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modules

Gleb Terentiuk®, Vadim Vologodsky® and Yujie Xu

ABSTRACT

Let k be a perfect field of characteristic p and let W (k) be its ring of Witt vectors.
We construct an equivalence of categories between the full subcategory of the derived
category of quasi-coherent sheaves on the syntomification of W (k) spanned by objects
whose Hodge—Tate weights are between [0, p — 2] and an appropriate derived category
of Fontaine—Laffaille modules.

1. Introduction

1.1 Fontaine—Laffaille theory

Fix a perfect field k of characteristic p, and let W (k) be the ring of Witt vectors. For a smooth
p-adic formal scheme! X over W (k) of dimension < p — 1, we have a canonical isomorphism in
the derived category of Zariski sheaves on X:

(%, p- dar) = (2%, dar)- (1.1)

Its composition with the inclusion of complexes (2%, dar) — (2%, p - dar) given by Q% »d, Q
in degree i, is the crystalline Frobenius morphism. A proof of this fundamental and beautiful
result, as well as a more general logarithmic version, appears in [Ogu23, Theorem 6.10]. The idea
behind the construction of the map (1.1) can be traced back to [Maz73].> One infers from (1.1)
that the crystalline Frobenius ¢ restricted to the ith term of the ‘filtration béte’ is canonically
divisible by p':

RS

(Qx,d)”" = (Qx, d). (1.2)

s
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'Recall that a p-adic formal scheme over W (k) is a functor from the category of p-nilpotent W (k)-algebras to sets
such that, for every positive integer n, its restriction to W, (k)-algebras is represented by a scheme X, over Wy, (k).
Thus, X = colim, X, where the colimit is taken in the category of functors from p-nilpotent W (k)-algebras to
sets.

%We refer the reader to Remark 4.7 for a sketch of the Mazur-Ogus argument.
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More generally, in [Maz73], Mazur proved that, for a smooth p-adic formal scheme X over W (k)
of any dimension and any integer i > 0, the crystalline Frobenius ¢ restricted to (x,d)>* is
canonically divisible by pl!, where [i] := min,,>; ord(p™ /m!); we refer the reader to Remark 4.6
for an interpretation of this result. See [Kat87, AMM™22] for a construction of (1.2) via quasi-
syntomic descent.

The reduction of (1.1) modulo p recovers the Deligne—Illusie isomorphism from [DI87],
provided that X has dimension <p — 2.3

Inspired by [FL82], we describe the linear-algebraic structure on the de Rham cohomology
RT'4r(X) induced by the isomorphism (1.1) as follows: we view the complex RI'qr (X)), equipped
with the Hodge filtration F, as an object M of the derived category D,.(A'/G,,) of quasi-
coherent sheaves on A!/G,,, where A! is considered as a p-adic formal scheme over W (k) with
the standard G,,-action. The isomorphism (1.1) can be rewritten as?

F*(My—p) = Myy. (1.3)

Here M,—, denotes the (derived) fibre of M at Spf W (k) % Al/G,, and F: W (k) — W (k) is
the Frobenius. We define and denote by 2.4 .7"8(W (k)) the stable co-category consisting of
M € Dye(A'/Gy,) equipped with an isomorphism (1.3). We refer to it as the category of big
Fontaine—Laffaille modules (see Definition 2.6).

For any integer n >0, we denote by .@//lﬁl[ﬁi](W(k)) C 9.0 F"8(W (k)) the full subcate-

gory consisting of objects whose Hodge filtration ranges from 0 to n.® The preceding construction
—~<p—1
describes a contravariant functor from the category vaf( k) of smooth formal schemes of

dimension <p—1 to _@///,95][30%_1} (W (k)):

Dutas : Sty — DM TRE_ (W (E)). (1.4)

The subcategory .#.% (W (k)) of D.4 F"&(W (k)) with M € Coh(A'/G,,) is the category of
finitely generated (‘small’) Fontaine-Laffaille modules studied in [FL82, §1.5] and in [Win84,
§1.3]. In particular, it is proven in [FL82, §1.5] that .#.% (W (k)) is an abelian category. The
original work [FL82] does not use the language of sheaves on stacks; see Remark 2.5 for a compar-
ison of the original definition in [FL82] and our geometric reinterpretation. In Proposition 2.7 we
show that the bounded derived category D*(.4.7 (W (k))) of .4.F (W (k)) is a full subcategory
of D.4 FPE(W (k)) consisting of bounded complexes with coherent cohomology.

Functor (1.4) is an input for various comparison theorems in p-adic Hodge theory. In partic-
ular, for p > 2, the subcategory ///ﬁfgrf] (W(k)) of p-power-torsion objects in .4 .F o 11(W (k)) is
equivalent to the category of commutative finite flat p-group schemes over W (k) (see [FL82]).0
In [FL82], an exact functor T4 was constructed from .#.% 0,p—2](W(k)) to the category of Z,-
linear representations of the absolute Galois group Gk of K :=Frac(W(k)). A central result of
[Fal89, Theorem 5.3] is the following commutative diagram involving the category SrnPr‘fvp(;)2 of
smooth proper schemes over W (k) of dimension < p — 2.

3In dimension p — 1, the reduction of (1.1) differs from the Deligne-Illusie isomorphism; see Remark 5.23.
“Later in the text, we will write AL with coordinate given by v_, instead of simply v.

5That is, F™ — F™™! are quasi-isomorphisms for m <0 and F*¢ are acyclic for £> n.

5This statement is not true for p = 2. In fact, the category of commutative finite flat 2-group-schemes over Zs is
not an abelian category: for example, the nontrivial homomorphism Z/2Z — u2 has trivial kernel and cokernel,
but it is not an isomorphism.
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DO (M F(0,p-2)

SmPrﬁf@)Z JEL
X—RTg (X®F,%\
D"(Repg, (Zp))

1.2 Prismatic F-gauges

Given a bounded prism (A, I,d) equipped with a map W (k) — A/I, Bhatt and Scholze con-
structed in [BS22] a new cohomology theory X — RI')(X/A) for p-adic formal schemes over
W (k) with values in the derived category D(A) of A-modules. Bhatt and Lurie [BL22a] and
Drinfeld [Dri24] advanced this theory further by organizing all prismatic cohomology theories,
equipped with the prismatic Nygaard filtrations and the Frobenii, into a single contravariant
functor

Toyn : Schyy () — Do (W ()™) (L5)

from the category §CT1W(]€) of p-adic formal schemes over W(k) to a stable oo-category
Dye(W (k)*¥™). Moreover, the latter category can be interpreted as the derived category of
quasi-coherent sheaves on a stack W (k)*¥", called the syntomification of W (k). The prismatic
cohomology theory attached to (A4, I,0) arises from (1.5) via the pullback along a map Spf A —
W (k)®¥™ constructed using (I, d). The syntomification is defined in [Dri24, Bha23] for any (nice)
p-adic formal scheme X; the functor (1.5) carries a p-adic formal scheme X over W (k) to the
derived direct image of the structure sheaf under the morphism of stacks

X s W ()svm (1.6)

constructed by functoriality.
In this article, we address the following two questions (notation as in (1.4)).

(1) Given a smooth scheme X of dimension <p—1, can one recover the (big) Fontaine-
Laffaille module ®yra,(X) from Iy, (X)?

(2) Does Hgyn(X) contain more information than Ptan (X)?

1.3 Main results

For a non-negative integer n, we denote by D 0, (W (k)*") the full subcategory of
Dge(W (k)*¥™) spanned by objects with Hodge-Tate weights (see Definition 2.11) in the interval
[0, n]. In particular, the category D 0. (W (k)*") contains objects of the form Jsy, (X) for a
smooth p-adic formal scheme X of dimension < n. The main result (Theorem 3) of our article
is the following.

THEOREM. There is a functor

syn bi,
Doy ch,[o,pfl](W(k) Y ) — gﬂy[oiiu(W(k)) (1.7)
that induces an equivalence of oo-categories
syny ~ bi,
D ye,j0.p—2) (W (k)™™) — .@///ﬁ[oiim(W(k)). (1.8)
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In fact, the composition of ®yia, with Hgy, is isomorphic to &)Maz (see Remark 4.7). The
functor ®ppa, (see (4.4)) restricts to an equivalence

Perfig o) (W ())& DY (A F g o (W(H))), (1.9)

where the left-hand side in (1.9) is the full subcategory Perf(y ,_o (W (k)*¥") of the category of
perfect complexes Perf (W (k)*¥™) formed of objects of Hodge—Tate weights in [0, p — 2]. Moreover,
the functor (1.9) is t-exact, i.e. it restricts to an equivalence between abelian subcategories’

COh[Op_Q] (W(k)Syn) 1) %3?[071)_2] (W(k‘)) (110)

We also show that p-torsion objects in Cohygy ,,_o) (W (k)*¥") are vector bundles on W (k)*¥" @ [F,,
(see Remark 5.22). We remark that ®ya, is not an equivalence (see Remark 5.21).

Let us now describe some of the earlier works related to our main theorem.

Firstly, in [CL19], Cais and Liu constructed a functor from the category of p-torsion-free
Fontaine-Laffaille modules with Hodge-Tate weights in [0, p — 2] to the category of Breuil-Kisin
modules. The abelian category of coherent prismatic F-gauges also admits a functor to the
category of Breuil-Kisin modules. We expect that our functors agree.

Secondly, using results from [BS23], Bhatt and Lurie established an equivalence of categories

TBL . Coh™ (W (k)*v™) = Repg?*(Zp)

between the category of reflerive coherent sheaves on W (k)*" and the category of
Zp-lattices in Qp-linear crystalline representations of the absolute Galois group Gp of
K :=TFrac(W(k)) (see [Bha23, Theorem 6.6.13]). On the other hand, Fontaine and Laffaille
[FL82, §7.14] constructed an equivalence of categories ‘J'QL between the full subcategory

MF fz),p—z} (W(k)) C M Fgp—2(W(k)) of p-torsion-free Fontaine-Laffaille modules and the full
crys

subcategory Repgzs[o 3] (Zp) C Repg,.”(Zy), whose objects are lattices in crystalline representa-

tions with Hodge-Tate weights lying in [0, p — 2].% In Remark 5.25 we prove that the Bhatt-Lurie
and Fontaine-Laffaille functors agree via (1.10):

FL ~.aqBL _ 5—1
TS T ooy, s M T (W(K) = Repg? o (Zy). (1.11)
In particular, the Bhatt—Lurie equivalence carries every object of Repng[ovp_z] (Zy) to a wvector

bundle over W (k)*¥™, and not just a reflexive sheaf.

Thirdly, Theorem F (2) from [AMMT22] suggested that the category of Fontaine-Laffaille
modules with small Hodge—Tate weights is a derived full subcategory of the category of prismatic
F-gauges. The latter result implies, in particular, that for a smooth p-adic formal scheme X
of dimension <p — 2, the syntomic cohomology RI'(W (k)*¥", Hsyn(X){i}) is isomorphic, for
i <p—2, to RHom(W (k), ®rraz (X )(i)) computed in the category of Fontaine-Laffaille modules.
The original proof from [AMMT™22] uses methods from algebraic topology. An algebraic proof
of the mod p version is explained in [Bha23, Remark 6.5.15]. Our argument is closer in spirit to
the latter. We refer the reader to Remark 5.24 for further details and a generalization.

Lastly, a version of (1.9) with rational coefficients holds in all Hodge—Tate weights. Indeed,
using the results from [Bha23, § 6], one can prove [Bha24] that the category Perf(W (k)*") ® Q,
of perfect prismatic F-gauges up to isogeny is equivalent to the bounded derived category of
crystalline representations (with arbitrary Hodge—Tate weights). On the other hand, combining

"By definition, the category Cohjg o (W (k)*¥™) is a full subcategory of the category Coh(W (k)*¥"™) of coherent
sheaves on W (k)*¥™ that consists of objects lying in Dy [0,p—2) (W (k)¥™).

8The essential surjectivity of T4 is not stated explicitly in [FL82]. The observation that the results of [FL82]
imply the essential surjectivity is due to Breuil [Bre99, Proposition 3].

280

https://doi.org/10.1017/S0010437X26102978 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26102978

PRISMATIC F-GAUGES AND FONTAINE-LAFFAILLE MODULES

[FL82, Proposition 7.8] with [CF00, Theorem A], the category of crystalline representations is
equivalent to the category of Fontaine—Laffaille modules up to isogeny. This yields an equivalence

Perf(W (k)*") @ Q, = D (4 F (W (k))) @ Q,. (1.12)

1.4 Overview of the proof

Recall from [Bha23] that the construction of syntomification can be applied to any p-adic formal
scheme over Z,. In particular, we can apply it to Spec k; by functoriality, we have a morphism
Peris 1 BV — W (k)*Y"™, and thus the pullback functor p ;. : Dgc(W(k)*¥"™) — Dge(k%™). The tar-
get category has a concrete linear-algebraic description due to [Eke86, F.J21, Bha23]. In geometric
context, p¥ ;. Fsyn(X) recovers the crystalline cohomology of X @ F, equipped with the Nygaard
filtration and divided Frobenii. In addition, one has a morphism pgy : A/G,,, — W (k)*¥™, which
in geometric context recovers the de Rham cohomology equipped with the Hodge filtration. We
consider the Cartesian square

Y Xy yeun AY/Giy

fesyn Al/Gm (113)

_— —
T » —

syn

and the induced functor
Dy (W (k)*¥™) = Dge(k") X (0) Dge(A'/Gra), (1.14)

where © is the fibre product in diagram (1.13). A key input for our construction of the functor
Paz is an explicit description of the fibre product ® communicated to us by Drinfeld (see §3.2).°
To describe D, recall from the end of § 2.3 that k*¥" is obtained from'? & = Spf A/G,,, where

A=W (k)[v_,vy]/(v_vy —p), by identifying two open points ji : Spf W (k) —= k™. Let B’
be the PD-envelope of the ideal (v4) in A. In Lemma 3.10 and Proposition 3.11 we show that
D is isomorphic to Spf B’ /Gy, such that the map ® — k*Y" x A!/G,, is given by the natural
algebra homomorphisms A — B” and W (k)[v] Y7, B’. We also consider a ‘baby’ version B of

B’ defined to be the quotient of B” by the p-power-torsion elements (see the beginning of § 3.1
for a more concrete description of B). Our main geometric input is the functor

gqc,[o,oo] (W(k)syn) - wqc,[(),oo] (ksyn) XD ,.(Spf B/G,,) ch,[O,oo} (Al/Gm) (115)

obtained from (1.14) by applying Dy.(®) = Dy (Spf B/G,). The target category has a concrete
linear-algebraic description. In geometric context, functor (1.14) extracts from the F-gauge
Hsyn(X) the information about the Nygaard filtered crystalline cohomology with its divided
Frobenii, the Hodge filtered de Rham cohomology (i.e. the cohomology theories known before the
invention of prismatic cohomology), together with a comparison isomorphism relating Nygaard
and Hodge filtrations (that, in particular, recovers (1.2)). See Remark 4.4 for more details. We
check (see Remark 4.5) that the functor from D (0,—1)(K*") Xp_ 1) Dye,j0,p—1] (A'/G,,) to
Dge,0.p-11(EY™) Xp_ (8pt B/G) Dae,o,p—1] (A'/G,,), induced by the map Spf B/G,, — k%, is an

equivalence and identifies the left-hand side with Z.#.7 Foig; 71}(W(k)). This defines ®Ppra, from

9Section 3.1 contains a description of a certain closed substack of ® which is sufficient for all our applications.
ONote that A is not p-complete. By our convention, we write Spf A for the p-adic formal scheme colim,, Spec A/p™.
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(1.7). The proof of equivalence (1.8) uses a concrete description of the reduced locus W (k)Y of

W (k)™ from [Dri24] that leads to an equivalence Dy 1 ,—1) (W (k);%) = 9///91[3015371] (W(k)) ®
F,. Finally, via a deformation theory argument (suggested to us by Bhatt), we prove that the

pullback along W (k):Y" — W (k)*¥" ® F,, induces an equivalence

red

Dge,j0.p-21 (W (k)" @ Fp) — Dye. 0,521 (W (k)72q)- (1.16)

red

The last step involves cohomology computations from [Bha23, §6]. We infer that (1.8) induces
an equivalence after taking the tensor product with I,, which, by p-completeness, completes the
proof.

Though functor (1.15) is not an equivalence in large weights, it can be used to construct some
interesting invariants of F-gauges. Following a suggestion of Drinfeld’s we define in Remark 4.6
a functor from the right-hand side of (1.15) to a category of Mazur modules Modyra, (W (k)),
giving

(I)Maz : ch,[O,oo] (W(k)syn) — MOdMaZ(W(k‘)).

We refer the reader to Remark 4.7 for an interpretation of this functor in geometric context.

As another application of Drinfeld’s description of ®, we construct in Remark 4.8 a refinement
of the crystalline Frobenius functor on the category of crystals on a smooth p-adic formal scheme
X over Spf W (k). This construction is related to the Cartier transform studied in [OV07] and
especially to its p-adic lift constructed in [Xul9].

1.5 Further directions

In a sequel we plan to extend our main results to the case of F-gauges over a smooth p-adic
formal scheme X over Spf W (k). In [Fal89, pp. 30-38], Faltings defined (at least for p > 2) an
abelian category!! .#.% 0,p—1](X) of Fontaine-Laffaille modules over X. We expect that there is
an exact fully faithful functor .#Z % ,,_9(X) < Coh(X*¥"); however, this functor is not derived
fully faithful'?: the category .#.% (0,p—2](X) is too small to capture the syntomic cohomology
even in small weights. For example, the pullback functor .# .7 o ,_o)(W (k)) = A F (g —2) (PY) is

an equivalence. In Remark 4.9, we propose a definition for 2.4 .7 ][Ooigp 1

that the corresponding subcategory of the latter is equivalent to Dy 1 o) (X").

(X). We expect to prove

1.6 Notation
Fix a prime number p. For any stack X, we denote by Dy.(X) the stable oo-category of quasi-
coherent sheaves on X. For a stack X over W (k), denote by X" the corresponding p-adic formal
stack, i.e. for any ring R, we have that X”(R) = X (R) if p is nilpotent in R, and X"(R) =&
otherwise. In other words, X" = X x Spf Z,,. In particular, Dg.(X") = LiLanC(X QRZ/p"Z).

n

For a commutative ring R, we write Spf R for the formal spectrum of the p-completion of R
with respect to the ideal (p), i.e. Spf R = (Spec R)". For a finitely generated ideal I C R, we write
D(R) for the full subcategory of D(R) spanned by I-complete objects (see, for example, [BL22a,

§1.9)).

