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Abstract

One way to model telecommunication networks are static Boolean models. However, dynamics such as node
mobility have a significant impact on the performance evaluation of such networks. Consider a Boolean model in
R and a random direction movement scheme. Given a fixed time horizon 7 > 0, we model these movements via
cylinders in R9 x [0, T]. In this work, we derive central limit theorems for functionals of the union of these cylinders.
The volume and the number of isolated cylinders and the Euler characteristic of the random set are considered and
give an answer to the achievable throughput, the availability of nodes, and the topological structure of the network.

1. Introduction

In the domain of telecommunication network performance evaluation, one of the oldest models used for
the dynamics of moving nodes is the random direction mobility model (for reference, see [15] or [5]).
Nowadays, it is available within standard evaluation frameworks surveyed in [6]. The random direction
model belongs to the group of standard, basic models used in nearly every performance evaluation
to understand the elementary properties in well-known standard scenarios before considering more
sophisticated and more realistic ones. Within a performance analysis, it is common to analyze a series of
states of the model indexed by time. However, for networks that are delay tolerant, such as opportunistic
networks, longer periods of time are more interesting. Opportunistic networks follow the store-carry-
forward paradigm, where the movement of the devices is used to carry the messages to their destinations.
In this domain, it is particularly interesting to answer certain questions for a longer period of time such
as:

(1) Will a message reach a node (at all)?
(2) Does a node stay isolated?

Since it is clear that mobility changes the properties of a network, there are first results to consider the
dynamics of mobile communication networks, see [7] for example, starting with discrete snapshots of
the random direction model on the torus. In [8], the nodes of the telecommunication network move
according to the random waypoint model and the connection time of two random nodes is studied. The
very recent work [12] also deals with a dynamic Boolean model, where Hirsch, Jahnel, and Cali consider
two different kinds of movement, small movements with a low speed and a few large movements with a
high speed. They derive asymptotic formulas for the percolation time and the k-hop connection time.
In this paper, we propose the time bounded cylinder (TBC) model which enables an analysis over a
complete timeframe by modeling the movement in R? and the resulting communication capabilities via
cylinders in R4 x [0, T]. Our first step will be to establish the theory for a rigid movement model where

© The Author(s), 2022. Published by Cambridge University Press This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution and reproduction,
provided the original article is properly cited.

https://doi.org/10.1017/50269964822000420 Published online by Cambridge University Press


https://orcid.org/0000-0001-6981-0552
mailto:aschenbruck@uni-osnabrueck.de
mailto:stephan.bussmann@uni-osnabrueck.de
mailto:hanna.doering@uni-osnabrueck.de
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1017/S0269964822000420

1064 N. Aschenbruck et al.

nodes pick a direction and speed at random and keep these for the complete timeframe. In a second step,
we will propose a method to introduce changes in direction and speed.

The following is a slightly simplified construction, which will be made more precise in Section 2.
We take a set of points in R¢ x {0} sampled from a homogeneous Poisson point process with intensity
0 < y < oo. For each of these points pg, we randomly choose a vector v from the upper half of the d + 1-
dimensional unit sphere. Then, we fix some 7 > 0 and look at py + v € R%*!, We scale this vector to a
length so that its tip pr lies in the affine space R? x {T'}. We fix some radius » > 0 and for every point x
on this line consider the ball B;(x, 7). The union of these balls defines the TBC on py with velocity v.
Labeling v the velocity of the cylinder is a slight abuse of notation, which we will explain further down
in this section. Let Z denote the union of all cylinders created this way for some Poisson process and let
W, = [=s/2,5/2]¢ x [0,T]. Our first main result is this:

Theorem 1.1. As s — oo, the standardized covered volume of the TBC model satisfies

st (ZOWs) ~BlAan(ZOWI] a1y,
V[das1(Z N Wy)]

We prove this by applying results derived from the Malliavin—Stein method and see that the rate of
convergence in the Wasserstein distance is of order 1/+/44.1(Wj), see Theorem 5.1. Theorem 6.6 gives
an analogous result in the setting allowing for changes in velocity. The covered volume is an interesting
quantity in network simulation, as it gives some insight into the connectedness of the model. Less
volume means more overlap of the communication zones. Therefore, since the TBC model considers
the complete timeframe, its covered volume actually gives some insight into the achievable throughput
of the network.

The next property considered is the number of isolated nodes, which means cylinders that do not
intersect with the rest of the model within the timeframe.

Theorem 1.2. Let Isoz(s) denote the number of cylinders with basepoint in [—s/2, s/2]¢ that do not
intersect with any cylinder in the TBC model. Then,

Isoz(s) — E[Isoz(s)] i>N(O 3
VIsoz(5)] ’

as s — oo,

As before, we additionally offer a rate of convergence (see Theorem 5.2) and a version for changeable
velocities (see Theorem 6.7). These nodes are of particular interest in opportunistic networks, as one
can not communicate with them. Let us assume a sensor node (e.g. deployed for wildlife monitoring [1])
that can store the sensor data for some time, but has to transmit the data before it runs out of memory. If
this node stays isolated for too long, it results in loss of data (e.g. inaccuracies in the wildlife tracking
trace). Lastly, we come to a quantity of more theoretical significance and present a limit theorem for the
Euler characteristic of the model, a precise definition of which is given in Section 5.

Theorem 1.3. For s — oo, the Euler characteristic y of the TBC model Z restricted to a window
Wy = [=s/2,5/2]¢ satisfies a central limit theorem, namely

XZOWs) “B(ZOWI] d .
Vix(Znwy)]

Since the Euler characteristic can be defined as the alternating sum of Betti numbers, we see this
result as an incentive for further mathematical studies of the Betti numbers of the TBC model. These
would give great insight into the topological structure of the model, such as the number of connected
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Figure 1. The blue shaded area is the set of possible velocities when d = 2.

components or the number of holes. From a computer science perspective, both of these would be of
special interest.

