), or in bunches of bunches (v > 2), provided
that <̂p1 (•/)) are ch.f. of variables assuming only integer values. If
assuming the conditions referred to in section 7 are fulfilled, vcpx (TJ)
may be allowed to be a ch.f. of a continuous variable, and, if the
functions 9̂ (TJ, S}) are substituted for -9 (TJ), the random function
X (£„), sv = (s1, s2 . . . sv) will, in this note, be said to be distributed
with a bunch distribution of order v, if it is equivalent with the
variable defined by epv(Tj, sv) in this extended form of (ib). Thyrion
has proved, that, for v > 2, 9V(TJ) can also be written in the form
i?i[?v-i fa)], where 9v_1(vj) is in the form of (ib). It might be
remarked, that <PV(TJ), v > 2 can also be written ^^-i IvPifa) ] v̂ith
W'v-ifa) in the form of qv^Tj) according to (ib).

The ch.f. of an aco cPd: 1 can be transformed in the form
i9i[a(Pifa» S2)> si]> s i . S2 being parameters on some operational scales
(in the non-elementary case under the conditions referred to in
section 7). Thus, an aco cPd: 1 can be interpreted as a bunch
distribution (cf. section 6 here below). This bunch distribution is
of the order 2, if Qm (sj is not a bunch distribution, in the opposite
case the aco cPd: 1 is of an order greater than 2. Thus, an aco
cPd: 1 is a particular case both of (ia) and, subject to the con-
ditions mentioned in section 7, of (ib).

The class cPd: v (cPd of the order v) shall for v = 1,2 . . . be
defined, for v > 2, as a bunch distribution of the order v, where
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particularly, ^(YJ , SJ) defines a cPd :*i for each value j = 1,2 . . . v,
and, for v = 1, as a distribution in the form of (ia) with U(v, T) =
U(v) independently of T; in fact, the ch.f. in the form defining
cPd: v for v > 2, reduces to this form for v = 1.

If, and only if, the joint probabilities of X(sv) on disjoint
domaines of the parametric space are well-defined in the sense
of stochastic process theory, X(sJ constitutes a stochastic process.
For such a process, the following terms shall be used cPft i.w.s.,
aco cPfi : 1 and cPp : v, if the distribution of X(sv) is defined by a
cPd i.w.s., aco cPd : 1 and cPd : v respectively.

2. Remarks to the terminology
The terminology in the field treated in this note is rather con-

fusing.
The author's own terminology has previously not accounted for

a differentiation between a random function, which for each value
of the parameter, eventually restricted to a certain domaine of the
parametric space, has an absolute distribution in one of the forms
defined in the previous section, and a random function, which, in
addition, fulfils the conditions for constituting a stochastic process.
This is due to the belief, that in cases, where the existence of well-
defined joint probabilities for random functions with given such
distributions has not been established, it would later be possible
to establish the conditions for the existence of such probabilities,
wide enough to cover all actual applications to phenomena, for which
a priori process models seem to be rational. Later in this note, such
conditions for some of the distributions considered will be dealt
with.

As, however, the recent study by Jung and Lundberg (in the
report mentioned in the introduction here above), which will be
commented upon, later in this context, has given very negative
results with respect to the application of process models of this
type, it seems necessary to restrict the previous notation cPp to
cases, where the conditions for the existence of well-defined joint
probabilities either can be postulated, or deducted from other
assumptions. In all other cases the term cPd shall be used. —
Further, the terms cPp i.n.s. (in the narrow sense) and stationary
or non-stationary cPp, previously introduced by the author for a
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cPp : i, and a cPp : 2 respectively, have, so far, been used by other
authors in quotations. They may, therefore, be replaced by cPd : 1,
cPp : 1 and cPd: 2, cPp : 2 respectively without risk for confusion.

The translation of the word "compound", as used here above,
as distinct from the word "composed" used by Re"nyi et al [2],
for the composed Poisson processes, which are principally different
from cPp, into French and German, implies certain difficulties. In
French the word "compose" has been used both for "compound"
and "composed"; in German a cPp has often been called ein
zusammengese tz te r Poisson Prozess; to the knowledge of
the present author composed Poisson processes have not been
treated by German authors. It seems also difficult to find another
German translation for "composed" than zusammengesetzt . In
French the word "compound" exists, but is very seldom used, e.g.
in une compound machine a vapeur. The word "mixed",
sometimes used for a cPp, is, however, easily translated into French
and German. It remains, however, to find translations of "com-
posed"; for this word it would not be advisable to use "compose"
and "zusammengesetzt" , which would lead to misunderstanding
of earlier works, where these terms have been used for "compound".
Also the term, a weighted Poisson process, in German translated
into ein gewichte ter Poisson Prozess, has — though more
seldom — been used for a cPp. A translation of this term into
French could, eventually, be un processus de Poisson
pondere. Perhaps the words "mixed" for "compound" and
"weighted" for "composed" could be accepted.

For a non-elementary process the confusion seems to be still
greater. A non-elementary Poisson process [ U(v) = z(v—yi) ] has,
thus, been called a compound Poisson process (Ge. ein zusammen-
gesetz ter Poisson Prozess), which is the same term as that
commonly used for a general cPp independently of being elementary
or non-elementary. This is apt to lead to serious misunderstandings
(in fact, the definitions for a "compound" Poisson process in the
first and second edition of Feller's well-known textbook Part I
seem not to be consistent). Therefore, the use of "compound" for
the designation of a non-elementary Poisson process, must be
avoided, which applies also to the German translation. The random
function distributed in a cPd is equivalent to the number of changes
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generalized by the size of a change. Therefore, the term "general-
ized", in German "verallgemeinert", is often used for "non-
elementary", the corresponding word "generalise" in French, is
— as far as is known by the author, — always used for "non-
elementary". However, even in certain elementary distributions,
e.g. a cPd: 2, the variable is often equivalent to a generalized
variable, thus, the term "generalized' is a wider concept than
"non-elementary". This last-mentioned term, quoted from Lund-
berg [3], affords a distinction between the case, where the general-
izing variable is the size of a change, from other cases of general-
izing variables possible. The use of the terms "elementary" and
"non-elementary" is facilitated by the possibility of a direct
translation into French and German.

3. Some remarks on the Poisson process
In the report by Jung and Lundberg [4], which was referred to

in the introduction of this note, the conditions for the constitution
of processes by random functions, with given absolute distribution
functions in one of the forms defined in section 1, were discussed.
In fact, these conditions, as formulated in [4], seem to be very
restrictive, and it is, further, said in [4], that, if these conditions
are not satisfied, the random functions may not constitute stochastic
processes, or, if such processes are constituted, they will not be
sufficiently specified, and may include processes with less realistic
properties. In this section the results with respect to Poisson-
distributed random functions will be commented upon, and, in
later sections, other results in the quoted paper will be discussed.

In [4] it is said, that a random function known to be distributed
with a Poisson probability distribution (elementary or non-element-
ary) constitutes a Poisson process, if it is homogeneous in T, and the
intensity, which in this case is constant, may be either an arbitrary,
but fixed constant or an estimate from a random experiment. If,
however, the random function, X(t) say, is heterogeneous in r, with
the intensity xw(z) say, where x is constant, the random function
X(t) obtained by the transformation of T in X(i) according to the

t

relation T = i(z) = xjw(u)du, is said to constitute a Poisson
0

proces if and only if W(T) is a known, integrable function of T.
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It is said that "As soon as w (T) is unknown, or contains a random
element, the model of a Poisson process is no longer applicable".

If, on the other hand, the usual basic conditions for a Poisson
process, except the homogenity in time, a) homogenity in space,
that is any finite number of (tj, yfi being the time point and the
size of the «th change are independent random variables, and that
any ti will have the probability density r ' for t > O, and b) rarity
of multiple events, are satisfied, the random function concerned
constitutes a Poisson process (according to Buhlmann [5] it should
even not be necessary to include b) in the basic conditions, as
according to him, b) is a direct consequence of the homogeneity
in space and in transformed time, and of the simple properties of
the sample functions in the restricted space; an assertion for which
a proof will later be published). It seems, therefore, admissible to
use an estimate of the intensity w(r), or of the mean number of
events for certain periods of absolute time T, as a function of T,
for the definition of a Poisson process. Should this assertion not
be true, many results reached in numerical investigations of the
theory of the insurance risk were to be rejected. The mapping of
the parametric space, defined by t = t(r), implies that t is a never
decreasing function of T, as, even in random experiments, £'(T) is
essentially positive, with one-to-one correspondence, in both
directions, so that the estimating problem is reduced to the
estimation of a function with very simple properties. According
to the present author's opinion, a denial of the admissibility of
using such estimates calls in question the general principles, which
are the basis for the application of estimated statistics depending
on a parameter, to several problems in a wide field of statistic
research. The reader will also be referred to Cramer's well-known
survey of the risk theory [6], where the Poisson process was
rigoroulsy deducted, after the transformation of the parameter,
from the basic assumptions. The author has not found any statement
in Cramer's survey to the effect, that the theory developed by him
should not be applicable, if the parameter t has to be estimated.
In fact, numerical examples on the expansion of the distribution
functions (one of these examples is applied in a calculation of the
ruin probability) with the application of chosen values of i have
been given.
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It is a common objection against the estimations of quantities
dependent on time, that the applications of the estimates for
prediction must be based on very uncertain extrapolations of the
estimated trend. It is very easy to construct examples of a sequence
of numbers of events for several years, in situations, where it seems
a priori quite irrational to use a process model, and, where the
sequence may be described as a sequence of results of a Poisson
process during the observation period. In such examples the extra-
polation to future time of the observed trend seems to be meaning-
less. But for phenomena of a type for which a process model is
likely to be applicable, the state of things is different. It is, then,
necessary to apply the commonly used precautions for the estimation
of a time trend. Such a precaution is an analysis of the time
variation of all circumstances of influence on the statistic to be
estimated and extrapolated. As an example, for which such
methods are used, is the prediction of risk premiums for the
establishment of new rates for non-life insurance, e.g. motor in-
surance, where the risk premium depends on a great number of
circumstances variable in time, and which, in addition, is the result
of a more complicated process than the Poisson process. In this
connection statistical methods of the types multiple regression
analysis, and the so called factor analysis are used. The factor
analysis implies a graduation of a function of time and other factors
of influence on the risk in a form, which makes it possible to separate
the effects of the different arguments on the risk (cf. e.g. Philipson
[7]). As an example of this kind, also the development of the market
price for a commodity may be mentioned. The estimation of the
time trend of the number of events, particularly, in situations,
where the increase of the number during disjoint intervals may be
considered independent variables, is often much simpler than the
prediction of future risk premiums. This is i.a. due to the fact, that
the number of factors of influence on the number of events is
often materially less than the number of factors influencing the
risk premium. Also the ordinary statistical tests, e.g. the /2-test,
is often simpler for the number of events. Methods for the differ-
entiation between the Poisson model, and some standard models,
based on heterogeneity in space, have also been devised. In Swedish
Motor Insurance it has been possible to give safe numerical evidence

23
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for the necessity of using models of the last-mentioned type. In an
investigation of this insurance, for which the observation period
related to the calendar years from 1947 to 1954, both years inclusive,
the time trend both of the claim frequency, and of the risk premium
was estimated for a very fine classification of the risk factors
by ihe methods indicated here above, The rating table introduced,
in 1955 was based on an extrapolation of these statistics. These
were later compared with the actual experience, and the extra-
polated risk premiums were found to agree satisfactorily with the
results of this experience for three and four years after 1954; for
the claim frequency this was valid for a greater number of years.