HSee Theorem 2.3 in [Fal89]. Faltings’ notation for this category is ///f][voypfl] (X).
>That is, the induced functor D°(.AZ.F (g ,—2)(X)) — Dge(X*Y™) is not fully faithful.
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2. Preliminaries

2.1 Quasi-coherent sheaves on A!/G,,

We recall the standard dictionary between the derived category of quasi-coherent sheaves
on A'/G,, and the filtered derived category of graded W (k)-modules. See [Bha23, §2.2] for
additional details.

Let z denote the coordinate function on G,,. Consider the standard action of G,, on Al =
Spec W (k)[vy] given by G,,, x Al = Al v, + 2 ® v;. We shall denote the p-adic formal scheme
associated to Al with the above G,-action by Al | i.e. Al :=Spf W (k)[vi] := (Spec W (k)[v4])".
Similarly, we define an action of G,, on A% :=Spf W (k)[v_] given by v_+ 2z~ ! ® v_. We write
AL /G,, for the quotient p-adic formal stacks over BG,,. Thus, for a p-nilpotent W (k)-algebra R,
the groupoid of R-points of Al /G, (respectively, Al /G,,) classifies pairs (L, v;) (respectively,
(L,v_)), where L is a line bundle over S := Spec R and vy : Og — L is a section of L (respectively,
v_:L— Og is a section of L*). We denote by (O(1),v4) (respectively, (O(1),v_) ) the universal
pair over A} /G,, (respectively, Al /G,,). We have a map Al /G,, — BG,, classifying the line
bundle O(1).13 We identify the derived category of quasi-coherent sheaves on Al /G,, with the
derived category of p-complete graded modules over W (k)[vy]'4

Dye(AL/Grn) = Dgp (W () [v£]). (2.1)
The functor Dye(AL /Gy,) = Dy (W (k)[v_]) is given by
M (@F, F' 2 F'= deg F' = i), (2.2)

where F':=RI'(AL /G,,, M ® O(i)) with O(i) the line bundle pulled back from BG,,. The map
v_: F'— F"=! comes from the global section v_ € (Al /G,,, O(—1)). Similarly, the functor

Dye(AL /Gyn) = Dy (W (K)[v4]) is given by
M (@Gi, G; U—+> Gi+17 deg G; = Z) (2.3)

where G; :=RI'(Al /G,,,, M ® O()).

DEFINITION 2.1. For a,b € Z U {400, —oo} such that a < b, let Dy, (.5 (AL /Gn,) be a full subcat-
egory of Dye(AL/G,,) formed of objects M such that, under the identification (2.3) (respectively,
(2.2)), G; (respectively, F7) is acyclic for j < a (respectively, j > b) and vy : G; = Gi11 (respec-
tively, v_ : F* — F"~1) is a quasi-isomorphism for i > b (respectively, i < a). Similarly, one defines
a full subcategory Cohy,p)(AL/Gp) C Coh(AL/G,,).

Remark 2.2. Consider the map BG,, — AL /G,, given by inclusion of the origin into Al. We
identify D,.(BG,,) with the derived category of p-complete graded complexes of W (k)-modules.
For any M € D (44 (AL/G,,), its restriction to BG,, is acyclic in grading degrees outside of
[a, b]. Thus we have a well-defined functor

ch,[a,b] (Ali/Gm) — ‘ch,[a,b} (BGm)

DEFINITION 2.3. A sheaf M € Dy.(AL /G,,) is effective if M € D ye,[0,400] (AL /G,).

3Note that A} /G, is isomorphic to A /G, as abstract stacks, but not as stacks over BGm.
A graded complex @;F* of W (k)[v—]-modules is said to be p-complete if each F* is p-complete.
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2.2 Fontaine—Laffaille modules

Denote by F:W(k)— W(k) the Frobenius endomorphism. For a€ W (k), denote by ig:
Spf W (k) < AL — Al /G,, the point given by equation v_ =a. Given M € D,(AL /G,,), we
denote by M,_—q := M € Dy comp(W (k)) the derived pullback; for M € Coh(Al /G,,), we write
LoiM € Mod(W (k)) for the non-derived fibre.

DEFINITION 2.4 (Cf. [FL82, §1.5] and [Win84, §1.3]). A finitely generated (‘small’) Fontaine-
Laffaille module over W (k) is M € Coh(Al /G,,) together with an isomorphism between the
fibres

@ : F*(LoigM) = Loit M.

Morphisms between Fontaine—Laffaille modules are morphisms between coherent sheaves on
Al /G,, compatible with the isomorphisms . We denote the category of Fontaine-Laffaille
modules over W (k) by .# % (W (k)).

Remark 2.5. The full subcategory .#.7"" (W (k)) of .# % (W (k)) spanned by p-power-torsion
objects is equivalent to the category M F’ {OT introduced in [FL82, § 1.5]. However, the definition in
[FL82] does not use the language of stacks. To compare Definition 2.4 with that given in [FL82],
observe an equivalence between Coh(A! /G,,) and the category of finitely generated graded
modules @ F* over W (k)[v_] as explained in §2.1. Under this equivalence, the fibre LgiiM of

M over the point v =1 is sent to F'~> :=lim F'. Giving a morphism ¢ : F*(LgisM) — Loii M
v

is equivalent to giving a collection of F-linear maps ;: F* — F~° such that ¢;_jv_ = pyp;.
Assume that M is of p-power torsion. Then by [Fal89, Theorem 2.1] (see also Proposition 2.7 for
the implication in the forward direction), the fact that ¢ is an isomorphism is equivalent to the
combination of the following two statements:

(1) each v_: F' — F*~1 is a split injection; and

(2) F>° =2 Im(p;).
These two are precisely the conditions given in [FL82, § 1.5] except for the adjective split in (1)
which is missing in [FL82]. However, using that the W (k)-module F~° has finite length, one
shows (see [Win84, Proposition 1.4.1 (ii)] or [Fal89, Theorem 2.1]) that the splitting condition
for v_: F* — F'~1 is redundant.

The whole category .#.% (W (k)) can be described similarly: an object of .#Z.% (W (k))
consists of a finitely generated W (k)-module F~*° equipped with an exhaustive filtration by
W (k)-submodules F'*® together with F-linear maps (; : F* — F~>°, ¢;_1v_ = pyp;, such that the
conditions (1) and (2) above hold.'® This category was introduced in [Win84, § 1.3]. The category
of strongly divisible lattices that appeared in [FL82, §7.11] is equivalent to the full subcategory
of p-torsion-free objects of .Z.% (W (k)).

DEFINITION 2.6. Let 2.4 "W (k)) be the stable Z,-linear co-category formed of objects
M € Dye(AL /Gy, together with an isomorphism ¢ : F*(M,_—,) — M, _—1, i.e. we have

DM FPEW (k) := Eq(Dye(AL /G) Fﬁ Dyc(SPEW (K))),

where ] denotes the pullback to the point v_ =1 and F* o4y denotes the pullback to the point
v_ = p post-composed with the Frobenius.

5In the nontorsion case the adjective split in (1) is essential.
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Part (1) of the following Proposition, with .#Z.% (W (k)) replaced by .# .7 (W (k)), is
proven in [FL82, §1.8], and in [Win84, Proposition 1.4] in general. Part (2) is proven in [Fal89,
Theorem 2.1].

PROPOSITION 2.7.

(1) For every (M, @) € .#.F (W (k)) and every point i, : Spf W (k) — Al /G,,, the derived pull-
back Li}M is concentrated in cohomological degree 0. In particular, for every j € Z, the

;U ; . e . .
map FJ — Fi~1 is injective.'©

(2) The category .# % (W (k)) is abelian. Moreover, the functor .#.% (W (k)) — Coh(Al /G,,)
given by (M, @) — M is exact.

(3) Let D°(.at F (W (k))) be the bounded derived category of .4 F (W (k)). Then the functor
DA F (W (k) = 2.4 F (W (k)) is fully faithful, and its essential image is formed of
pairs (M, ¢) with M € D°(Coh(AL /G,,)).

Proof. Though the first two assertions are known, for the reader’s convenience, we include a
proof.

To prove part (1) we first verify, by induction on n, that if (M, ¢) is a Fontaine-Laffaille
module with p"M = 0, then L1i:M = 0. For n =1, we check that the pullback of M to Al @k is
a vector bundle; this would imply the assertion. Indeed, by G,,-equivariance it suffices to show
dim Loi, M = dim Loi’{J\/[.17 But this follows from the existence of ¢. For the induction step, set
M’ = Ker(M — M/p) and consider the following commutative diagram.

0 —— F*LoisM' —— F*Lois M —— F*Lgiy(M/p) —— 0

e F ) o

0 — LoitM/ —— LoitM —— Loit(M/p) —— 0

Using that Lyiy(M/p) =0, the rows are exact. It follows that the left downward arrow is an
isomorphism. Thus, (M, oy ) is a Fontaine—Laffaille module. Applying the induction hypothesis
to M’ and M/p we infer the assertion for M.

To complete the proof of part (1), let us check that L1i*M =0, for any Fontaine—Laffaille
module. Indeed, let M denote the space of global sections of M pulled back to Al. Since M
is coherent, M is a finitely generated module over W (k)[v_]". In particular, M is p-complete
in the classical (non-derived) sense, M — R" 1(21 M/p* = Rli;n M /p™. The derived fibre i} M

is isomorphic to Cone(M —' M). We have Cone(M —' M) = Rh£1 Cone(M /p™ ==" M /p™).

Since M/p™ has a structure of Fontaine-Laffaille module, Cone(M /p" p—_y ¥ /p™) is supported
in cohomological degree 0, as was shown in the previous paragraph. Thus, L, ;M =0, for n > 0.

To prove part (2), we start with a preliminary construction. Let .Z.%'(W (k)) be the cat-
egory formed of objects M € Coh(Al /G,,) together with a morphism ¢ : F* LoisM — Loi;M.
Since the functor Lgij: Coh(Al /G,,) — Coh(Spf W (k)) is exact and Lo} is right exact, the
category .# . F'(W(k)) is abelian, and the forgetful functor .#Z.%'(W(k))— Coh(Al /G,,) is
exact and conservative. The category .#.% (W (k)) is a full subcategory of the abelian category

Indeed, igM is isomorphic to . Cone(F”? e Fi—1).

"Indeed, a coherent sheaf F on AL ® k is a vector bundle if, for every closed point a of AL ® k, the dimension of
its fibre over a is equal to the dimension of its fibre over the generic point. If F is G,,-equivariant, then JF restricted
to (AL ®k)\{0} is automatically a vector bundle. Thus,  is a vector bundle if dim LoigM = dim Loi3M is equal
to dim Loii M.
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M F' (W (k)). Thus, to show that .#Z.% (W (k)) is abelian, it suffices to show that, for any mor-
phism f in .#.% (W (k)), its kernel and cokernel computed in .#. %' (W (k)) lie in .4 .F (W (k)).
The assertion on cokernel is clear from the right exactness properties of Loi, and Loi]. Let
us check that Kerf € .#.% (W (k)). Indeed, using the vanishing of Lyiy for Fontaine-Laffaille

modules we conclude that LoiyKer(M N M) — Ker(LoizM N LoixM') which implies that

¢ : F™* Lyiy Ker(M N M) = LoigKer(M 1, M) is an isomorphism.
For proof of part (3): by part (1), for any M € .#.% (W (k)), we have a canonical isomorphism
FriyM =~ F*i; M, where the pullbacks are derived. This defines an exact functor .#.% (W (k)) —

DM FPB(W (k)) that extends uniquely to an exact functor
DYt F (W (k))) = DAl TS (W (). (2.5)

Let us check that (2.5) is fully faithful. It suffices to show that, for any two objects
(M, om), (N, on) € A4 F (W (k)), the map of mapping spectra

Home('///y(W(k))) (M, N) — Hom@(%ybig(w(k)) (M, N) (26)

is an equivalence. Firstly, we check this for a p-torsion-free M. Using part (1), this condition
is equivalent to M being a locally free O-module. By definition of the equalizer category, the
spectrum Homy, 4 gvie (1)) (M, N) is given by

Flb(HOm@ (AL /Gy, )(M N) —>HomD (W (k))(F*Z;M, ZTN)), (27)

where the map carries f € Homyp, (a1 /g,,)(M, N) to i1(f) o o — oo F*ip(f). In particular, if
M is a locally free O-module, m; Homg///g;mg(w(k (M, N)=0 unless i =0 or —1: each mapping
spectrum appearing in (2.7) is isomorphic to an abehan group. Using [BK90, Lemma 4.4], the
same is true for Homps(z 2w r))) (M, N). Since 4.7 (W (k)) — DM F E(W (k) is fully faith-
ful and its essential image is closed under extensions (that is, for any morphism N — M[1]
in 2.4 F%(W(k)), its fibre is isomorphic to an object of .Z.Z(W(k))), it follows that
(2.6) is an equivalence for torsion-free M. In general, for any M, we have a fibre sequence
Mior < M — M /Mo, where My, is a torsion Fontaine-Laffaille module and M /M, is torsion-
free. Thus, it remains to prove that (2.6) is an equivalence for M = My,,. By dévissage, we may
assume that pM = 0. In this case the assertion reduces to the torsion-free case using the following
observation.

LEMMA 2.8. For any p-torsion Fontaine-Laffaille module (M, ), there exists a torsion-free
Fontaine-Laffaille module (M, p) with (M, p) @ F, — (M, ¢).

Proof. Any vector bundle over Al /G,, ® F, is isomorphic to a direct sum of line bundles of the
form O(4), i € Z. In particular, it lifts to a vector bundle over A' /G,,. Pick a vector bundle M over
Al /G,, that lifts M and then choose any @ : F*(M,_—,) = M,_—; that lifts o : F*(M,_—,) ®
F, =M, =1 @ F,,. O

It remains to prove that the essential image of the functor (2.5) consists of all objects
(M, ¢) whose underlying complex M € D,.(AL /G,,) is bounded and has coherent cohomology.
We induct on length of the complex. If M is supported in a single cohomological degree the
assertion is clear. For the induction step, we assume that M is connective and H°(M) # 0. Note
that the isomorphism ¢ : F*i*M = ifM induces H(p) : F* Lois HO(M) = Loi{ H°(M). Thus,
(H°(M), H(p)) € A4 F (W (k)). By part (1) of the proposition Lji*H®(M) = L;iiH*(M)=0
for j>0. It follows that the map M— H°(M) in D, (AL /G,,) lifts to a morphism in
DM TP (W(k)). Applying the induction assumption to its fibre we complete the proof. O
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Let A F (o) (W (k) (vespectively, 2.4 F )5 (W (k))) be a full subcategory of .#/.F (W (k)

(respectively, DM FE(W (k))) formed of objects (M,p)€.#.F(W(k)) (respectively,
DM F (W (k))) such that M € Dy o4 (AL /Grr).

2.3 Syntomification via filtered Cartier—Witt divisors

Recall from [Dri24] and [Bha23, §5.3] definitions of the stacks W(l{:)A7 W (k)N, W(k)*¥", and
X5,

Throughout this paper we let W be the p-typical Witt ring scheme pulled back to Spec Z,).
For a p-nilpotent W (k)-algebra R, set Wgr:=W x Spec R. A Wgr-module M is an affine group
scheme over R with an action of the ring scheme Wg. We say that M is invertible if, Zariski locally
on Spec R, M is isomorphic to the free Wr-module Wg. Denote by W(k:)A(R) the groupoid whose
objects are pairs (M, &), where M is an invertible Wr-module and & : M — Wpg is a morphism
of Wr-modules such that Zariski locally on Spec R the pair (M, &) is isomorphic to (Wg, wld),
w = (wy,ws, ...) € W(R), with w; € R nilpotent and wy € R*.

For a Wgr-module M, precomposing the Wg-action on M with the Frobenius F': W — Wg
we obtain a new Wgr-module F,M whose underlying group scheme is that of M. Applying this
to the free Wgr-module Wg, we have an exact sequence

0 G — Wr - FWR =0 (2.8)

of Wx-modules.'® Note that the action of Wx on Gi r factors through the ‘first coordinate’
homomorphism Wxr — G, g. In particular, we have a natural action of the group G,, r on the

Wgr-module Gi r- Consequently, given an invertible R-module L we can twist Gi g by L; the

resulting Wr-module is denoted by V(L)*. A Wx-module M is called admissible if M fits into
a sequence of Wgr-modules of the form

0— V(L) - M — F.M' —0, (2.9)

where L € Pic(R) and M’ is an invertible Wr-module. One checks (see [Dri24, Lemma 3.12.7))
that L, M’, and the sequence (2.9) are functorial in M. In particular, every morphism
&: M — Wpg of Wgr-modules extends uniquely to a morphism between short exact sequences
(2.9) and (2.8). Consider the category W (k)N¢(R) consisting of pairs (M, &), called filtered
Cartier—Witt divisors, where M is an admissible Wgr-module and & : M — Wg is a morphism of
Wg-modules such that the pair (M’, € : M’ — WEg), constructed from the morphism of short exact
sequences, is an object W(k‘)A(R) Morphisms between (M, €) and (M’,¢') in W (k)N(R) are
given by morphisms f: M — M’ of Wr-modules such that ¢ o f =¢. The groupoid W (k)N (R)
is obtained from W (k)™N¢(R) by discarding all morphisms which are not isomorphisms. By def-
inition, the groupoid of R-points of the stack W (k)N is W (k)N(R). The functor W (k)™*¢ from
the category of p-nilpotent W (k)-algebras to the 2-category of categories that carries an algebra
R to W(k)N¢(R) is an example of what Drinfeld calls in [Dri24] a c-stack. We do not use this
notion in the main body of the paper except for Remark 3.9.

