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Abstract

A cohomology theory for locally trivial, locally compact topological groupoids with coefficients
in vector bundles is constructed, generalizing constructions of Hochschild and Mostow (1962)
for topological groups and Higgins (1971) for discrete groupoids. It is calculated to be naturally
isomorphic to the cohomology of the vertex groups, and is thus independent of the twistedness
of the groupoid. The second cohomology space is accordingly realized as those “rigid”
extensions which essentially arise from extensions of the vertex group; the cohomological
machinery now yields the unexpected result that in fact all extensions, satisfying some natural
weak conditions, are rigid.

Subject classification (Amer. Math. Soc. (MOS) 1970): 18 H 40, 20 L 05.

Introduction

There already exist cohomology theories for discrete groupoids (Higgins (1971))
and for topological groups (Hochschild and Mostow (1962)). In this paper we
construct the natural common generalization of these two theories, giving a
cohomology theory for locally compact, locally trivial topological groupoids, and
study the extension theory of these groupoids.

We have called this the “rigid” cohomology on account of the nature of the
extensions classified by the second cohomology space: these extensions E>—> @ —> Q
are rigid in the sense that ® is twisted exactly as Q is (® and Q have the same local
triviality properties). Since a locally trivial topological groupoid is determined by
its vertex groups and its twistedness, one expects that rigid extensions will corre-
spond to extensions of the vertex groups and this turns out to be so (7.4). In fact
we prove (Theorem 3) that H*(Q, E) is naturally isomorphic in all degrees to the
continuous cohomology of any vertex group. Although this is a natural result for
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trivial groupoids (in particular for discrete groupoids (Higgins (1971)), it is
surprising that it holds in general for arbitrarily twisted groupoids. What is more
surprising is that all extensions, satisfying some mild conditions, are in fact rigid.
This result (Theorem 4) resists a direct proof, but the cohomological apparatus
developed here allows it to be reduced to the semi-direct case, where it follows
from a version of the result that principal bundles with vector groups are trivial.

We give no applications beyond this at present, but in a future paper we will
construct an analogous cohomology for locally trivial Lie groupoids and relate it
to the cohomology of their Lie algebroids, obtaining a van Est theorem for locally
trivial Lie groupoids and a new approach, in this case, to the theorem of Pradines
(1968).

The theory developed here is related to, but independent of, the cohomology
sketched by Bott (1975) in a report only available to the author after this manuscript
had been prepared. This paper gives full details, realizing the H™({2, E) as derived
functors on a category of coefficient modules, and studies the extension theory.
For an account of continuous cohomology from the classifying space approach,
see the forthcoming survey article by Stasheff (1978). The author is grateful to a
referee for referring him to Professor Stasheff for this reference.

The newly revised theory of Moore (1976) clearly should extend to groupoids
and generalize the present theory, but in the application to Lie groupoids and the
van Est theory it is the Hochschild-Mostow approach which is necessary, and so
we do not consider Moore’s theory here.

1. Topological groupoids

Topological groupoids were introduced by Ehresmann (1959). Accounts of
their elementary properties already exist in, for example, Brown and Hardy (1976)
and the references given there. We therefore only establish our notations and
conventions and record some observations need in the sequel.

DEerINITION 1.1. Let B be a set. A groupoid with base B (or on B) is a small
category  in which every element (morphism) is invertible, and whose set of
objects is identified with B. For x€ B we denote by X the corresponding identity.
The source and target maps {2 B are denoted by a and b respectively and

QxQ ={(£&n)eQxQ|aé = by}

is the set of composable pairs. For U, V< B we write Qp = a1U, QY = b1V and
QF, = Qyn QY. In particular, QZ is the vertex group at x € B. Lastly, Q is transitive
if Q¥ is nonvoid for all x, ye B.
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DerINITION 1.2. If Q and Q' are groupoids with base B then a morphism from
Qto Q'isamap ¢: Q->Q'such that p(¥) = %forallxeB,a’ op =aand b’ op = b,
and @(€.79) = ¢(£).¢(n) for £,7€Q.

DerINITION 1.3. Let B be a Hausdorff space. A topological groupoid on B is a
transitive groupoid Q with base B equipped with a Hausdorff topology making
a and b, the multiplication Q *Q - Q, and the inversion £é+£-1, continuous and
the identification x4+-%, B—>Q a homeomorphism into. (Q *Q has the pull-back
topology.)

A morphism of topological groupoids is a morphism of the underlying groupoids
which is continuous.

If B is a space and G a topological group (both Hausdorff) then B x G x B with
the product topology and groupoid structure a(y,g,x) =x, b(y,g,x) =y and
(z,h,9).(y,g,x) = (z,hg,x) becomes a topological groupoid, called a product
topological groupoid. In the algebraic theory, all groupoids are isomorphic to
product groupoids; the interest of the topological theory is that this is not so.

DEerINITION 1.4. The topological groupoid £ on base B is locally trivial if the
map [b,a]: Q> Bx B, {+>(b€,af) is a topological submersion (that is, it admits
local right-inverses at each point of its range (Hardy (1971))). Equivalently, Q is
locally trivial if there exists a we B, an open cover {U,} of B and continuous maps
ay: Uy~ Q,, such that ¢,(x)€QZ for xeU, and o,(w) = W whenever weU,.

{U,} is then said to be a decomposing cover for Q, and is said to decompose €)
through the family {a,}. The maps sq4: Uyp = U, nUs—Q, x> 0,(x)~". o4(x) are
the transition functions for Q with respect to {o}.

Using {o,} we define decomposing homeomorphisms h,: Uy x Q,,—>Qy_ by
(x, > Log(x)7! with restriction A, ,: Q,->Q, and 2,: U, x Q¥ xU,~>QF= by
0, A X3 a,(y). Ao (X)L

2 is a (topological) isomorphism from the product groupoid U, x Q¥ x U, onto
QUYs, the restriction of Q to U,. Since any topological isomorphism QY - U x Q¥ x U
defines a continuous oy : U—-QU, we take the view that the decomposing
covers of B give a measure of the ‘twistedness’ of Q, that is, of how far it departs
from being globally isomorphic to a product groupoid.

ProrosiTION 1.5, If ¢: Q> is a morphism of topological groupoids and Q is
locally trivial with {U} a decomposing cover then Q' is also locally trivial and
decomposed by {U,}.
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PRrooF. If o,: U, QU= are continuous then clearly poo,: Uy~ Q'U« are also.