2. Construction of the cylinders

We consider a stationary Poisson process 77 in R¢ with intensity y € (0, o0). We will refer to its points
as the basepoints of the cylinders we are about to construct. In terms of random networks, think of
these points as the positions of our nodes at time 0. Next, let 2 € (0, 1) denote a real constant and define
(Figure 1)

M,”f ={veS?: vy > h}

and let Q denote some probability measure on MZ. We shall refer to vectors chosen according to this
measure as the velocities of our cylinders. Q may be discrete or continuous, we do not impose any
restrictions on it other than not being allowed to depend on the position of the basepoints. As long as
the velocity is chosen independently and identically for all basepoints, the arguments made in this paper

will hold.
To construct a cylinder, fix some 7 € [0, c0). We call this parameter the time horizon of the model.
For (x1,...,xq) € R4 and u € R, we set X, = (x1,...,x4,u) € R¥!. Given a basepoint p € R¢ and

a velocity v € M¢, we define a TBC as a union of Minkowski sums. C? shall denote the system of
compact subsets of R¥.

Definition 2.1. Given a radius r > 0 and a time horizon T, the value of the function

Cyl, 7 : RYx My — ¢4*!

1T
(p,v) — (( ~V+f))+B (r))
re%J,l] Vd+l 0 4

is called a time bounded cylinder.

The first d entries of a vector v € M‘}f thus encode the direction, in which a node is moving in. The
entry with index d + 1 encodes the speed at which that node is traveling in. Thus, the velocity of the
node is given by (1/vg+1)(v1, ..., ve) and we slightly abuse notation by labeling the vector v € Mz as
such. We can now see that v;;; = 1 means a node remains in place, while smaller values for vz, imply
faster movement. vz, = 0 would imply infinite speed which, in turn, would imply cylinders of infinite
length. Thus, we need the restriction vz, > h to limit the movement speed of nodes.
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Figure 2. In the left picture, we see a cylinder with basepoint p and velocity v. The arrow marks the
displaced vector Py + v. To the right, we have an excerpt of a TBC model Z constructed on R?.

Since r and T are constant in our model, we define Cyl(p, v) := Cyl, ; (p, v) for ease of notation. It
will prove fruitful to think of the cylinders themselves as elements of a Poisson point process. To that
end, we take the points of 77 and attach the velocities as markings, cf. [13, Definition 5.3].

Definition 2.2. Let n and Q be defined as above. Mark every point in the support of n with a velocity
from MZ, randomly chosen i.i.d. according to Q. The resulting marked point process &, defined on
R? x M, is called the process of time bounded cylinders.

Lemma 2.3. ¢ is a Poisson point process with intensity measure A = ydq ® Q.

Proof. By Definition [13, Definition 5.3], ¢ is an independent Q-marking. The asserted statement now
follows directly from the Marking Theorem [13, Theorem 5.6]. m|

We are now in a position to define our model (Figure 2):

Definition 2.4. With the point process & given as above, the TBC model is the random closed set

2@ := | o).
(p.v)e&

In this notation, we identify the random measure & with its support.

This model is a modification of the Poisson cylinder model (see e.g. [17]), where a cylinder in R¢
is constructed by choosing a g-dimensional, 0 < ¢ < d — 1, linear subspace of R¢ and taking the
Minkowksi sum of this subspace and a set taken from its orthogonal complement. A Poisson cylinder
process is then simply a Poisson process on the space of these cylinders. The union Z of the cylinders
created by such a process in the stationary case has been subject to recent study. In [10], Heinrich
and Spiess derive a central limit theorem for the d-dimensional volume of Z restricted to a growing
window of observation by taking into account the long-range dependencies and applying the method of
cumulants. In [11], the authors modified that limit theorem using weakened assumptions on the cylinder
bases and proved a new central limit theorem for the surface content of the model. In [2], Baci et al.
were able to derive concentration inequalities for the volume and the intrinsic volumes of the model,
again restricted to a compact window of observation. Assumptions of convexity on the cylinder bases
and isotropy of Z were made. In the very recent preprint [3], Betken ef al. show central limit theorems
for geometric funtionals for Poisson cylinder processes. The special case of ¢ = 1 and spherical cylinder
bases is studied in [4], where Broman and Tykesson focus on connectivity properties. In the preprint
[9], Flimmel and Heinrich also followed the idea of cylinders constructed by marked point processes,
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but they restrict the underlying point process to lie on the real line. They determine the asymptotic limit
for the variance of the covered area for stripes of random thickness and prove a law of large numbers.

The classical Poisson cylinder model has two properties that do not fit to the telecommunication
network: the cylinders at a fixed time step would imply ellipses as a communication zone depending
on individual speed and direction—smaller angles (representing high speed) imply higher eccentricity.
In a telecommunication network however, the spherical communication area is preserved at any time
step independently of the movement. Secondly, almost horizontally running cylinders as in the classical
Poisson cylinder model would mean that one travels with almost infinite speed. The TBC model takes
up these two aspects. Since for fast movements the communication zone resembles flat tubes rather than
cylinders, which has direct influence on the covered volume of their intersection. On the other hand, the
cylinders which cross almost horizontally in the classical Poisson cylinder model have an impact on the
connection of the cylinders because they connect many other cylinders at once. This is why we consider
it interesting to study the asymptotics of the modified TBC model.

3. Preliminaries

A helpful tool in the study of random closed sets in general and in particular when proving the
main results presented in this chapter are capacity functionals. These can be seen as analogues to the
distribution functions of real-valued random variables for random closed sets, see [16] for reference.

Definition 3.1. The capacity functional of a random closed set Z C R? is a mapping defined by the
probability

P(ZNC #0)
with argument C € C“.

To derive the capacity functional of our model, we will need the following definition.

Definition 3.2. Given a set C € R? x [0, T] and a velocity v € MZ we denote by Cy the v-shadow of C
onto R4, that is the set

Xd+1

C‘vzz{x— V|X€C}CR‘1X{O}.

Vd+1
Intuitively speaking, the v-shadow of a point x € R?*! is the point of intersection of the line
{x+5-v|s € R} and R? x {0}. That is the projection of x on R? x {0} along v. With this, we can

formulate our next lemma which gives a concise form of the capacity functional for the TBC model.

Lemma 3.3. For Z(£) as in Definition 2.4 and a compact C ¢ R? x [0, T], we have
P(Z(&)NC#0)=1-exp (—y : /d A4(Cy +B4(r)Q(dv) | .
Mh

Proof. Define the set
Ac ={(p,v) e R x Mi | Cyl(p,v) N C # 0}.
By Lemma 2.3, ¢ is a Poisson point process. Thus, we have that

P(Z(E)NC#0)=1-P(£(Ac) =0) =1 -exp(-A(Ac)).
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Note that for any fixed v € MZ and x € R? x [0, T], there exists a ball of radius r in R? such that a
cylinder with velocity v will include x if and only if its basepoint is included in that ball. The union of
these balls for all points x € C coincides with the set Cy + B, (r). We get

Ader=y [ [ @i ne o

= y-/Mif /C_‘*Bd(r) 114(dp)Q(dv) = y/MS 4(Cy + Bq(1))Q(dv).