Given an object (M, &) of W (k)N(R), the morphism of Wx-modules V(L) — Gﬁ r derived
from ¢ lifts uniquely to a morphism of R-modules L — R (see [Dri24, Lemma 3.12.4, (711)]) This
defines a morphism of stacks called the Rees map:

tw) : W(k)N = AL /G, (2.10)

18To justify our notation for the kernel of F' recall a fundamental observation of Drinfeld [Dri24, Lemma 3.2.6] and

Bhatt and Lurie [BL22a] that the (nonunital) ring scheme W}(%F) :=ker(Wgr N Wr) is isomorphic to the PD-hull
G  of Ga,r at 0.
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Sending (M, &) e W(k)N(R) to (M',&:M' — Wpg) € W(k‘)A(R) determines a morphism 7 :
W(k)N—H/V(k)A called the structure morphism. Every invertible Wgr-module is admissible
and, moreover, every point (M, §)eW(k)A(R) is also a point of W(k)N(R) (see [Dri24,
§5.3]). This defines a map j; : I/V(k)A — W (k)™ which exhibits W(l{:)A as an open substack
of W (k)N (see [Dri24, Lemma 5.3.1]). As in [Dri24, §5.6], we define another open embedding
Jo: VV(k)A — W (k)N as follows. For (M, 0) € W(k)A(R), define a filtered Cartier-Witt divisor
j—(M,0) := (N, &) € W(k)N(R) by the following pullback diagram.

N — s EM
l& lF*(e) (2.11)

Wi —L£ FE.Wg

One can check that open substacks defined by j_ and j; do not intersect (see [Dri24, Lemma
5.6.3]). The stack W (k)*¥" is obtained from W (k)™ by gluing two copies of I/V(k)A using the
maps j_ and jy.

For every (M,&)e W (k)N(R) one considers the W (k)-algebra stack Cone(M£>WR) (we
refer the reader to [Dri24, §§1.3 and 1.4] and the references therein for a discussion of the
notion of a ring stack). As a group stack, this is simply the quotient stack [Wr/M]. The algebra

structure on the quotient comes from the natural DG-algebra structure on M LN Wr given by
the Wg-module structure on M (see [Dri24, §1.3.3]). By ‘transmutation’ (see [Bha23, Remark
2.3.8] and [Dri24, §1.4.2]), this defines a Nygaardization functor X — X from the category
of bounded p-adic formal schemes over Spf W (k) to stacks: for a p-nilpotent W (k)-algebra R,
an R-point of the groupoid X™(R) consists of (M, &) € W(k)N(R) together with a morphism

Spec(Cone(Mg Wr)(R)) — X of derived schemes over W (k). For every (M,0) € W(k)A(R),
setting j+ (M, 0) = (N4, &4), j—(M,0)=(N_,&_), one constructs (see [Dri24, §5.8]) a natural
isomorphism Cone(N_ LEN Wg) — Cone(N oy Wr) of W(k)-algebra stacks (the map is given
by the rightward arrows in diagram (2.11)). Consequently, the fibres of X~ — W (k)™ over the
two copies of VV(k:)A inside W (k)™ are naturally identified (and denoted by'? j,, j_ : xbey XN,
The stack X" is obtained from XN by gluing these two open substacks. This procedure defines
a functor X — X" from bounded p-adic formal schemes over Spf W (k) to stacks. In particular,
if f: X — Spf W(k) is such a scheme, we have by functoriality a map f*¥": X" — W (k)*¥".
We refer to Hsyn (X) := RfY" (Oxeun) € Dye(W (k)*¥™) as the F-gauge associated to X.
Recall from [Dri24, Lemma 5.13.4 (i)] that we have a morphism

par AL /G — W (k)Y (2.12)

constructed as follows. Recall that an R-point of Al /G,, is a pair (L,v_), where L is an
invertible R-module equipped with an R-linear morphism v_:L — R. The map p i is given
by par (L, v—) = (My . . §), where M, . = V(L)* & F,Wg, and

g:]\411'1{11,1?, :V(L)ﬁ @F*WR%WR (213)
is given by £ := (vﬁ_, V). Here V is the Verschiebung and ot :V(L)! — Wpg is the composition
of the map V(L)! — Gﬁa g induced by v_ and the embedding Gi,R — Wg from (2.8). One can

verify (see [Bha23, Theorem 2.5.6]) that, for a smooth p-adic formal scheme X over Spf W (k), the
complex pZp. (Hsyn (X)) € Dye(AL /G,y,) recovers the Hodge filtered de Rham cohomology of X.

19Bhatt’s notation for j; and j_ are jugr and jqr, respectively.
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The stack &N can be described explicitly as follows. Set
A= W(E)os, v )/ (vs0_ =p). (2.14)

We endow A with a grading such that degvy =1 and degv_ = —1, and consider the corre-
sponding action of G,, on Spf A. Then k% is identified with Spf A/G,,. We shall just explain a
construction of the map Spf A/G,,, — k”, referring the reader to [Bha23, §5.4] for a proof of the
isomorphism property. First, we describe the composite map peris : Spf A/Gy, — kN — W (k)N
explicitly. Here the map &N — W (k)™ comes from the morphism Spec k — Spf W (k) by functo-
riality. An R-point of Spf A/G,, is given by R 2 L 5 R, where L is an invertible R-module
and v, v_ = p. The map Peyis takes (R —» L~ R) and sends it to (My,...r, &), where My . p:=

coker(vaR (e} —ean) V(L)! @ Wg), and € is induced by the map

V(LY @ Wi S (2.15)
The notation ‘can’ stands for the canonical embedding Gi’ r = Wg, and -p stands for multipli-
cation by p. This deﬁnes the map peris : Spf A/G,,, — W (k)N. To lift this map to &N we need to
endow Cone(M, .. r LN Wr) with the structure of a k-algebra stack. In fact, we have a map of
(0 1 V(L)*® Wg— M,_.. ron
the source and by Id on the target and, for any W (k)-algebra D, the animated ring Cone(D 2, D)
receives a map from k — Cone(W (k) 2% W (k)). Under the isomorphism Spf A/G,, — kN,
the open embedding j : Ly kY (respectively, j_ : KL kM) is identified with Spf W (k) £,
Spf W (k) 22", Spf A — Spf A/G, (vespectively, Spf W (k) 22" Spf A — Spt A/G,y,).
Let us just construct an isomorphism of k-algebra stacks obtained by pulling back G?I\fk along

quasi-ideal pairs (Wg SN Wg) = (My,...R AN Wg) given by W ——

vye=1lv_=p

j+ : Spf W(k) — Spt A/G,,. The restriction of GNk to Spf W (k) ————— Spf A/G,, is given by

Cone(W -2 W); its restriction along Spf W (k) =P =l Spf A/G,, is Cone(F,W -2 F,W).

As a k-algebra stack the latter is obtained from the former by precomposing the action of &
with the Frobenius. Equivalently, the k-algebra stack Cone(F,W LN F,W) is isomorphic to the

pullback of Cone(W -2 W) along the Frobenius on Spf W (k). We refer the reader to [Bha23,
§3.3] and especially diagram (3.3.2) there for details.

For a smooth p-adic formal scheme X over Spf W (k), pZ...(Hsyn (X)) recovers the crystalline
cohomology of X ® IF,, equipped with the Nygaard filtration (see [Bha23, §3.3]).

2.4 The reduced locus of W (k)

Let Cy := Spec k[v} , v_]/(v]v_). We endow Cy with a G,,-action given by the grading: deg v’ =
p and degv_ = —1. The inclusion of k[v",v_]/(v]v_) < k[vy,v_]/(viv_) gives the morphism
N ® F, — C3/Gyy,. Recall from [Dri24, §5.16.10] a factorization of peris:

KN QF, = Ca /G 25 W (k)N = W)Y @ F,. (2.16)

Let us just explain a construction of the composite
Cy = Cs /G 25 W (), (2.17)
given by a pair (Mg,,a: Mo, — W¢,), where Mg, is an admissible We,-module and « is a

We,-module homomorphism. Explicitly, M¢, is given by the pullback diagram
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Mg, — F.We,

J{ J([@i] , (2.18)

We, —2 F,We,

where the right downward arrow [v]] takes a Witt vector w € W¢, to the product [v] Jw. The

morphism « is defined by M¢, =We, xpw,, FiWe, ([v-1,V)

the composition

We,. The isomorphism between

C:=Spec k[vi,v_]/(vyv_) = C/Gp = kN @ F), 2% W (k)N

and C' — Cy M W (k)N is given by an isomorphism of Wc-modules

[U+]7_Id

coker(WF W) x We) = We xpw, FWe =:C x¢, M, (2.19)

defined by the matrix (151 [1};} ). In [Dri24, Corollary 7.5.1], Drinfeld refines the morphism peys :
C2/Gy, — W (k)N , to an isomorphism

BH S W (k)N (2.20)
where H is an affine group scheme over C3 /G, constructed as follows. Let H:=wF) X Cy. For
(w,t), (w',t) € H, the formula (w,t) x (w',t) = (w+ w" — [v* (¢)]ww’, t) defines a map H x H —
H, making H a group scheme over C5. The restriction of H to the open subscheme of Cy given
by v— #0 is ng, and its restriction to the closed subscheme given by v_ =0 is Gg. Define a

G,p-equivariant structure on W x Cs by
G x W x Cy =W x Cq, (A w,t)— ([N]w, At). (2.21)

This restricts to a Gy,-equivariant structure on H<s W x Cy compatible with the group
structure. This defines the promised group scheme H over Cs/Gy,.

We write (C2)yr =0, (C2)o_=0 for the closed subschemes given by the respective equations.
Denote by Dyt (respectively, Dgr) the restrictions of C2/Gy,-stack BH to (C2)y_—0/Gm
(respectively, (C2)y» —0/Gm). Thus, via (2.20), one has W (k)N ;= Dut U Dgr. We refer to Dyt
(respectively, Dar) as the Hodge-Tate (respectively, de Rham) component of W (k)N ;. We denote
by Dpoq the fibre of BH over (Cg)vi:w —0/Gy = BGy,,. Geometrically, one pictures W (k)N , as
a union of two components (i.e. Dyt and Dggr) meeting transversally at Dp,q. The restriction
gives a functor

R DqC(W(k)?»\éd) = Dge(Dut) XD,.(Dir0a) Pac(Dar)- (2.22)

The following result is explained in [Bha23, §6] as a consequence of a general statement from
[Lur18b, Theorem 16.2.0.2].

LEMMA 2.9. Functor (2.22) is fully faithful and admits right adjoint R, given by

(Fur, Far, @ : Fur|Dyow = Far|Duou) = Fib(igreFur @ tareFar = tHods (FaT|D1r0os))s

where 4> is the closed embedding of D» into W (k)N

red’

The following result describes the essential image of R* in (2.22). Let F:= (Fur, Far, o :
Fur|py., =~ Far|py.,) be an object of the right-hand side of (2.22).
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LEMMA 2.10. Then F lies in the essential image of R* if and only if its pullback to
Dee(C2)v-=0/Cm) % D,.((Ca).n —,__o/Gm) Pac((C2)ur=0/Cm) (2.23)
comes from an object of Dye(C2/Gyy).

Proof. The object J lies in the essential image if and only if the canonical morphism R*R,F — F
is an isomorphism. Since the map Peis : C2/Gy — W ()N, is faithfully flat, it suffices to check
this after pulling back along peris to Co/Gyy,. O

In [Bha23, §6.2], Bhatt and Lurie give a convenient description of Dgr, i.e. Dpp~
(Ai’dR /Gp,) @ F,. To reconcile this isomorphism with the above description, we recall that the
Frobenius morphism Al ® F, — Spec k[v | = (C2),_—o factors through (Al @ F,)4®. Moreover,
a choice of d-structure on A}r, such that 0(vy)=0, gives a Gy,-equivariant isomorphism
(A]LF ®Fp)dR = B(G?1 x (C2)y_=0, where the action of G,, on G?z is given by A% z= MPz. Using
the identification of the Cartier dual to G% and G, = Spf E[[DP]], we obtain an equivalence
Dge(Dur) = Dy, pronitp (k[v"], DP]), where the right-hand side is a full subcategory of the derived
category Dy, (k[DP, " ]) of graded modules over the polynomial algebra k[DP, v" | with deg v’ =
— deg DP =p. Objects of this full subcategory D g, prnip (K[D?, v%]) consist of complexes M such
that the action of DP on @, H'(M) is locally nilpotent.

2.5 Coherent sheaves and vector bundles over XY™

Let @ be a p-complete Noetherian regular local ring. In [Bha23, Remark 5.5.19], it was shown that
the category Perf(Q®¥™) of perfect complexes on Q*¥™ has a unique t-structure whose category
of connective objects Perf go(stn) consists of all F € Perf(Q*¥"™) such that, for any p-nilpotent
ring R and a map f:Spec R — Q*¥", the pullback f*J is in DSO(R). We refer to the heart of
this t-structure as the category Coh(Q®¥™) of coherent sheaves on Q*¥". The latter has a more
concrete description. Let (Q, (d), d) be a p-torsion prism with Q/(d) = Q. Then there exists a
canonical faithfully flat map

Spt Ol v4] /(-4 — d) = Q. (2.24)
where Spf Q[v_, v4]/(v_vy — d) is the (p, d)-adic formal scheme colimy Spec Q[v_, vy ]/(v_vy —
d,dY,p"); see [Bha23, Remark 5.5.19], cf. the end of §2.3. Then F € D,.(Q*¥") belongs to
Coh(Q*¥") if and only of its pullback along (2.24) is coherent, that is, a finite module over?’

Qv v4]/(v-v4 —d).

Recall that, for any stack X, the category Vect(X) of vector bundles over X is defined to be
limgpec R Vect(Spec R), where the limit is taken over the category of all affine schemes over
X. An object F€ Dy(Q*Y") is a vector bundle if and only if its pullback along (2.24) is a finite
projective module over Q[u_, v,]/(v_vy — d).

2.6 Hodge—Tate weights

Recall that k™ can be identified with Spf A/G,, (see [Bha23, §5.4]). Consequently, the category
Dye(kY) is equivalent to the subcategory D,.(A) of the derived category Dg.(A) of graded
A-modules spanned by p-complete objects. Given a gauge F € ch(kN), we denote by

(N' = @ NG oo NP NTL g NP N oy = w0 :p> (2.25)

the corresponding object in @gT(A).

2ONote that since the ring is regular, every finite module over it is perfect.
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DEFINITION 2.11. We say that a gauge F € D,(k") has Hodge-Tate weights > a if, under

the identification (2.25), the maps v_ in N“ — yel s e » ... are all quasi-
isomorphisms.

A gauge F is said to be effective if it has Hodge-Tate weights >0. We say that a
gauge F has Hodge-Tate weights <b if under the identification (2.25), the maps v4 in

o NOES v Nb+2 T No+1 o N® are all quasi-isomorphisms.

We say that a gauge F € Dy(W (k)™) has Hodge-Tate weights >a (respectively, <b) if
its pullback to &Y has the corresponding property. Likewise, we say that an F-gauge F €
Dye(W(k)*¥™) has Hodge-Tate weights >a (respectively, <b) if its pullback to k™ has the
corresponding property. We denote by ch,[mb](kw ) the full subcategory of D,.(k”Y) that consists
of objects with Hodge—Tate weights in [a, b]. Similarly, we define @qc,[ayb}(W(k)N).

Remark 2.12. We observe that F€ Dy(kN) has Hodge-Tate weights in [a,b] if and
only if the pullbacks of F along both composites Speck[vi]/Gp . — kN @F, — kY lie in
Dye,fab) (AL /Gy,) ® Fp) in the sense of Definition 2.1.

LEMMA 2.13. Suppose F € Dy 4. (A /G,,), then t*F € ch7[a7b](kN).

Proof. The map iy : (A} /G,,) ® F, =Spec k[v1]/Gy i — kY given by the equation vy =0 is
a closed embedding. Since vy is a nonzero divisor in W (k)[v4,v_]/(v4v_ — p), the restriction
functor along the above embedding corresponds algebraically to taking the cone of v on the cor-
responding graded module. Then saying that G € ‘ch(k:N) has weights < b is equivalent to saying
that the restriction ¢* G has weights < b. The composition ¢ o i is the embedding Spec k[v_]/G,,, —
Spf W (k)[v_]/Gy, given by the equation p = 0. Since, for any F € Dy (o0 ) (Al /G,,), its restric-
tion to the special fibre (Al /Gp,) ® F), has weights < b, we conclude that t*F € Dy (—oo 5 (K)-
Saying that G € D,.(k") has weights > a is equivalent to saying that the restriction i, G has
weights > a. The composition ¢ o 7, is isomorphic to (A}F /Gp) @ Fp = BGy, @ Fp — Al /G,, and
the lemma follows. O

LEMMA 2.14. Suppose F € (chj(_m’b](W(k)N), then p i F € Dye (—oo ] (AL /G,,).

Proof. By p-completeness, it suffices to show p F®@F) € Dye (— oo ) ((AL/Gp,) ® Fp). It remains

to observe that the composition (Al/G,,)®@F,— Al/G,, PEoW (k)N s isomorphic to

(AL /Gp) @ Fp ~= kN 22 W (k)N where i_ is defined in the first line of the proof of

Lemma 2.13; see, for example, [Bha23, §2.8.3]. O]

Remark 2.15. If F€ Dye(kN) is effective, then its restriction along the map BGy, < k™ is
v_=0 vy =0

given by BG,x — (AL/G,,)®F, S kN, viewed as a Z-graded object M® of Dge(k), has

weights > 0, i.e. M? is acyclic for every i < 0. If F is perfect, then the converse is true.

LEMMA 2.16. The embedding e : ch,(,oqb](kN) — Dye(kN) admits a right adjoint functor wy, :

ch(kN) — gqc,(—oo,b] (kN)

Proof. We define wy, by sending an object (M*®,v_,vy4) € Dge(k™) to the object (M'®, v, v, ) €

Dye,(—oop (K), where M =M for i <b and M =M" otherwise. Here v/, c M M s

equal to vy for i <b and equal to Id otherwise; here v/ : M"* — M’""! is equal to v_ for i <

b and equal to p-Id otherwise. Indeed, we have a canonical map f(e) sending (M'*, v, v/,)

to (M*®,v_,v;) given by f(i)=1d for i <b and f(i) =v'"" otherwise. This defines a natural

292

https://doi.org/10.1017/S0010437X26102978 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26102978

PRISMATIC F-GAUGES AND FONTAINE-LAFFAILLE MODULES

transformation of functors e o w¢; — Id. On the other hand, we have an isomorphism wg; oe =
Id. O

3. The fibre product kN X W (k)X Al /G,

3.1 Drinfeld lemma
Recall from (2.14) that A:=W(k)[v4,v_]/(v4v— =p) with a grading such that degv; =1 and
degv_ = —1. Let A’ be the subgroup of elements of degree i. Let B C A ® Frac(W (k)) be the

W (k)-subalgebra generated by v_ and v% /n! for n > 0. The grading on A induces a grading on
B and we write B =D, B'.