Thus “morphisms reduce twistedness” and in the category of locally trivial
topological groupoids on a given base B, morphisms only exist between groupoids
with compatible twistedness.

DEFINITION 1.6. A topological groupoid Q on base B is locally compact if the
space Q is locally compact.

It follows then that all Q, and QZ are locally compact.

For X and Y any topological spaces, C(X, Y) denotes the space of all continuous
maps X Y with the compact-open topology. As is well known this topology
only behaves well for locally compact X and for this reason we have to restrict
attention to locally compact groupoids.

2. Continuous vector bundles

The category of vector bundles of finite rank is not large enough to accommodate
the injective resolutions of Section 3. We therefore introduce the natural generali-
zation in which the fibres may be arbitrary locally convex spaces. That this is the
appropriate concept is shown by Proposition 2.3 and Theorem 3 of Section 7.

Throughout the rest of the paper, B denotes a paracompact and connected C°
manifold. A Hausdorff locally convex R-vector space is referred to as an LCS.
For the properties of LCS’s which we use, see Choquet (1969). Recall that an LCS
is locally compact if and only if it is finite dimensional.

DErFINITION 2.1. A continuous vector bundle (CVB) on B is a triple (E,p, B) in
which E is a space and p a continuous onto map with E, = p~1(x) an LCS for all
x € B and the local triviality property: there exists an open cover {U,} of B, an LCS
A and decomposing maps i, which are homeomorphisms U, x 4->Ey; = p~(U,)
such that poy, = m: U, x A->U, and the restrictions ¢, ,: A E,, a+>,(x,a)
are linear homeomorphisms.

For CVB’s E and E’ on B a CVB morphism is a continuous, fibre-preserving,
fibrewise linear map ¢: E—~E’.

REMARK. Vector bundles, and their morphisms, in the sense of Lang (1975)
are clearly particular cases of (2.1).

For an LCS A4, we prefer to leave the set of linear homeomorphisms 4-> A4
without a topology and regard the transition functions as continuous maps
U,z x A— A. The following construction principle can be easily provided.
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PROPOSITION 2.2. If B is a C° manifold, paracompact and connected, A is an LCS
and E, is an LCS for each x € B, E is the disjoint union of the E,, xe Band p: E~> B
is the obvious projection, then if there are linear homeomorphisms . A—E,,
x€U, for all U in an open cover of B such that the transition functions Uygx A > A
by (x,a)+> ;L oy, (a) are continuous, then there is a unique topology on E which
makes (E, p, B) into a CVB with decompositions ,: U, x A— Ey;_, (x,a)+>, ,(a).

Thus the usual functorial constructions (direct sums, bundles of linear maps
and so forth) can be carried out with CVB’s, The following construction will be
needed in the sequel.

(2.3). Let Q be a locally trivial, locally compact topological groupoid on B, and
(E,p, B)a CVB on B. For xe B, C(£2,, E,) denotes the LCS of all continuous maps
Q.- E_ with the compact-open topology. We construct a natural CVB F({, E)
on B with F(Q, E), = C(Q,, E,) for xeB.

Let {U,} be an open cover of B which decomposes Q through o,: U,~Q,, and
E through ,: U,x A—>Ey . Write P=Q,, and h,: U,x P->Qy for the map
(x, )+ {.0,(x)71. Then boh, = bom, (my: U, x P—P) and h (x,n{) = n.h,(x, {).
Define

‘pa z: C(P,A)~C(Q,E) (xeU)

by
f + '/’a,x °f ° ha—%;

Then tﬁm is clearly linear; to prove its continuity we consider the associate map
C(P, A) x Q,— E,, which is the composite of ¢, ,: 4> E, and C(P, A) xQ ,—~ A by
(; ) f(h72(£)) which is continuous because it is

idx h3L: C(P, 4) x Q > C(P, A) x P

followed by the evaluation map C(P, 4) x P A of the locally compact P. Similarly
Y7L is continuous and so i, , is a linear homeomorphism.
The transition function U,z x C(P, 4)— C(P, A) has associate
Upp X C(P,A) x P> A
by

(e f, D mg ot otppx, f(mE 0 bzl 0 o, 1))
where 74 : Uz x A—> A and 7f’: U, 5 x P> P are the projections, and the continuity

of this follows from that of mgl o y3 otfiy: Uppx A~ A and ¥ ohzlohy: Uypx P>P
and of the evaluation map C(P, A) x P—+ A of the locally compact P.
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So by Proposition 2.2 we have proved:

PROPOSITION 2.3. Given a locally trivial, locally compact topological groupoid €2
and a CVB E, both on base B, there is a uniqgue CVB F(,E) on B with
F(Q,FE), = C(Q,, E,) and such that if {U,} decomposes both Q and E then it also
decomposes F(Q, E) as described above.

We complete this section with the following description of the topology for I'y; E,
the space of continuous local sections of E over U.

PROPOSITION 2.4. Let (E, p, B) be a CVB on B and U< B an open set. If {U,} is a
Jfinite decomposing cover for Ey; with decomposing homeomorphisms . Uy x A~ Ey;_
and {p;} is a family of semi-norms on the LCS A which define its topology, define
pyE: Ty E-RY by p¥X(o) = sup{p;(zL(c(x)))|x€K}, o'y E for compact
K<U, and any j,o. Then the {p}X} define the compact-open topology on I'yE,
which therefore makes 'y, E an LCS.

3. The category of continuous (2-modules

In this and the next two sections we construct the rigid cohomology of a locally
trivial, locally compact topological groupoid as the derived functors of a natural
fixed-point functor. We follow the techniques of Hochschild and Mostow (1962)
in general, but the nature of groupoids forces some changes which make the
details more difficult. (This becomes more apparent in the Lie case.)

Throughout Sections 3-5, 2 is a locally trivial, locally compact topological
groupoid with base B.

DEFINITION 3.1 (Ehresmann (1959)). A continuous Q-module is a CVB (E, p, B)
together with a continuous action Q* E— E, (§,u)+> £.u of Q on E. Here

Q*E={(¢{ uw)|aé =pu}cQxE

has the pullback topology, and that Q * E— E is an action means that
(i) p(&,u) = b¢ for all (£, u)eQ*E,

(ii) &: Egp—> Eyg, ut> £.uis a linear homeomorphism,

(iii) 5.(¢.u) = (n. £).u whenever either side is defined,

@iv) %.u =u for all uekF.

