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Let G be a group which has exactly one normal subgroup N with G/N
infinite cyclic; clearly such a group is an HNN group with base N and stable
letter t, where t induces an automorphism 6, of N under conjugation. We call
such a group G a unique base group with automorphism 6, and base N.

Theorem 1 of this paper shows that the isomorphism problem for unique
base groups is equivalent to a conjugacy problem in the outer automorphism
group of the base group.

Any one-relator group with a finitely generated commutator subgroup is
a two-generator unique base group, with base a finitely generated free group
(Moldavanskil (1967)). In Theorem 2 we establish some criteria for the
isomorphism of such groups. We apply this, in Theorem 3, to generalise a
result of Strasser (1959). We determine all two-generator one-relator groups
which are an extension of a free group of rank two by an infinite cyclic group.

Let w and v be elements of a group G; then w" will denote the element
v~'wv, and (w)G the least normal subgroup of G which contains w.

1. An isomorphism theorem

We denote by A(N) the automorphism group of the group N, and by
I(N) the group of inner automorphisms of N; the quotient A(N)/I(N) is
Out(N) the outer automorphism group of N.

THEOREM 1. Let C and E be unique base groups with stable letters c and e
respectively and the same base N. Then C and E are isomorphic if, and only if,
dc is conjugate to Of1 in Out(N).

PROOF. Let tp be an isomorphism from C to E. Then <p induces an
automorphism y of N. Also, since C and E have stable letters c and e
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respectively, c<p = e'h where e = ±1 and h belongs to N. We show that
y '8cy = 0'er where T is the automorphism in I(N) which corresponds to
conjugation by h.

But, for each n in N

n(y'8cy) = (c-l(n<p-')c)y = (eehy'n{eFh) = nd'er.

Hence 6C is conjugate to 8'e in Out(N).
Conversely, suppose 6C and 8'e are conjugate in Out(N). Then there is a

T in I(N) and y in A(N) such that -y''ft-y = 0JT. Let r correspond to
conjugation by h in N.

Now C = <c, N;relN,c"'nc = n^c(n GN)), and £ = <e, N ; re IN, e "'ne
= n6e (n G N)>. Moreover, every element in C can be uniquely expressed in
the form c'n, where r is an integer and n belongs to N. If <p is the map from C
to £ defined by (crn)<p = {e'h)r (ny) then it is easy to check, using the above
descriptions of C and E, that <p is an isomorphism. •

We will require the notion of Nielsen equivalence of presentations in the
next section: two presentations of a group, given as factor groups F/R and
F/S, of a free group F are said to be Nielsen equivalent if there is an
automorphism a of F with Ra = S.

Suppose G is a unique base group with automorphism 8, and base N. If
N' denotes the derived group of N, it is clear that G/N' is also a unique base
group with automorphism 8, (induced by 8, on NIN') and base N/N'. When
G is two-generator, G/N' has one T-system of generating pairs (Brunner
(1974), Theorem 2.4), and thus G/N' has one Nielsen class of two-generator
presentations.

2. Infinite cyclic extensions of free groups

Let X(r) stand for the class of two-generator one-relator groups which
are an extension of a free group of finite rank r by an infinite cyclic group.

As we shall see there is a close connection between the two-generator
one-relator presentations of groups in X(r) and certain "diagonal" presenta-
tions:

A = <a, b\a"' = ua'u'),

where e = ± 1, and u, u' belong to the (free) group generated by a6, • • •, ab' .

LEMMA 1. Let G be a group with a diagonal presentation A. Then (a)G is a

free group of rank r, and G belongs to X(r).

PROOF. Considerations such as those involved in Case 2 of Theorem 4.10
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of Magnus, Karrass, Solitar (1966), show that a, ah, • • •, ab' ' generate freely a
free subgroup of (a)a. But, since ab' - ua'u', it follows that (a)G is actually
generated by a, ah, • • •, ab' ' and the assertion follows.

LEMMA 2. Any two-generator one-relator presentation of a group in X{r)
is Nielsen equivalent to a diagonal one.

This is a more general form of Lemma 1 of Strasser (1959), and its proof
is exactly analogous to the one given there.

It follows that the isomorphism problem for two-generator one-relator
presentations of groups in X(r) reduces to the problem of determining when
diagonal presentations define isomorphic groups.

Let G be a group with a diagonal presentation A; let a, = cr^a, b) denote
the exponent sum of ab'uaeu' on ab' ' when a~b'ua'u' is considered as a
word in a, ab, • • -, ab'. Clearly G / G' is the direct product of an infinite cyclic
group generated by bG', and (if s/ 0) a cyclic group of order s generated by
aG'\ we call s the torsion number of G.

LEMMA 3. Let G be a group with a diagonal presentation A and non-zero
torsion number s. Then G is a unique base group with base H = (a)a and
automorphism 6b.