DEFINITION 3.1. For n € Ny, its associated Mazur number is [n] := min,,>, ord(p™/m!).

Note that [n] =n for n<p, and [n+1] —[n] =1 or 0 for every n € N5g. For every positive
integer n, the ideal (pl") C Z,, is the nth divided power of the ideal (p).

LEMMA 3.2. For every i >0, B' is the free W (k)-module on pmvi/pi. For every i <0, B’ is the
free W (k)-module generated by v’ .

COROLLARY 3.3. The embedding A — B is an isomorphism in degrees < p. In particular, B as
a graded W (k)[v_]-module is effective in the sense of Definition 2.3.

Remark 3.4. Lemma 3.2 shows that B is the Rees algebra of the filtration on W (k) given by
divided powers of the ideal (p) C W (k).

Remark 3.5. Recall from [Bha23, §3.3] that the stable co-category D (k™) = @gT (A) of graded
p-complete A-modules can be identified with the derived category of filtered p-complete modules
over the filtered algebra W (k), where the latter is equipped with the filtration by powers of
the ideal (p) C W (k). Likewise, the category @gr(B) of graded p-complete B-modules can be

identified with the derived category of filtered p-complete modules over the filtered algebra
(W (k), (p)I), where (p)!) denotes the filtration by divided powers of the ideal (p).

Recall the maps pqi and peris from §2.3. Consider the following diagram

Spf B/G,
kN = Spf A/G,, (3.1)
t/ X
W (k)N « PR Al /G,

where a and t are induced by homomorphisms of graded W (k)-algebras: the map ¢ is induced by
the map W (k)[v_] — A sending v_ — v_, and the map a is induced by the obvious embedding
A — B. Warning: Peris 2 P © t-

THEOREM 1 (Drinfeld). There exists a unique isomorphism Wifaz : Peris © @ > Py 0t o a.
We need the following lemma in the proof of the theorem.
LEMMA 3.6. The element [v"] in W (B) is uniquely divisible by p.
Proof. Uniqueness is obvious because p is not a zero-divisor in B (hence, in W(B)). It is

enough to show that [vi]P is divisible by p in the ring of big Witt vectors. Recall that the
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additive group of the big Witt vectors is (1 + zB|[[z]])* and [v4]P corresponds to 1 —v¥ z and
to show that it is divisible by p we need to show that there exists a series g € (1 + B][z]])*
such that g =1 — o} . Explicitly, g = exp(p~! log(1 — v x)). However, we need to explain why
this formula makes sense. Note that log(1 —vfa) =—3" - (v} 2" /n) makes sense since v}"
is divisible by (pn)! and, moreover, this series is divisible by p since all the summands are.
To make sense of exp(p~!log(l —vhxz)) =exp(— ., -, (v} 2" /pn)) we need to explain why
this element which a priori lives in (14 zQ[[z]])* actually lives in (1 + xB[[z]])*. That is, we
need to explain why (Y,-;(v%"2"/pn))™ is divisible by m! and it is enough to show that
(VB z™ /pn)™ = B 2™™ /(pn)™ is divisible by m!. Recall that v} is divisible by (pnm)! so we
are reduced to show that (pnm)!/(pn)™m! is a p-adic integer. This follows from a known fact
that (nm)!/(n)™m! € Z. O

Remark 3.7. Let us sketch another proof of Lemma 3.6. There exists a unique element 3’ €
G (B) whose image in G4(B) is vy. Let y € W) (B) be the image of ¥/ under the isomorphism
G =5 W) (see [Dri24, Lemma 3.2.6]). Then the first ghost coordinate of [v4] — y is 0. Thus,
there exists a unique z € W(B) with V(z) = [v4] —y. We claim that p-z=[v"]. Indeed, p-z=
FV(z) =F(lvy] —y) = [1].

Remark 3.8. The Witt vector [v]/p € W(B) determines a map Spec B 4 W. We claim that
the following diagram is commutative.

Gy, X Spec B M>(G’rm><VV

l“ J(ﬁ (3.2)

Spec B S %4

Here the action a of G,, on Spec B is given by the grading and the action of G,, on W is
given by the formula (A, w)=[N]w, where A € G,,,w € W, and [-] refers to the Teichmiiller
representative. Indeed, since G, x Spec B is flat over Z, it suffices to check that doa=po

(Id x d) after post-composing with W -2+ W which is clear.
Using (3.2) the map d descends to a map
d:Spec B/G,, — W/G,,

of the quotient stacks.

Proof of Theorem 1. Fix an S-point P of Spf B/G,,. Using the morphism a, we have an S-

point of Spf A/G,,, i.e. Og s Og, where L is a line bundle over S and v;v_ = p. Define
a morphism of Wg-modules w : Wg — V(L)# < [L], where the invertible Wg-module [L] is the
Teichmiiller lift of L (see [Dri24, 3.11]). By Lemma 3.6, the homomorphism [v} ] : Wg — [L®P] of
Wg-modules is canonically divisible by p. Indeed, we first define

[f] : Wy — [LEP] (3.3)

locally on S assuming a lift P:S — Spf B of P. The choice of a lift trivializes L and [L].

Composing P with Spec B ~% W from Remark 3.8 we obtain a Witt vector W] /pe W(S).
The multiplication by [v}]/p defines the desired map [v}]/p: Wg — Wg =[L®P]. Diagram (3.2)
shows that (3.3) does not depend on the choice of a trivialization?! and, thus, it is well-defined

?Tndeed, consider the map d: Spec B/G,, — W/G,, from Remark 3.8. Note that an S-point of W/G,, is a line
bundle L' over S together with a map of Ws-modules Wg — [LI®p]. The image of P under d is our (3.3).
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globally. Applying the Verschiebung, we obtain a homomorphism V ([} ]/p) : Wg — [L] of Wg-
modules. Set w:=[vy] — V([v}]/p): Ws — [L]. We claim that w lands in V(L)*. Indeed, the
composition F ow: Wg — [LP] is zero.

We want to construct an isomorphism Peis© a(P) ~pp otoa(P). Define a morphism

i} M — cok # (v}, —can) il i — .

Maz : Mp,,,.,s := coker(Gy, g ———— V(L)F & Ws) — V(L) © F\Wg 1= M, . as follows: let
the map V(L)* & Ws — V(L)* & F,Wg be given by the matrix (}%). We claim that Wy, o
(vi, —can) is zero. Indeed, F o can is zero. We also have that Ui —wocan: Gi,s — V(L)* is zero
because V([vh]/p) o can=0.?? This defines Wpio,. The following commutative diagram shows

that Uypa, is an isomorphism.

0—— V(L *>Mpc7 (O’F)FWSHO

H \IlI\/I'Lz H

00— V(L) —— My s U pws — o0

Finally, one verifies that Wy, commutes with & given by (2.13) and (2.15). This proves the
existence of the isomorphism in Theorem 1.

For the uniqueness, it suffices to show that the point pg ot o a: Spf B/G,, — W (k)™ has no
nontrivial automorphisms. Since Spf B — Spf B/G,, is a faithfully flat cover, it suffices to show

this for the corresponding point s : Spf B — W (k). Explicitly, s is given by the morphism Gl o

-,V . .- .
FWpg u W of Wp-modules. Using [Bha23, Proposition 5.2.1], any automorphism « of Wp-

module G & F,Wp has the form [§ 2] for t € Go(B), z € ker(Gh(B) = Go(B)) =0,y € F,W(B).
The group of automorphisms of s consists of « satisfying (v_,V)oa= (v_, V). In particu-
lar, for any (a,b) € G4(B) ® F.W(B), we must have v_ta + V (by) =v_a + V(b). Substitutions
a=0,b=1and a=[vi],b=0givet=y=11ie a=1Id. O

3.2 A description of kN X W (k)N Al /G,

Consider the following Cartesian square.

TR
\ /

Using Theorem 1, we have a morphism

Al /Gy, (3.4)

(a,toa):Spf B/Gy, — kY X W (k)N Al /G,,:=D. (3.5)

Note that the composition AL /G, 25 W (k)N oy a1 /Gy, is the identity. Indeed, recall that
Par takes z=(L,v_) € AL /G,,(R) to an admissible module (vﬁ,, V): V(L)@ F,Wgr — W as
n (2.13). This gives rise to a morphism of admissible sequences (2.9) wherethe left vertical map

22We have that V(yF(x)) =zV (y), for any z,y in the ring of Witt vectors. In particular, if z is in Frobenius
kernel then V (y)z =0.
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i

is v* : V(L)* HG&,R' In particular, the Rees map sends p i (x) to z. Now, giving an S-point
of D is equivalent to giving a y € AL /G,,,(S) and an x € kN(S) together with p i (y) ~ Peris().
Applying ty ) to it we get t(z) ~y. Thus, giving an S-point of D is equivalent to giving an
S-point z of k™ together with an isomorphism pg 0 t(7) = peris(z).

Let us define a closed substack of ®. Note that both pg; and peris, precomposed with
the structure map m: W (k)N — W(k)A, factor through the de Rham point pgr : Spf W (k) —
W(k:)A, classifying the Cartier—-Witt divisor given by W - W. This defines a map 7:D —
Spf W (k) X4y (i Spf W (k). The stack on the right has a canonical point given by the diagonal
map Spf W (k) — Spf W (k) Xy ()2 Spf W (k). Consider the fibre over this point of the morphism
7 and denote it by Dg.

The following remark will not be used in the remainder of the paper.

Remark 3.9. Drinfeld suggested to us another interpretation of ® as well as its substack D
that makes use of the c-stack enhancement of W (k)* introduced in [Dri24] and reviewed in §2.3.
For a scheme S, consider the category D'(S) consisting of pairs (¢, f), where t: S — Al /G,, and
f:p+ — par(t) is a morphism in the category W (k)™¢(S) from §2.3. Here p; is defined as the
composition S — kN 2= W (k)N where the first morphism is given by A — HO(S, Og) sending
v_ to p and vy to 1. We claim that the underlying groupoid of this category is equivalent to
D(S). This follows from the fact [Dri24, §5.5.3] that the Rees maps tyy ) : W (k)¢ — (AL /Gy, )¢,
EN<¢ — (AL /G,,)¢ are left fibrations of c-stacks. Indeed, since W (k)N¢ — (AL/G,,)¢ is a left
fibration, the category W (k)™¢(S),, , is identified with (AL /G,,)¢(S),, ~ k™¢(S).* Under this
identification, the natural functor W (k)™-(S),, , — W (k)¢ is identified with peis. The category
D'(S) is, by definition, equivalent to W (k)™N4(S),, ; Xy v.c(s) (AL /Gy )¢(S). Its underlying
groupoid is D (S) by the definition of the latter (3.4). To describe the substack Dy, note that
any object (¢, f) of this category provides us with a triangle in W (S)N-

P+ =

Par(t)

where p_ is defined by A — H°(S,Og), v_+ 1, vy > p, and the solid arrows are the canon-
ical morphisms (constructed by observing that, for any S, py [respectively, p_] is the initial
[respectively, final] object of the category k™:(S) and p_ is the final object of (AL /G,,)¢(9)).
The triangle is not commutative in general; points that correspond to commutative triangles are
classified by a substack of ®; this substack is equivalent to ®y.

Recall from [Dri24, §1.8] that every effective gauge F € DqQ[O#OO}(W(k‘)N) gives rise to a
complex of contravariant O-modules on W(k)N’C. In particular, for every S-point of ¢ the
canonical morphism J[,_ — J|,, factors through J|, . ). We also note that, for an effective
F-gauge F, we have an isomorphism F*(J],, ) ~ J|,_ whose composition with |, — F|,, is the
crystalline Frobenius.

In this subsection, we give an explicit description of ®, which was explained to us by Drinfeld
and Lurie. The authors of this paper are responsible for any possible mistakes in the exposition
of their results.

%3 An object of (AL /G, )°(S),, consists of (L 255 05) € (AL /G)°(S) together with a morphism f : (Og —2 Og) —
(L = Os) in (AL /G,,)°(S). Giving such an f is equivalent to specifying a map vy : Og — L with v_v; =p.

296

https://doi.org/10.1017/S0010437X26102978 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26102978

PRISMATIC F-GAUGES AND FONTAINE-LAFFAILLE MODULES

We endow W with the Gy,-action given by the formula: \*w = [Aw, where [-] refers to
the Teichmiiller representative. This gives an action of G, on ker(W EiR W) =W < W. We
consider the fibre product Spf A x AL WwE) = , where Spf A is viewed as a scheme over A}r
via the natural embedding W (k)[v4] < A, and W) — Al is given by the first Witt vector
coordinate.?* We endow Spf A x AL W& with the diagonal G,,-action. Let 56 — Spf A x AL
W) be the closed subscheme given by?

[v_Jlw=p—V(1). (3.7)

Recall from [Dri24, Lemma 3.2.6] the unique isomorphism w &) :Gﬁ characterized by the
commutative diagram

(") =, G
i / (3.8)

where the vertical map is induced by the projection W — G, to the first coordinate. Thus, under
the isomorphism W#)(Z,) ~ Gg(Zp) = pZy, C Ly, the element p — V(1) is sent to the number p.
Consequently, under the identification Spf A x 41 WE) ~ Spf A x AL Gg, Equation (3.7) has the

form v_ -z =p, where z is a point of G?L, and the product on the left-hand side refers to the
Go-module structure on G#. This yields a concrete description of @ as the formal spectrum of
the W (k)-algebra generated by v_ and 7~ (v4), n > 0, subject to the following relations:

n

pn' _ P p" _ pp
W’Yp" (v4) = (’Yp"—l(v+)) s vl e (vg) = W (3.9)
LEMMA 3.10.
(1) Let B® be the PD-envelope of the ideal (vy) in A, and let W(k){vy)[v_] be the PD-
envelope of the ideal (vy) C W(k)[vy,v-]. Then B|7 = W(k){vy)[v_]/(viv_ —p) and
D' = Spf B

(2) Let BT be the PD-envelope of the ideal (vy) in A relative to (Z,, (p)) (see [Sta20, 0THT]).
Then ®) = Spf BT.

Proof. To prove the first part, set A% := W (k)(v)[v_], A:= W(k)[v+, _], and let J C A" be the
PD-ideal generated by v’} /n!, n > 1. Set I := (v_vy —p) C A! Then?® I NJ =1 - J.In particular,
I'nJCJ is a sub-PD-ideal. Consequently, there exists a unique PD structure on the image J
of J under the projection A* — A*/I. We claim that the map (A4, (vy)) — (A*/I, J) exhibits the
right-hand side as the PD-envelope B’ of (v4) C A. Indeed, by the universal property we have a
PD-homomorphism B’ — Al /I. On the other hand, the projection A A gives a PD map Al
B’ sending I to 0. By looking at generators, one readily checks that these are mutually inverse
homomorphisms. Finally, we note that A*/I = A ®@w(i)v,) W(k)(v4). Using the isomorphism

Gl S W ), this implies the claim.

24That is, the map sends a Witt vector w = 2120 Vi[w;] to wo.
BGet p— V(1) = 2 iz Vilas], w=73",5 Vilwi]. Then (3.7) reads as follows: vP w; = a;, for every i >0.

?6Indeed, given any f = (v_vy — p)g € I N J, we conclude, using that v_v; — p and vy are coprime in A®Q, that
g is divisible by v, in A® Q. Hence, g € J.
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To prove the second assertion, observe that B! is identified with the tensor prod-
uct B ®@p, () Zp, where Dz ((p)) is the PD-envelope of (p) CZ, and the homomorphism

D

Dz, ((p)) = Zy, takes each v,(p) € Dz, ((p)) to p"/n!. Using (3.9), the claim follows. O

PRrROPOSITION 3.11. There is a G,,-equivariant isomorphism D:=D XAL /G, Al = 9 that iden-

tifies the substack 50 =90 Xa /G, Al with 56 Here the action of G,,, on D comes from the
G,,-action on Al .

Proof. We start with a preliminary observation. The line bundle Oy /g, (—1) determines via
the Rees map ty gy : W (k)N — AL /G, a Gpy-torsor W (k)" — W (k). Thus, an S-point of
W (k)" is a pair consisting of an S-point of W (k)™ together with a trivialization of the pullback
of 041 /g, (—1) to S. Observe G,-equivariant isomorphisms W (k)T X ()™ kN =5 Spf A and

~

W (k)N Xy ()™ Al /G,, = AL. Consequently, we obtain an isomorphism Spf A Xy () Nor Al &

D of Gy -torsors over . In particular, we conclude that the projection ® — Spf A/G,, lifts to
a map © — Spf A.
Now we prove the proposition. Let R be a p-nilpotent ring. Recall from (3.4) that a point in

D(R) consists of a point x € k™ (R) together with peis(z) ~ pgg 0 t(x). Since D :=D X1 /5 AL,

we see that a point of ”}5(R) consists of a homomorphism g : A — R together with an isomorphism
B of Wgr-modules

coker(Gi,R L), —cam), r®WR) :=M,,

a,

ris, R %MP’, :Gﬁ REBF*WR (310)

dR,R a,

such that two diagrams commute

0 Gg n (1d,0)

| P J (3.11)

0— G, 1%y, Y pw, —— 0
M. B
Peris, R — Mde R
(g(vo)o can,p)l l(g(v_)o can,V) (312)

Wg —— Wp

for some v € Homyy, (Wg, Wg) =W (R). Explicitly, 8 : Gﬁa’R ®Wg— M. » LN Gi}R ® F.Wg

is given by (3 %), where w= (w1, ws,...) € Homy, (W, GE,R) =WE)(R) is subject to the
equation wy = g(v) and [g(v-)|Jw=p—V(v).
Sending a point of D(R) to (g € (Spf A)(R), w e WF)(R)) defines a functorial map

D(R) — (Spf A x 0 W)(R). (3.13)

We next show that (3.13) is an isomorphism. To do this we construct its inverse.
Given a point (g,w) € (Spf A X 1 W) (R), observe that since wy = g(vy) the first coordi-
nate of p —[g(v_)]w is 0. Therefore, this element can be uniquely written as V(v), for some

v € W(R). Then the matrix (} ,% ) defines a homomorphism M,_, RiMdeR making the dia-

cris,

grams (3.11) and (3.12) commutative. It remains to check that § is anisomorphism. Using the
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diagram (3.11) it is enough to check that v € W(R) is invertible. Let 14 be the first ghost
coordinate of v. If v is not invertible we can find a maximal ideal m C R which contains ;.
Since W) (R/m) =0 and we W¥)(R), we conclude from the equation [g(v_)]jw=p—V(v)
that vy =1 in R/m, contradicting v; € m. Thus, § is an isomorphism. This defines a functorial
map

(Spf A x40 W) (R) = D(R),

which is inverse to (3.13).
For the second part, note that 8= (} % ) €D(R) lands in Dy if and only if » =1 and the
result follows. O

Remark 3.12. Another way to compute the fibre product k™ Xy (k)N Al relies on the
computation of p-adically completed derived de Rham cohomology af{(k/W(k)) by Bhatt

—

[Bhal2, Proposition 8.5], namely (Tf\{(k/W(k)) :WW@/(:U—])), where W (k)(x) stands for
the p-completed PD-envelope of (x) C W(k)[x]. Moreover, he defines a descending filtration

—

on W(k)(xz) whose nth term is topologically generated by elements of the form ~;(z) with

i >n. The induced filtration Fil* on W (k)(z)/(z — p) matches the derived Hodge filtration Hod®
under this isomorphism. Using the above result we construct a G,,-equivariant isomorphism

between the derived fibre product kN XIW(k)N A' and the derived p-adic formal stack repre-

sented by the derived p-completion of Bf. Recall that, for any derived p-adic formal stack
X over W(k), the Hodge filtered derived de Rham stack (X/W(k))¥+ is identified with
the fibre product X ><11,‘V(k)N Al /G,,. We apply this to X =Speck. To complete the proof

observe that (k/W(k))¥®* is affine over Al /G,, in the sense of [BL22b, §7.3] and, hence,

(k/W (k))dR+ Xk{/Gm Al is represented by the algebra RI'((k/W (k))4®+ XX{/Gm Al 0). The

latter is the derived p-completion of the Rees algebra Reespoqe aﬁ(k /W (k)) which is identified
with the derived p-completion of BT using Bhatt’s result explained previously.