It was proved by Seda (1975) that if a vertex group QZ acts on a vector space V
linearly, then there is a vector bundle on B with fibre type ¥ on which Q acts
continuously. Thus there are always many continuous Q-modules.
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It can be proved that if E is a continuous Q-module then the associate map
Q-II(E) is a continuous morphism where II(E) is the topological groupoid of
isomorphisms between fibres of E with the compact-open topology on each II(E)¥.

DeriniTION 3.2. If E and E’ are continuous Q-modules, then a continuous
Q-module morphism ¢: E—~ E' is a CVB morphism for which ¢(§.v) = £.¢(u) for
all (§,u)eQ*E.

The set of all continuous Q-module morphisms £— E’ forms an R-vector space
Homg(E, E"). We will not need to consider a vector topology on Hom(E, E’) in
general and so it remains a vector space without topology.

Thus we have the category of continuous Q-modules and their morphisms,
denoted Q-Mod. It is easily seen to be an abelian category (note that kernels and
quotients exist because continuous Q-module morphisms are automatically of
constant rank). Like Hochschild and Mostow, we will actually be deriving functors
relative to the class of exact sequences in 2-Mod which split in the CVB category,
but we will not use the terminology of relative homological algebra.

4

DerinNiTION 3.3. A sequence E—f—> E'—— E" of continuous Q-module
morphisms is exact at E’ if it is exact as a sequence of CVB morphisms in the
usual sense and there are CVB morphisms A: E'—E and p: E”"—E’ such that
?o)\+pot/l = ldE; and Aop =0: E"->E.

An Q-monomorphism, denoted ¢: E>> E’, and also called a continuous imbedding

of E into E’ is a continuous £-module morphism ¢ such that 0> F %, E'is

exact at E.
An Q-epimorphism, denoted ¢: E -»> E' is a continuous Q-module morphism ¢

such that E—f——> E’'—— 0 is exact at E’.

Thus a 1 : 1 continuous Q-module morphism ¢: E-> E’ is an Q-monomorphism
if and only if there is a CVB morphism A: E’~ E such that Aop =idg. If Eand E’
are of finite rank then A exists automatically. The dual statements for Q-epi-
morphisms also hold.

DErFINITION 3.4. A continuous Q-module E is continuously injective if, given any
continuous Q-module morphism ¢: E’— E and an Q-monomorphism ¢: E’'—>E”",
there exists a lifting, that is, a continuous Q-module morphism @: E” - E such
that ¢ olﬁ = @.

Consider now one continuous Q-module E until the end of Section 3. We
constructed in (2.3) the CVB F(Q, E) on B and we now make it into a continuous
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Q-module by defining

(3.5) (£.NH( =€ ()
for £€Qy, fe F(Q, E),, n€Q, and any x,y€B.

PROPOSITION 3.6. F(Q, E) is a continuous Q-module under the action (3.5).

Proor. The algebraic properties are easily verified. It remains to show the
continuity of Q * F(Q, E) - F(Q, E). Using the notation of (2.3), it suffices to prove
that

Qgg *(Uy x C(P, A)) > Ug x C(P, A),
(£, a€, > 7M€ . Pu(ad, 1))

is continuous, and this reduces as before to the associate map, and so since wzo:p;l
is continuous we need only show that

Qs x C(P, A) x P~ Ey,,

(&1, O &b, ol [(g(BE, ). B £)))
is continuous. This is the composite of

Qgg x C(P,A)x P—> ng x Px C(P, A),

(&1, D (§, R BE, D). (a0 BTN S ),
which is continuous since the operations in Q are continuous,

idxev: QUBxPx C(P,4)->QY8x A,
which is continuous since P is locally compact, and

QEex A—>Ey,, (& a1 €. .yqla),

which is continuous because E is itself a continuous Q-module. Thus the continuity
of Q*E—FE is lifted to show the continuity of Q * F(Q, E)— F(Q,E) and this
completes the proof.

ProrosiTION 3.7. F(Q, E) is a continuously injective Q-module.

PrOOF. Let
E n

o

E'—— F(Q,E)
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be given with A a CVB morphism such that Aoy = idg.. Define ¢: E” - F(Q, E)

by @v)(§) = EHP(ME.v) (Z\é)) for £€Q,, veE; and xeB. ¢ can be shown to
be a CVB morphism by standard techniques, and is easily verified to be an
Q-morphism. Lastly,

@o$) W) (O = £1. (P o€ u)) (BD) = 1. (p(£.0) (bD)

= £ £ (bE. &) = plu) (&)
forall ue E,, £€Q, and x€B. So G = @ as required.

PROPOSITION 3.8. The constant map «: E-> F(Q, E), defined by «(u)(£) = u for
uckE,, £€Q,, xe B, is an Q-monomorphism.

ProoF. That « is a CVB morphism is obvious; for uc E,, £€Q¥ and neQ,, we
have (£.x(W)(m) = &.(k(W)(€)) = £.u=w(£.u)(n) and so « is a continuous
Q-module morphism. It is clearly 1:1 and A: F(Q, E)->E, f+>f(p(f)) is a CVB
morphism and a left inverse for «.

We have thus proved:

THEOREM 1. A continuous Q-module can be continuously imbedded in a continuously
injective Q-module. In particular, Q-Mod has sufficiently many injectives.

With this result we can apply the standard techniques of homological algebra
in the category Q-Mod.

REMARK. It is clear when B is a point, so that Q is in fact a locally compact
group, that the category of continuous Q-modules coincides with that of Hochschild
and Mostow (1962). For a continuous Q-module E, the CVB (that is, LCS) F(Q, F)
coincides with that defined by Hochschild and Mostow, and the Q-module structure
(3.5)isequivalent to the second action defined by Hochschild and Mostow under the
automorphism f+>f’ where f'(£) =f(£7Y) for all £€Q. (This equivalence is a
CVB morphism only when B is a point.) For general groupoids, there is no
analogue of Hochschild and Mostow’s first and simpler action, and this is the
source of some technical complications, especially in the Lie case.

4. The fixed-point functor

The product CVB B x R-> B is a continuous Q-module under the trivial action
E.(x,t)=(y,t) for £€Q¥, teR, and we consider the fixed-point functor
Hom,, (B x R,—) from Q-Mod to, at present, the category of R-vector spaces and
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write
HYQ,E) = E® =Hom,(BxR,E) and 0, = Hom,(B xR, 6)

for objects E and morphisms 8 in Q-Mod.