In cases, where it can be proved with sufficient precision that the
number of events in disjoint intervals are mutually independent,
and/or that the number is Poisson-distributed, and that a process
model is likely to be applicable, by the estimation of the time trend
in the expected number of events, the Poisson process must — due
to all experience — be applicable, even for a prediction provided
that the estimation, and the extrapolation, is made by using
appropriate methods. This principle shall in this note be called
proposition G. An extension of this principle to cases, where the
number of changes in disjoint intervals are dependent, and where
the absolute probabilities are of any of the types defined in section 1,
the Poisson distribution exclusive, seems also to be possible, as
judged from the experience of motor insurance referred to in the
previous paragraph. In fact, the proposition has been applied in
several numerical investigations, e.g. in [3].

4. The developments with respect to a cPd :i in [3] and [4]
In his deduction of a Polya process by using the limit of a Polya-

Eggenberger distribution, Lundberg [3] introduces the notation
pn(t)Aft(t) "for the conditional probability of an event" in the
interval (t, t-^A^t) ) "when n events have taken place up to t".
This must, tacitly, imply a postulate of the existence of such a
probability. Further, the expression obtained ior pn{t) is continuous
in t (p. 17, I.e.). In the general theory, the starting point is a process,
so that the existence of the conditional probabilities is postulated,
which applies also to the continuity of pn(t) with respect to t (3),
p. 27, I.e.), and to the equations (29), (30) and (30*) (I.e.), which are
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deducted on these assumptions. In chapter 4 (I.e.) the condition 4)
(p. 27, I.e.) is disregarded, so that pn{t) is no longer necessarily
uniformly bounded for all n. It is, then, proved that the forward
and backward differential equations have a unique solution,
provided that pn(t) is a non-negative, continuous function of t for
every fixed n (or at least integrable over a finite interval of t), and
that this solution satisfies all the fundamental conditions of a
generalized Markov process under the additional assumption that
[Max pn(u) J"1 from the result m in the parameter point s, which
defines the starting point of the forward differential equation, forms
a divergent sequence in n for every finite interval 0 < u < T. Gener-
alized is here taken to mean a process, for which the funda-
mental conditions are disregarded for intervals starting in (m, s)
with zero probability. A cPp : 1, first mentioned in [3], p. 20 and
described by the words, that "these processes are characterized
by the" (absolute) "probability for n events up to t for each real
value t > 0 being equal to a Laplace-Stieltjes integral" in the
form of the mth term in (ia) with V(x) = s(x—ci), U(v, T) =
U(v) independently of T. A cPp: 1 is later (p. 76, I.e.) defined by
the words "if and only if the intensity function of an elementary
process satisfies the recurrence formula", pn+i(t) = pn{t) —
pu(t)lpn{t), "it will define a compound Poisson process", cPp : 1
After the definition of the absolute probability of a cPp: 1 (p. 71,
I.e.), Lundberg seeks "an approximate expression of the probability
of an event occurring during a short interval (t, t-{-M) under the
condition that n events occurred during the preceding interval
(o, /)", interpreting t as a time parameter. This probability is, then,
denoted ftn{t) A;!, where pn{t) is said to express the "intensity"
The existence of such conditional probabilities is, therefore, tacitly
understood in the words quoted (pp. 20, 71, I.e.). The expression
obtained for pn{i) is continuous in t for fixed n, and leads to the
recurrence formula quoted here above. Further, the definition
(p. 72, I.e.) contains the following sentence "if an elementary
random process exists with an absolute probability function" in
the form of the Laplace-Stieltjes integral defined here above "the
process will be called a compound Poisson process . . ." (cPp : 1),
which, thus, contains an explicit statement of the postulate tacitly
understood in the quoted parts (pp. 20, 71, I.e.). In Theorem 6
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(p. 73, I.e.) it is stated that: "Given a function P(t) with the prop-
erties i) P(t) completely monotonic for t > o, 2) lim P(t) = 1,

the function =fin(t)", = J>(»+D(*) / P<«>(*), "constitutes for
«=o, i . . . and for ( > o a n intensity function of an elementary
process in the generalized sense. The process defined by this
intensity function is a compound Poisson process . . . " (cPp: 1).
It is, then, proved that the solutions of the forward differential
equations defined by pn{t), fulfil all the fundamental conditions of
a Markov process, and that the absolute probabilities have the form
of the Laplace-Stieltjes integral referred to above, so that the
process is a cPp : 1.

The only possible interpretation of Theorem 6 (p. 73, I.e.) is that,
if P(t) fulfils the conditions given in the theorem, there exists an
intensity function deduced from P(t), which defines a cPp: 1
constituted by a random function Y(t) say. It does not follow,
however, that every random function X(t), for which the probability
for non-occurrence in the interval (0, t) is given by P(t) satisfying
the conditions of the theorem, and, consequently, the probability
distribution of the number n of changes in the interval (0, t) is
given in the form of the Laplace-Stieltjes integral referred to above
in terms of P{t), necessarily constitutes a random process. If and
only if the joint probabilities of X(t) are well-defined in the sense
of stochastic process theory, X(t) is identical with Y(t), and con-
stitutes a cPp : 1 defined by ftn(t). This is consistent with the previ-
ously quoted parts from Lundberg's book and with the last para-
graph on p. 84 (I.e.).

In [4], Theorem 6 in [3] has been quoted by saying, that a com-
pletely monotone function for t > 0, P(t), with the limit for
t —> 0 equal to unity "may always define a compound Poisson
process" (cPp : 1). By the discussion above, pn{t) deduced from
P(t) always defines a cPp : 1, even if a random function, assumed
to be distributed with a cPd : 1, deduced from a function with the
assumed properties, does not constitute a stochastic process, unless
the joint probabilities are well-defined; but, if the last condition is
fulfilled, the random function, thus defined, constitutes a cPp: 1.
The following words in ([4], p. 8), that every process with absolute
probabilities in the form of a cPd: 1, does not necessarily be a
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cPp: 1, are — in the author's opinion — not consistent with the
developments in [3] (cf. p. 72, I.e.), as, if and only if a random
function distributed with a cPd: 1 constitutes a random process,
this process must be a cPp: 1. The degenerate counter example in
[4] for a random function with a given cPd: i, which does not
constitute a cPp : 1, does not — as far as the present author can see —
constitute a stochastic process whatsoever, at least not a Markov
process. Even if the example were to lead to a stochastic process,
the example is so unrealistic, that the conditions of the example
are not likely to be satisfied for any phenomenon, for which one
chooses to apply process models.

It is in [4], further, asserted, that, if the risk intensity can be
written x w(r), where x may be estimated by a random experiment,
and w(i) may contain a random element, and, if N(t) is distributed
in a cPd: 1, N(T) is, in general, neither a cPp: 1, nor a well-
defined random process, if the transition probabilities are not
defined. According to the interpretation given above of Theorem 6,
[3], it is always possible to deduct an intensity function pn{t), which
defines a cPp : 1, the random function N(i), obtained by the trans-
formation t = I (T), does, however, constitute the said cPp: 1, if
and only if the transition probabilities of N(t) are well-defined, in
which case they are the solutions of the differential equations in
terms of fin(t) derived from the given cPd : 1. By this interpretation
N(t) cannot constitute a stochastic process, which is not a cPp : 1.
As far as an extension of these statements to the case, where t(x)
or y. w(z) are estimated from random experiments, is concerned,
the reader is referred to what has been said in the previous section
(proposition G). It is, further, referred to Chapter VII of [3]
(particularly p. 137), where t has been estimated from the experience,
and used in two process models for comparison with the reality.
Thus, proposition G seems to have been tacitly understood in this
chapter (VII, I.e.).

In [4] it has been remarked, that a general stochastic process is
not defined by the absolute probabilities in each parameter point.
A birth process is completely defined by the conditional probabilities,
or by the intensity function. If, in addition, the recurrence relation
for pn{t) of a cPp: 1 holds ([3], p. 68, [4] p. 7, quoted here above),
the process is a cPp : 1. The definition of pn{t) in Theorem 6 [3]
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leads to this recurrence relation. Further, in most cases, where it
is deemed appropriate to apply stochastic process models, it must
be natural to postulate the existence of well-defined joint probabil-
ities. In cases, where it cannot be assumed, that the phenomenon
is homogeneous in space, the simplest basic assumption, seems to
be the assumption of exchangeability of the sum total of the
changes on each interval of a sequence of an arbitrary number of
intervals of equal length, without change in the probability function
of the process. According to Biihlmann [5], a cPp : 1 can be deducted
from such an assumption, which seems to be a natural postulate
for phenomena for which a cPd: 1 has been found to hold, and,
where it is deemed rational to apply stochastic process models.

For purposes of a further elucidation of the comments in this
section, and for obtaining direct proofs of the assertions made, the
author will in the next section give two therorems which are based
on modern process theory and which contain assertions intended
to give a clear picture of the author's interpretation of Theorem 6, [3].

5. A short review of the theory of translator operators and two theo-
rems on the problems discussed in the previous section

The following review of the definition and certain properties of
translator operators has been drawn out from a book by Dynkin,
[8]. The reader is for a full description referred to [8], I ch. 3.