PROOF. Suppose M is a normal subgroup of G with G/M infinite cyclic.
Then G' is contained in M; hence a belongs to M, since as belongs to G' and
G/M has no elements of finite order. It follows that H is contained in M. But
G/M s(G/H)/(M/H) is an infinite cyclic group, as is G/H; therefore
M = H. D

It is evident that G is also a unique base group with base H = {a)c and
automorphism 6b->\ moreover 0b-• = (&,)"'.

Now H/H' is a free abelian group, freely generated by
aH',abH',- • -,ab' H'. Also, if §b denotes the automorphism of H/H'
induced by 6b, then

(a " ) ^ [ .,a^...a^'H, if i = r

It follows that 6b, when considered as an element of PSL(r,Z), has the
characteristic polynomial

(-lyw-^r'-^r2 o-,].
THEOREM 2. Let C and E be isomorphic groups in X(r) with non-zero

torsion number. If (d, c) and (/, e) are generating pairs of C and E, respectively,
associated with diagonal presentations A, then o-k(d,c)=a-k(J,eE) for k =
1,2, • • •, r where e = ± 1.
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PROOF. Since C and E have non-zero torsion numbers they are unique
base groups, by Lemma 3; as they are isomorphic we may assume they are
given with base N and automorphisms 6C and 6e respectively.

Now N/N' is a free abelian group of rank r, and clearly Out (N/N') =
A(N/N') = PSL(r,Z). Thus, if dc and §e denote the automorphisms induced
on N/N' then, by Theorem 1, dc and 6V are conjugate. Hence they have the
same characteristic polynomial, and the result follows.

3. Infinite cyclic extensions of free groups of rank two

In this section we completely determine the one-relator presentations of
groups in X{2). This generalises work of Strasser (1959).

Let P(k,e) denote the presentation

P(k, e) = {x, y;xy2 = x'xky),

where s = ± 1 and k is an integer.

LEMMA 4. The group C with presentation F(0,1) is not isomorphic to the
group E having presentation P(2, - 1).

PROOF. Let V, and V2 denote the verbal subgroups of C and E,
respectively, generated by the third powers of the elements. Then, as can
easily be checked, C/V, is the direct product of two cyclic groups of order 3,
while E/V2 is the free two-generator group of exponent 3 (which is non-
abelian of order 27).

THEOREM 3. Let G be a group in X(2) with torsion number s. Then any
two-generator one-relator presentation of G is Nielsen equivalent to one of
P(s, 1), P(2 + s, — 1) or P{2 — s, — 1). When s is positive these three groups are
non - isomorphic; when s = 0 the last two coincide.

PROOF. By Lemma 2 a two-generator one-relator presentation is Nielsen
equivalent to

P = (x, y ; xy7 = x kyx rxly), where e = ± 1 and k, I are integers.

Replacing y by xky and leaving x fixed, we see that P is Nielsen
equivalent to P(n, E) where n = k + I.

Suppose now that a group C with presentation P(n,, e,) is isomorphic to
a group E with presentation P(n2, Ei). Then, in particular, they have the same
torsion number, so n, + e, — 1= ±(n2+ e2— 1). We dispense first with the
case that n, + et — 1 = n2+ s2— 1 = 0: when F, = 1 we have n, = 0; when
£i = — 1 we have n, = 2. Moreover, by Lemma 4, P(0, 1) and f(2, - 1) do not
define isomorphic groups.
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Suppose now that nx + e, - 1 = ± (n2 + e2 — 1) ̂  0. By Theorem 2 there
are two cases to be considered:

(a) E) = a,(d, c) = cr,(f, e)= e2 a n d n, = cr2(d, c) = <x2(/, e) = n2;
(b) e, = cr,(<i, c) = a,(f\ e) = e2 and n, = cr2(d, c) = cr2(f~\ e) — ~ n2e2.
C o n s i d e r case (b). If n, + e, — 1 = n2 + e2 — 1 t h e n , as e, = e2, we h a v e

Hi = n2. If Mi + ei — 1 = — (n 2 + e 2 ~ 1), as e , = e2 a n d n, = — n2e2, in t h e o n e
case e, = £ 2 = - l impl ies n, = n2, a n d in t h e o t h e r , c, = g 2 = l impl ies
ni = — n2 .

We conclude that either s, = e2 and n, = n2, or e, = f2 = 1 and n, = - n2.
This later possibility may be neglected because P(n, 1) and P(—n, 1) are
Nielsen equivalent under the transformation which replaces y by y "' and fixes
x. Thus, for a given s = ±(n + e - 1) there are three solutions; e = 1 and
n = s, e = — I and n = 2 + s, e = —1 and n = 2 — s.
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