Elements of Homg(BxR,E) are CVB morphisms ¢: BxR~E such that
p(r, 1) = £.¢(x, 1) for all £e€Q¥, reR and x, y € B. If ¢ is restricted to {w} x R—>E,,
for some fixed we B, we get an element of Hom (R, 4) where G = Q¥ and 4 = E,,,
On the other hand, x+» ¢(x, 1) defines a section o of E which is invariant in the
sense that £.0(af) = o(b€) for all £€Q. There are thus maps

Homy(B xR, E)>HomgR, 4), Homg(BxR, E)->(I'E)?,
when (I’E)© denotes the invariant sections of E, and by defining
Hom(R, 4)—> A%, fi>f(1),
(TEY—> A%, o 0o(w),
we get a commutative diagram

Homg(B xR, E)— Hom(R, 4)

4.1
v v
(TEW® —_ A9

in which each side is a linear isomorphism. Thus ¢ € (I'E)? defines
peHom(BxR,F)

by @(x,t) =t.0(x) and feHomg(R,4) defines a ¢ in Homy(BxR,E) by
@(x, 1) = £. f(r) forany £€QZ. An element uc AGdefinesa ce(PE)? by o(x) = £.u
for any £eZ, also well defined, and an fe Hom(R, 4) by f(t) = t.u for teR.

Now (T'E)?, A9 and Hom (R, 4) are all LCS’s under natural topologies: (I'E)2
and A% as subspaces of I'E and A respectively and Hom (R, 4) with the compact-
open topology as a function space. It is easily verified that the two maps between
these spaces are linear homeomorphisms, and so one can put a unique structure
of LCS on Hom,(B xR, E) so that each side of (4.1) is a linear homeomorphism.
This is most easily defined by the seminorms

d;: prgip(w, 1)),

where {g;} are the seminorms on A4.
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It can now easily be verified that Homy(B xR, -) is a functor from Q-Mod to
the category of LCS’s.

ProposITION 4.2. Hom(B x R,-) is left exact.

’

6 6
PrOOF. Let O E E E” be an exact sequence in Q-Mod. Thus
there are CVB morphisms A: E'—>E and p: E”"—E’ such that Ao 8 =idg and
BoA+pob’ =idg. Consider

4

) 6
(4.3) 0—s Homy(B xR, E)—> Homy(Bx R, E’) —~> Hom,(Bx R, E").

One proves easily that 0, is 1: 1 and that im 6, <ker 8. If pe Hom,(BxR, E’)
is in ker 8 so that 6'op =0 then we can prove that Aop e Homy(B xR, E) by
using the fact that % is 1 : 1 and noting that

(0xQo@)) (1, 1) = p(3, ) —p. & 0 (3, 1) = (3, 1)
whilst

0.(£.(Ao@))(x,0) = £.0((Aop) (x, 1)) = £.0(x, 1) = p(y, 1) for £E€Q.

Hence ker 6, <im §*. It appears not to be true that (4.3) is exact in the stronger
sense of (3.3) (this already occurs for groups). However, a similar calculation shows
that A,: E, — E,, restricts to a continuous linear map ker 6} ~Homy(B xR, E)
where ker 8}, is identified with a subspace of E,.

This justifies the notation H%¢2, E) = Hom,(B xR, E); if

c d° dr d?
0—— ET—1I° n I?
A° Al A2 A3

is a continuously injective resolution of E in Q-Mod, then kerd% =imc, is
topologically and linearly isomorphic to Hom,(B x R, E) under c,, with inverse the
restriction of AQ.

For n>0,

kerd?
n = *
H™Q, E) imd3?

is the rigid cohomology of Q with coefficients in the continuous Q-module E; standard
arguments prove that the quotient is independent up to natural linear homeo-
morphisms, of the continuously injective resolution chosen (cf. Hochschild and
Mostow (1962)).
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Similarly one proves that an exact sequence of continuous Q-modules
E>>E'—>E" induces a long exact (in the weak sense of (4.2)) sequence in
cohomology

)
0—> HYQ, E) —> HYQ, E')—> HYQ, E") —> H{(Q, E)—> ...

with the usual functorial properties, so that the H™(,-) form a connected
sequence of functors.

PROPOSITION 4.4. For E a continuously injective Q-module, H™, E) = (0) for
all n>0.

PRrOOF.
id
0 E E >0 0

is a continuously injective resolution for E.
The diagram (4.1) can now be summarized in

PROPOSITION 4.5. For any continuous SQ-module E, and we B, there is a natural
linear homeomorphism H%Q, E) = HYQ®. E,).

When B is a point, Hom,(BxR,-) is the fixed-point functor considered by
Hochschild and Mostow (1962). Therefore when Q is a group, H*(Q, E) is the
Hochschild-Mostow continuous cohomology of €.

5. The standard resolution

Throughout Section 5, E is a fixed continuous Q-module. Define continuously
injective Q-modules F™(Q, E) by

FOQ,E) = F(Q,E), F™(Q,E)=FQ,F™Q,E)), n>0.

We construct isomorphic copies of the F®(Q, E) which are easier to work with.

For each x€ B, let FXQ, E), be C(Qr+, E,), the space of all continuous maps
from the (n+ 1)-fold product of Q,_ to E, with the compact-open topology (n > 0).
We make

Fr(Q,E)= U FYQ,E),
xzeB
into a CVB in the obvious way by defining (notation of (2.3))

g g2 (P, A)-> F™(Q, E),
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by A2y of o (7)™ +1, If we define
(5.1) Q* F™(Q, E) > FY(Q, E)

(€, o1 (Lo o s EP E.0(Ep. &, €0 O

then we we can prove, as in (3.6), that FY(Q, E) is a continuous Q-module. Clearly
FYQ,E) = F(Q,E).