O

If one wants to express the probability that a particular point x € R¢ x [0, T] gets hit by the set of
cylinders, then Lemma 3.3 with C := {x} yields

P(x € Z(£)) = 1 —exp(—y - r¥kq), 3.1)

where «; denotes the volume of the d-dimensional unit ball. To give bounds on the capacity functional,
we sometimes need the following definition.

Definition 3.4. Given a pair (p,v) € R? XM;{, we call the distance between a basepoint (py, ..., p4,0)
and the projection of the endpoint (T [va)(v1, ..., vas1) + (p1,. .., pa,0) onto R¢,
T

Ry =

1
(Vl,...,vd,O)HZT- 2——]

Vd+1 Vil

the scope of the corresponding cylinder Cyl(p, v). We denote the maximum scope of cylinders in our

model by R, :=T - /1/h? — 1.

Think of the scope of a cylinder as the radius of its d-dimensional area of influence. For (p, v), (q, w) €
R? x M the cylinders Cyl(p, v) and Cyl(q, w) can intersect only if |p—q| < Ry+Ry+2r < 2(R;+7).
Now we want to estimate P(Cyl(p,v) N Z(¢) # 0). Notice that 1,(Cyl(p, v)yw + B4(r)) takes its

minimum in the case w = v. Then, we have that Cyl(p, v), = B4 (p, r). The maximum is reached when
(vi,...,vq) and (wq,...,wy) have opposite velocities while vz, = wgy1 = h. Then, it follows that

A4(CYI(0,V)w +Ba(r) < Aa(Ba(2r) + 2(Ry +7) - g1 (Ba1(2r)) < o0
for all v e M{. We get
0 < (2r)%ka < 2a(CyL(p, V) + Ba(r)) < 2979~ (rig + (Ry, +r)ka-1)
and thus by Lemma 3.3

1 —exp(—y(2r)?ka) < P(Cyl(p,v) N Z(£) # 0)
<l1- exp(—yZdrd_l(rKd + (R +1r)kq_1)). (3.2)

4. Applying the Malliavin—Stein bound

We follow the general definition in [13, Chapter 18] and consider a measurable space (X, X) and denote
by N the space of all locally finite counting measures on X. Let 7 denote a Poisson process on X with
o -finite intensity measure A.
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Definition 4.1. A random variable F, such that F = f(n) P-a.s. for some measurable function f : N —
R, is called a Poisson functional. In this notion, f is called a representative of F.

Our aim in this paper is to derive asymptotic distributions of Poisson functionals based on &. This
involves the following operator which can be seen as a discrete analogue to classical derivatives.

Definition 4.2. For x € X, we define a map Dyf : N — R by

Dy f :=f(/1+6x)_f(ﬂ)7 #GN-

This map is called the difference (or add-one-cost) operator of f(u). We can extend this definition
inductively forn > 2 and (X1, . . ., Xn) € X" by setting D' := D and defining Dy,

.....

.....

We then call Dy,

Let us denote the Wasserstein distance of two random variables X and Y by dw(X,Y) :=
sup s eripr) IELF(X)] = E[f(Y)]|, where Lip(1) is the space of all Lipschitz functions f : R — R
with Lipschitz constant less than or equal to one. The following well-known theorem is derived from
the Malliavian—Stein method and uses difference operators to give a bound on the Wasserstein distance
dw of the law of a Poisson functional and the standard normal distribution.

Theorem 4.3 [13, Theorem 21.3]. Let 1 denote a Poisson process with intensity measure A. Consider
a Poisson functional F on n with E[F] = 0 and V[F] = 1. N shall denote a standard normal random
variable. If E [ / (DyF )2A(dx)] < oo, then there are constants

a1(F) = [ JELDFPO, R BLDLR (D3, FIN (s . 2).
@ (F) = / E[(D2,F)*(Dy,F)|A%(d(x, y.2)),
as(F) = / E[IDxFP]A(d),

such that

dw(F, N) < 2\[0’1(F) + \/(IQ(F) +(I3(F).

We will now apply this theorem to our setting.

Lemma 4.4. Let f : C¥' - R, s > 1 and Wy = [—5/2, 5/2]% x [0, T]. Assume that |f(A)| < oo for
all A € C*! and that there exist constants c1, c2, ¢3 and R € R such that the following conditions are
met for all x = (p,v),y = (q, w) € R x M¢:

(A) DyF(Z(£)NW) =0 P-a.s. for ||p]| > R+,

(B) V[f(Z(&) nW)] 2 1 - Adge1 (Wy),

(C) max{E[Dyf(Z(£) N W)*], E[Dxf(Z(& +6,) N Wy)*]} < e,

(D) llp - qll > R = E[(Dg, f(Z(¢é) N W))*] < c3/dan (W)™,

Then, there is a constant ¢ € R such that, for a standard normal random variable N,

f(ZE) W) ~BIF(ZE) nWIl ) c_
VVIF(Z(E) N Wy)]  Aan (W)

https://doi.org/10.1017/50269964822000420 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964822000420

1070 N. Aschenbruck et al.

The proof of this lemma gives insight into the composition of ¢, which is rather complex. When
proving our main results however, we will always set c¢3 = 0. In that case, the constant is reduced to the
following:

Remark 4.5. Let c3 = 0. In that case, the constant ¢ in Lemma 4.4 is given by

YVCd.RT
¢ = ——5— 8vrcicada(Ba(R)) + (1 + c2)Vearr)s
C

1

where cg g = [22¢71(R? +1/24)]/T. Note however, that R will depend on T.

An interesting fact is that the assumptions in the lemma imply an upper bound on the variance, which
is of the same order as the lower bound.