Note that the derived p-completion of BT is the quotient of the p-completion of W (k) (v, )[v_]
by the ideal (vyv_ —p). Using [BMS18, Remark 6.16], it follows that this quotient is not p-
adically separated and, in particular, it is not p-complete. Thus, the derived stack & X‘I,‘V( )N Al
is not classical.

Remark 3.13. Proposition 3.11 gives another proof of Theorem 1. Indeed, since B is p-torsion-
free and vy has divided powers in B, the embedding A — B extends uniquely to a homomorphism
of graded W (k)-algebras BT — B. This defines a G,,-equivariant map Spf B — D) —— Dg. In
particular, we obtain a morphism Spf B/G,, — kN X W (k)™ Al /G,,, whose composition with the
projection to kY is given by A < B. This is equivalent to Theorem 1.

Remark 3.14. Observe that the morphism
D= kN XW(k)N Al/@m — kYT XW(k)syn Al/Gm (314)

induced by maps k™ — k%" and W (k)N — W (k)®*¥" is an isomorphism. Indeed, since the maps
EN — kv W (k)N — W (k)%™ are étale, the morphism (3.14) is also étale. Thus, it suffices to
check that (3.14) induces an equivalence on points with values in every algebraically closed field
K of characteristic p. This follows from [Dri24, Propositions 5.16.5 and 8.10.4 (iv)] which assert
that the maps k™ — W (k)N, k%" — W (k)*¥" induce equivalences on K-points.
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4. Construction of the functor Dy o,p,—1](W (k)*¥") — .@%ﬁ%i_l](W(k))

qc,
4.1 Corollary of Drinfeld’s lemma
The isomorphism Peisoa~pgrotoa from Theorem 1 gives an isomorphism of functors
Dae(W (k)™) = Dye(Spf B/Grm)

a*t*pz—R ~ a*p:ris. (41)
We show that after restriction to ch,[gjp_l](W(k)N), a stronger statement holds.

THEOREM 2. There exists a unique isomorphism t*p’,, ~ pe,¢ of functors chj[o’p_l](W(k:)N) —
Dye.j0,p—1] () whose pullbacks recover (4.1).

Proof. Observe that indeed the functors t*p7;, and pf,; carry ch,[o,p_l](W(k)N) to the subcat-
egory ch7[07p_1}(kN) C Dye(kN): the assertion about t*ply follows from Lemmas 2.13 and 2.14
combined with Remark 2.15; the assertion about p7 ;. is true by definition of weights.

We prove the theorem by showing that

a*: Dyeop1) (k) = Dye(Spf B/Gry) (4.2)
is fully faithful. We start with the following.

. v— . v_
LEMMA 4.1. Let ---N' F Nt F .-+ be an effective object of Dy.(kN). Then the

. L .
map?” N' — ((N®*®4 B)")? induced by the homomorphism of graded algebras A— B is an
isomorphism for i < p.

L ,
Proof. Equivalently, it suffices to show that ((N®*®4 B/A)")" is acyclic for 0<i<p—1.
L L .
Moreover, by derived p-adic completeness, it suffices to prove that (N* ®a (B/A @) k))" is

acyclic for 0 <i<p—1. The complex B/A %@W(k) k is supported in two cohomological degrees:
0 and —1. Using Lemma 3.2, the A® k-module B/A®y ) k has grading degrees greater
than or equal to p and is supported at the origin, i.e. every element x € B/A®k is killed
by a power of the maximal ideal m C A® k. Thus, B/A® k admits an exhaustive filtration
LyCcLiC---CB/A®k by A® k-submodules with each L;/L;_; of the form k{j} with j > p.

L .
That N* is effective implies, using Remark 2.15, that (N®* ® 4 k)" is acyclic for i < 0. Equivalently,
L : L .
(N®@k{j})" is acyclic for i < j. Thus (N* ® (B/A®w ) k))* is acyclic for i <p.
To compute T01"¥V(k)(B/A7 k) =ker(B/A % B/A): by Lemma 3.2 again, one has ker(B?/A? 2
Bi/A") = (1/p)v'k for i>p and 0 otherwise. Thus, Tor‘l/v(k)(B/A, k)= (A/(v=)){p} as an
A-module. We have that

(N* &4 Tor ) (B/ A, k) =5 Cone(N"P+! = NP,

Using effectivity, the cone above is acyclic for ¢ < p. O

COROLLARY 4.2. For every M € ch,[oeroo](kN), the natural transformation Id — a,a* induces
an isomorphism we,—1 M = we,—1a.a* M.

2"For a complex M of abelian groups, we denote by M” its derived p-adic completion.
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Now we can prove that (4.2) is fully faithful. For any M, M’ € Dy, o1y (K™),
RHom(M, M") = RHom (M, wg,—1M') ~ RHom(M, wep—1a.a*M')
~ RHom(M, a.a*M') ~ RHom(a*M, a*M’),

where the second and fourth isomorphisms follow by adjunction, and the third isomorphism
follows by Corollary 4.2. This proves fully faithfulness and thus completes the proof of the
theorem. O

Let us record a generalization of Theorem 2.

PROPOSITION  4.3. There exists an isomorphism wgp—1t"pi, = w<p-1Pg4s of functors
chy[07+0<>] (W(k)N) - ch,[O,p—I] (kN)

Proof. Using Theorem 1, we have a.a"t*pipF ~a.a*pg;F. Applying wgp—1 and using
Corollary 4.2 we obtain the result. O
Remark 4.4. In geometric context, i.e. for the prismatic gauge Ho(X) € Dye(W (k)Y) associated

to a smooth p-adic formal scheme X over W (k), Equation (4.1) gives
a"t"p g (Hn (X)) 2 a”peyis (Hn (X)), (4.3)
which expresses a relation between the Nygaard filtration on RI.is(X%), where Xj:=X x

Spec k, and the Hodge filtration on RT4g(X). In fact, a*t*p(’;—R(U{N(X)), viewed as a complex of

filtered modules over the filtered algebra (W (k), (p)I!) (see Remark 3.5), can be identified, using
[BO78, Theorem 7.2] with the crystalline Hodge filtration on R ¢is(Xj). Thus, (4.3) says that
the crystalline Hodge filtration can be obtained from the Nygaard filtration by ‘downgrading’
using the functor a*.

4.2 Construction of the functor

Define a functor

Prta : Dgefop1] (W (R)V") = DM T B

as follows. Let F € Dy (0,—1](W(K)*") be a prismatic F-gauge with Hodge-Tate weights in
[0, p — 1]. We have the following diagram (see [Bha23, Remark 1.4.2] or §2.3)

(W(k)) (4.4)

Al /G,
/ J’p(ﬁ{
J- ~ N Peris N (45)
Spf W (k) —= Spf A/G,, k W (k)

JyoF ! _
b
Lsyn W(k‘) syn

where j_ (respectively, j,oF~!) is an open embedding onto the substack given by
v_#0 (respectively, vy #0), jn: k™ — k%" exhibits the target as the coequalizer of ji :

Spf W (k) = kb — = kN (see [Bha23, Definition 6.1.1]), and the square is commutative.
The morphism Spf W (k) iAl_/Gm is isomorphic to toj_ and Spf W (k) — AL /G,, is
isomorphic to ¢ o j; o F~!; see the end of §2.3. By the definition of j

JNOJ+ = 0 (4.6)
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Let M:=p%; o jxJ. Note that F*(M[, =p)~jiot*M and M|, =1 ~j* ot*M. Then using
Theorem 2, one has that p, ojxF ~t*M. Hence, we obtain F*(M|,_ —p) >~} opli 0 inT
and M|, —1 >~ j* op?. 0j%xT. By (4.6), we get an isomorphism F*(M, —,) ~M, —i, which we
denote by ¢. Define the functor ®yp,, in (4.4) by sending F to (M, ).

Remark 4.5. Observe that Wy,, from Theorem 1 gives a functor

De(W (k)*") = Dge(k*") X, (8pt B/G,) Dae(AL /G (4.7)
sending D g 4.5 (W (k)*Y") 10 Dye [a,0) (™) X, . (Spf B/Go) Dyefap] (Al /G,,). We assert that there
is a functor

Dy, 0.-1) (k™) X (8pt B/G1n) Dejop—1) (AL /Grn) = -9///97][%13,1]

whose precomposition with (4.7) is ®ppa,. To see this, observe that the functor

ch,[O,pfl} (ksyn) X x) ‘ch,[O,pfl] (Alf /Gm) -

Dye,fo,p—1]

(W(k)) (4.8)

D011 (kY™ X Docion11(AL /Gy,
qc,[0,p 1}( )ch(Spr/Gm) qc,[0,p 1]( / )

induced by the fully faithful embedding (4.2) is an equivalence.?® We define

Dye,0,p—1 (k") X Dyej0p-1] (Al /G,,) — DM T8

W(k
SDqC,[O,pfl](kN) [0,})71]( ( ))

sending an object (Fg, M, v: 5Tk 5 t*M) of the fibre product to (M, ), where ¢:
F*(My_=p) M, _— is constructed from diagram (4.5) and Equation (4.6). This defines (4.8).
The fact that its precomposition with (4.7) is @y, is straightforward.

The following remarks are not used in the remainder of the paper. However, we believe that
they are important in their own right.

Remark 4.6 (A refinement of the crystalline Frobenius). For every object N € Dy 0 4o (KN c
@gr(A), we have a canonical morphism

N =70 (jyr o F7H*N, (4.9)
where 7 : kN — Spf W (k) is the structure map. One can define (4.9) by observing that 7* is
the right adjoint to (ji o F~1)*: chy[O,Jroo](kN) — Dye(Spf W (k)). Alternatively, (4.9) can be
constructed using Drinfeld’s observation that every effective gauge F extends to a contravariant
O-module on the c-stack k™ and that, for any scheme S, the category k™¢(S) has initial object

given by p; (see Remark 3.9).
Given an effective F-gauge € D [ 400 (W (K)*"), we have functorial morphisms

a*t*pZR(?) (4;1; a*p:ris(ff) 4_€>)) a’*ﬂ—*(j-i- 0 F_l)*p:ris(?) (4N_6>) a*r” *]ipirls(?) (410)

(

To rewrite it more suggestively, let F 'z@FiG@gT(W(k)[v_]) be the complex of graded
W (k)[v—]-modules corresponding to p’; (F) under the equivalence (2.1). Then the composition

(4.10) yields a homomorphism in @QT(W(k)[v_])
po: F* = F.M @y B, (4.11)

28In fact, for any co-categories C;, i =1,2,3,4, and functors C; — €3, G — C3, F : C3 — €4 such that F is fully
faithful, the functor F': Gy X ey C2 = C1 Xe, G2, induced by F, is an equivalence of categories. Indeed, the descrip-
tion of the mapping spaces in the fibre product category [Lurl8a, tag 046R] implies that F is fully faithful. The
essential surjectivity is obvious.
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where M := F° and the action of W(k)[v_] on F.F° @y ) B comes from the homomorphism
W (k)[v—] = B. Explicitly, (4.11) amounts to specifying W (k)-linear maps ¢; : F* — F.M for
each i >0 such that plitU-lly, | =pu_ (see Definition 3.1). We claim that ¢o: M — F,.M
coincides with the crystalline Frobenius. Indeed, taking S =Spf B/G,, in Remark 3.9, the
composition (4.10) is obtained by taking fibres of F along p; — pgi () and using (4.6). The
map Spf B/G,, — D from (3.5) is induced by the natural map B’ — B from the PD-envelope
of (vy) C A to B; see Lemma 3.10. Since B has no p-torsion, this map factors through the
PD-envelope BT of (vy)C A relative to (Zp, (p)).?° It follows that the map Spf B/G,, — D
factors through the closed substack ®g. Now our claim follows from the commutativity of
diagram (3.6).3
Denote by Modmaz(W(k)) the oo-category formed of pairs (F*®,¢), where F*e¢
@QT(W(k)[v_]) is effective and ¢: F* — F,F° Q) B is a map in @Zf(W(k)[v_]) More for-
mally, it is defined as the lax equalizer LEq(Id, F. F° ® B) as in [NS18, Definition I1.1.4]. Here
by F.F° @y x) B we mean the endo-functor of @ZE(W(I@)[U_]) taking F** to F.F° @y ) B. We
refer to objects of Modna, (W (k)) as Mazur modules. The above construction determines a
functor
Priaz : Dge 0,00 (W (R)*Y") = Modnaz (W (K)), T (P (F), @) (4.12)

Next, we construct a functor

DM F 3% (W (k) = Modga, (W (K)), (4.13)

whose precomposition with (4.4) is isomorphic to (4.12). To do this, observe that the co-category
~eff
C; formed of pairs (F'*, ¢’), where F*® € DZT(W(k:)[v_]) and ¢’ : F* — F,F° Q) A is a map in

~eff

Dy (W(k)[v-]), is equivalent to the lax equalizer

€2 := LEa(D e fo.00) (AL /Grm) ——3 Dae(Spf W(K))).

The latter category consists of M € D, 1, (Al /G,,) together with a morphism ¢ : F*(ipM) —
(M in Dye(Spf W (k)) (cf. Definition 2.6). Note that, for every M € D 9 o) (AL /G, we have

Hom(F™*iy M, iy M) — Hom(M, iy » F4i; M) — Hom(M, w0ip « Fui1 M),

where wso is the right adjoint to the embedding chv[opol(Al_/Gm)%ch(Al_/Gm)
(cf. Lemma 2.16). The right-hand side of the above is naturally isomorphic to

Hom@‘;ﬁf,(W(k)[v,])(F.’F*FO @w (k) A), where F'® is the graded module corresponding to M3

This gives C; — Co. .

The category Cq receives an obvious functor (M, ¢') — (M, ') from _@///ﬂ][oolio](W(kz)); see
Definition 2.6. This functor is fully faithful by [NS18, Proposition II.1.5]. To complete the con-
struction of (4.13), note that the morphism A — B induces a functor C; — Modpa, (W (k))
sending (F*,¢') to (F*, ), where ¢ is the composition F* 23 FF'9 A— F,F°® B. Thus,
in the notation of §2.2, ¢; = p'~lly!.

?Indeed, the map from the PD-envelope of (p) C Z, to Z, is an isomorphism after inverting p.

30More generally, we infer that s lifts to a homomorphism of W (k)[v_]-modules F** — (F\.M @y B*)", where
the superscript A stands for the graded p-completion. In degree zero, the composition F'* — (F. M ®w (1) B of
the latter with (FiM ®Qw (i) BN = (F.M ®w ) BT)" is homotopic to the crystalline Frobenius.

3ndeed, for every V€ Dy (SpfW(k)), the sheaf wsoip«V corresponds, under the equivalence

Do, 0,00 (AL /Crn) < Dige (W (k) [v-]), to V® A.
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Note that the restriction of (4.13) to @///ﬁ?oigp_l](W(k))%ModMaZ(W(k)) is
fully faithful. Indeed, using [NS18, Proposition II.1.5], it is enough to show that,

for M® N®€Dg.j0p-1](AL /Gp), the natural map HOm@eff(W(k:)[vi])(M.,F*NO@A)—>

Homﬁzf:(W(k)[v_])(N', F.Ny® B) is an equivalence. This follows since D¢ (oo p—1] (AL /G,,) —

Dye(AL /G,,) admits a right adjoint w<,—1 (cf. Lemma 2.16) and F,N°® A — F.N" @ B is an
equivalence after applying w<,_1; see Corollary 3.3.