In I 3.1 (I.e.) a Markov process is defined. The following items
are given: a) a function £(&>) in some space O taking values in
[0,00] (Z, may also be an arbitrary fixed finite constant or equal to
infinity), b) a function Xt(o>) for co e O, t e [0, Z, («) ], taking values
in the state space (E, B), c) a rr-algebra Mj defined on O< =
{M : Z, (<o) > t), for each t > o, and d) a function PX(A) for each
x e E, on some a-algebra M° on O, which contains Mj for all t > o.
Then, if and only if certain conditions 3.1A — 3-iG are satisfied
(if 3.1G is not satisfied, this can be achieved by a suitable elargement
of Q), the quadruple (xt, Z,, Mt, Px) defines a Markov process ([8],
I 3.1). Let <\>(t) be a function taking values on the interval o < t < >.
in E, and the shift by the amount t of <\>(t), ct, be defined by Ct <\){u) =
4^+w) (o <u< X—t). The condition 3.1G requires that the set of
trajectories of the process is invariant under all shifts ([8], I 3.1).
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Let v be the m a p p i n g of Do on {^(<)}, t h e family of <\i(t) for all

in tervals (o < t < X); this m a p p i n g associates each u e Q to a

trajectory xM((x>), [o < u < Z, (w) ]. Let the translator operators xt
be defined by the following relation

y.tB = v-1 c-^B for every B e N * , (2a)

where N* denotes the minimal system of subsets in Q.o, that
contains all the sets {w : xt((x>) e F} (t > o, TOE), and is closed
under the union and the intersection of any number of sets, and
under the operation of taking complements. The translator operators
fulfil, i.a., the following relations

v.t {xh G T} = {xt+ne F} for any t > 0, h > o, F C E (2b)

([8] I 3-5)- If *t with these properties exists, 3.1 G is fulfilled.
Let M; be a completion of Mj with respect to Px [by including

all sets I"1 such that ^ C T C F2, Px{Ti) = P^Fa) ], N the
c-algebra on Q.o generated by the sets {xu e F} (u > 0, F e B),
and H the intersection of N* defined under (2a) with the completion
of N, with respect to P^ corresponding to all initial distributions jx.
Then, the following assertion holds

Px(A*tB) = J PX,{B) Px(do>) for A eMt, B GN (2c)
A

([8], 1 3.6). The quadruple (xt, X,, Mt, Px), where the measures Px

have been extended to the a-algebra Mo, defines a Markov process,
as, in fact, the existence of xj with the properties given in I 3.5 — 3-6
(I.e.) implies, that the conditions 3.1A — 3.1G, referred to in the
definition of a Markov process, are satisfied. ([8] I 3.6, Corollary 2).

If for a random function X(t), xe with these properties exist and
the a-algebras can be defined in such a way that (2c) holds, X(t)
shall in the following context be said to be admissible, and, in the
opposite case, non-admissible.

THEOREM I

Let a random function N(t), which assumes only integer values,
be admissible or non-admissible in the sense of the definition just
given, and for every fixed value of a continuous real parameter
t e[o,£], where £ may be finite or infinite, be distributed with a
given distribution Pn(t) in the following form, where the structure
function U(v) is a distribution function independent of t.
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Pn{t) = J e'vt{vt)n dU{v)jn\, and the functions nn(t), gnv{t, At)
0

be defined by the following relations.

nn{t) = —P^ + r>(t)IP^\t), where P^\t) = lnP0(t)/7)tn

i — nn(t) A t + o (A t) for v = o

„(*) A/! + o (A*) for v = i

' o (A*) for v > i

and for sufficiently small values of At.

Then,

1) P0(t) is a completely monotone function of t for t > o, equal
to i for t = o.

2) 7rM(£) is for fixed w a positive, continuous function of t < X, for
every fixed n.

3) PM(*+A*) = &,,„(*, A*) PH(t)+gH.ltl (t, At) Pn^(t) + o(At)
for every t < £, and for all w. (3)

4) The forward differential equation, obtained by the limit passage
of (3) for A t —> dt, substituting the conditional probabilities
for Pn(t), and the corresponding backward differential equation
have a unique solution, which fulfils the fundamental conditions
of a generalized Markov process, being a cPp : 1, defined by Tzn(t)
and the termination point £.

5) N(t) may or may not constitute a process, as defined in 4).

Proof. By assumption, Pn(t) is defined for any t in the interval
0 < t < X,, thus, Pn(t -f At) is, for 0 < t + At <£ , a well-defined
probability.

By the insertion of t + A t for ( in -Pre(0> ar)d by using an
asymptotic expression for the product of the functions e ~v&t and
(t + At)njtn, to be deducted here below, an easy calculation leads
to (3). The asymptotic expression of the said product is obtained
by using the MacLaurin expansions for the functions concerned
and by the following calculation {1 + n[At -f- o(At)) /1) x
{1 — vAt + o(At)} Q2i — vAt + o(At) + n[At + o(At) ]jt. T h e a s -
sertion 3) is, thus, proved. 1) is a direct consequence of the well-
known theorem given by Bernstein and Feller; 2) is a consequence
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of the definition of izn(t) and Pn{t). For the demonstration of 4) the
reader is referred to the proof of Theorem 6 [3], and to the Bernstein-
Feller theorem. 5) is a consequence of N(t) being, not necessarily,
an admissible random function.

THEOREM 2

Let the random function N(t) be defined as in Theorem 1, and,
assume, particularly, that N(t) is admissible, as defined before the
Theorem 1.

Then, N(t) constitutes a cPp : 1 defined by the intensity function
pn{t) = Kn{t), as defined in Theorem 1, and by the termination
point £. The forward differential equation of this process is in the
form of the limit, when At tends to dt, of the difference equation (3),
with the substitution of pn(t) and the conditional probabilities for
iin{t) and Pn(t), respectively.

Proof. Let the conditional probability for an increase of v units
in N(t) on the interval (t, t + At) relative to the hypothesis that n
events have occurred on the interval (0, t) be designated by
fn>v{t, At). By assumption, these probabilities are well-defined in
the sense of stochastic process theory. By using (2c), which, by
assumption is applicable, in this case, the following relation is
obtained

Pn(t + At)= S /n_ViV(*. At) PH.M Z>t + At (4)
V-0

This may also be derived from the following arguments. Let Bn(t)
be the set of elements for which N(t) = n and A n _ v „(£, At) the
intersection of Bn_v(t) and Bn(t + At). Then for £ > t + At

(A00(t,At)
BJt + At) = ] »

£ An^it, At)
\ V-0

The probability for fixed values of n and of t < X, — At of the set
in the left membrum of this relation is given by the left membrum
of (4), and the probabilities of the sets in the right membra for
n = 0, n > o respectively given by the right membrum of (4);
thus, (4) holds.

https://doi.org/10.1017/S0515036100011120 Published online by Cambridge University Press

https://doi.org/10.1017/S0515036100011120


344 A NOTE ON SOME COMPOUND POISSON DISTRIBUTIONS

By assumption, (3) of Theorem 1 also holds. For each value
of n and t -\- At the left membra of (3) and (4) are equal, which,
thus, applies also to the right membra, for all values of n, and of
I < S — At, so that fnjyt, At) = gn>v(t, At) for all v = 0,1 . . . n,
for all n and for every t < Z, —At.

Thus, there exist asymptotic expressions for fn v(t, At) in the
form given for gnv(t, At) in Theorem i, with the substitution of
pn{t) for izn(t), and the asymptotic expression for Pn(t + At) is in
the form given in (3) with the same substitution. Therefore, the
assertions 4) of Theorem 1 hold for N(t), subject to the assumptions
of Theorem 2. Thus, N(t) constitutes a cPp: 1, defined by the
intensity function pn(t) = Kn{t) and the termination point £, with
the differential equation defined in the assertion, which, thus, has
been proved.

Remark: Consider the distribution function 2 Pn(t) Vn*(x),
n - 0

where Pn(t) is defined in the Theorem 1. It is easily seen, that the
Theorems 1 and 2, can be extended to the case, where X(t),
distributed with a given distribution function in this form, is sub-
stituted for N(t). The extension of a cPp : 1 with absolute distribu-
tion functions, thus defined to the case, where the change distribu-
tion is dependent on t, V(x, t) say, is a particular consequence of a
theorem given by Jung [9], the absolute distribution function of
X(t) is, then, given in the form of (ia), with U(v, 1) = U(v) in-
dependently of T. Independently of Jung, this result was obtained
by the present author [10], later extended to the general case in (ia).
In [10] the starting point was the forward differential equation of
a cPp: 1 with the change distribution V(x, t), assuming, that there
exists a modification of V(x, t), W[x,t) say, such that the distribu-
tion function of X(t) is in the form 2 Pn(t) Wn*{x, t) for every

n - 0

fixed t. An easy deduction leads to a differential equation in the
form tz'(t) = zt—zt'.zt, zt being ch.f. corresponding to W(x,t) and
V(x, t) respectively; a solution of this equation leads, after con-
version, under mild regularity conditions to W(x, t) = W(x, t) as
defined under (ia) (cf. Cramer, [6], 6.1). If in Theorem 1, X(t) with
the change distribution V(x, t) is substituted for N(t), (3) will be
obtained in the form:
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Pn(t+At) W(x,t+At) = gnJt,At) Pn(t) Wn*(x, t) +
+ gn-i,i(tAt) Pn_S) W<n-»*(x,t) * V(x, t)+o (At),

where W{x, t) is defined as here above. This leads, if quantities of
smaller order than the order of At are neglected, to the differ-
ential equation for zt just given, which, thus, holds asymptotically
for X(t); this gives the following corollary to Theorems I and 2.

Corollary. If the random function X(t) is distributed with a non-
elementary cPd: i, defined by Pn(t), V(x, t) and £, there exists a
random function Y(t), which constitutes a cPp: I defined by
nn(t)> V{x> t) a n d £. with the absolute distribution functions given

by 2 Pn(t) Wn*{x,t), where W(x,t) is defined as under (ia). If
n - 0

and only if X(t) is admissible, as defined before Theorem i, it
constitutes such a process.

6. About the amalgamation of independent random processes

In [4] the following statements with respect to the amalgamation
of independent elementary cPp: 1 were made. For greater clarity
the term cPp : 1 will be added to the term compound Poisson process,
as used in [4]. Also the statements in [4] with respect to a random
function of the operational time t, were in some cases formulated
by using a function of the absolute parameter T. In the following
lines, the assertion with respect to a function of t, shall be accord-
ingly formulated.

In the case, where Ntx[x), [j. = 1,2 . . . m constitute independent,
elementary compound Poisson processes (cPp : 1) with the absolute

m

parameter T, N(X) = 2 N^t) constitutes a compound Poisson process

(cPp : 1) with a structure function equal to the convolution of the
structure functions of the components. In the case, where the
components only after the transformation t = t(x) are compound

Poisson processes (cPp : 1) in operational time t, N(t) = 2 N^t)
V--1

is a compound Poisson process (cPp: 1), if and only if ^(-r) =
k^ t(x), where k^ are independent of T for every value of \x, and if
t(z) are known functions; this case has in [4] been called a "very
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special case". If ^(T) are for every value of [i a known function of
T but not proportionate to i(v), N(t) constitutes a cPp i.w.s.

It will be observed here, that it seems not impossible to extend
the proposition G (see section 3 here above) to be applied also to
the amalgamated process in cases, where the components are
cPp : 1 only after the transformation of the parameters to ^(T) ,
and, even, where these functions, not necessarily, are proportionate.

An amalgamation of a number of independent cPp: 1 shall
later in this note be dealt with as a particular case of more general
models, to be defined in the next section.