Remark 4.6. Since (C) implies E[Dy f(Z(£) N W,)?] < 1+ ¢, the Poincaré inequality gives us the
upper bound

V2@ AWl < [ BIDSZE N WPIAG) < (14 ex) - dan (W)

Wi XM,

Proof of Lemma 4.4. We start by defining

F(Z(€) "W,) —E[f(Z(¢£) N W,)]
VVIF(Z(E) nWy)]

g(é) =

and aim to use Theorem 4.3 on the Poisson functional G with representative g. First let us check if the
prerequisites are met. From the finiteness of f and condition (B), it follows that E[|G|?] < co. As we
have seen before, as a function of f the difference operator is linear. This P-a.s. leads to

_ IDfZ@ 0wyl
VVIF(Z(E) nWy)]

IDxG| 4.1)

It follows now from conditions (A) and (B) that E[ / (DxG)?A(dx)] < oo. Thus, we can apply the
theorem and must now derive bounds for a;(G), a>(G), and a3(G). So let x,y € R? x MZ. By the
Cauchy—Schwarz inequality, (4.1) and stationarity of the Poisson process we have

E[(DxG)*(DyG)’] < VE[(DxG)*]\/E[(DyG)*]
_ B[(Dxf(Z(€) N Wy)*]
VVIF(ZE N Wl

)
R NTITACE
et Aar1(Wy)

4.2)

where the last inequality follows from conditions (B) and (C). To get a bound on the second order
operators, we use the well-known fact that for a, b € R and ¢ > 1, the inequality |a + b|? < 297 (|a|? +

https://doi.org/10.1017/50269964822000420 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964822000420

Probability in the Engineering and Informational Sciences 1071

|b|?) holds. Additionally, we use the linearity of the difference operator and then (B) and (C) again.

E[ID , f(Z(&) N Wy)I*]

2
Bl O1 = =z awo
2* - (E[IDxf (Z(£ + 6y) N W))|*] + E[IDxf(Z(£) N Wy)[*])
B et Ager (Wy)?
LT (4.3)
T g (Wy)?

Condition (D) sharpens this estimate to

E[IDg, f(Z(&) nWy)|] 3

END? G = ) 4.4
PO = Z@ n w0l = @m0 o

Now let Wg s = [—s/2, 5/2]¢ + B4(R). It follows from condition (A), (4.2) and Cauchy—Schwarz that

@)= [ EDGrD,671EI(D,67 (0,6 IN v, 2)

- / VELDLG(D,G)? I\ EL(D2,6)2(D},G)2 A (d(x.y.2))
(Wr s xMf)3

L . 2 2(D32 21A3
) /<wm> ¢ -Ad+1(W> VEIDLOP DL GFIN W)

<

_[W Md)3 €1 - /ld+l(W) \/E (D G)4]\A/E[(Dg’zG)4]A3(d(x,y,z)).

We will now disassemble the domain of integration in order to properly apply our conditions. To that
end, set Ax = By(x, R) x M¢ and AS = Wg ,\By(x, R) x M{. This gives us the decomposition

Lo ORGP 61 @y,
(Wr,sxMg)3
- [ [ [ oo B e awaeaw
WrsxMd JA, J A,
[ - J [ AEPLe EI00)Ia @A) A
4 2 414 2 4
[ - i s J A0 1EL 02 60 Ia@on A
« [ o i s / ORI G A @A, @)
The first summand on the right-hand side of (4.5) can now be bounded using (4.3). This yields

/WM /A / z VELDZ,G)14EL(D} ,G)TA Ay A (dz)

_ NG
< Aa(Wrs)Aa(Ba(R)" =0

+

+
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By Fubini’s Theorem, the second and third summand are the same. Note that the implication in condition
(D) applies to all pairs (x,w) with w € A, since the required distance is met. Thus, we can bound
these summands by using (4.3) and (4.4) which gives us

2 [ [ 0066 A A A
2e V5
Ver - Vg (Wy) Ver - Aar1(Wy)32

<2y% - 2a(Ba(R)Aa(Wr.5)?

Another application of (4.4) gives us a bound on the last summand

./WR_SXM;; /A;: /AS C/E[(D%,ZG)“]C/E[(Dg,zG)“]A(dx)A(dy)A(dz)

3
- Y VE3
< /ld(WR,s)3—3~
cr - Age1 (W)

Next, we note that for the volume of WR,S, we have

Aa(Wrs) < 2R +5)? <2971 29RY + 5) < 2471 (29RY + 1)5
22d l(Rd 1 )

T Aari(Wy) =t carr - Aar1 (Wy).

Using these results, we can now further estimate a;(G) by

(G« — Y2 __. JEIDZ,6) BN ,6)' 1A (d(x.y.2)

et dant(Ws) - J (W xang)s
4y’
ct - dasr (Wy)?
2y cz‘yc_
ci - Adan (Wy)?

< 2a(Wr5)Aa(Ba(R))?

+2- 2a(Ba(R)Aa(Wr,s)? 5—————
2 - Aae1 (W)

7 CdRT\/_

T dan (W)

+ ﬂd(WR,s)S

S (4y22a(Ba(R))* + 4eacsca,rr da(Ba(R)) + \esey g r)-
Next, we take care of @, (G). We use the Cauchy—Schwarz inequality to get

(@)= [ EDLODLOIN . 7)

S g VEUDRGP VB G A (005 .2
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and apply the same decomposition argument as in the treatment of @ (G).

02(G) < Aa(Wio)Aa(Ba(R))P— L2
2 > A4 R.s d d
¢t - Age1 (Wy)?
4y’ ez NG

+2- 24(Ba(R)Aa(Wr.s)?

Cy- /ld+1(Ws) c1 - Agsi (Ws)3
3

= Y €3

+Aqa(Wrs) 5————

1 - Aar (Wy)®

3
Y Cd,R,T

< —="——(16c244(Ba(R))’ +8+c2¢3¢a.r 1T Aa(Ba(R)) + €365 1 7).
C] '/ld+l(Ws) i

Finally, we use (4.1), (B) and then note that (C) implies E[|Dy f(Z(£ N W;))|}] < 1+ ¢, to get
w(@ < [ EIDGPIAW)
Wi, XM
IDuf(Z(ENW)P?

= E
/WR»stz‘ VIFZENWDT
< / L E[DzE N WA

Wieo st €1/ % Ay (W) 32
y(1+c2) - carr

C?/z\//ldH(Ws) .