PROPOSITION 5.2. There are natural continuous Q-module isomorphisms

I*: F™(Q, E)~> FYQ,E)

with inverse

(I (@) (L) (8D .. (£3) = pl&ps .., £n)-

Proor. (Induction.) I°® is the identity on F(, E). Assume I™ given and let
In: F1(Q, E) = F(Q, F™(Q, E))-> F(Q, F{Q, E)) denote the induced iso-
morphism. We will prove that &7 : F(Q, F{{, E))> F**(Q, F) by

d(f)(fo’ cees fn#—]) =f(§0)(§1’ nery 67;41)

is an isomorphism of continuous (-modules, and then set /*H = o7 o /™, Since
Q, is locally compact, each &Z,: C(Q,, C(Qrt, E,))->C(Qrt2% E,) is a linear
homeomorphism, and so, noting that §2tlo(idy x&,) = s/ o, as maps
U, x C(P, FM(P, A)) > F*+{(Q, E)y_ it follows that & is a CVB isomorphism ( is
the chart on F(Q, FMQ, E))). That &/ preserves the actions is easily verified, as is
the last statement of the proposition.

Thus the F®(Q, E), n>0, are continuously injective Q-modules. We define a
coboundary by the usual formula:

(5.3) dr: FMQ, E)~> F*+{(Q, F)
n+l
dn(f)(fm seey §n+1) = EO(_ ])jf(ém very gj, ceey ‘fn,i»[)
and d™ is easily seen to be a continuous Q-module morphism.

PROPOSITION 5.4.

d° dl
(54) 0—> E—> FYQ,E)—> F{Q,E) —

is a continuously injective resolution of E, called the standard resolution.
10
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ProOF. It only remains to be shown that (5.4) is exact. It is easily seen that
)\n-fl: Fn+l(g, E) -> F”(Q’ E) by A"+1(‘f)(§0v ey fn) =f(f, §09 sy §n) ror

fe Fn+1(Q’ E).v gj € Q.‘:s x€B and A" FO(Q’ E) ~E

by A(f) = f(%) for fe F(Q, E),, x€ B, are CVB morphisms and satisfy A%« = idg,
koM+Xod® =idpq g, and A"*2od™14d%o A" = idgmir(q g Thus (5.4) is
exact.

Applying Homg(B x R, -) to (5.4) yields the homogeneous cochain complex

do d!
0——> C%(Q, E)—> CI(Q, E)— ...

where C%(Q, E) = Homg(B xR, FM({, E)) and d7% is abbreviated to d".
We regard elements of C%(Q, E) as invariant sections of F™({), E), that is, as
maps
p: UQrti>E
zeB

which commute with the projections and satisfy the homogeneity condition

(55) ?;(7)0 g’ seny 7)1; f) = §-1'¢y(1]0’ ety T)n)

for 7;€Q,, £€Q¥ and x,y€B. Such maps are automatically continuous (given
that each ¢,: Q»t1—> E,_ is) since invariant sections of a CVB are automatically
continuous.

In practice it is easier to work with nonhomogenous cochains, which are defined
in the usual way. (We omit most proofs of continuity considerations from this point
the verifications following an established pattern.)

For n>0,

%" Q = {(§y, ..., £E,) Q| aé; = bé;,, for 1€j<n}

denotes the set of composable #-tuples from Q with the subspace topology. It forms
a fibre bundle over B with respect to the projection (&, ..., £,)+>a€,. Given a
continuous 2-module E one can form a CVB whose fibre over x € B consists of all
continuous maps from %" Q| to E,, and the continuous sections of this CVB are
the nonhomogeneous cochains:

DEFINITION 5.6. C3;(€, E), the LCS of nonhomogeneous n-cochains, is the set
of all maps f: *"Q—E such that p(f(&, ..., £,)) = a&,, continuous as defined
above, and with the compact-open topology as a space of sections.
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Define 8": C%4(Q, E) > CENQ, E) by

(5'7) (S"f)(fl,..., fni»l)
=f(§2a cecy §n+l)+j$l(_ ])if(flv LERY ) g) §j+1~ vy §n+l)

(=DM ELL SE - 6R)

for (£, .5 £ns) €% Q. As in the group case, we have

PROPOSITION 5.8. There are linear homeomorphisms T™: C%(Q, E)—~ C% (L, E)
such that 8" o T" = T o d™ (n>0), given by

(58) Tﬂ(?)(f[s ey fn) = ¢(§1 fn’ fz .. fn’ agn
(TN &gy s §n) = €1 S(&o- €70 61 €575 -5 €n- 300D

For most purposes we will regard H™(Q, E) as ker §7/im 67! and we denote
C1y(Q, E) simply by C™(Q, E).

When n = 0, we identify %7 Q with B, so that C%{), E) is identified with T'E,
Accordingly, (5.7) becomes

u)(€) = plaf)— €1 u(bf), for uel’E=CYQ,E), €€,
and (5.8) becomes

TY2)(x) = p(X), x€B, eCY(Q,E),

and

(T (W) (6) = £ w(bE), €€Q, ueCYQE)

6. Extensions of topological groupoids

In (4.1) and (4.5) H%Q, E) was described as the space of invariant sections of E,
and shown to be naturally isomorphic to any H%(%, E,,). In Section 7 we will prove
that H*(Q, E)~ H™(Qv, E,,) for all n>>0, but first we study the extensions classified
by H*(Q, E) and use them to interpret H(£}, E).

As always, we work over a base B which is a paracompact connected C°
manifold.
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DEFINITION 6.1. If Q is a topological groupoid on B and (E, p, B) is a CVB then
a general extension of Q by E is a topological groupoid ® on B and an exact
sequence

6.1 Erms®—T50Q

in which « is a relatively open continuous morphism and = is a topological sub-
mersion and a continuous morphism.

REMARKS. (i) A topological submersion is a continuous onto map which admits
local right-inverses at every point of its range (Hardy (1971)).

(ii) That ¢ is a continuous morphism means that ¢ is continuous, maps each E,
into ®Z and «(u+v) = «(u) «(v) for all u,ve E,, x€B.

(iii) That (6.1) is exact means that = is onto, ¢ is 1 : 1 and, for {e ®, n({)e B<Q
if and only if {= u«u) for some ucE. In particular, each vertex sequence
E, — ®z> Q7 js exact.

This is the most general viable concept of topological groupoid extension; it
satisfies the minimal requirements of inducing a continuous action of Q on E, and
permitting a 1 : 1 correspondence between left and right transversals (when they
exist).