First an extension of the term "convolution" shall be introduced.
Let \ be a discontinuous or continuous variable, random or non-
random. Let II* be an operator, which, applied to a given set

of distribution functions, where the components correspond to the
ch.f. <PS(T)), defined for every value of £;, transforms the set into a
distribution function, which corresponds to the ch.f. exp
[\d^ log 95(7))] the Stieltjes integral being taken over the range of \.
If, particularly, the set is finite, or enumerable, the transform

»i

reduces to the asterisk product II *, wi < 00 and, if, in addition,
i-o

all the elements of the given set are equal, to an asterisk power.
In these cases the operator defines an ordinary convolution, and,
if i; is allowed to form a non-enumerable set, the transform may
be called a convolution in the extended sense. It is seen, that, in all
cases, the transform reduces to unity for \ = o. In the following
context it will, for simplicity, be assumed that £ forms a finite or
enumerable set; the extension to non-enumerable sets is straight
forward.

If in the distribution function of an aco cPp: 1, as defined in
section 1 here above, U*2Uz(v) is substituted for 2U

mi*(v), the

distribution function obtained defines a distribution, which may
be called an extended aco cPd: 1. If % is, at least, enumerable, the
probability distribution of i; may be denoted Qm (s:), which is a
probability distribution of the discontinuous variable nil. After the
transformation to the operational scales, si, s%, where S2 has been
defined in section 1, the wth term of (ia) can, on the particular
assumptions for an elementary, extended aco cPd: 1, be written
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in one of the following alternative forms, where the second form
is obtained from the first form by an, evidently permissible,
reversion of the integration and summation, and by using the
proporties of the Laplace transform of a convolution.

PmAh,s,) = j e-"" (vsar* dv \ i Qmi(si)!n*2Ut(v)\lma\ (5a)
0 L»>i-0 4-0 J

Pm, (si, *2) = S Qmi(Sl) n f ]e-"'(vsa)
m* dv j ^ W K l l (5b)

»,-o ( - 0 L 0 J

The ch.f. corresponding to (5b) can be written

) , S 2 ) ,

where ^(TJ , s.) corresponds to the ith factor of the asterisk product
in (5b). In the particular case, where 2<pj(v), s2) = 2<P(T],

 S2) indepen-
dently of i, the distribution is a bunch distribution according to
section 1, in the elementary case and, under certain conditions,
in the non-elementary case (see section 7 here below). The amal-
gamation of wi elementary cPp: 1 for a fixed value of mi, has,
by (5b) in the general case, the following distribution function

mi\ (5c)

In fact, (5c) is consistent with the "very special case" referred
to in the quotation from [4], on account of the definition of sz in
section 1, which tacitly implies that the expected number of
events in the ith component can be written yu s2, where y a is the
mean of 2Ut{v) for each value of i. This can also be expressed in
terms of the intensities of the components. Supposing that this
intensity for ith component can be written 2x̂  K^(T), if 2x4 is in-
dependent of T and W4(T) of i, the change of the variables of
integration leads to modified structure functions zUiii^U^i) =
2Ui{v) say, for every value of i, so that the convolution is in the
form of (5c) with 2Ut instead of zUt. The extension of the amalgama-

tion to cases, where the operational parameters s2i = J 2xiwi(u)du,
0

implying a dependence on * for both xl and wt(-z), shall be shortly
referred to later in this note.
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7. The models of grouping in general

A model called the simple grouping shall be defined as follows.
Consider a group of a population, called a main group, defined as
a finite or enumerable set of sub-groups. Each sub-group is associated
with a random function ^{s^, i = 1,2 . . . m1, where, in the general
case, m1 is a random variable. 4Y(s2i) is either equal to 42V(s2i),
the elementary case, or to iX{sa), the non-elementary case. iN(szi)
has a probability distribution ii?m2i(s2«), and iX(s2i) the change
distribution iV(x, s2i). Each sub-group is supposed to be homogeneous,
taken to mean, that it can be arbitrarily divided into any number
of minor groups, such that all the minor groups have the same
volume, and the same probability distribution of the number of
events, and, in the non-elementary case, the same change distribu-
tion, for the contributions to iY(szt). It is, further, assumed that
these contributions are admissible random functions, so that
iY(s2i) constitutes for each value of i a Markov process, defined by
the intensity function irmu{s2i), say, and by the termination point
Z,i to be defined below, and, in the non-elementary case, by the
change distribution iV{x, s2j). The process of a sub-group is called
a sub-process. These sub-processes are assumed to be mutually
independent, and to have non-decreasing, and right continuous
trajectories. The process associated with the main group, the main
process, is constituted by the random function Y(si, sz) =

s QmAsi) 2 iY(szi)> w h e r e iT2 = 2 Qmi{s,) 2 s2i, and the

term for m% = 0 shall be equal to Qo(si). In the particular case,

where for all values of i s2i = y2i J w(u)du and neither T nor w(u)

depends on i, the main group shall be said to be stationary (if the
condition is fulfilled for an interval o < T < T, the main group is
stationary on this interval). If the main group is non-stationary, it
is assumed that the ith. sub-group enters only once into the
main group, at the point, tz0 say, and leaves the main group at
the point ^ say, where f0, ^x may depend on to e 4O, the
reference space of the ith sub-process, which, therefore, must be
appropriately enlarged. In the calculation of the contributions to
the main process on the interval 0 < T < T it is, further, assumed
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that each subprocess with f1 < T, starts at zero, and terminates
at iz1 — {CQ corresponding to ^ on the operational scale for the
ith sub-process. That these assumptions with respect to the sub-
processes do not restrict the generality of the calculation of the
contributions to the main process on (o, T), can be seen from the
following arguments. If a sub-group were to enter several times,
the group can be divided into a number of new sub-groups, which
all fulfil the condition of a single entry. Further, if a sub-process
starts at a point before ,T0, and, if the termination point of the
process is later than JTI ^J T, the contributions on the interval
(o, T) to the random function, and to the operational time of
the main process can be written iy1 — ^y,,, is1 — 4s0, where 4y ,̂
iSj refer to the points &), j = 0,1. These contributions are equal
to those, which are rendered by a sub-process, which starts at zero
and terminates at j-ri—JTO, and such that the random function and
the operational time are equal to zero at T = o, and to iy1 — ty0,
iSi — jSo respectively at ,TI—j-ro. For the case where m > T, the
ith sub-process shall not be transferred to another scale.

For a non-stationary main group szt = ki J Wi(u) du, i =
0

1,2 . . . nil, corresponds to T, if JTI ^J T, and with the modification

of the integral to J for JTI > T, so that, in this case, an amalgama-

tion of mi sub-processes in the form of cPp: i, for a fixed value of
"i

mx, is a cPp with the structure function of the form II* U2i{s2vls1),
8 - 1

which depends on T SO that the amalgamated process is a cPp
i.w.s.; this is consistent with the assertion for the general case
quoted from [4]. The "very special case" in this assertion implies
that sn = ki Sz, and the structure function of the amalgamation of

m\
mi cPp: 1 is in the form II zUityjki), independently of T. Thus

« - i

the "very special case" in [4] is characterized by the concept a
stationary main group, for a simple grouping, where all the sub-
processes are cPp: 1. In this case Y(st, S2) can be reduced to the
form Y{si, sz); in the elementary case Y(si, s2) are distributed with
distribution functions in the alternative forms of (5a) and (5b). It
may be possible, to extend these forms to include also a non-
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stationary main group, and, under certain conditions (cf. Theorem 7
below), to the non-elementary case.

By the assumptions made so far, the main group is, in general,
heterogeneous i.e. jY(s2<) a r e generally dependent of i. In the partic-
ular case, where ^(s^) = Y(s2) independently of i for i — 1,2 .. . mlt

the main group being homogeneous, Y(si, S2) is, in the elementary
case, and, under certain conditions (cf. section 7 and Theorem 7
here below), in the non-elementary case distributed in a bunch
distribution.

An iterated grouping shall be defined as follows. A head group of
a population is defined as an, at least, enumerable set of main
groups, each defined as in the simple grouping. The relation between
the head group and the main groups shall be the same as the
relation between the main group and its sub-groups in the simple
grouping. As, generally, a main group is heterogeneous, the iterated
grouping could be interpreted as a simple grouping, if this were to
include heterogeneous sub-groups.

In the following theorem it will be referred to a condition defined
in the following lines.

Condition A. In a Markov process, defined by the intensity
function pn{t) for t < X,, which is continuous in t for every
fixed n, Z, = £(<o) being the termination point of the process,
the conditional probability, /n>v (t, At), for the occurrence of v
events on (t, t-\-At) relative to the hypothesis that n events
have occurred on the interval (0, t) shall satisfy relations in the
form given for gWjV (t, At) in Theorem 1, for v = 0, 1 and > 1,
respectively, for t+At < Z,, and shall be equal to zero, for
v > o, and for t+At > C

A Markov process with never decreasing, right continuous
trajectories, which satisfies this condition belongs to the class of
pure birth processes.

For the following theorem two sequences of index vectors {Mj}
and {S/c}, will, further, be introduced. For each fixed value of mi
and m2, the vector M} {t\Lp i = 1,2 . . . m j shall, for a fixed value
of j , be obtained by the choice of mi values, in an arbitrary but
fixed order, of values for t]j.p such that, for the fixed value of
j , t[ij is, for each i, equal to one of the components of the vector
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(0,1 . . . tn2), and that 2 ^ = m2 for the fixed value of j . This
( - 1

shall be iterated in every possible way including the permutations,
and 2 ' shall denote the summation over all possible values of _;',

obtained in this way. Similarly, for each fixed value of mi and v,
the vector S/c = {lau, i = 1,2 . . . mi} shall for a fixed value of k,
be obtained by the choice of mi values, in an arbitrary but fixed
order, of values for iak, such that for the fixed value of k iajc is,
for each i, equal to one of the components of the vector (0,1), and

ml

that 2 iG/c — v. This shall be iterated in every possible way in-
i -1

eluding the permutations, and 2 " shall denote the summation over

all possible values of k, thus, obtained.

THEOREM 3

Consider a simple grouping, as previously defined in this section,
on the domaine (0, Si) x (o, s2) corresponding to (o, T) on the
absolute scale, in the elementary case, where iY(szi) = iN(szi) =
iN say, and Y(si, sz) — N{si, h) = N say. Let the conditional
probabilities, as defined in Theorem 2, be denoted */»»„ v i

s^> As2j)
and let the indices t\i^ be defined as in the previous paragraph. Let
it, particularly be assumed that txx — tr0, defined previously, does
not depend on co, which, thus, applies also to the corresponding
point £j on the operational scale.

Then,
1) JV is an admissible random function with the probability distribu-

tion, Rm (su s2) say, which fulfils the following relation.

RmM» s~s) = GoM + S Qmi(Sl) 2 ' II tRm (s2i) (6a)
m1-l (/) i - I

2) If each sub-process satisfies Condition A, defined here above, the
main process satisfies also this condition, and is defined by the
intensity function rmt(si, s2) given by the following relation.

>V (h> h) = S Qmi (Sl) 2 ' n iRw 2 tr^s*) / Rmz (sv s2) (6b)
mi - i {0 t - 1 i - 1

3) The sufficient condition for that Condition A being satisfied for
the main group, is also a necessary condition.