Using these bounds, Theorem 4.3 now gives us the asserted statement. O

A(dx)

5. Central limit theorems

We will now present our limit theorems on the asymptotic behavior of Z(&). We start with the volume of
the union of TBCs restricted to a compact window of observation. To be more precise, we are interested
in the asymptotic distribution of the random variable

Aar1(Z(§) N Wy)

where, as before, W := [—s/2,5/2]¢ x [0, T]. Additionally to Theorem 1.1, we will provide a rate of
convergence and in fact prove the following:

Theorem 5.1. Let N denote a standard normal random variable and Z(£) as in Definition 2.4. Assume
r < s. Then, there exists a constant ¢ € R, such that

d

[ (2O 0 W) ~Bldan (Z(6) 0 W) N)S ¢

VIt (Z(E) N Wy)] Vg (Wy)

We will remark that the capacity functional of the model admits a beautiful formula for the expected
volume. An application of Fubini’s theorem and (3.1) immediately yield

E[14:1(Z(§) N Wy)] = E [/W (xe Z(f))/ldu(dx)]

= (1 —exp(-y- rde)) - Aar1 (Wy).
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Our second main result concerns itself with isolated cylinders. These represent nodes that have no
contact to other nodes for the time frame at all. As before, we prove Theorem 1.2 by proving a stronger
result offering rates of convergence. We start by considering the point process of isolated cylinders &g,
where

fa) = [ (BEA) (CDY) N Z(E -~ G) = DRV

h

counts the isolated cylinders with basepoint in A ¢ R?. Let us make a few remarks about its expectation.
By the Mecke equation and Lemma 3.3, we have

Elea(A)] = [ PICY( 0Z(6) = 01A(N)

AxM!

A(dx)

= / 1 —exp (—y . / Aa(Cyl(x)y, + By (r))Q(dw)
Axmd M

—y. / [~ exp (—y- / 2o (CI07)y + Ba(r)Q(dw) | Qdv) - 14(4)
i e

for the intensity of the point process &f5,. Taking (3.2) into account yields
yAq(A) - exp(=y29r9™ (rkq + (Ry +1)ka-1)) < Elérso(A)]
< yA4(A) - exp(—y(2r)?kq).
As before, let s > 0 and W = [-s/2,5/2]% x [0,T]. By

ISOZ(g) (Ws) = ‘fIso(Ws)

we define the random variable counting the number of isolated cylinders with basepoint in Wy. We
present the following limit theorem.

Theorem 5.2. Assume s > 6(Ry +r) and let N denote a standard normal random variable. There exists
a constant ¢ € Ry such that

Isoz(¢)(Wy) — E[Isoz(g) (Ws)] - c
V[Isoz(g) (Wy)] A (Wy)
The last main result takes a first step in analyzing the topological structure of the TBC model and

gives insight into its Euler characteristic. By R let us denote the convex ring over R? that is the system
containing all unions of finitely many compact, convex subsets of R (cf. [16, p. 601]).

Definition 5.3. In the context of convex geometry, the Euler characteristic is a function
Y:RI>7Z
with the properties

e x(K) = 1ifK c R? convex,
® v(0) =0and
e y(AUB) = y(A) + x(B) = x(ANB) forall A, B c R

For reference, see [16, p. 625]. Since our cylinders clearly are convex sets in R*! and 7 is a Poisson
process with finite intensity, y (Z(£) N Wy) is well defined for W as given above. Theorem 1.3 follows
from:
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Theorem 5.4. Assume s > 6(Ry, +r) and let N denote a standard normal random variable. There exists
a constant ¢ € R, such that

X(Z(E) nWy) —EW(ZE W)l ) _ ¢

VVIX(Z(€) N W)l )T A (W)

5.1. Proof for the covered volume

We start with the proof of the limit theorem concerning the covered volume of Z(¢) in W.

Proof of Theorem 5.1. We aim to use Lemma 4.4 with

f=2a+.
Clearly A4,.1(A) < oo for all A € C%!. Next, note that for x = (p,v) € R x MZ, we P-a.s. have
DxAg+1(Z(€) N Wy) = 0 for ||p|]| > Rj, + s since in this case Cyl(x) N Wy = 0. If we set further
y = (q,w) € RY x M{, we have D3 ;Aa41(Z(£) N W) = 0 for ||p — q > 2(R, +r) P-as. since
Cyl(x) N Cyl(y) = 0:

Di,y/ldﬂ (Z(f) n Ws) = Dny/ld+1 (Z(é:) N Ws)
=Dy (Ag+1(Z(€ + 6y) N Wy) — A1 (Z(€) N Ws))
= DyAg+1(Z(€ + 6y) N Ws) = Dxdas1(Z(€) N W) =0

P-a.s.. Thus, conditions (A) and (D) are fulfilled and we have ¢z = 0. Condition (C) is next. Note that
all cylinders in our model are of the same volume. An application of Fubini’s Theorem shows that

Aas1 (Cyl(p, V) = Tkar? .1
for all (p,v) € RY x Mg. When we add a cylinder to the model, in the extreme case it becomes a subset

of W, and intersects with none of the preexisting cylinders. In that case, it adds the entirety of its volume
to Ag41(Z(€) N Wy). We can conclude

DpwAa+1(Z(€) N Wy) < Aq41(Cyl(p,v)) P-as.
and thus from (5.1) that
E[IDpv)das1(Z(€) NW)|*] < (Tkar)* =: ¢z

and thus get condition (C). It remains to prove the lower bound on the variance. An application of
Fubini’s theorem yields

Va1 (Z(£) N Wy)]

=E V | (xeZ(8)y € Z(§) g (d(x, y))} ~E [/ (X € Z(£))Ags1 (dx)

s W

2

= /Wz P(x € Z(£),y € Z(£)) —P(x € Z(£))P(y € Z(£))A2,,(d(x,y))

- [ Px# 2000y # 2(0) ~F(x # Z()P(Y £ Z(E), (G

https://doi.org/10.1017/50269964822000420 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964822000420

1076 N. Aschenbruck et al.

where the last equality follows from an application of DeMorgan’s laws. Lemma 3.3 now yields
P(x ¢ Z(£).y ¢ Z(§)) =P({x,y} N Z(§) = 0)

= exp (—7 : ‘/d Aa({x, ¥}y + B4 (r)Q(dv) | .

h

To estimate this probability, consider some x,y € W, and assume ||x —y|| < r. Then, the distance of
their respective v-shadows satisfies the same, that is, ||Xy — ¥v|| < r for Xy := {x}, and ¥y := {y},. Also
denote by H¢ (z) the cap of a d-dimensional hypersphere with radius z and height w. Then,