Clearly each E,>> ®Z—> Q2 is an extension of the topological group QZ by E_;
it can be easily verified that each inner isomorphism ®->®¥, {4 {.¢. {7 for
{e @Y induces an isomorphism of E,>> ®Z—> QZ with E, >> ®¥—> Q¥

PROPOSITION 6.2. The general extension (6.1) induces a continuous, but not
necessarily linear, action of Q on E by

(6.2) (m().u)y=C.(u). L for [edY, uecE,, x,yeB.

(That is, (6.2) satisfies all the conditions of (3.1) except that E,— E, need not be
linear.)

ProOF. If GO denotes the bundle of vertex groups of @, that is, GO = J, .z P
with the subspace topology, then @ * G® -G, ({, A}+> {.A. (! is continuous,
and induces @ * E— ( E)< G®. Since . is relatively open @ * E—> E is continuous.
If now o: U= Q> is a local section of = then o*idg ,: U*E,)>P*Eisa
local section of m*idg. Hence m*idy has local sections and is therefore an
identification. Since  * E-> E composed with = *id is the continuous ¢ * E—~E
it follows that (6.2) is continuous.

https://doi.org/10.1017/51446788700011794 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700011794

[17} Cohomology of topological groupoids 293

DEFINITION 6.3. A transversal (or right-transversal) of the general extension (6.1)
is a continuous map n: Q - ® such that = on = id,,. A left-transversalis a continuous
m: ®— E such that mo: = idp.

Since ¢ and = are initial and final maps respectively, the following result is proved
by an algebraic manipulation.

PROPOSITION 6.4. If n is a right-transversal of (6.1) then m: ® —E defined by
(m() =n(m()1.L, {eD, is a left transversal. Conversely, if m is a left-
transversal, then n: Q— ® defined by n(w(0)) = {.(com({))2, LD, is a well-defined
right-transversal.

The crucial property of an extension is, of course, whether it admits transversals.
Thus we make the

DEFINITION 6.5. The general extension (6.1) is rigid if it admits a global transversal
n: Q- ®. It is locally rigid if there is an open cover {U,} of B and local transversals
n,: QF=—>@®Ye over each U,.

Observe that in a locally rigid extension E>>®—>Q each vertex extension
E,>>®Z—>QZ has a global transversal and can therefore be described by the
Hochschild-Mostow cohomology (Theorem 3). In studying the question of global
extensions for groupoids it is natural to assume that on the vertex group level the
extension is well behaved and so the following proposition demonstrates that local
rigidity is the appropriate concept in the context of locally trivial groupoids.

PROPOSITION 6.6. (i) If, in the general extension (6.1) both Q and © are locally
trivial and the vertex group extensions admit transversals Q% — ®Z then the extension
is locally rigid.

(ii) A general extension of a locally trivial groupoid is locally trivial.

Proor. (i) If n: Q> @©js a vertex group transversal over we Band {r,: U,~> @}
is a family of decomposing sections for @, then n,: QYz->®Y« defined by
n (&) = 1 (bE).n(o (bE) L. £ .0 (af)). 7 (aé)™:, where o,=mo7, is a local
transversal over U,.

(i) If E >;><D-i»Q is a general extension of the locally trivial topological

groupoid £, then [b,a], = [b,al, 0w and since both [b,a], and = are topological
submersions, it follows that [b, al,, is also.

PROPOSITION 6.7. In any locally rigid extension E>—>®—>Q of the locally
trivial Q, there are continuous maps ny: Q,~®, with won, = id,,_for each x€B.
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PrOOF. (Observe that local rigidity makes @, a principal fibre bundle over £,
with vector structure group E, and as in the finite dimensional case, it is therefore
trivial.) There exists an open cover {U,} of B with decomposing sections 7,: U, ~>®,,
and local transversals n,: QY- ®Y<. Then define n,,,: QU+—> O = by

"a.w(f) =n(§.(mo1y) bH. 7,(b§)
and gq4: QU8 E,, by
‘(gaﬂ(f)) = na,w(g)—l -nﬂw(f).

Since B is paracompact there is a partition of unity {j,} subordinate to {U,} and
ne: £, P, defined by

nw(f) = nmw(f)-(%jﬂ(bg)gaﬂ(f»

now has the desired properties.

Since n,, has no multiplicative properties, it is not possible to extend it to Q— ®.
However, we will deduce in Section 7 that in fact all locally rigid extensions of
locally trivial groupoids are rigid.

From now to the end of Section 6, let Q be a locally trivial, locally compact
topological groupoid on B and let (E, p, B) be a continuous Q-module.

[ w
DEerFINITION 6.8. A general extension E>——> ®——>>Q is an operator extension
of Q by the continuous Q-module E if the action of Q on E induced by the extension
coincides with the module action.

Two operator extensions E N ®; T, ), j=1,2, are equivalent if there
exists a continuous morphism (necessarily an isomorphism) &: @, > @, such that
€04y =ty and my0 & = 11y,

The set of equivalence classes of operator extensions is denoted by Opext (£, E);
clearly equivalence preserves transversals so we have the subsets LocROpext (£, E)
of locally rigid operator extensions and ROpext (Q, E) of rigid operator extensions.

One can show, in a straightforward fashion, that Opext (L, F) forms an abelian
group under a Baer sum, and that LocROpext(€), F) and ROpext (£, E) are
subgroups. If ® and ¥ are groupoids over B then their “Whitney product” ® AW
is the groupoid over B with (PA Y)Y = ®¥ x V¥ for x,y€ B and componentwise
multiplication. When ® and ¥ are topological groupoids, @AY is also, with the
relative product topology. Push-outs and pull-backs do not exist in general in the
locally trivial context, so it is necessary to use the older definition of the Baer sum:

L - 4 v
given E>—— O,—>Qand E 2 D, —3>Q, one considers the subgroupoid
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{(&, L) m & = 7, £y} of @, A @, and quotients it over {(s;(4), t,(—u)|u€ E}. When
the given extensions are locally rigid, one then shows easily that this quotient
groupoid is locally trivial, and so (6.6(1)) shows that the sum of the extensions is
locally rigid.