24
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Proof. If for all values of i, tN are admissible, as assumed in
the model, this must also hold for the random function equal to

mi

the sum 2 {N for fixed mi, consequently also for N, defined as the
i - i

weighted average of this sum with respect to pmi(si), mi = 0,1 . . . .
The probability for the occurrence of ^ events in the ith sub-
process, * = 1,2 . . . nil, on the interval (o,S2«) for every fixed value
of nil and _;', is given, provided all the sub-groups were to belong
to the main group at T, by the product of the independent probabili-

ties in the _/th term of (6a), where, by definition, 2 HLJ = mi.

Should some of the sub-processes terminate earlier than T, the
parameters for these groups S2« are, by definition, equal to £4,
corresponding to $TI - jTo and, therefore, the assumption that JTI
for all i are > T, may be removed. The event that m2 events occur
on the interval for fixed nil, can be realized in several ways; thus,
by the definition of 2', this sum applied to the products for each

possible value of j , represents the probability of m% events for
fixed nil. If also nti is allowed to vary, the weighted mean of
these probabilites with respect to Qm^Si) will be obtained, so that
(6a) holds, and, thus, the assertion i) has been proved.

If all sub-processes satisfy Condition A, the values of tfm ,v
(s2j, AS21) are for v > i of lower order than the order of As^i,
for sub-processes with Z,t — As2i corresponding to a point < T even
equal to zero. The conditional probability for the occurrence of
jtffc events in the ith sub-process, i = i,2 . . . mi, on the interval
(S2j. S2» + As2i) relative to the hypothesis that ^ events have
occurred on the interval (o, S2i) can, for every fixed value of mi,

mi

ni2 andy, be written in the form 2 " II i/J°*a i/Ji,~on) where tai-
(*> ( - i

have been defined in the last paragraph before the theorem
(the arguments s2«, As2« have been left out), and, where the pro-
babilities for more then one change on (su, sw + As2«) have
been neglected. By the insertion of the expressions for if([ljyV = o, i
according to Condition A, the terms of this sum, which con-
tain at least one factor ifiV.ui for a sub-process, for which
X,i—As2« corresponds to a point T less than T will vanish, and other
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terms, containing more than one such factor, for any sub-process,
for which X,i — AS24 corresponds to T > T will be of lower order than
the order of As2i. Consequently, if quantities of lower order than

the order of As2t are neglected, the sum reduces to S irm(szi),
1 - 1

observing that for values of i for which ^ — As2$ corresponds to
T < T, %rm(s2i) = irfVLj(£i) = o. Then, the absolute probability of
the composite event, that mi events occur on (o, s2), and m2 -f-1 events
on (0, s2 + AS2) in the main process, is given by the numerator, and,
by the assertion i), the probability for the occurrence of mi events
on (0, S2) by the denumerator of (6b), which, thus, holds, The proof
implies, that, if the Condition A holds for every sub-process, it
holds also for the main process. Thus, the assertion 2) has been
proved.

If, for v > 1 and for at least one value of i, ifm,v (set, Aszt) and
£i - As2j corresponding to T > T, should be of the same or higher
order than the order of As2{, this should imply that the contribution
to the conditional probability for v events in the main process,
should be of this order. This leads to that, in this case, Condition
A does not hold for the main process. In fact, this affords en in-
direct proof of the assertion 3) of the theorem, for a fixed value
of T. By letting T decrease until all the sub-processes have £4 — As2i
corresponding to T > T, the proof can be extended to include
anyone sub-process, which does not satisfy the Condition A. Thus,
the assertion 3) has been proved.

Remark. By a remark made here above (just before the de-
finition of the iterated grouping), a simple grouping being both
stationary and homogeneous leads in the elementary case always
to a bunch distribution according to the general definition quoted
in section 1 of this note (Thyrion [1], p. 68). Thyrion has, however,
([11], Ch. 2) introduced a specified model of such distributions,
here called the T-model, which, in fact, is less general, than the
model based on the ch.f. in section 1. The T-model has been in-
troduced in order to allow for the occurrence of several, simultaneous
changes (cf. [11], p. 49), while by the theorem, the general model
can also be applied to cases, where only one change on a small
interval has a probability of the same order as the order of the
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length of the interval, while the probability of more than one
change is of lower order. In the T-model the number of bunches
is defined as the number of sub-processes, in which already at least
one change has occurred. This number may be designated by m,
which, by definition, is less than or equal to m,\ in the theorem,
the probability distribution of m may be designated by Qm(Sj).
By a similar deduction to that used in the theorem. Thyrion
obtained for the T-model in the particular case, where iRm (s2«) =
Rmz independently of s24 and i, an expression for Rm (Sj) for the
main process of the T-model, in the form of (6a) with two impor-
tant modifications, one implying the elimination of all factors in the
product appearing in (6a), for which ^ij = o, and the other a
truncation of the sum over mi on account of the fact that terms in
this sum for which mi > m2 will for the T-model vanish. In fact,
by the definition of m, the non-occurrence in wi — m sub-processes,
with fixed mi and m has the probability i. Therefore, one may for
the T-model substitute the conditional probability for ^ events,
i = 1,2 . . . m\ for every fixed value of m\ and m relative to the
hypothesis that no events have occurred in mi — m sub-processes,
for the absolute probabilities used in the proof of (6a). By the
substitution in this proof of Qm{si) for Qmi{si), and by the applica-
tion of the combinatorial methods, as used by Thyrion for the
case where iRmu(

s^i) = Rm2, it can be proved that Thyrion's form
for (6a), called the T-form here below is a particular case of (6a).
Further, the T-form can be extended to cases, where iRmM(s2i)
depend on s2i and i.

For a stationary and homogeneous main group an extension of
the bunch distribution in the T-form to the non-elementary case
was indicated by Thyrion in [n ] , and, further, analyzed by him [12],
for the case, where iRmii{sn) = ^™2(

si) i-e- dependent on the same
parameter as the parameter in Qm{s^j. In [12] he states, that the

distribution functions in this case can be written 2 Rm (s^ Vm%*{x)

if Rm2(S]) is an elementary bunch distribution, for the particular
case, where Qm(sx) is a Poisson distribution, and, that this con-
dition should also be a necessary condition. According to Arfwedson,
the condition is necessary for an arbitrary change distribution,
only if Rmi(si) = Rmi independently of si, in the opposite case, a
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function in the form of the elementary Poisson bunch distribution

i.e. a function of the formBJt) = 2 e~l tmR™*(t)\m\ shall be a

probability distribution, only if certain conditions are fulfilled.
These conditions are, R0(t) > o, and two other, given in the form
of two inequalities for bn = Bn{t)jB0(t), namely b2 > b\\2. and
ba ^ bxb2 — 6J/3. He adds, however, the remark, that, if R0(t) is
negative, it can be eliminated by a transformation of the parameter.
Such an elimination leads to the T-form. Arfwedson seems in the
introduction to have based the Poisson bunch distribution on the
T-model, as the bunch is associated with insurance claims which
occur in a bunch, exemplified by an air craft accident, but his
formal developments are more general, as for the T-model R0(t) is
always = o. In one of the examples, earlier introduced by Arfwedson,
R0(t) was assumed to be positive, and the deduction of this model
was based on the assumption, that the probability of multiple
changes on a short interval is of the same order as the order of the
length of this interval. Thyrion has for the same example deducted
distribution in the T-form, eliminating R0(t) [i, 12]; Arfwedson has
remarked, that the two solutions are consistent, [13]. Thus, the
distribution according to (6a) is in the T-form, if R0(t) = o, must
be reduced to this form, if R0(t) < 0, or may be, alternatively, given
with R0(t) > o, or, in the T-form, by the elimination of R0(t). A
bunch distribution in the T-form does, thus, not necessarily, be
applicable to the T-model, as, (6a) can be given in the T-form,
even if Condition A is fulfilled. In the example just mentioned
Rmjj) = Rm2 independently of t, so that Condition A is not
fulfilled. Later in this note (the remark to Theorem 7). an example
will be given, where the bunch distribution function may be trans-
formed into the T-form, and where Condition A holds. Thus, it may
be said, that in a way, the T-form is more general than (6a) with
positive j/v1,,^), even if the grouping model is more general than
the T-model.

8. Particular results for the simple grouj
For a fixed value of mi, the amalgamation of mi sub-processes in

the form of cPp: 1 for each i, leads to a cPp: 1 or a cPp
i.w.s. depending on whether the main group being stationary or
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non-stationary. In this section it will be assumed that the main
group is stationary, and that all the sub-processes are cPp: i.

Then, the following recurrence relation similar to that, given by
Lundberg for a cPp: i ([3], (93) ), holds for the probabilities of
the main process.

In fact, by the insertion of recurrence relations according to
([3]. (93) ) f°r e a c n sub-process into (6b) for the case considered
here, (7a) is directly obtained. By the differentiation of Rm (su s2)
with respect to S2 the following relation (7b) is obtained, if the
dependence of si on s2 is neglected. In fact, if also this dependence
is taken into account, it will not alter the result in (7b), provided
that Qmi(si) is a probability distribution in a process, and satisfies
the Chapman-Kolmogoroff equation. This will first be proved on
the assumption, that also Qm (Sj) satisfies Condition A. If qm (sj
denotes the intensity function in this case, the derivative of
Rmjslt s2), with respect to sv if the dependence between s3 and sx

is not taken into account, can be written

— ?o(si) <?oN — £ qmi(si) QmSsi) 2 ' n iRm (s2) +

t» m^ - 1

+ s V-i(si) Qmi-i(
si) s ' n iR#,(sz)

for a fixed value of ms. This expression is equal to zero, which may
be seen by the insertion of the variable of summation \i = mi—1
into the second term. By using Chapman-Kolmogoroffs equation,
this may be extended to the case, where the process defined by
(?»ii(si) satisfies this equation, but not Condition A. Therefore, the
following relation holds under these conditions.

It will be proved, that the function Rnz> mt(tv t2, s1; s2) defined
by the following relation satisfies (7b) with the substitution of this
function for Rm (su s2).
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I J W I *) ^W^-)/*«.&'<•> (7c)
In fact,

^W2(S2) / ^>M2(
S2J = =

— ™2/s2 + (w2 —w2) / (s2—tf2) —Tyn^Si, s2) + m2/s2,
a n d Zm2-i(

sa) / W S s ) = (w2 — »2)/ [(s2 — s j r ^ . j (s1; S2) ].

From these relations (7b) is directly obtained. This is a modifica-
tion of a part of the proof of Theorem 6 in [3] (p. 73-75). By using
the remaining parts of this proof, it can be proved that the solutions
of (7c) satisfy the fundamental conditions for the conditional pro-
babilities of a generalized (cf. section 4 here above) Markov process
with the absolute probabilities Rm\sx, s2).