Aa(Ba(r)) < Aa((Ry +Ba(r) U §v +Ba(r) < 22a4(Ba(r)) = 22a(H (1))

Since e¢* > 1 for all x > 0, we get

P(x ¢ Z(£),y ¢ Z(£)) —P(x & Z(£)P(y ¢ Z(£))
> exp(=2yAa(Ba(r)) +2y - Aa(HY (1)) = exp(=2y2a(Ba(r))) =: 7 > 0

for all x € By, (y, r) and y € Wy. Then,

Vgt (Z(E) N W,)] /W /]B L PXEZE.y £ 70
s a+1 (y,r)NW

—P(x ¢ Z(£)P(y ¢ Z(£))Aa1(dX) g1 (dy)

Z// TAg+1(dx) Ag41(dy)
Ws dBas (y.r)NWs

= T/ Aar1 B (y, 1) N Wy)Age (dy).

s

For y € W, we also have that
1 .
Aags1 (Basi (y,r) N Wy) 2 S+l * Aas1(Bgs1 (min{r, T}))

Kge1 - min{r, T}4+!
2d+1 ’

where we have equality if y sits just in a corner of the observation window W;. For instance in the case
d=1,r <T,andy = (-s/2,T), one quarter of B,(y, r) intersects with W;. Now, we can derive the

bound
VIt (ZE) N W) 2 7 /W it WO D (@)
= ';if:{r,T}d” cAdan(Ws) =t ey - g (Wy).
This shows condition (B) of Lemma 4.4 and concludes the proof. O

Taking up Remark 4.6, we note that both lower and upper bound on the variance are of the same order.

5.2. Proof for the isolated nodes

Next, we deal with the limit theorem for the isolated cylinders.
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Proof of Theorem 5.2. As we did for the covered volume, we aim to apply Lemma 4.4 to the function
Isoz(g : > neN,

counting the number of isolated cylinders created by &. Since the Poisson process of basepoints 77 has
finite intensity, it holds that Isoz(¢)(A) < co P-a.s. forall A € C%!. Next, we verify condition (A) and
(D). Set R = 2(Ry, + r) and ¢35 = 0. Since two cylinders can only intersect if the distance between their
basepoints is smaller than R, both conditions are satisfied. This argument follows analogously to our
reasoning in the proof of Theorem 5.1. For the same reason, we can bound the first-order difference
operator by

|DXISOZ(§)(WS)| < ﬂ(Bd(R)) P-a.s.

Seta :=E[n(B4(R))] =y - 14(B4(0,R)) and x € R? x M¢. The number of isolated cylinders that can
be connected by adding Cyl(x) to the model is limited by the total number of cylinders within maximum
range. By using the fourth moment of the Poisson distributed random variable (B, (R)), we get

E[DyIsoz ) (W)*] < a* +6a° +74° + a.

Thus, condition (C) is satisfied with ¢, := a* +6a> +7a® + a + 1. To verify (B), we use a strategy applied
in [14] and disassemble [—s/2, s/2]¢ into boxes of side length 6(R}, + r). Without loss of generality,
we can assume s = n - 6(Ry, + r) for some n € N, as the area outside these boxes is of no consequence
to what follows. We index these sets by indices collected in the set I. For each i € I consider C;, a box
of side length 2(R), + r) in the center of the corresponding greater box S; of side length 6(R;, + r). We
define the event

A; = {n(Cy) =2,n(S:\C;) = 0}.

Let the o-algebra ¥ contain information on basepoints and velocities of all cylinders of Z(¢), except
those with basepoint in a square S; with (A;) = 1. Now we decompose the variance

VlTs0z(6) (W0l = E[7[150z0e) (W) | 711 + V[ElT50(6 (W) | 1]
> E[V[Isoz &) (W) | F11

=B| D Vi, x[Isoze (Wl |, (5.2)
(Ay)=1

where the right-hand side variance is taken with respect only to the two random elements X; 1, X;» €
R? x M, created by the event A;. Since these two cylinders can not intersect with any other cylinders
of the model, the number of isolated nodes outside A; is independent of that contributed by X; ; and
Xio. Let Ay, | x,,Is0z(¢) (W) denote that contribution. Note that

AX,-,l,X,-,ZISOZ(f)(WS) =2. (Cyl(lel) N Cy](X,’z) = 0)
This yields

VX[,I ,Xin [ISOZ(é:) (W&‘)]
= V1% 1807 (6-sx,  —6x, ) (Ws) + Ax, 1 x, 180z () (W) ]

= Vx, 1, %, [Bx,,,x:, 1807 (&) (Ws)]
=4-P[Cyl(X;,1) NCyl(X;2) = 0] - P[Cyl(X;,1) N Cyl(X;2) # O] =: c4,
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since both probabilities clearly are strictly positive. Using this in (5.2) together with the stationarity and
independence properties of i as well as |I| = (s/6(Ry, +r))?, we have

V[Isoz(e) (We)] > ca- ) P[A;]
el
> car ) P[n(Cy) =2] - P[n(Si\C) = 0]

iel

d
N
2o Yes=co ()

iel
Ce
=——1 Wy
67T (Ry + 1) a1 (W)
and thus condition (B). In the last equality, we have used that 4, (W) = s4.T. O

Again, the lower bound matches the order of the upper bound as given in Remark 4.6.

5.3. Proof for the Euler characteristic

It remains to prove the limit theorem for the Euler characteristic.

Proof of Theorem 5.4. We aim to use Lemma 4.4 on f(, for fz : C4*! — Z with

(x(Z@E) N A), it A € R
fe(4) = {O, otherwise.

Since 7 has finite intensity, the properties of y imply that f(A) < co for all A € C%*! P-a.s. Once again
we start by checking conditions (A) and (D). Again, set R = 2(Rj, +7) and c¢3 = 0. As Cyl(p, V)N W; =0
for any (p, v) € R? x M¢ with ||| > R + s, condition (A) is satisfied.

Also, for (q,w) € RYxM¢, [|[p—q|| > R implies Cyl(p, v) N Cyl(q, w) = 0 and thus D ;v (x (Z (£ +
S(qw) NWy)) = Dip.yy (x(Z(€) N Wy)) = 0 P-as. To verify (C), we note that for x € R? x M‘}f, the
definition of y gives us

Dy (Z(£) N Wy) = Y(Z(£ +6) N W) = x(Z(£) N W,)
= Y((Z(£) UCYI(x) N Wy) - ¥(Z(&) N W)
= ¥ ((Z(&) N W) U (CYL(x) N W) - ¥(Z(£) N W)
= ¥(CYl(X) N W) = ¥(Z(€) NCyl(x) N W) P-as.