Remark 4.7 (Relation to the Mazur-Ogus construction). In the geometric context, (4.11)
encodes divisibility properties of the crystalline Frobenius discovered by Mazur. Namely,
following the idea of Mazur [Maz73|, we define a functor

B\t - Siiyy () — Modta (W (K)) (4.14)

as follows. Let X be a smooth p-adic formal scheme over W (k). First, assume that there exists a
closed embedding X < Y, where Y is a smooth p-adic formal scheme over W (k) equipped with
a Frobenius lift Fy (that is not required to preserve X). Denote by Dx(Y) the p-completed
PD-hull of X in Y and by J the sheaf of ideals of the closed embedding X — Dx(Y). Note
Dx(Y) can be also viewed as the p-completed PD-hull of X} in Y in particular, it follows
that Fy extends uniquely to an endomorphism D x(Y). Set Q‘;DX ) to be the tensor product

Op,(v) ®oy Q§/ For each i, define a subcomplex Fili(Q%X(y), dgr) of (Q;JX(Y), dqr) to be
J[ﬂ — J[iil]QlDX(Y) SN QZDX(Y) N Qgi(Y) — e

where J[™ stands for the mth divided power of J. The restriction map (Q'DX(Y),ddR)%
(2%, dqr) extends to a map of filtered complexes

Fﬂ.(Q.DX(YV ddR) — (QB(, ddR)} (4.15)

and the filtered PD Poincaré lemma of Berthelot [Maz73, p. 61] asserts this is an isomorphism
in the filtered derived category. A key observation [Maz73, p. 63] is that, for every i, the chain

Fy

map (25, v, dar) — (Q’DX(Y), dqr) restricted to Fili(Q;DX(Y), dqr) is (uniquely) divisible by
pll. Combining this with (4.15), we obtain W (k)-linear maps ¢; : F*RTqr(X) — F.RTqr(X)
together with homotopies plit1=[lp; | ~ p;u_, where v_ : FIT1RT4g (X) — F'RTqr(X) denotes
the usual ‘inclusion” map. Note that, by construction, the map g is the crystalline Frobenius.

The above construction determines a contravariant functor from the category € of tuples
(s: X =Y, Fy) to Modma, (W (k)) that carries every morphism in €, which is an isomorphism on
X, to an isomorphism in Mody., (W (k)). A standard argument shows that C°P — Modna, (W (k))
descends uniquely to (4.14) (cf. [BOT7S, §8, p. 23]).32

For the sake of completeness, let us remark that, for every n < p, the maps ¢;, for 0 <i < n,
can be assembled to a morphism in the derived category of sheaves

d, _ d dq d °
L (prox M p IOk A S 0 S ) — (O, dar),

such that p"(¢/p™) is the crystalline Frobenius precomposed with the embedding of the source
into (2%, dar). In particular, we obtain the morphism (1.1). The above construction of (1.1) is

32Here is the argument: the fibre of €°P — S/r\n(‘;g(k) over each affine X is non-empty and admits finite products.
Therefore, the nerve of the fibre is contractible. This proves the independence of the Mazur module structure on
RTar(X) on the choice of (s: X — Y, Fy).
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due to Ogus: we refer the reader to [Ogu23, Theorem 6.8] for a detailed exposition and a proof
of the isomorphism property of (1.1).
We claim that N

P oz — Piaz © Hayn- (4.16)

In fact, any functor S/I\n;[g(k) — Modyaz (W (k)) equipped with an isomorphism between its post-

composition with the forgetful functor Modpga, (W (k)) — @QT(W(k) [v_]) and the Hodge filtered
de Rham functor such that (g is homotopic to C‘)cgle crys‘falline Frobenius is isomorphic to ®yr,, ©
Hsyn- To see this, consider the functor F*: Smyy 4y — D(W (k)) sending a smooth p-adic formal
scheme X to the ith term of the Hodge filtration on RI'qr (X). It suffices to show that, for every ¢,
the space Map(F*, F) of morphisms between the functors is discrete, moMap(F*, FV) is p-torsion-
free, and the map moMap(F?, FY) — moMap(F**!, F°) induced by the canonical morphism v_ :
F*! 5 F' is injective. Using that F* is a sheaf for the Zariski topology, the space Map(F*, F°)
does not change if S/riw(k) is replaced by the subcategory m‘w(k) of smooth affine formal
schemes. Let QSynyy () be the category of quasi-syntomic affine formal schemes over W(k),

and let LF?: QSyn?,s(k) — D(W(k)) be the p-complete left Kan extension along the embedding

SmAlg%I,’(k) — QSyn?,[I,)(k). Then by the universal property of the left Kan extension, we have

a homotopy equivalence Map(F*?, F¥) = Map(LF*, LF?) (see [Lur09, Proposition 4.3.2.17.]).
Our claim follows from the following facts: LF' is a sheaf for the quasi-syntomic topology on
QSynyy iy (see [BMS19, Theorem 3.1]); the inclusion QRSPerfy, ;) < QSynyy iy of the category
of quasi-regular semi-perfectoid affine formal schemes into the category of all quasi-syntomic
affine formal schemes induces an equivalence between the corresponding categories of sheaves
[BMS19, Proposition 4.31]; for any X € QRSPerfyy;,, the complex F'(X) is concentrated in
degree zero, H°(F*(X)) is p-torsion-free and the map v_ : HO(F**(X)) — H°(F*(X)) is injective
[AMM™22, Construction 6.6].
Using (4.13), the category @.//lg‘\%iiu(W(k)) is a full subcategory of Moda, (W (k)). In
particular, we derive from (4.16) that the functors
1

=z 5 <p— i
PMaz, PMaz © j_(:syn : SmW(k) — @ﬂﬁb &

0.p—1](W(K))

are isomorphic.
Remark 4.8 (A ‘non-abelian’ refinement of the crystalline Frobenius). Let X be a p-adic formal

scheme over W (k). Let Xj, := X Xgp¢ w (k) Spec k be its special fibre. By Theorem 1, we obtain
a canonical isomorphism

X2 % g Spf B/G 22 X Xy gy SpE B/Gp 2 XWF x40 /6 Spf B/Gyp, (4.17)

of stacks over Spf B/G,,. Recall from [Bha23, Remark 3.3.4] a canonical morphism of stacks
over k™
X x kN = XM kN = X7, (4.13)

which is an isomorphism over the open substack Spf W (k) T N given by vy # 0. Likewise, we
have a map of stacks over Al /G,,

XdRA xR Al /G, (4.19)

which is an isomorphism for v_ £ 0. The map can be constructed by restricting the structure
map XN — X2 x W (k)N (see [Bha23, Definition 5.3.10 (3)]) to AL /G, 2% W (k)N. Composing
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(4.17) with (4.18), we obtain
Fref : X x Spf B/Gypy — XWF x40 /6. Spf B/Gpp, (4.20)

whose postcomposition with the map (4.19), pulled back to Spf B/G,,, is the crystalline
Frobenius.

Remark 4.9 (The category of Fontaine-Laffaille modules over a scheme). Let X be a smooth
p-adic formal scheme over W (k). We shall explain how the refined Frobenius morphism Fje¢

in (4.20) can be used to define a certain stable oo-category 9//[?%%0 1 (X). By definition, an
object of ‘@%ﬁ%ifl} (X) is a pair (M, p), where M € D 10 p—1 ](XdR Hand ¢ (FXcEM)P~1 =
M,_—1 is an isomorphism in Dge(X ). Here c: X4+ x40 g Spf B/Gy, — X is the projec-
tion to the first component, and F*; is the pullback along (4.20). The superscript (-)": M~ M
refers to the functor Dye(X R x Spf B/Gy,) — Dye( XY given by M+ pr yar, (M @ O(i)), where
pryar : X® x Spf B/G,,, — X IR,

5. The equivalence Dy [0,p—2] (W (k)*Y"™) — @///ﬁtggp 2] (W (k))

5.1 The main result

THEOREM 3. The functor (4.4) induces an equivalence of categories

®rtar Dyefop—2)(W(R)") = Dt F B (W (K)). (5.1)

Moreover, it restricts to an equivalence on perfect complexes
Pertjo - (W(R)Y") S D (A F oy (W (K))) (52)
that identifies the subcategories® Cohyg ,_o) (W (k)*¥™) = M F (g o) (W (K)).
We now give the outline for the proof of Theorem 3.
Step 1. We reduce (5.1) to proving the equivalence

syn ~ bi
Drtas ® Fyp: Dyofopma) (W (K)Y") 0 By S DM FYE (W () S F (53)
We say that F € Dy.(W (k)" @ Fp) has weights in [a, b] if and only if the pullbacks of F along
both composites Spec k[v+]/Gp = kN @ Fp — W (k)" @ Fp lie in Dy (44 ((AL/Gp) @ Fp) in
the sense of Definition 2.1.
We show that the restriction along W (k)*¥" ® F, — W (k)*¥" induces an equivalence

qu[O,p—Q] (W(k)syn) @ ]FP = ch,[O,p—2] (W(k)syn ® IFP) (54)

Step 2. Let W(k);¥" be the reduced locus of W(k)*" ® F,. Let Dy q, b](W(k)f,zg) be the full
subcategory of QqC(W(k:)Syg) consisting of obJects with Hodge-Tate weights in [a, b] defined via
the restriction along (A} /G,) ® F, — W (k):”} as in Step 1. We show in Proposition 5.6 that
the restriction functor

T0,p—2] * ‘ch,[O,pf2](W(k)syn ® Fp) — ‘ch,[O,pr](W(k)syn) (55)

red

is an equivalence of categories.

Step 3. Use the description of W (k)’¥" from [Dri24, § 7] to complete the proof.

¥ By definition, Cohyg,_o (W (k)*¥") is a full subcategory of Coh(W (k)*¥™) that consists of objects lying in
'chylo,p,g](W(k‘)Syn).
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Remark 5.1. We show in Step 3 that the functor @y, ® I, factors through the following reduced

locus.
D W (k)*¥" @ F Pt OFy DMTE  (W(k) @ F
qc,[(),p—l}( ( ) ® p) [ij_l]( ( )) ® p
Dyejo.p-1)(W (k)20)
Moreover, we construct an equivalence
®pr1: Dye 1) (W (R)2) = DM F 3, (W (k) @ Fy. (5.6)

Thus, via (5.6), ®M can be viewed as an endo-functor on .@///ﬁﬁ)igp_l](W(k)) ®F,. We show

that ®M2% is not an equivalence of categories, but becomes an equivalence when restricted to

red
DMTE (W) @F,.

[071772]

5.2 Proof of the main theorem

We now prove Theorem 3.

Step 1. For a Z-linear presentable stable co-category € and a commutative ring A, we denote
by C® A the category C®qz) D(A) defined via Lurie’s tensor product in Prl; see [Lurl?,
§4.8]. Informally, an object of C @ (z) D(A) is merely an A-module in €. We say that such € is
p-complete if the natural functor € — lim € ® Z/p" is an equivalence.

LEMMA 5.2. Let f:C1 —Cy be a map between stable Z-linear presentable p-complete
oo-categories. If the induced functor f ®F,:Cy ®F, = €y ®F, is an equivalence, then f is an
equivalence.

Proof. Observe that, for any X,Y € G, we have
Home, gz/pm (X ® Z/p",Y @ Z/p") — Home, (X, Y ® Z/p") — Home, (X, Y) @ Z/p". (5.7)

Indeed, each mapping spectrum in (5.7) is naturally identified with the cone of Home, (X,Y") 2,
Home, (X,Y). In particular, Home, (X,Y) — lim Home, (X,Y) ® Z/p", i.e. Home, (X,Y) is
p-complete. The same applies to Home, (X', Y”), for X' Y’ € Cs.

Let us check that f is fully faithful, i.e. the map Home, (X,Y)— Home,(f(X), f(Y))
is an equivalence. By p-completeness, it suffices to check that Home, (X,Y)®F, —
Home, (f(X), f(Y))®F, is an equivalence. Using (5.7), this is equivalent to showing that
Home, gr, (X @ F),, Y @ F,) — Home, g, (f(X) @ Fp, f(Y) @ F,). Consequently, it suffices to
show that, for any X in €; the natural map f(X) ® F, = fi(X ® F,,), where f,, ;= f Q@ Z/p™: C1 ®
Z/p™ — Co @ Z/p™, is an equivalence in €3 ® Fp,. To this end, observe that the functor €, ® F), —
Co is conservative. Indeed, €2 ® F), is identified with the category Funy,q, p,z ) (D (Fp), C2) € Prl,
of colimit-preserving Z-linear functors. This equivalence carries the functor €, ® F, — G2 to
the evaluation-at-IF,, functor Funy,q,p,z)(D(Fp), €2) — Co. It remains to observe that D(F,)
is generated by F, under colimits and finite limits. By conservativity, it is enough to show
that f(X)®F, = fi(X ®F,) is an isomorphism in Cp. But this is clear: each side is naturally
identified with the cone of f(X) -2 f(X).

We claim that f,, is fully faithful, for every n: representing C; ® Z/p™ as the inner Hom from
D(Z/p™) to C;, the claim follows from a general fact that a fully faithful f induces a fully faithful
functor on inner Hom; see [Lurl8a, TAG 04Q6].

307

https://doi.org/10.1017/S0010437X26102978 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26102978

G. TERENTIUK, V. VOLOGODSKY AND Y. XU

It remains to check that f, is essentially surjective. We check it by induction on n. For any
Z €Cy®Z/p", we have a fibre sequence Z ®z,/,» Z/p" ' - Z =7 ®z,/pm Fp. By the induction
assumption, the boundary terms are in the essential image. Since f,, is fully faithful, it follows
that Z is in the essential image. O

In particular, the lemma reduces the proving equivalence (5.1) to proving equivalence (5.3).

PROPOSITION 5.3. The restriction along W (k)*" @ F, — W (k)*" induces an equivalence
Dge(W (k)" @ F)p) > Dye(W (k)*¥"™) @ F,, where the right-hand side stands for the category of
[F,-linear objects in Dy(W (k)*Y™). Moreover, this equivalence respects Hodge—Tate weights.
Thus, it induces Dy [0 p—o) (W (k)" @ Fp) = Dye 10, p—2) (W (K)*") @ Fp.

The proof of this proposition is given at the end of Step 1. We start with some preliminary
results.

LEMMA 5.4. Let A be aring, (p, f1,..., fn) is a regular sequence in A, I C A the ideal generated
by this sequence, and let I C A/p be its image. Assume that A is I-complete. Denote by Spf A
(respectively, Spf A/p) the I-adic (respectively, [-adic) formal scheme. Then the restriction along
i:Spf(A) ® F, — Spf(A) induces Dy(Spf(A)) ® Fp >~ Dy (Spf(A/p)).

Proof. 1dentify Dgc(Spf(A)) with Dy_comp(A) C D(A) and Dyc(Spf(A/p)) with Dr_.,,.,,(A/p) C
D(A/p). Under this equivalence, the functor ® : D,.(Spf(A)) ® F, = Dy (Spf(A/p)) is compati-
ble with the functor D(A) ® F,, = D(A/p) induced by Spec(A/p) — Spec(A), which is an equiv-
alence by [Lurl7, Theorems 4.8.5.11 and 4.8.5.16]. Since — ® D(F}) ~ Funyoq, (prr) (D (Fp), —)
as functors, and the latter preserves fully faithful embeddings, we see that ® is fully faithful.
Let us show that it is essentially surjective. Observe that A/p is in the image since ®(A) = A/p.
Thus, it suffices to check that A/p generates Dy_,,,,,(A/p). Note that the I-completion functor
D(A/p) = Dr_romp(A/p) is essentially surjective and it commutes with colimits since it is left
adjoint to the embedding. Since A/p generates D(A/p), the claim follows. O

LEMMA 5.5. Let X be a stack which admits a faithfully flat cover by an affine formal scheme
Spf(A). Denote by Spf(A)*/* the Cech nerve of Spf(A) — X and assume that Spf(A)*/* is
represented by an I*-adic affine simplicial formal scheme Spf(A®) with each I® C A® satisfying the
assumption of Lemma 5.4. Then the natural map D,.(X) @ F, = Do (X @ F)) is an equivalence.

Proof. The assumption implies that the functor Dg.(X) — lim D, (Spf(A®)) is an equivalence.
The natural map X ® F, — X ®% F, is an isomorphism since A is flat over Z, and flatness is
fpqc-local. Thus, by the base change stability of Cech nerves we get the following diagram.

Dge(X) @, (lim Dy (Spf A®)) @ F),

Dye(X @ Fp) lim D (Spf(A® @z, Fp))

Note that horizontal maps are equivalences by descent. The right vertical map is an equivalence
by combining Lemma 5.4 with (self-)dualizability of D(F,,) in PrL (the latter implies that, for any
diagram €; in PrL, the natural map (lim €;) ® F, — lim C; ® F,, is an equivalence since, for every
€ € Prh, we have C ® F, — Fun(D(F,), €)). Thus, all maps in the diagram are equivalences. [J

st

Proof of Proposition 5.3. Denote by C the p-adic completion of an algebraic closure of Frac W (k)
and by O¢ C C the subring of integral elements. Then W (k) — O¢ induces a faithfully flat cover
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Oy — W (k)N by [Bha23, Remark 6.6.12]. If OF — Al /G,, is the Rees map, then OY X1/, AL
is a formal affine scheme Spf A such that the Cech nerve Spf (A)’/ W™ satisfies the assump-
tion of Lemma 5.5; see [Bha23, Corollary 5.5.11]. Thus, Lemma 5.5 gives D,e(W (k)N) @ F), ~
Dye(W (k)N @ F,). Similarly, ch((W(k)A) R, ~ ch(VV(k:)A ®@Fp). This implies the first state-
ment since D (W (k)*¥") ~ Eq(D(W (k)N) = D(W(k)ﬁ) To show that it preserves Hodge—Tate
weights, it is enough to observe that the equivalence D(Al/G,,)®F, — D(AL/G,, @ F,)
restricts to an equivalence D (44 (AL /Gpn) @ Fp = Dy 1.4 (AL /Gy @ Fp), which is clear. [

Step 2. Recall from [Dri24, §5.10.8 and Proposition 8.11.2] that W (k)Y is a Cartier divisor

red
of W(k)*¥" @ F,, given by a nonzero section v; € HO(W (k)*" @ F,,, O{p — 1}). Let (W (k)*¥" ®
Fy)pi—o denote the zero locus of v} inside W (k)*" @ F,.

PROPOSITION 5.6. For each i > 1, the restriction map
Dyejo.p—2) (W (E)*" @ Fp)yi—0) = Dye,f0,p—2) (W ()" @ Fp)i-1_g) (5.8)
is an equivalence. In particular, the functor ry ,_o from (5.5) is an equivalence.