9. Remarks on the iteration of a grouping and on an extension to the
case where ^TI and j-ro depend on «

In the proof of Theorem 3 the homogeneity of the sub-groups,
which is assumed for the simple grouping, has not been used.
Consequently, the relations (6a), (6b) hold for a head group, if
iRiV.l(s2i), irm(s2t) are associated with the ith. main group. As the
relations hold for the main group, expressions in the form of (6a),
(6b) may be inserted for the functions just mentioned, respectively.
Also the remark to the theorem, and the result of the previous
section may be modified, so that the iterated grouping will be
included. It is, further, seen that the grouping may be iterated
several times. Further, if it is assumed that szt, and the operational
parameter corresponding to JTO are, for i = 1,2 . . . mi to be con-
sidered sequences of different values of random variables, a and GO
say, the probabilities and numerator of the intensity function can
be expressed for every fixed value of nti, a, GO in the form of a
weighted mean of 2 ' in (6a), (6b) with the substitution of G and

mid—oofors2j with the weight functions equal to the probabilities
for a -J- CTO being < wicr and > niio respectively. Then, (6a) and
the numerator in (6b) will be modified into the appropriate means
of these expressions with respect to the joint distribution of mi,
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a and GO. The iterated grouping without and with chance variation
in s2i in the case, where all the sub-groups are cPp: i, can be
explained in terms of iterated aco cPp: i and modified such
concepts.

10. Remarks on the application of the grouping models
In the application of stochastic models to problems of the type

met with in the insurance field and to similar problems in other
fields, it is generally aimed at a classification of the statistical
results, which ensures the relative homogeneity of the sub-groups,
as much as this is, in practice, feasible. For life insurance rating
the experience is, generally, grouped with regard to age, and,
eventually, to sex and/or to duration of insurance, either after
sorting out risks considered more dangerous than normal risks (by
medical examination and/or declarations by the insured), or with
neglect of the existence of such risks, on account of their small
weight in the population. Even a finer grouping may be applied,
such as a grouping with respect to main groups of death causes; in
fact, a finer grouping would, in principle, be preferable. Morbidity
statistics is often given in finer groupings. Also for property in-
surance, and for liability insurance, it is aimed at a homogeneity
of the sub-groups, which, however, in practice, is feasible only to
a very small extent; material deviations of the risks within a
statistical group are often neglected. Further, the classification of
the statistics is, generally, deemed to be too elaborate for the
application to the actual table of rates, i.e. several statistical groups
are pooled to form a single tarif group. All this affords examples
of the application of simple grouping, where the heterogeneity of
the sub-groups, the statistical groups, and of each main group, tarif
group, is neglected. In practice, however, these neglected deviations
are so large, that the method commonly used, gives a very coarse
description of reality. In fact, the individual properties of each unit
insured are of material influence on the risk, e.g. in motor insurance,
the skill and experience of the ordinary driver, and the driving
properties of the vehicle insured. Therefore, systems for the correc-
tion of errors implied in the rating, such as the distributions of
dividends, and systems of bonus-malus are often applied. The
problem of finding rational systems of this kind entails, particularly,
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for property and liability insurance, many difficulties. With regard
to bonus-malus systems different authors have argued for quite
different principles, and even reached different conclusions from
the same statistical experience. A particular difficulty is implied
in cases, where the risk premium has a steadily increasing time
trend, as for motor insurance in most countries, which gives un-
certain estimates of the reserves needed, so that the rebatement
of the premiums may often lead to larger decrease of the reserves
than anticipated. This has in motor insurance caused heavy losses,
in situations, where too liberal rebates have been granted. For the
judgement of the experience a posteriori well-known statistical
methods have been applied. In such applications it is of utmost
importance to apply a rational classification, with still higher
demands on the homogeneity of the sub-groups, unless it is feasible
to evaluate the results by using models based on more or less
heterogeneous sub-groups. Therefore, the iteration of the simple
grouping suitably modified with regard to the phenomenon con-
sidered, seems to be apt for experience rating, which also applies
to the rating a priori, to the estimation of the necessary risk reserves,
reserves for outstanding liabilities, and for unearned premiums, and
to the choice of reinsurance policy. In fact, head groups, main
groups, and sub-groups must all be considered heterogeneous. Thus
the system of amalgamation of risk processes is, in actual practice,
at least as complicated as the model for iterated grouping defined
in the section 7 here above, the modifications dealt with in the
previous section, seem to be more appropriate. In principle, each
group of several insurance treaties, is essentially heterogeneous.
At any rate, in theory, one should associate each lowest group of
a classification with a single point of a multi-dimensional factor
space, the components of the coordinate vector representing all
factors of possible influence of the risk, and each component being
sufficiently differentiated. The number of points, thus defined, is
naturally very high, so that the exit and the entrance of such
groups may be considered governed by chance, which is accounted
for in the grouping models by allowing the exit and the entrance
times to be random variables, which leads to the dependence of w
for the termination points ^ = ^(co), and to the introduction of
probability measures for the times here concerned. The whole
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discussion in this section leads to the conclusion, that the grouping
models, as defined in section 7, modified as indicated in this and
in the previous section here above, give a very realistic description
of reality. This applies not only to the properties dealt with in
Theorem 3, but also to the T-model introduced by Thyrion, and
discussed by Arfwedson, particularly, in the case, where the model
allows for several simultaneous events. In section 8, the conditions
for the application of relations known from well-known models used
earlier have been given. For the application of the grouping models
it seems to be of interest to study the conditions, under which
these results may be transformed into other forms. To this effect
an analysis will be made in the following sections.

11. A theorem on ch.f. dependent on a parameter

For the analysis just mentioned, the following theorem will be
needed, for this theorem the following definitions are introduced.

Let yjji) be a function of -t\i, vj being a real variable, and i the
imaginary unit, where x(yl) is bounded, and a continuous function

of 7j. Let / be an operator defined by Jx = $$ xi7) — ̂ )eix^'^ dt\d\

= I(x, A) say. The sufficient and necessary conditions for
being a ch.f. of a distribution are, that /(o) = 1, and, that I(x, A)
is real and non-negative for all real x and 3.H.A > o (Cramer, [14],
p. 91). If xC*]) fulfils these conditions, it shall be said, that x(r/)

Let veV be a non-negative real parameter and XeA a transform
of v, such that the mapping "kDv being the domaine on A correspond-
ing to Dv c V, is defined by the transformation X = X(w) taking
any point VEDV with one-to-one correspondence to one point
lekDv; the mapping of A is analogously defined by the inverse
v = z/(X) of ~k(v). If there exists a transform x(^, v) of x(̂ » v) C S,
which is obtained by the mapping of V onto A, such that x'C"). v) —
t)[X(w) x(̂ » «) ] /<>*• belongs to @ on XZ)uCA, it shall be said, that
X(T)> V) CGLX(XZ)J. Further, if a transform, p = p(v) say, fulfils
the conditions, p(o) = o, and, in addition, has derivatives of any
finite order, such that (—i)vp(v+1)(w) > 0, the transform shall be
called a ^-transform.
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THEOREM 4

Let tsT, seS, and ueU be non-negative, real parameters such
that s = s(t) = log u, and that s is a p-transform of t. Let i = t(s),
and t = t(u) define the mappings of T on S and U, respectively. Let
9< C@« (o, 00), i.e. 9« is a solution of a differential equation given
in the remarks to the Theorems 1 and 2 for a cPd: 1, defined by
4>t = exp {—s [t(i—-<p()]}say. Let §t and <pt correspond to W(x, t)
and V(x, t) respectively as defined in the remark just quoted.

Let I{x, A,1) = J <pl and Iy(x, A, 1) = J(^i 9^): here x assumes
any real value, and A any positive value, and / has been defined

V - 0

before the theorem. Further, let £1 9j = 2 /v<pJ> LQy-t = 2
V = 1

k = - ^ f t s), *v = *v(<". s'), where kjf, s) = ^ V - ^ ,
v! s{t)

and (?(%, A, i) = 2 [lj,(x, A, I) - Zv+1 Iv+1(x, A, I) ].
v - 0

It is assumed, that Q(x, A, I) is non-negative on a domainesD4 C 5 .
Then, 1 ^ C(5S (sD(), and ^

Proo/. Let ^ = ?>[s(t) Lx 9̂ ] /i)s and 2/?M = <)[«(?) ^]/2)« re-
spectively. For the calculation of these functions t is substituted
for I and t respectively in the expressions within the square brackets,
and the expressions obtained differentiated with respect to t, and
divided by s'(t) and u'(t) respectively, by using the expression
t<p't = (f>t — 9t according to the remark mentioned in the theorem.
Thereinafter, i and t respectively are substituted for t. Thus, the
following relations are obtained for xhs.

A = <?iLo 91 — Lo 91 + x = <P« S K9i~9t S K + i 9t-

By the second membrum 1hs = 1 for Y) = o (i.e. 9̂  = <P{ = i).
If the operator / , defined before the theorem, is applied to the third
membrum, using the fact, that under mild regularity conditions
W(x, t) satisfies a differential equation of the same form as for
9t, with the substitution of V(x,t) for <pt, then, JJis= Q(x, A),
as 9̂  C@ is real, and, on sDt, assumed to be non-negative.
Thus, Jis cQl on sDt. It has earlier been proved, [11-13], that
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on account of the elimination of the negative term,
obtained by the Taylor expansion of log <\it, by the mapping on
S. Thus, it has been proved, that ^ c S g (sDt).

By using the Taylor expansion of d log tyjdt in the expression of
2hu before the transformation of t, obtained according to the
description above, by the elimination of the negative term according
to the method in [11-13], and by the mapping on U, the relation,
where s = s(t), 2hu = ^ Ji~ is obtained. Thus, Jiu is a product of a
ch. f. corresponding to a cPd : 1, as proved in [12], and of 1hs, proved
above to belong to Qt on sDt. Thus, both ^ and 2hu belong to (£
on uDt and, thus, it has been proved that ^ C (&u(uDt).

Remark. 1) The ch.f. ^ corresponds to a cPd: 1, fulfilling the
condition, that s(t) = — log P0(t) is a p-transform of t. As in the
simple grouping with stationary main group and with all the sub-
processes being cPp : 1, the amalgamation for fixed ml is a cPp : 1,
it follows, that, if the sub-processes fulfil the condition just
mentioned, the amalgamation fulfils the same condition, as s(t) =
™i _

2 s^t). As L\V?i, in this case, is a weighted average of the same
( - 1

functions for the sub-processes, with s^ty/stf) as weight functions,
{m\ ) •

the theorem holds also for ^ = exp j £ —s( [t(i — <pt) ] '• provided
that <pt is the same for all the sub-processes. This applies also to
a convolution of cPd: 1 fulfilling these conditions. If the mean
function of the change distribution is a never-decreasing function
of t, which is often realized in most branches of insurance, it will
often occur that W'(x,t) > o for sufficiently great values of x;
also the variance being very often a never-decreasing function of
t. As, however, I(x, A, I) is the mean of an essentially decreasing
function of the variable of integration, for great values of this
variable, the terms for low values of v in Q(x, A, t) may be < o. In
many cases the sum is, however, positive as /v—Zv + 1, as a rule, in-
creases with v.