Furthermore, it holds true that y (Cyl(x) "W,) = (Cyl(x) N W, # 0) and since y (Z(&¢) NCyl(x) N W)
counts the number of disjoint intersections of Cyl(x) N W, with cylinders of Z (&), we also have

X(Z(E) N Oy N W) < 3 (Cyly) NCYI() # 0) < n(Ba(R)) Pas.
yeé

Thus, the triangle inequality gives

IDxx (Z(€ + 6y) N W)| < [x(Cyl(x) N Wy)| + |x (Z(£ + 6y) N Cyl(x) N W)
< 1+|nBy4(R)) +1| =2+n(B4(R))

P-a.s. for all x € R? x MZ and y € R?. Therefore, we conclude that (C) is fulfilled with

c2 = E[(2+n(Ba(R)].
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To verify (B), we use the same strategy as in the proof of Theorem 5.2 and now have to consider
Vx,.x. LY (Z(€) N Wy)]. Again, since the cylinders created by X; | and X; > can not intersect with any
other cylinder outside the box C;, we can denote this contribution as before by Ax, | x,,x(Z(&) N W;)
and use the additivity of the Euler characteristic to get

VXi,laXi,Z [X(Z(f) N Ws)]
= VX,‘_l,X[,z [X(Z(é: - 6X,‘,,1 - 6X,‘_2) n WS‘) + AX[.],X,‘_z/\/(Z(g) m WY)]
= in,l,xi,z [Axi.]sxi.ZX(Z(f) N WA)] .

Since Ax, ,,x,,x(Z(&) N W) € {1,2}, we get

Vix,.x,. X (Z(6) N W)l
=5-P[Cyl(Xi,1) N Cyl(X;2) = 0] - P[Cyl(Xi,1) N Cyl(Xi2) # 0].

Thus, condition (B) follows as it did for Theorem 5.2. O

Note that, again, the order of the lower bound on the variance coincides with that of the upper bound
found in Remark 4.6.

6. Stacked time bounded cylinders

Up to this point, our model supports movements in one direction only. To allow for the nodes to change
direction and speed, we iterate the marking process, giving a node a new velocity vector at fixed points
in time. These times can be given deterministically or randomly, but independent of all other random
variables. In view of application, one could think of a deterministic setting like a daily routine or an
exponentially distributed random variable for the time distances.

6.1. Construction of the cylinderstacks

Set ty := 0, tx4; := T, and let Tk = (to,21,12,...,1k+1), for some K € N, be a strictly monotone
sequence of times in [0, T']. So we supplement our TBC model by K time steps at which the walkers are
allowed to change their velocities. Now recall the definition of a cylinder as given in Definition 2.1. We
will now modify it to reflect the expanded setting. To a point p € n let V = (v, ..., vk) be the vector
of velocities chosen, that is v; € MZ fori € {0,...,K}. Consider the projection 7 : MZ — [0, 1] onto
the time, that is (V) = v, for v.e M¢, and recall that py € R?*! is the vector p but with an additional
coordinate with value zero. Then,

k-1

A 2741 — 1]
Ppri=po+ y ——Lv;.

= 7v)

In the context of random networks, think of this vector as the coordinates (in space and time) of a
node at time #; which started its journey in p € R at time zero and moved with velocities v; for the
time segment [¢;,1;,1] for j =0,...,k — 1. We are now in a position to modify Definition 2.1 for this
expanded setting (Figure 3).

Definition 6.1. Given a radius r > 0 and Tk as above, the values of the function

Cylr’TK . Rd X (MZ)K-H N Cd+1
K
R ult -t
v~ U ((pk . % ‘Vk) +Bd(r))
]

k=0 ue[0,1
are the time bounded cylinderstacks.
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T

Figure 3. An excerpt of the TBC model in the expanded setting.

Our idea is that at every time ¢ € Tk, a cylinder has the opportunity to change velocity and will do
so with probability ¢ € [0, 1]. A new velocity is always drawn with respect to the probability measure
Q introduced in Section 2. Thus, the aforementioned vector V = (vy,...,Vk) € (MZ)K *!is drawn with
respect to the probability measure

Qk =Q& ((1 = ¢q)oy, +qQ) ® - -+ ® ((1 = @)y, +4Q).

We can now give analogues to Definition 2.2 and Lemma 2.3.

Definition 6.2. Let 1 be defined as in Section 2 and Qg as above. Mark every point in the support of nj
with a direction from (MZ)K”, randomly with respect to Q. The resulting marked point process kg
defined on RY x (M¢)X*1 is called the process of time bounded cylinderstacks.

Lemma 6.3. £k is a Poisson point process with intensity measure Ax = ydg ® Qk.

Proof. Since Qg is independent of the Poisson process 77, we have an independent marking again and
thus the statement follows as it did for Lemma 2.3. O

That the process of time bounded cylinderstacks preserves the Poisson properties of the original
point process seems remarkable, but can be intuitively explained by using thinnings. Since for t; > T,
the model remains unchanged let us consider #; < T. We start with the point process ¢ as introduced in
Definition 2.2. From Lemma 2.3, we know that ¢ is a Poisson point process. Now we take a g-thinning of
&, namely a Bernoulli experiment with parameter ¢ which decides for each point of the Poisson process
if it belongs to £(q) or & — £(g). The Thinning Theorem [13, Corollary 5.9] implies that both £(g) and
& — &(q) are Poisson processes.

For the points in £(g), we now choose a new velocity and by adding this into another component of
the marking, we get a new marked point process which we call £(g)™ . Analogously to the single velocity
case the Marking Theorem implies that this process is Poisson. For points in & — £(g), the velocity stays
the same, nevertheless, as for £(g) we add the previous velocity as a new marking and again obtain a
marked point process &(1—¢)™ . As a superposition of two Poisson processes, & := &(q)M @&(1—q)M
is also Poisson. We proceed in thinning, marking, and gluing together for each time step #; < T and obtain
the Poisson process of cylinderstacks. We can now conveniently define the expanded model as follows.
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Definition 6.4. With the point process £k given as above, the stacked time bounded cylinder (sTBC)
model is the random closed set

2= | o).