Proof. Observe that the closed embedding

it (W(k)*¥™ @Fp),i1g = (W(k)™" @ Fp)ui=o (5.9)
is a square-zero extension with sheaf of ideals given by
di =Ow(yzn{—(i—=1)(p—1)}. (5.10)

We use the following generalization of a fact from [Bha23, Example 6.5.13].

syn
red

LEMMA 5.7. Let n be an arbitrary integer. For any & € Dy, o)(W(k),.;) and any & e

Dyge,(—oom—1](W (k)7Y7), we have RHom(&', &) =0.

red

Proof. Recall from [Dri24, §7] and [Bha23, §6.2] the geometry of the reduced locus W (k)N ,,
which has two irreducible components given by the Hodge-Tate component Dyt and the de
Rham component Dgr meeting transversely along the closed substack Dp,q. The Hodge—Tate
component Dyt is identified with A_lng /Gt~ Gq i/ (ng X Gy k). The de Rham component
Dgr is identified with the classifying stack of a commutative group scheme G over (AL /G,,) ® F,,.

The closed substack Dgo,q = B (F*Gg x X Gy 1) is embedded into Dgg as the fibre over BG, x C

(AL /G,,) @ F, and it is embedded into Dy as O‘p/(Gi,k X G 1) Consequently, Dg.(W (k)N,)

red
is a full subcategory of the fibre product Dg.(Dur) XD, .(Dstod) Dge(Dar). We refer the reader

to [Lurl8b, Theorem 16.2.0.2] for a much more general result the above assertion follows
from.

Set Dund::BGfﬂk. The stack W(k)f,\id contains two disjoint open substacks isomorphic
to Dynq. The embedding of Dy,qg C Dur =Gg i/ (Gik X Gy, ) identifies Dypg with (Ggp \
{0})/ (Gg i X G k). The embedding of Dy,q C Dgr identifies D,yq with the complement to
Dijoq inside Dyg. The stack W (k)" is obtained from W (k) by identifying the two copies of
Dypnq inside Dy and Dggr via the arithmetic Frobenius automorphism Id x Frob of Ban =

syn

B(ngﬂp x Spec k. In particular, by this pushout presentation of W (k),”, we have

RHom(€&', &) = Fib(RHom (&' |, €| Dyy) ® RHom(E' | p.rs €| D)
— RHom(&'|p,,,, €|p,,.) ® RHom(E' Dy, ElDsu))- (5.11)

Now we claim that, under our assumption on Hodge—Tate weights, the following hold:
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(i) RHom(E'| pyrs €] Dyr) = 0;
(ii) the  restriction =~ map  induces an  isomorphism  RHom(&'|p,., &|p.) —
RHom(&'|p, a5 & Duna)i™
(iii) RHom(&'|p,,..» €|Dy.q) = 0.

To prove part (i), note Dye(Dpt) =~ @QC(Ai’dR /G k) is a full subcategory of the derived category
Dgr(A1) of graded Aj-modules, where Ay :=k{v4, D}/(Dvy — vy D — 1) is the algebra of differ-
ential operators on the affine line; see [Bha23, §6.5.4]. Let G' =@ G/, (respectively, G =P G;)
be the graded module corresponding to &'|p,.. (respectively, €|p,,) under the above inclusion.
Using the assumption on weights and Remark 2.12; we conclude that G; is acyclic for it <n —1
and G 2y G, is an isomorphism for i 4 1 > n.

We claim that RHomp  (4,7)(G', G(5)) =0, j <0, where G(j);:=Giy;. Indeed, let G”
be the free graded k[vi]-module on G]_;, i.e. G/ =G, for i >n—1 and 0 otherwise. Then
RHomy (40, 7)(G", G(5)) = RHomy  (1)(GY,_1, Gn-14;), which is 0 for j <0 since Gp,—14; =0.
It remains to check that for G" :=cone(G” — G'), we have RHomyp,  ((,,1)(G", G(j)) =0 for
J <0. Indeed, G is acyclic for i >n — 2. Then we have

ad,
RHongr(k[UJr])(Gm, G(j)) = Fib(RHongr(k)(G'”, G(])) — RHongr(k)(G”’, G(] + 1))),

RHomyp, () (G", G(4)) = | [ RHomk (G}, Giy;) =0, for j<1, (5.12)

since for every i, either G or G;; is acyclic (for j <1). Next, we have

. ad
RHOngT(Al)(G/, G) = Flb(RHOngr(k[v”)(G/, G) - RHOngT(k[v”)(G/, G(—l))) (5.13)

By the vanishing of RHomy  (k0,1)(G', G(j)) =0 for j =0, —1, we deduce vanishing of the left-
hand side in (5.13). Thus, RHom(&'| pyys €| Dyy) = 0 and part (i) holds.

To prove part (ii), recall from [Bha23, §6.5.3] that Dy.(Dgr) can be viewed as a full
subcategory of D,,.(k[v_, ©]), where deg(v_)=—1 and deg(©)=—p. Denote by F' =@ F"
(respectively, F =@ F?) the module corresponding to & (respectively, €). Using the assump-

tion on weights and Remark 2.12, we have that F'" is acyclic for i >n, and F* 5 Filis an
isomorphism for 7 < n.

Likewise, Dye(Dyna) is a full subcategory of D,.(k[v_, v, 0]) = D(k[O]). Consider the
embedding j: Dyng — Dgr lying over j: (AL \ {0})/G,, @ F, — Al /G, ® F,. Under the iden-
tifications above, the pullback along j corresponds to the functor j*:Dg.(k[v_,©O]) —
Dgr(k[v—,v=", ©]) given by the tensor product with k[v_,v_", ©] over k[v_, ©]. We shall prove
that under the above assumption on F' and F’, the map

j* : Rﬂom@gr(k[v_@])(F/, F) — RHong,.(k[v,,vjl,Q])(j*Flv _]*F) (5.14)
is an isomorphism. The left-hand side of (5.14) can be computed as
. ade
RHomyp, (kv_ e (F's F') = Fib(RHomyp, | (4pp_y(F', F) =2 RHomyp | k1) (F', F(=p))),
and the right-hand side of (5.14) can be computed as
R,Homggr(k[v77v:17®]) (j*F/7 j*F)

. 3 .k d@ - -k
=Fib(RHomy, 1, 1)) (5 F', *F) == RHomy, o, -1y (F°F', 5°F(=p))).

34The following argument proves this under weaker assumptions on the weights of &, namely, it has weights > n — 1
instead of > n.
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We show the stronger statement that, for any F’€ Dy, (k[v_]) with F"" being acyclic for
v

i>n, and any F € Dy, (k[v_]) with F* — F'~! being an isomorphism for i <n — 1, we have
an isomorphism

" RHomyp (ko py(F', F) = RHomg, o1y ' 5 F). (5.15)

This will imply the desired isomorphism in (5.14).
Now, the functor j* admits a right adjoint j, given by the restriction along k[v_] < k[v_, v~1].

By adjunction, RHong,‘(k[v,,v:w)(j*F/’ JF)~ RHomyp, (ko 1) (F', j.j F).Let F" := cone(F —

7.J F). To prove (5.15), it suffices to show RHom(F’, F) =0. We have F”"* =0 for i <n. To
show the desired vanishing, we use the equivalence D, (k[v_]) = Dy, (k[vy]) given by F+— G
with G; = F~*. Now the vanishing of RHom(F’, ') ~ RHom(G', G") follows from (5.12).

To prove part (iii), recall from [Bha23, §6.5.2] that Dg.(Dpoq) can be embedded as a full sub-
category of D, (k[O]). Denote by V' = V;/ (respectively, V = V;) the corresponding graded
modules for &'|p,,., (respectively, &|p,,.,). Observe that

RHomy, (e (V/s V) = Fib(RHomy, iy (V', V) 222 RHom(V', V (—p))). (5.16)

Using the assumption on weights, V; is acyclic for i <n and V; is acyclic for i >n. Thus,
both the source and the target of ade on the right-hand side of (5.16) are zero. Therefore,
RHomp, (D,,,) (€' [0 ElD1a) = RHomp ey (V/, V) =0. O

We now check that (5.8) is fully faithful. Let F,F € Dy 9,2y (W (k)*" @ Fp),i—g). The
morphism RHom(¥, F) — RHom(a}F, afF) ~ RHom(F, as;F) is induced by the map F —
aiafF . Let G be its fibre. By (5.10), we have §:=F @ J; =F{—(i — 1)(p — 1) }w()svr. We
need to show that

0=RHom(F, §) = RHomyp,,y (ky:vn) (Flwyeen, F{=G—=1)(p— 1)} Hwau:

Note that Flyg)w» has weights <p—2, and F{—(i —1)(p — 1)}|w k) has weights > (i —
1)(p —1). Thus, the desired vanishing follows by Lemma 5.7. This finishes the proof of fully
faithfulness of functor (5.8).

To show that (5.8) is essentially surjective, we use the following result.

).

red

LEMMA 5.8. Let i: X — Y be a square-zero extension of algebraic stacks over a field k. Let J be
the corresponding sheaf of ideals. Let F € Dy.(X). Assume that Ext%qc(x) (F,F®7)=0. Then

there exists an F € Dgc(Y) such that §|x =J.

Proof. We first consider the case where Y is an affine scheme. Let R be any associative algebra
over k, and I C R a two-sided ideal with 12 =0. Set R := R/I. Define an object M € D(R® R™")

L _ _
as follows: M :=71<;1(R®@g R). We have Hy(M) =R, Hi(M)=1 and H;(M)=0 for all i #0, 1.

For the duration of this proof, we denote by ¥ the functor D(R) — D(R) given by ¥(N):=
M ®z N. Then we have a fibre sequence of functors

Tos N[ = o) =N Y 1oz Np2). (5.17)

We refer to o(N) as the obstruction class. A choice of a null-homotopy for o(/N) determines
a map 0:VU(N)—I®pN[1] splitting the fibre sequence (5.17). Composing § with the map

_ L — _
R®prN~(R®rR)®z N — ¥Y(N), we obtain a map R ®r N — I ® N[1], which yields a map
§:N —I®zNI[1] in D(R). Let

N :=Fib(N 5 I @z N[1]) € D(R). (5.18)
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The morphism N — N in D(R) induces a map in D(R):
R®pr N — N. (5.19)

We claim that the map (5.19) is an isomorphism. To see this, we compute the obstruction
class o(N) of N as follows. By [Dri04, B.3 Lemma] we can assume that N is represented by
a semi-free complex (N, d) of R-modules, i.e. there exists an increasing exhaustive filtration
0=FyN CFIN C---C(N",d) such that each quotient F;;1N'/F;N" is isomorphic to a direct
sum of DG-modules of the form R[n]. For each i, pick a lift of the filtered R-module FyN’ to a
filtered R-module F,N' such that FJHNZ/F Ni is a free R- module, for every ] We can lift d
to a homomorphism of filtered R-modules d: Nt — N**+! guch that d takes F.N" to F. _1N +1,
In general, e # 0. Note that d? factors through the projection Ni— N and its image lies in
I ®z N2, Moreover, since d? commutes with d, we get a morphism of complexes a2 (N, d) —
I®g (N, d)2].

CLAIM 5.9. The above morphism d2: N — I ®f N[2] is equal to o(N).

Proof. Consider the DG-algebra R := (I — R) coming from the resolution 0 — I — R — R—0.
Let us define a DG-R%-module N’ whose underlying graded R-moduleis N @ I ® z N[1] and the

differential in degree ¢ is given by D := ((731&; (721‘6 ), where B: 1 ®@p Nt < N is the kernel of

Ni— Ni. The action I[1] on N "is given by the lower triangular matrix whose only nonzero entry
is given by I[1] ®p N ~ I ®p N[1]. Note that by construction N’ is semi-free over R%9. Consider
the map N’ — N, which takes (n, x) € Niel ®p N1 to the image of n under the map N — Nt
It is a map of DG-R%-modules and, moreover, it is a quasi-isomorphism. Under the equivalence
D(R) ~ D(RY), the functor ¥:D(R) — D(R) corresponds to the functor ¥’ : D(RY) — D(R)
given by W/(N) = 7<1 (R ®r RY) ®H]i%dg N. Note that the natural map 7<; (R ®% RY) — 7<1 (R ®g
R%) in D(R ® (R%)°P) is an isomorphism, and 7<1 (R ® g R%) is represented by R @ I[1] with the
zero differential. Observe that the right action of R% has the property that R ®g (R%)™! — I is
an isomorphism. Thus, ¥/(N) is identified with C:= (N & I ® 3 N[1], D), where D in degree i is
given by ( (- ld) i d) Denote by u: I ® g N[1] — C the inclusion and by a.: C'— N the projection.
To complete the proof, it is enough to construct a quasi-isomorphism f: 7 ®z N[2] — Cone(a)

such that the two morphisms o(N) and d? o f : N — Cone(«) are equal. Consider the following

diagram.
N —"M ., Cone(a) s on) — M N
; ull] 0
N—% | TezN{2
The composition a[1] ou[l]: I ®z N[2] — N[1] is zero. Thus, there exists a map f:1®p N[2] —
Cone(«) satisfying f o a2 = o(N). Moreover, f is a quasi-isomorphism. O

Let us now return to the proof of the isomorphism property of (5.19). Since (N°, d) is semi-
free, the null- homotopy for o(N) determines a collection h: N* — I @ g N**! with hd + dh = 2.
Setting d=d—h:N'— Nt we have that (c?’ )2=0. Then N is represented by the complex
(N .d ). The isomorphism property of (5.19) follows.
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This implies the lemma in the affine case. Indeed, if Ext% (N, N®1I)=0, then o(N) is
homotopic to zero. Therefore, there exists N € D(R) together Wlth a map (5.19) which is an
isomorphism.

For the general case, observe that Dg.(Y) =1lim Dy.(R) where the limit is taken over all flat
maps Spec R — Y. Thus applying the previous construction to each R, we obtain an obstruction
class o(F): F— F®I[2]. Moreover, a choice of null-homotopy for o(F) determines an object
Fe Dge(Y) together with a map f;'“\x — F. By the local computations in the affine case, this map
is an isomorphism. This completes the proof of the lemma. O

Let us check that (5.8) is essentially surjective. Applying Lemma 5.8 to «; in (5.9), it suffices to
verify that for every € Dy 0p—2)(W (k)" ®Fp),i-1_), the group Ext?(F,F ®7;) = 0. Using
(5.10), we have that EXt2(C‘F F®l)= EXt2(9’W(k)iZ§7 ?’W(k)izg{—(z —1)(p—1)}). Note that
Flw (k)ovn has weights < p — 2, and Flyy(gyson{—(i — 1)(p — 1)} has weights > (i = 1)(p—1) >p—1
(Since i —1>1). Thus, the vanishing for Ext? follows from Lemma 5.7.

For the last assertion of the proposition, it suffices to observe that the functor

®qc,[0,p—2} (W(k)syn ® IFP) - @ch,[o,p—ﬂ ((W(k)syn ® FP)U{ZO) (5'20)
is an equivalence by the definition of reduced locus. O

Step 3. We prove that the functor (q’Maz@Fp)OT[Blp_Q]

DM ﬁﬁ;g 2](I/V(k:)) ®@ T, is an equivalence. Although this result does not hold with ry , o
replaced by 7,1}, some intermediate results hold in the larger range. Aimed at some geometric
applications (see Remark 5.23), we explain the results in full generality.

We start by showing that the functor @, ®Fy:Dyejop—1)(W (k)" @F,) —
DMF F()’f’; 1 (W(k)) ®F, factors through the restriction rp,_; to the reduced locus
W(k):¥".35  Since kN®F, (respectively, Al/G,, ®F,) is reduced, the morphism

red

Paris 1 kY @F, = W(k)N ®F, (respectively, pgg ®@F,:AL/G,, @F,—W(k)N®F,) factors
through I/V(k)N Thus, we have the following diagram obtalned from (3 1) by tensoring with F),.

Spec(B®@Fp) /Gy e

\

¢ (Al /Gyn) ® (5.21)

/

By Theorem 1, we have an isomorphism Wyp., ® Fp: peris © @ — pgi o toa in diagram (5.21).
Consequently, this gives a functor

De(W (k)727) = D" @ Fp) Xp,. (Spec(BoF, ) /G 1) Dac((AL/Gm) @ Fp)

red

: ch,[O,p—Q} (W(k)syn) —

red

ENQF,

sending Dy 10p—1](W(k);2;) to the corresponding subcategory of the right-hand side (as in
Remark 4.5). Combining this with (4.8), we obtain

BN Dy 0,51 (W (R)L)) = DM T RE,

together with an isomorphism ®yp,, ®[Fp:<1)rei‘lzor[0,p_1]. Eventually in this step, we prove

qc,[0,p (W(k)) & Fp (522)

that (I)}Yleflz is an equivalence in the range [0,p — 2].

35This assertion would be obvious if [0,p — 1] were replaced by [0, p — 2] because T[0,p—2] 1S an equivalence by
Step 2.
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Note that the construction of @%ZZ makes use of a particular choice of an isomorphism peyis ©
a~pgrotoa provided by Uy, ®F,. We make use of another isomorphism Wpy:peris 0 a =
Pr ©t o a constructed as follows.*® Let Cy be the spectrum of the subalgebra of k[v, v_]/(viv_)
generated by v and v_, i.e. Cy:= Spec k[v! ,v_]/(v} v_). We endow the affine curve Cy with a
natural action of Gy, j given by deg v} =p and degv_ = —1. Recall from [Dri24, §5.16.10] the
morphism Co /Gy, 1, — W(k) .4+ Whose precomposition with N @ Fp — C2/Gp i 1S Peris @ Fp (see
also (2.17)). Let us recall how the map Ca/Gyy, x — W (k)N is constructed Note C2 /Gy, k(R) is
the groupoid of diagrams

L R Ler, (5.23)
where L is an invertible R-module and viiv, = 0. To any such diagram we associate an admissible

F.[v}
Cartier—-Witt divisor M — W over R. Here M is defined to be the fibre product of F.Wg i
F,[L®P], where [L] € Pic(W(R)) is the Teichmiiller representative of L as in [Dri24, §3.11], and

the Frobenius [L] — Fi[L®P]. The map M — W is the restriction of [L] x g F,Wgr —— (-1V) L Wg. We
have the following commutative diagram (the commutativity data are explained in the following).