2) It shall here be, particularly, assumed that <p( = cp indepen-

dently of t. In this case, Q(x, A, i) reduces to £ (/„ — /v + 1) 7V (x, A),
v - 0

which is non-negative, if lv+1/lv < 1 for all v. (This is a sufficient, but
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not a necessary condition). It will, in addition, be assumed that

s{t) = £st(tt), tt = ptt, and that s't(tj = pt(i + c ^ ) ' \ pt, at, ct
i - i

being positive constants. For m1 = i = i, s(t) and Lx cp fulfil the
following relations, quoted from Thyrion [15].

s(t) = p[x — {i+ct)1-"] I c(a — 1) for a ̂  1, and

s(2) = p log (1 + c*)/c for a = 1,

so that s(<) is a p-transform (8a-b)

=p £ C;a) (—^r/Wi + c^-'s^Jfora^i.and (9a)
V - 1

ct
^ 2 (?cp)v/v cs(2) for a = 1; q = - - — . (9b)

For m\ > 1, sf(<) and {Lift shall be defined by the same relations
after the addition of the index i to the symbols s, Zi, «, c, _/) and ^,
for all values of i. (If the definitions are extended to include at = 0,
tyt defines a Hofmann probability distribution for m1 = 1, and an
extended such distribution for m^ > 1.) In this case /v+1//v=
(a—I)^/(V + I) (a—i)qiova^i, and equal to q< iiova=i,ilm1=i;
for mx > 1, the same relations hold, if <?, «, c, are substituted for §•,

a, c, respectively, where q = H jWJLi / 2 4z#v = ^_, and
I + Cti - 1

Xa= Xat tu>v qj t
i - l ( - 1

and < /̂v! for at ^1 and «j = 1 respectively.

Then, by the theorem Ẑ cp and ̂ ^ in this case belong to Qis(sDt)
and (£.u(uDt) respectively, where Dt is equal to {0,00} for <z< 2,
and, at least, equal to {o, [c(a—1)]"1}, where, for m1 = 1, the bars
may be removed.

12. The Thyrion transform of the ch.f. defining a cPd : 1
Thyrion [1, 15], transformed the ch. f. in the form of tyt, with

s(t) being a p-transform, as defined in Theorem 4, in the particular
case, where <pt = exp (nj) independently of t (the cPd: 1 defined
by <\it is, then, said to be in the "canonical form") to a ch.f. defining
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a generalized Poisson distribution on the transformed space.
Lundberg ([3], p. 57), transformed an elementary Polya process
to a time-homogeneous and space-heterogeneous, elementary
cPp: 1, on the transformed space. Ammeter [16] transformed a
non-elementary Polya process, cp( = <p independently of t, in [15]
extended to include a Hofmann probability distribution, <pt = 9.
In [17] the present author extended the transform to include non-
elementary cPp: 1 or cPp: 2 with <pt dependent on t. In [12]
Thyrion analyzed the transform of a general non-elementary,
cPd : 1 in the canonical form, 9̂  = 9 independently of t. Arfwedson
remarked, [13], that in order to obtain a non-negative value for
the probability of non-occurrence in the generalizing distribution,
it was necessary to add the condition s(t) ^ t for t > 0, but that,
if this condition is not fulfilled, the transform could be obtained by
the elimination of the negative term through parameter trans-
formation, which has been referred to in the remark to Theorem
3 here above (if s(t) = t, <\>t reduces without transformation to
exp [—t + &p], so that the untransformed distribution is a Poisson
probability distribution). In fact, in the case, where s(t) >t, the
transform must be given in the T-form, defined in the remark just
mentioned. If a bunch distribution is taken in the sense of the
T-model, it seems irrelevant to add the condition, that s(t) < t.
Arfwedson referred to Thyrion's alternative expressions for the
transformed distribution functions in the following form, where,
however, the notations have been adapted so as to avoid confusion
with the notations of this note. The development in [18] lead to
similar alternative expressions, in a more general case (cf. also (5a)
and (5b) here above).

G[y,t) = S Bn{t) Vn*(y), where Bn{t) = 2 e~HmR'l*{t)\m\ (10a)
n-0 m-0

oo 00

G{y,t)= S e~ttmKm*(y,t)j ml,where K(y,t) = 2 Rn(t) Vn*(y)

(10b)

As was remarked in section 7 here above, the condition for the
simultaneous validity of (10a) and (10b), is that Bn{t) is a bunch
distribution, in this case a Poisson bunch distribution. Arfwedson
has proved, that this is not a necessary condition unless, either
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Rn(t) = Rn, or V(y) = s(y—cj, independently of t. If, however,
the distribution before the transformation is in the canonical form,
the conditions for Bn(t) being a bunch distribution are fulfilled,
where however, if s(t) > t, Bn{t) must be given in the T-form.
Thyrion has proved, that, if s(t) is a p-transform, exp [—s(t) ]
is completely monotonic, and equal to unity for t tending to zero.
As this condition is not necessary, there might, as remarked
by Arfwedson, exist cPd: i, which may not be transformed to
a bunch distribution, even if he has proved that every cPd: I
leads to an expression in the form of Bn(t), which satisfies the second
of Arfwedson's conditions for Bn(t) being a bunch distribution.
This applies, not necessarily, to the third condition. Arfwedson has
not, however, been able to find an example of a cPd: i, for which
Bn{t) after the transformation is not a probability distribution,
and, thus, not a bunch distribution.

Thyrion has treated the particular case of the transformation
for q>t = 9 independently of t and s(t), £i<p in the forms of (8a-b)
and (ga-b) respectively and with m1 = i. In the remark 2) to the
Theorem 4 the conditions, in this case for m1 > 1, for Li<?j and
tyt belonging to Qis(sDt) and (lu(uDt), respectively, were deducted
by using the theorem mentioned. It might be remarked here, that
a direct deduction of these conditions for the particular case
concerned, without using the theorem, can be made by an easy
calculation, which does not imply the /-transform, but is based on
Newton's binomial formula.

Under the conditions of the remark 2) to Theorem 4, Dt is an
interval with the lower limit zero. In the general case of the theorem,
the interval defining Dt may start at a point t0 > o. As, however,
a conditional cPp: 1 defined on the interval (t0, tx) may be trans-
formed to an absolute cPp : 1, defined on the interval (0, t1—10), i.e.
with starting point at t0 (cf. [3], p. 91), it does not restrict the gene-
rality to assume, that the ch.f. corresponds to a ch.f. c (^s{sDt)
with sDt = {o,£s} say, and uDt = {o,̂ M} say, where £s = log

THEOREM 5

Let X(t) and Y(t) be denned as in the remark to the Theorems
1 and 2 here above, i.e. both functions are distributed with the
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samecPd : i, and Y(t) constitutes on (o, Q a cPp : i defined by the
intensity function nn(t). Let TCM(T), and PU(T) be obtained from
•Kn(t), and the distribution of the number of events, Pn(t), by the
transformation of t to the absolute scale T, and let y.w(-z) be the

mean 2 7TBPn(T). Assume, particularly, that Pn(t) is in Thyrion's

canonical form, so that the ch.f. of Y(t) is in the form of tyt in
Theorem 4, with s(t) being a p-transform; the notations Z)e, Jis

shall also be defined as in Theorem 4, and let ds/dz = xQw(x), and
the mapping of T onto S defined as in the previous section.

Then, this mapping transforms Y(t) into the random function
Z(s) say, with the ch.f. exp [-s -f- s Lx < ]̂, in the notations of
Theorem 4, distributed with a non-elementary Poisson bunch
distribution according to (ioa-b), with s, and the distibution
function corresponding to I , $1 substituted for t, and K(y, t),
respectively. If TCB(T)/« converges uniformly on finite intervals of T,

Z(s) constitutes on the domaine, (0, £g) say, which corresponds to
the intersection of Dt and (o, £), a generalized, non-elementary
Poisson process, which has the intensity, with respect to T, y.Qw0(t)
= xze'(-r) [s'(^)]t_((T) and the change distribution defined by Jts.

Proof. The equivalence in the sense of section 1 between X(t),
Y(t) and Z(s), and the existence of a probability distribution in
the form of Bn(t) in (10a) is a consequence of the discussion here
above of the Thyrion transform of a cPd: 1 in the canonical form.
As, by Theorem 4, L1 9^ C @s(o, Ks), the distribution functions of
Z(s) are on the domaine (o, £s), according to Corollary 1 in section 5
here above, in the form of the absolute distribution functions of a
Poisson process, as defined in the assertion. On account of the
existence of the translator operators before the mapping, Z(s)
constitutes, if the assumption of convergence is satisfied, (cf. [3],
(64) ), the Poisson process defined in the assertion, which, thus,
has been proved.

Remark. The theorem holds for a convolution of cPd : 1, which
satisfies the conditions in the remark 1) to the Theorem 4. In the
particular case, dealt with in the remark 2) to the same theorem,
i.e. where ~tyt defines an extended Hofmann distribution with
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<pt = 9, independently of t, sDt is equal (0,00) for a < 2, (cf. [3],
the Theorems 2 and 7 A3)), and corresponding to Dt — {0, \c(d—1)] ~*}
for a > 2, in the notations of the remark just quoted.

THEOREM 6

Let Z(s) with the ch.f. exp[—-s + s x«] constitute a Poisson process
on (0, £s). If there exists a non-negative, real parameter t, such
that xs

 c a n t>e written in the form of Lx fi according to Theorem 4,
with s(t) being a p-transform, the mapping of S = {s} onto T =
{t} transforms Z(s) into a random function, which, at least on the
domaine of T corresponding to (o, £s), has the properties of Y(t)
in Theorem 5.

Proof. By assumption, xs C @s(o,£g), then, the reversion of
the proof in Theorem 5 is self-evident, which proves Theorem 6.

Remark. In [4] the following statement with respect to the
relation between Y(t) and Z(s) of the preceding theorems, in
the particular case, where Y(t) constitutes a non-terminating
Polya process with <pt = 9 independently of t, has been given.
This statement purports a point of view on this relation, which is
principally different from the interpretation in the preceding
theorems. It is, in fact, said in [4] (p. 18) "As both the Poisson
parameter and the generalizing distribution," in the notations of
this note equal to s(t), and defined by Lt 9, respectively, "depend
on t, different times t correspond to different generalized Poisson
processes." This implies that Z(s), being defined on S, is related
to T (in this case (0, Q and sDt are equal to T and S respectively,
by assumption, and by the remark to the Theorem 5 above). In
the author's opinion it is more natural to refer Z(s) to S, where it
is defined; this leads to the following statement, which seems to
be more elucidating. Different "times" / correspond to different
"times" s, Z(s) constitutes on 5 one, and only one generalized
Poisson process, as defined in Theorem 5 for the general case (the
differences between w(r) and wo(z), and between Lx 9̂  and 9^ seem
not to make the interpretation of the relation in [4] preferable. For
comparison, two simple examples of similar transformations will
be given here below. It will be seen that these examples were

25
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interpreted in principal agreement with the point of view expounded
in this note.