There is now a morphism

(6.9) ¥": LocROpext (€2, E) > ROpext (Qu, E,)

which sends E>> ® —>Q to the vertex group extension E,,>> ®%—> Qw,

THEOREM 2. Let Q be a locally trivial, locally compact topological groupoid on B,
and let (E, p, B) be a continuous Q-module.
(i) Let f be a nonhomogeneous 2-cocyle, thus f. %2Q—FE continuously,

Sy, ) € Egg, and f(£y, £)+1(6y, Ea- ) = f(61- 6o €+ E52 S (64, &) for all
(é1, &, £ €%
Then if ®; is the pull-back Q*E ={(¢£,u)|aé = pu} and we define source and

target maps a(£€,u) = pu, b(¢, u) = b€ and a composition

(El, u].) '(Eza “2) = (§1 . fz» u2+ é;l . ul +f(§1’ fz))

then @, is a locally trivial topological groupoid on B. The identities are
F=(& —f(%%) and (&u)™=(E7 —E.u—f(§ E)—fbE,b8)).

With m;: ®,>Q by wfé,u)=£ and v: E>®, by 1) = (pu, u—f(pu, p)),

B2, (I),—"—»Q becomes an operator extension of Q by E, and n{§) = (¢,0,,)
defines a global transversal ny: Q- ®,. Note that @, is locally compact if and only if
E is of finite rank.

L m
(ii) Conversely, if E>—> ® —>>Q is a rigid operator extension with transversal

n: Q—>® and we define f: ¥2Q—~E by (f(&,, &) = n(&, €)1 n(éDn(Ey) then [
is a nonhomogeneous 2-cocycle, and the map &,: ®;—~®, (&,u)y>n(€).(w) is

an equivalence of E 0100 with E AN D, 7450 preserving transversals,
&, on; = n. On the other hand, the cocycle defined by n; is f itself.

For f and f’ both 2-cocycles, there is a natural equivalence from ®, . to the Baer
sum of ®; and ®y..

(iii) Let g be a nonhomogeneous 1-cochain, thus g: — E is continuous, pog = a,
and

0g(£1, &) = g(§) —g(1- &)+ €57 .8(6)
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Jor (&4, &) € %2 Q. Given any 2-cocycle f, the map e,: ®;— @y, (€, u)-> (€, u+2(£))
is an equivalence of E>> ®;—> Q with E>> ®;_,,—>>Q.

(iv) Conversely, if E>—L—> (I)’—"L»Q and E>—L—>(I>——"—»Q are rigid operator
extensions with transversals n' and n defining cocycles f’ and f and ¢: ®—>d' is an
equivalence, then there is a (unique) 1-cochain g such that ¢ = &,.0¢,08,1, namely
g=mopon, and 8g =f—f".

Indeed each 1-cochain g induces a permutation of the transversals in any given

extension. If E - (I)—Tr» Q is a rigid extension and n is a transversal for it, then
n? defined by n9(€) = n(£€) (g(§)), £€Q, is another and defines the cocycle f+ 3g,
where f is the cocycle defined by n. The different equivalences are related by
é = & n°&y-

ProoF. This is a straightforward verification; the algebraic computations follow
closely the corresponding results for groups (see, for example, MacLane (1963))
and the topological considerations are of a type considered already.

COROLLARY 6.10. The assignment f+>®; of the theorem induces an isomorphism
H?*Q, E)->ROpext(Q, E).

Needless to say, the topology of H%(Q, E) can be transferred to ROpext({, E).

ProposITION 6.11. If E s (D—"» Q is a rigid extension of the locally trivial,
locally compact topological groupoid Q then an open cover of B will decompose Q
if and only if it decomposes ®. If {U} decomposes Q through {o,: U,~Q,} with
transition functions {s,g} and n: Q~® is a transversal defining the cocycle f, then

taﬂ(x) = n(sa/?(x)) (flon(x), saﬂ(x)))_la X€ Uaﬂ,

are transition functions for ©.

ProoF. By (1.5) we know that if {U,} decomposes @ through {r,: U,—~ ®,} then
{mor,: U,—~Q,} will decompose 2. We need only note that ¢ need not be a
morphism in (1.5) but need only preserve the source and target maps, so the same
remark applies to n: Q—>®. The formula is a straightforward calculation of
tyf(x) = n(04(x)).n(04(x)) using Theorem 2(ii).

Lastly, HY(Q, E) can be interpreted as automorphisms of the zero extension
modulo those inner automorphisms which are induced by sections of E, in the
usual way.
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7. Relationship with the vertex group cohomology

Throughout Section 7, Q is a locally trivial, locally compact topological groupoid
on base B, unless explicitly described otherwise.

Choosing a we B there is a natural restriction functor #2: Q-Mod - G-Mod,
where G = Q¥, which takes a continuous Q-module E to E,, and a continuous
Q-module morphism ¢: E'->E? to @,,: E} > EZ,

The mixing process also allows us to define a functor .#: G-Mod - Q-Mod by
assigning to A4 € G-Mod the fibre bundle associated to ,,(B, G) with respect to
the module action of G on A. The construction is given by Seda (1975) but we
review the notation.

The set #(A) is the set of equivalence classes (£, #) with £€Q,, and ue 4, where
(€.g,u)~ (¢, gu) for geG is the equivalence; #(A) has the identification topology
from the product space Q,x A. The bundle projection is (&, u)+>b¢ and the
operations in E, are X.(&u)= (&) and (G u)+ (€ u0) = (&t + ETL. Ep 1tp)
{here AcR). Then .#(A)—>B is a CVB and a continuous Q-module under the
action {.(&w) = (FEu). o

If ¢: 4, A, is a continuous G-module morphism then (¢, u}+> (€, p(w)) is well
defined and is in fact a continuous Q-module morphism #(g): A (4,)—> A (A).

PROPOSITION 7.1. A and R are adjoint.

ProoOF. The core of this is proved by Seda (1975). We only give an outline. For
AeG-Mod define e4: A—~>RoM(A) by ut>(W,u) and for E€Q-Mod define
Op: M oF(E)~>E by (§,up->£.u. Then Seda proves that ¢ and 6 are natural
equivalences idg.poq—> Z oA and A oA ->idg 04 Tespectively, and one easily

verifies that 6 4 ) oM (e,) = id 44 and Z(0g) o eg(x) = id g for all 4€G-Mod
and E€Q-Mod. ‘

LemMma 7.2. Both #: Q-Mod - G-Mod and A : G-Mod - Q-Mod are exact and
preserve (continuous) injectives.