(p.v) €&k

In this notation, we identify the random measure £x with its support.
With these definitions, we can now rephrase Lemma 4.4 to work with our modifications.

Lemma 6.5. Let f : C™' - R, s > 1 and Wy = [~s5/2,5/2]¢ x [0, T]. Assume that |f(A)| < oo for
all A € C*! and that there exist constants c1, c2, ¢3 and R € R such that the following conditions are
met for all x = (p,v),y = (q,w) € RY x (M)K+!:

(A) DyF(Z(égk) NWy) =0 P-as. for ||p]| > R+,

B) V[f(z(gl() NWo] = cr - Agri (Wy),

(C) max{E[Dyf(Z(¢x) N W,)*], E[D xf(Z(fK +dy) n W'} < e,

D) lIp-qll > R = E[(D} f(Z(&x) N Wy)*] < 1S3

Then, there is a constant ¢ € R such that, for a standard normal random variable N,

F(Z(E) W) —BIF(ZE) W)L ) c_
VVIf(Z(ék) N Wy)] T A (W)

As the proof in Section 4 relies only on the assumed bounds and not on how the model is constructed,
we can use the same techniques and estimates we used there and prove this lemma analogously.

dw

6.2. Covered volume

As usual, let W, := [—s/2,5/2]¢ x [0, T]. We will now study the covered volume of the sSTBC model
that is the random variable

Aar1(Z(ék) N Wy).

As this is an additive function, our strategy for working with this quantity will be to split the STBC
model into TBC models and evaluate the volume for each of them. To that end let Z, (¢) denote the TBC
model with time horizon ¢ > 0. We will first apply our strategy when computing the expectation of the
volume. Using (3.1) and Fubini, we have

Elda+1(Z(éx) NWy)] =E / (x € Z(éx)) dx]

s

-E Z / (X € Zp 101 (6)) dx
| k=0 ¢ [=5/2.5/2]9x [ti.thcer ]

E [/ (X € Z‘Ikﬂ—tkl(g)) dX | TK
[=5/2,5/2]9% [tx,tres1]

Z/ldﬂ ([_%, %]d X [tkatk+l])l
k=0

= (1 —exp(~y - r'q)) - Adas1 (Wy).

é
Mk

| k=0

= (1 -exp(~y - r'ka)) - E

We see that the expected volume remains unchanged, which is unsurprising given the homogeneous
nature of our model.
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Theorem 6.6. Let N denote a standard normal random variable and assume r < s. There exists a
constant ¢ € R, such that

0 (Ad+1<2(§1<) NW) ~Eldan(ZE)OWI] ) e
VYV an (Z(£6) O W,)] V(W)

Proof. We use Lemma 6.5 on the function f = A4. Since the maximum scope of a cylinderstack is
the same as in the single velocity model, we can verify conditions (A) and (D) by the same observation
we made in the proof of Theorem 5.1, again using R = 2(R;, + r) and c3 = 0. The same is true for
condition (C) which once more is satisfied with ¢, := (Tkgr%)*. To verify (B), we apply the first term
of the Wiener-Itd chaos expansion and bound

e ) W) = [ EIDAa (20660 0 W) Pk )

> / E[Dx(lan (Z(£x) 0 Wo)2Ax (d),
[—5/2,5/2]9x (M) K+

see for example [13, Ex. 18.8]. As Dx(d4+1(Z(éx) N W) > 0 P-as., the expectation is, for all
X € [—5/2,5/2]¢ x (MZ&)X+!, lower bounded by

E[Dx(Aa1(Z(£x) NWy)] 2 Aasi (Cyl(x) 0 Wy) - P(Cyl(x) N Z(£x) N W, = 0).

Since all cylinders have a finite scope, the cylinders that are further away than two times this scope can
not meet regardless of any kinetics. This implies that

P(Cyl(x) N Z(£k) N Wy = 0) 2 P((Ba(2(Ry + 1)) = 0) = 7t Bal2lir),

The minimal volume A4, (Cyl(x) N W,) is attained for a cylinder L starting at a corner of [—s/2, s/2]¢
and leaving the window with the fastest velocity. For d = 2 and r > 1, for example, consider the volume
of the enclosed tetrahedron with edge length r in both directions and an edge of length r/(r — 1) - h
along the time axis which implies A3(L) > % -r2/2-r/(r — 1) - h.In higher dimensions, one can consider
the enclosed simplices accordingly. In any case, 1441 (L) is strictly positive and depending on r, d, and
h only. This yields the needed lower bound on the variance

Va1 (Z(Ex) N Wy)] = / E[Dx (a1 (Z(£x) N W,)]* Ak (dx)
[—5/2,5/2]9x (Mg) K+
>cCy- /ld+1(WS)

for ¢; = Age1(L)? - 1/T - e72v2a(Ba2(Ru+)) Note that this method of estimating the variance is made
possible by the finite scope of our cylinders. Although it would also be applicable in the single direction
case, it leads to a worse bound than the method presented in Theorem 5.1 in the nonstacked TBC. O

6.3. Isolated cylinders

We are now interested in the isolated stacks in the sSTBC model. The point process of isolated cylinder
stacks with basepoint in A ¢ R is given by

wa= [ (Y1) N Z(gx = 6,) = D)k (d).
Ax (M) K+t
The next theorem shows asymptotic normality of Isoz (g ) (W) = u(Wy).
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Theorem 6.7. Let N denote a standard normal random variable and assume s > 6(Ry, + r). There
exists a constant ¢ € R, such that

I50z (£ ) (W) — E[Is0z (&) (Ws)] - c

V807 (g0) (Ws)] T N (W)

Proof. Note that the maximum scope of a cylinder remains unchanged in the multi-directional setting.
Thus, conditions (A), (C), and (D) are derived in the same way as in the proof of Theorem 5.2, using
the same choices for R, c;, and c3. To verify (B), we use the same strategy as before and get to

'

in,l Xio [ISOZ(é"K) (WS)]
=4 -P[Cyl(X;1) N Cyl(X;2) = 0] - P[Cyl(X; 1) N Cyl(X; 1) # 0].

Even in this modified setting, it is clear that these probabilities are not zero, as they can be estimated
using r and R. It follows that (B) holds true, which concludes the proof. O
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