In these examples the intensity functions Z#(T), and pnv{t) (i.e.
of a Polya process, [3], Theorem 10a), were transformed, by the

mappings of {T} on \t], t = \ w{u) du, and of {t} on {s}, s =

— log P0{t), to x, and pjpo, respectively. The result of the first
transformation was by Cramer interpreted in terms of the trans-
formed process on the transformed space: "The occurrence of the
claims will constitute a stochastic process of the type known as a
Poisson process," ([6], p. 19). Lundberg draws from the second
example the conclusion: "Thus, in order to reduce a process with
the intensity function pn v(t) to a time homogeneous process with
the intensity function pjpo we have to take the function (66),"
which defines s as here above, "as independent time parameter."
Thus, both Cramer and O. Lundberg relate the transformed pro-
cesses to the parametric spaces upon which they are defined, i.e.
to T and to S respectively, and not, as in [4], to the parametric
spaces before the mapping; both authors describe the transformation
in each case in terms of one and only one process on the trans-
formed space. The fact, that by Theorem 5 the introduction of a
generalizing distribution into the transform of the second example
leads to a Poisson process, does not motivate the principally different
points of view in [4] and [3].

For the following theorem, the remark to the Theorems 1 and 2,
and the deduction of the assertion 2) of the Theorem 4 shall be
modified. Assume, in the remark referred to, that the change
distribution is defined by the ch.f. Z,v, where v = v(t) is a function
of the parameter t of the cPp : 1. If, in this case, Z,v is defined as zt

in the remark, the differential equation for ^, can either be deducted
from the forward differential equation of the process, as referred
to in the remark, or by a direct transformation of the variable in
the equation for zt. The differential equation for ^v, then, takes
the form t%vv'(t) = Kv — tv t n e solution of which, after the
transform of v according to v = v(t), leads, after conversion, to
W(x, t) in (ia), as in the remark quoted. Let now in Theorem 4,
s(t) be equal to s2(t2) say, and let t\=tl(tx) be ta as a function of
another parameter, tx say, and let v(tj) = u(t*), where u is defined
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in Theorem 4. Let ahv be defined by the modified equation, cor-
responding to 2hM in Theorem 4, as defined by the original equation.
By a deduction of ahv by the method used for 2hu in Theorem 4,
the elimination of the negative term leads to the relation u'{fa) =
= u{t2) s'2(t2) v'(tj) or i/v = s'2 K^i) ] , were s2 is differentiated with
respect to tv Then, shv = tyti^g, where, i n this case, t2 = t2{v),
s = }(v), and Jiv C € on vDh. Consequently, 4 ^ . C ( ^ {tj)t).
Here vDti, ttDt are the mappings of Dti c T2 on V— iv} and T1 =
{̂ } respectively.

THEOREM 7

Let Y(^, t2) be defined on the rectangle 7 \ X T2, where T1 =
= (0, y , r 2 = ( o , Q by the ch.f. ^0^1(1—2^,)], where 2 ^ a is the
ch.f. of the random function Y2(t2) with the properties of Y(t) in
Theorem 5, the functions 2izmi(i), zPmJ?), and K2S'2(T) being
defined as these functions without index in Theorem 5, and where
lPmJti) is the probability distribution in the form of a cPd: 1,
for a random function M1(^1), not necessarily, admissible. Let
^ ( f j be defined by - 1^m> + 1>(<1) / i ^ W i ) . as in Theo-
rem 1, let lv:m (T), yPm (T) be the functions obtained by the
transformation of tl to T in 1nm (t^ and 1Pm (t^ respectively, and
let X ^ ^ T ) be the mean of 1izm (T) with respect to lPm (T). Finally, let
Dtt and 3hv be defined as in the modified Theorem 4, here above.

Then,

1) Y{ti, t2) is admissible and constitutes on Tx X 7 \ a cPp: 2,
the absolute probabilities being cPd : 2, and, simultaneously, non-
elementary, compound Poisson bunch distributions in the
alternative forms given in (ioa-b) with the substitution of

1Pm(/1) for the Poisson expressions and 2-^»,(^) f° r Rn(t)>
 s o

that RH(t) > o, and the function in the form of Bn(t) being a
probability distribution.

2) If jTZmffl/nij for j = 1, 2 are uniformly convergent on finite
intervals of T, t2 is a function of i^ i | = i2(^) say, with one-to-
one correspondence, which defines a mapping of T2 onto Tl

according to the definition before Theorem 5; this mapping trans-
forms Y{tx, t2) into a random function, Z{tx) say, with the ch.f.
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i £o W 1 — <P*)]> which]on the intersection of 7\ with the domaine
corresponding to the intersection of T2 and Dt constitutes a
cPp: i, defined by the intensity function i ^ ^ J , and by a
change distribution corresponding to 3hv(t^.

Proof. By the section 7 Y{h> Q is admissible, and constitutes,
on account of its ch.i, a cPp : 2 on 7\ X T2. It shall first be proved,
that, if x Pm (tj) is a Poisson distribution, Arfwedson's two remaining
conditions for the function in the form of Bn(t) in (10a), in this case
called Bm (tv t2), being a probability distribution, are satisfied. By
using the well-known relations for the probabilities of n changes
in a cPp: 1 for n > o to the derivatives for n = o (cf. [3], (78) ),
and by the assumption, that 2P0(t2) = exp [—s(t2)], the probabilities
of m2 changes in the convolution of mx 2 P0(t2) are easily calculated,
for m2 = o, 1, 2, 3 and for a fixed value of mv Bm (tv t2) are, then,
the means of the expressions obtained, and found to be functions
or the derivatives of s2(t2), and the moments about zero of a Poisson
distribution of mean t12 P0(t2). By the transformation of these
moments into semi-invariants, and by the insertion of these means
into the inequalities for bm^ (tv t2), defined according to the remark
in Theorem 3, which are conditions for Bmjt1, t2) being a probability
distribution, these inequalities are, by an easy calculation, reduced
to —s2 + s'2 > o, and s'2" — 3s2 s2 -f (s2)

3 > o, which, by the
assumption that s2(t2) is a p-transform, are satisfied. Thus, Bm2(lv t2)
is a probability distribution, \i xPm (sx) is a Poisson distribution;
this applies to every value in the argument of the structure function,
if Pm (sj is a cPd: 1. Thus, for the general case, Bm (tlt t2) is the
mean with respect to the structure function of probability distribu-
tions, so that Bm (tv t2) is a probability distribution, also if x Pm (st)
is a cPd: 1, and, thus, the assertion 1) has been proved.

As by Theorem 1, iKmft^ is the intensity function of a cPp: 1,
even if M1(i1) is not admissible, the absolute distribution functions
of this cPp: 1 are equal to lPm (tj), so that the means of these
functions are equal to the means of M^tj). Thus, the theorem for
the expected number of changes in a cPp: 1 ([3], (63) ), may be

_ T

applied both to M 1(i1) and Y2(^2), so that t} = ^(x) = x, \wAu) du for

j = 1, 2, if the condition of convergence in the assertion 2) is
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satisfied. Therefore, t2 is a function of t1 with one-to-one correspond-
ence, which defines the mapping of T% onto 7\. The equivalence
between Y(tv t2) and Z{ti) in the sense of section i, follows from
the discussion before Theorem 5. On account of the modifications
of the remark to the Theorems 1 and 2, and of Theorem 4, the
distribution functions of Z(^i), are, on the domaine defined in the
assertion 2), in the form of the absolute distribution functions of
a cPp: 1. As Z{ti) is admissible on account of the existence of the
translator operators before the mapping, Z(<x) constitutes the
cPp: 1 defined in the assertion 2), which, thus, has been proved.

Remark. By the remark to the Theorem 3 here above, a bunch
distribution with R0(t) > o may be transformed into the
T-form by the elimination of R0(t); in fact, by the mapping of T2

onto 0 = {6}, where 8 = 1 — 2̂ 0(̂ 2)» the bunch distribution of
assertion 1) in the theorem is transformed into the T-form. The
distribution obtained, satisfies, by Theorem 3, Condition A, so
that the probability of multiple changes in Y{tlt t2) on an interval
of small length, At2, is of lower order than the order of A<2.

THEOREM 8

Let the random function Z(t^ with the ch.f. J3^ [^(1 — xxti) ]
on the domaine (0, Z,ti) constitute a cPp: 1. If there exist a non-
negative real parameter t2, which is a function of tlt t\ = t\{t^,
such that xy4 can be written in the form of 2^t „ as defined in
Theorem 4, the transformation of fyut into ~^, transforms Z(h)
into a random function with the properties of y(<1, t2) in Theorem 7,
at least on the domaine corresponding to (o, X,t).

Proof. By assumption 1 ^ i C Se, (0, &,) the remainder of the
proof is a consequence of a reversion of the proof of Theorem 7.

Remark. If in a homogeneous main group of a simple grouping
both Qm (Sj) and Rm (s2) are cPd: 1, and' if, in addition, RmJ(s2)
is in Thyrion's canonical form, the Theorem 7 holds for the
main group. By the additional assumption, that also Qmi{s^)
is in the canonical form, the cPp: 1 of assertion 2) in Theorem 7
satisfies the conditions of the process constituted by Y2(t2). If these
conditions are satisfied for all the main groups in an iterated
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grouping, where the number of such groups is distributed with a
cPd: i, a modified version of Theorem 7 holds for the head group.
This modification implies, that the assumption of convergence shall
be extended to the function in the form of izH(t) of Theorem 1,
associated with the distribution of the number of main groups, and
that the bunch distribution and the cPp of the assertion 1) are of
the order 3, and a cPp: 2 is substituted for a cPp: 1 in the asser-
tion 2).

Let the distribution functions of Y(t) and Z{t), of the Theorem 5
and 6 be denoted F(y, t) and G(z, s) respectively, then, G(y, s) =
F(y, t) for corresponding values of s and t, where one and only one
value of s corresponds to a given value of t, and one and only one
value of t to a given value of s. This coincides with Thyrion's
definition for the equivalence between two random functions [1],
which was quoted in section 1, and used in the preceding theorems.
This does not, however, imply that the processes constituted by
Y(t) and Z(s) are equivalent, one being a cPp: 1, and the other a
Poisson process, even in the elementary case generalized, by a
variable with the ch.f. L1 exp (i-q); in the non-elementary case also
the change distributions are different. This applies also to Y{tv t2)
and Z( î) of Theorem 7, being equivalent in the sense of section 1,
and one constituting a cPp: 2, the other a cPp: 1, which also is
generalized even in the elementary case, and the change distribu-
tions, in the non-elementary case, are defined by <ph and 2 ^ |
respectively. Similar view-points may be expounded with respect
to the extension in the remark here above, and were earlier indi-
cated in a heuristic deduction of a particular case of assertion 2)
in Theorem 7 by the present author ( [18], p. 62).
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