ProoF. That £ is exact is trivial. Let

m
Ay 224,

P

[}
Al
be exact in G-Mod, then applying .# we get

wAD) M (7)
M(A) —> M(A) — M (43
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and it has to be shown that A and p can be globalized. If {U,} decomposes Q
through {o,: U,—Q,} and {j,} is a partition of unity subordinate to {U,} then

7\(—5,_“2) =3 Ja(bg) 5(0a.(b£)’ ’\(oa(b{:)—l . f u2))

and

& u) = by Jab8) . (04(b8), poy(6E) 7. €. 19))

are CVB morphisms and clearly .#(s)op and Ao.#(:) are identities. One also
sees that

(poM(m)+ M ()0 D) (€, 1)
=2 Jal68) - (04(68), (0(BE) . §. () + U M(0y(6E) 7. €. 1))

= %]ja(bf)-(oa(bf), (pom+1oX)(0,(bE)". £.up))

= (& u)

from which Ao = 0 follows. Hence # is exact.
Now let E be a continuously injective Q-module, and let ¢: 4;~E,, be a
continuous G-module morphism, and

Y Ay =4,

a G-monomorphism. By the above, #() is an Q-monomorphism, so 8;c.#(¢)
has a lifting to a continuous Q-module morphism u: #(4;)-> E and then p 06,
lifts ¢ showing that E,, is continuously injective.

Similarly 2 preserves injectives.

THEOREM 3. For any continuous Q-module E, where Q is a locally trivial, locally
compact topological groupoid on B, and we B, there are natural linear homeo-
morphisms

HYQ,E)—~>H™Q%,E,) for eachnz0.

Proor. Consider the H(Q¥,-) o as functors from (-Mod to the category of
LCS’s. Using the exactness of &, one easily sees that they form a connected
sequence of functors, and since & preserves injectives, they vanish on the con-
tinuously injective Q-modules for #> 0 (4.4). In Section 4 we showed that the same
was true of the H™((2,-) and so the natural linear homeomorphism

HYQ, )~ HYQZ, ) o B
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of (4.5) extends to unique linear homeomorphisms in all dimensions, by the
second uniqueness theorem of Lang (1966). This completes the proof.

CoROLLARY 7.3. ¥": LocROpext(Q, E) > ROpext (Q¥, E,) is onto.

ProoF. By Theorem 2, applied with B = {w}, an element of ROpext(Qy, E,)
defines an element of H%(Q, E,;) and thus, by Theorem 3, an element of H*{2, E).
Theorem 2 again now gives an element of ROpext(Q, E)<LocROpext(£2, E)
which is easily seen to restrict over w to the original extension.

In fact there is a commutative square

ROpext (£, E) ROpext (Qv, E,;)
(Theorem 2) (Thereom 2)
HAQLE)  mgemsy HHED

in which the two vertical maps and the lower horizontal one are isomorphisms by
the theorems indicated, and so the top map, which is the restriction of ¥/, is also
an isomorphism. We thus have

COROLLARY 7.4. A rigid operator extension of Q by E is completely determined
by its restriction to any vertex.

Clearly the kernel of ¥~ consists of those locally rigid operator extensions which
are semi-direct on the vertex group level. But in fact the method of (6.7) adapts to
show that such extensions are globally semi-direct.

PROPOSITION 7.5. Let E be a continuous Q-module, where Q is a locally trivial,

3 ks
locally compact topological groupoid on B, and let E>—> ®——>>) be a locally
rigid operator extension with a morphism of topological groups n,: Q¥ —>®¥ such

that won,, = idgy. Then E — O Q) is globally semi-direct.

Proor. @ is locally trivial by (6.6(i)); let {r,: U,—~®,} be a family of
decomposing sections for @. Define n,: QU+— ®U« by

no(€) = 7o(b8) . ny(m(7(E) . £)

and note that n,(£.g) =n,(£€).n,(g) for geQr and £€QU~. Now define
Jup: QT8> E,, by ((fu)(£)) = n(£)7.ni(£) and note that f,(£.8) = g7*.f,(§)
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follows. Taking a partition of unity {j,} subordinate to {U,}, define r,: QU= E,
by
ra(f) = Elp(bf) f;;/(g)
P
and 7i,: QU>—> @« by
fi(€) = ny(£). dr (€)).

Since the action is linear,

ry(§.8) = %]jp(bf)-faﬂ(f-g)
= %‘.f,e(bf)-g"l Ja6)

=g=1.r ()
and therefore
fi(£.8) = ny(€).n,(g). Ur(£.8))
= n,(€).(n(8). Ur£.8)-n,(g7").n,(g)
= fi(£).n,(g)

so that /i, is a principal fibre bundle morphism QU«—®U«, Clearly 7i, and 7z
agree on the intersection of their domains so they globalize to a principal fibre
bundle morphism 7: Q,—~>®,,. It is easily checked that wofi=id, and so 7i
induces a continuous groupoid morphism n; Q— @ with 7wen = id,,.

(7.3) and (7.5) together yield

THEOREM 4. For a locally trivial, locally compact topological groupoid S on base B,
and a continuous Q-module E, ¥~ is an isomorphism, and

LocROpext (Q, E) = ROpext (€, E).

Thus all locally rigid operator extensions are in fact rigid, and therefore arise
from extensions of any given vertex group by a kind of mixing process. One can in
principle obtain an explicit description of this process on the cochain level, because
since .# preserves injectives, it can be applied to the standard resolution for
A = E,, namely

K d° dr
0——>4 ?C(G,A)?C(@,A)—ﬁ:’... (G =Qv)

to get another resolution for E, namely

0> Ex A (A)~> HA(C(G, A))~> H(C(G A))~ ...
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and then use the basic construction (3.7) together with the identifications (5.2) to
get explicit isomorphisms

S, : M(C(G™, A))~F™Q, E)

which induce on the cohomology level the isomorphism of Theorem 3. Even for
cocycles this is not, of course, a natural identification since the .S, involve the
partition of unity used to lift the A” (as in (7.2)). It is therefore not likely to be
useful in practice and we omit the details.

Consider Theorems 3 and 4. Theorem 3 appears to suggest that the rigid
cohomology is too restrictive, despite the naturality of its construction. However,
Theorem 4 shows that it is in fact the natural cohomology arising from this category
of modules, since it classifies the natural class of operator extensions.

In a future paper we will enlarge the category of Q-modules considered, allowing
a wider class of resolutions and thereby obtaining a more satisfying geometric
theory. We postpone until then the study of various topics familiar from the
cohomology of groups—normalized cochains, the effect of inner automorphisms,
a dual homology theory, for example—which could be developed in the present
theory.
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