Spec(B®F)p) /Gy

NeTF, / ! \Al /Gm) ®
\ Pan (5.24)
C2/Gr Par
|
W (k)7

The map Peris 1S given by the embedding k[vf,v_]/(v]v_) < k[vy,v_]/(v4v_), and the
map pgi is given by the map k:[v+, _]/(v+v )= k[v_]. Since o} =p-v¥ /p is zero in
B®TF,, we obtain an isomorphism peyisoa~pg otoa. To see the commutativity of the
bottom right triangle, note pgp: ((AL/G,,) @ Fp)(R) — (Co/Gpi)(R) is given by taking
(L,v_:L—R) e ((AL/G,,) ®F,)(R) to a diagram L R % L®P. Using the commutativity
datum for the lower left triangle in (5.24) from [Dri24, § 7.8] (which gives rise to a commutativity
datum of the lower right triangle), we obtain an isomorphism Wpy : peris © @ Sp qrotoa.

The composition t :=Wpjo (Vpr, ®F,)~! is an automorphism of the point py; otoa.

We now describe it explicitly. Recall that the composition of pji ot oa with the projection
v_,V
Spec(B ® Fp) — Spec(B ® F),) /Gy, 1 is given by the morphism Wé )]F ® F.\Wpgr, L=V, Wher,

of admissible Wp-modules. Recall from [Bha23, Proposition 5.2.1 (2)] an isomorphism
Homyw,,. (FWper,, Wi ) < ker(W(BRF,) S BoF,), (5.25)

where the map w; is the first Witt coordinate w;: W — G,. The map in (5.25) is the
precomposition with Frobenius F': W — F,W, i.e.

Homw, . (FiWhgr, W](BZ;))FP) —or, Homw, .. (Wper,, WJ(B®)F Y =W B@F )

Let {[v]/p} be the image of [v"]/p € W(B) inside W (B ®Fp). Recall that by Lemma 3.6, the
element [v%] is indeed divisible by p inside W (B).

36Here ‘DI’ refers to Deligne-Illusie.
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LEMMA 5.10. The map 1, viewed as an automorphism of nglb‘p ® FuWpher,, is given by the
matrix (ISIV({[UI%}/;)}) ), where the entry V({[v}]/p}) in the matrix is viewed as an element of
Homw, .. (FxWher,, ngm) via the isomorphism (5.25).

Proof. Recall from (2.19) that the isomorphism Upy:

COker(Wé}ng — W( @315‘ D WB@]F ) = WB®IE‘p h X F*WB®F,, = ngﬁ'p D F*WB@)IE‘p
BRF,

is given by the matrix X := ( Id [”+] ). Recall from the proof of Theorem 1 that Uy, ® F), is given

by Y := ((1) f;), where f:=[v +] V({[v+]/p}). Our desired lemma amounts to the statement that
1Y = X. This is immediate from our construction of the isomorphism (5.25). O

COROLLARY 5.11. The restrictions of VUpy and Wy, ®F, to the closed subscheme
(Spec kl[vg, v_]/ (07, v40-)) /G i < (Spec B&F,) /G are equal.

Proof. This follows from the fact that the image of [v}]/peW(B) inside
W (k[vg, v_]/ (08" vpv)) is zero. O

Using the construction from Remark 4.5 once again, we obtain a functor

®p1: Dye 1) (W (K)G) = DM FE (W (k) @F,, (5.26)
COROLLARY 5.12. The restrictions of X% and ®py to the subcategory Dy o p—2(W (k);%)) are

isomorphic.
The following proposition completes the proof of Theorem 3.
ProprosITION 5.13. The functor ®p; is an equivalence of categories.

Proof. Let us first outline the argument. Recall from the proof of Lemma 5.7 a fully faithful

embedding
DqC(W(k)izg) — @qc(DHT) X ch(DdR)-
ch(D'und)Xch(DHod)

The first part of the proof consists of showing that the restriction Do ,—1)(Dut) —
Dyejo.p—1)(DHoa) is an equivalence (see Corollary 5.17). This yields a fully faithful embedding

ch,[O,p—l](W(k)red)) (_>E(1(®qc[ 0,p—1] (DdR) ﬁ ch( und))a (5'27)

T opin

where Z’{ is the restriction and 7' is the composition B(G?ﬁn,h ® k @Rbﬁ BG%FP ® k— BGy, , —

(Al /G,,) ® F,. Next, we show that pullbacks along pg and the inclusion D,,q < Dqg induce an
equivalence Dy 10.p—1](Dar) — Dyej0p—1] (AL /Gn) @ Fp) X o) Dge(Duna); see Lemma 5.18.
This, together with a category theory result, Lemma 5.19, identifies (5.27) with

Dyej0p-1](W(K)720)) = Ed(Dye op-1](AL/G) @ Fp) :Zi D(k))- (5.28)

The functor ®py is isomorphic to (5.28). This proves fully faithfulness of ®p;. For the essential

surjectivity, we use Lemma 2.10.

Let us explain the details. Consider the maps (C2),_—0/Gpm i» Dyt = (Ai’dR /Gn) ®F, EN

BG,, \, and a section BG,, , = (CQ),U:’_:,U_ —0/Gm i J, (C2)v_=0/Gm k- We first show the following.
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LEMMA 5.14. The pullback functors along f and f' induce equivalences®”

ch,[O,pfl] (BGm,k) l> ‘ch,[O,pfl] (DHT) ; ®qc,[0,p71] ((02)117:0/Gm,k)'

The inverse to the composite is given by g*.

Proof. Since f o f' o g=1d, we have that g* o f* o f* ~1d. Thus, it suffices to check that f* and
f"* o f* are equivalences.

Let us show that f* is fully faithful. Let us recall from [BL22b, §6.5.4] that the cate-
gory Dye(Dur) = Dye(GIR /G, 1) is identified with the full subcategory Dy, pronip (k[DP, 0% ])
of the derived category Dy, (k[DP, " ]) of graded modules over the polynomial algebra k[D?, v1 ]
with deg vﬁ = —deg DP = p. Objects of Dy pronilp (k[DP, vﬁ]) consist of complexes M such that
the action of DP on @, H'(M) is locally nilpotent. The natural map GgR::Ga,k/Gik%

Gak /ap = F.G,  coming from the factorization Gti i — ap — Ggp exhibits the source as the
BF, G x-torsor over the target. A flat lift of G, to W(k‘) together with a lift of the Frobenius
splits the torsor [BL22b, Remark 5.13]. The standard choice of the Frobenius lift gives a
G p-equivariant equivalence GI® ~ F,G,, . @ BF. G* ak and Dec((FGq ® BF Gg )/ Gmk) >
D gr. prnitp (k[DP, v ]). Under the equivalence above, ch 0,p—1](Dur) is identified with the sub-

category Dgr,[oyp,l](k[mr, DP]) of D gy pronitp (k[ DP, v"]) that consists of objects M = @, M; with

M; acyclic for i <0 and cone(M;_, BN M;) acyclic for i > p.

The category D 0p—1](BGmk) is identified with the full subcategory of the derived cate-
gory Dy, (k) of graded complexes Cy = @), C; such that for any ¢ ¢ [0, p — 1], the grading degree
¢ component C; is acyclic. Under the above identifications, the functor f* sends C; to C; [v‘i] =
Ci @k k[v}] with the trivial action of DP. The complex RHomq (xpr o)) (Ci[vh], Ci[vY]) is
computed by

. ade
Fib(RHomy,  xpor)) (Ci[v}h], CF[v]) === RHomyp, (o)) (Ci[vh], Cj[05](—p))), (5.29)

where (—p) stands for the degree shift, i.e. M(—p); = M;_p.
If 4, j € [0, p — 1], then RHomy,  (x(p2))(Ci[v}], Cj[vh](—p)) = 0, and therefore by (5.29) we get
RHOngT(k) (Cl, CJ/) l) RHongT(k[vi])(Ci [vf_], CJ/ [Uﬁ_]) (530)

This proves fully faithfulness of f*. Formula (5.30) shows fully faithfulness of f'* o f*.

Now we show essential surjectivity. It is enough to show that, for every i €[0,p — 1] and
Me Dy, 10p—1)(k[DP, v ]) such that the grading degree i’ part My € D(k) of M is acyclic for
i/ #i mod p, M is quasi-isomorphic to M;[v"]]. Let M be a graded complex of k[DP, v%])-
modules, representing M, such that each term M of M (we use cohomological notation) is
a free graded module over k[DP,v" ] and the grading degree ¢’ part M, € D(k) of M; vanishes
for ' #4i mod p.?® In particular, the map vﬁ :J\~/Ej —>J\~/[j+p is a term-wise injective morphism
of complexes. Let M be a graded complex of k[DP, vﬁ])-modules defined as follows: in each
cohomological degree, the graded k[DP, v* |-module M" is a quotient of M" by the submodule
generated by M for 7 <0. Then the canonical map M—M is a quasi-isomorphism. Since M

3By definition, Dy (0,p—1]((C2)v_=0/Gm) is a full subcategory of Dgc((C2)v_—0/Gm) formed of objects whose
pullbacks to AL /G, ®F, have weights in [0, p — 1].

38Here we make use of the following general fact: for a graded ring R, every complex of graded R-modules is
quasi-isomorphic to a complex of free graded R-modules. See, for instance, [Dri04, Lemma B.3] for a proof of the
analogous statement for ordinary rings and [Dri04, § C.8] for a very general assertion that applies to the graded
setting.
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is a term-wise zero complex for 7 > j, the operator DP acts trivially on J\N/[: Hence, there exists a
unique morphism of graded complexes of k[DP, v* ]-modules M; [P ] — M, which is the canonical
projection M; — M; / vﬁJ\N/[i,p = J\N/[; in degree i. By the weight assumption on M, this morphism
is a quasi-isomorphism. Thus, we have essential surjectivity of f*.

Since the map f': (C2)o_—0/Gmk — Dur = BH|(c,), _,/c.., has a left inverse® f” ie. f”o
f' =1d, we have the essential surjectivity of f’* as desired. Since f* is an equivalence and f* o f*
is fully faithful, it implies that f"* o f* is an equivalence. O

COROLLARY 5.15. The pullback along the projection t:C2/Gp, . — AL /G, ® F, induces an
equivalence t*: Dy 101 (AL /G, @ F,) = D ge,0.p-11(C2/ G )

Proof. Using [Lur18b, Theorem 16.2.0.2], the category D 0p—1)(C2/Gm k) is a full subcategory
of the fibre product

Dqc,[o,p—u((Cz)v,zo/Gm,k)><ch,[o,p_l]((@)Mi:v_=0/@m,,€)ch,[o,p_u((C'z)vf;:o/Gm,k)-
By Lemma 5.14, composition of t* with the above embedding is an equivalence. O

LEMMA 5.16. The pullback along the composition Dg.q— Dut — BGy, 1, induces an equiva-
lence of categories D .. 10 p,—1](BGm k) = Dye,j0,p-11(DHod)-

Proof. Recall from [Bha23, §6.5] that Dg.(Dpoq) is identified with the full subcategory

D gr.0nitp(k[O]) of Dy, (k[O]) that consists of objects M such that the action of © on €, H'(M)

is locally nilpotent. Under this identification, the pullback functor Dy.(BGy, 1) = Dye(DHod)

sends the graded complex C. = @®C; to C. with a trivial action of ©. The rest is straightforward.
To see fully faithfulness, we have

RHong,.(lc[@})(Ch C]) = Fib(RHomDW(k)(Ci, C]) M RHOHIDW(]C)(CZ‘, Cj(—p))).

For i, j € [0, p — 1], we have RHomy  ()(Cs, Cj(—p)) = 0. Fully faithfulness follows.
To see essential surjectivity, observe that every M € Dy 10 p—1)(DHoa) can be represented by
a complex of graded k[O]-modules with the trivial action of ©. O

Combining the previous two lemmas, we obtain the following.

COROLLARY 5.17. The pullback along the closed embedding Dpyoq— Dyt induces an
equivalence ‘ch,[O,p—I](DHT);qu[o,p—l](DHod)' The restriction to the open substack
D e j0.p—1)(DuT) = Dge(Duna) is isomorphic to the composition

ﬂqc,[o,p—l} (DHT) — ch(DHod) — ch(BGm,k) — ch(Dund)7

which is induced by pullback along D, ,q = Banyk — BGy, k. — Droqg — Dyr.*°

Proof. We just need to explain the second assertion. Note that the post-composition of D,;,q —
BGy, ;. — Dgoq — Dut with Dyt — BGy, ;. is isomorphic to the standard map B(an p
BG,, ;. The same is true for the open immersion D,,q— DgT. This is enough since 7 f*:
Dge,0.p-11(BGr k) = Dye o,p—1)(Dut) is an equivalence by Lemma 5.14. O

39Recall that H is a group stack over C2/G,. The left inverse f” is defined to be the restriction of the structure
map BH — C3 /Gy, to the fibre over (C2)y_—0/Gm, k.

49For the reader’s convenience, let us recall the definitions of the displayed morphisms of stacks. The identification
Dyng = Bng,k is that from [Bha23, Remark 6.2.5]; the map Bng,k — BGyy, i is induced by the natural homo-

morphism of group schemes; BGp, .z — Droa = B(F*Gﬁa’k X G k) is given by G, i (ﬂ) F*Gﬁ,k X Gk, and the
last map realizes Dpoq as a closed substack of Dyr.
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LEMMA 5.18. The commutative diagram of stacks
((ALN{0})/Gm) ©F, —— (AL /Gm) ®F,

| [ (5.31)

Dund b ” DdR

induces an equivalence of categories
L:Dye 01 (Par) = Dye jo.p—1] (AL /Gim) @ Fp) X3y Dge(Duna), (5.32)
where D(k) is identified with Dge(((AL \ {0})/G) @ Fp).

Proof. To show fully faithfulness of the functor (5.32), we use the embedding Dg.(Dgr) —
Dyr(k[v—,0]) as in the proof of Lemma 5.7 and the references therein. For F,F €
Dye,op—1](Dar), let F, F' € Dy, 10,17 (k[v—, ©]) be the corresponding graded modules. We have

RHom(F', F) = Fib(RHomy, 4y, 1) (F', F) 2% RHomp, gy ) (F's F(—p)))-
On the other hand,
. ade —% —%
RHom(LF', LF) = Fib(RHomy (k1 ) (F', F) —= RHomyp | (4 (5 F', 5 F(=p))).
Using (5.15) and the assumption on weights, the morphism
;* : RHOngT(k[v_])(F,, F(—p)) — RHongT(k[v_})(j*F/a E*F(_p))

is an isomorphism. This proves fully faithfulness of £.

To show essential surjectivity, observe that any object of the right-hand side of (5.32) can
be represented by a complex F =@ F* of graded k[v_]-modules, where F' is term-wise zero
for i >p, and the map v_:F' — F~! is a term-wise isomorphism for i <0, together with a
0: FO — FO. Then there exists a unique © : F* — F*P that commutes with v_ and such that
©: FO — F~P is precisely v* §. This proves essential surjectivity as desired. O

Let us return to the proof of the proposition. Consider the following maps.

Ea(Dyefop-1)(AL/Gm © Fp) — Dyel(Speck))

EJ(t* Z’J,Id

Ed(Dye,j0p-1](C2/Gmx) ——=< Dye(Speck)) (5.33)

I |

Ed(Dyej0,p-1] (W (k)7eqg) =——= Dge(Duna))
ﬁ%iiu(W(k)) ®F, from
Definition 2.6. The two horizontal arrows in the second row are given by the restriction to
the point (0! =0,v_ =1), and the restriction to the point (v} =1,v_ =0) post-composed with
the Frobenius. The downward arrows induce an equivalence of equalizers by Corollary 5.15. The
equalizer at the bottom arrow is D jo,—1](W (k);2;). The functor ®py can be interpreted as
the composition of the upward map on equalizers composed with the inverse of the downward
equivalence on equalizers. Thus, it remains to check that the upward map on equalizers is an
equivalence.

The equalizer in the first row is precisely the category 2.4
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Recall (cf. Lemma 2.9) that the category Dy o,—1](W (k);2;) is a full subcategory of the
fibre product
C:=Dyeiop_11(D X Dociop—11(Ddr), 5.34
qc,[0,p 1}( HT) Do (Duna) XD oo (Drron) qc,[0,p 1]( dR) ( )
where the functors Dyc(Dur), Dye(Dar) = Dge(Drod) and Dye(Dar) — Dye(Duna) are given by
the W (k)-linear embeddings of underlying stacks; the functor Dy.(Dur) — Dge(Dund) is the
pullback along the morphism (cf. the end of §2.3)

Dyna =BGl 5 @k~ BGE o ® k= Dypg = Dar.

In Corollary 5.17, we showed that the restriction functor D 0 p—1](Dut) = Dye,j0,p—1)(DHod)
is an equivalence and described explicitly its inverse composed with the other restriction
Dge,0.0-11(Dut) = Dye j0,p—1](Dund)- Using this result, we obtain the following description of C:

id xFrob

ch,[O,p—l] (W(k)red) —C —> EQ(ch,[O,p—l] (DdR) % Dqc(Dund))' (5'35)

Here ;{ is the restriction along the open embedding leDund%DdR, and pZ—R is the
pullback along pgp: (AL/G,,) ® Fp <> Dqr, and T* is the pullback along the composition

T:BG!, @k T BGE @k — BGpy — (AL /Gp) @

m,F,

The functor ®p; factors through (5.35) and the pullback functor

EQ(DQC,[O,p—l} (DdR) 1% DQC(Dund)) — EQ(DqC,[O,p—I]((Al—/Gm) ® Fp) *ﬁ;* @(k‘)) (536)

induced by p4i and g : Spec k — BG! m.k 18 the map classifying the trivial Gtt x-torsor. Note that
T oq=1igo F and, thus, the equahzer on the right-hand side of (5.36) is pre01sely the category
Q%ﬂ‘%gpi”(W(l{)) ®F,. Lemma 5.18, together with the following easy Lemma 5.19, shows

that the functor (5.36) is an equivalence.
LEMMA 5.19. Let the following

C1 xe, Co

oS, -
\ /

be a pullback square of oo-categories, and let F:Cy— Gy be a functor (not necessarily
commuting with p; and ps). Then the equalizers are equivalent:

2 p1
Eq(Cy xe, Co /= C) ~Eq(C; —— C3).
Fom, p2oF
The functor from left to right is given by sending (X € C1,Y € Co,a:p X ~poY,3:Y ~
Up P1
FX)eEq(C xe, C2 F:; C2) to (X,v:=(p2B)oa:;mX ~pFX)eEq(C :F§ C3). The
oy P20
P1
functor from right to left is given by sending (X,vy:piX ~p2FX)€Eq(€; —= C3) to
p2oF
(X FX v, Id) EEq(€1 X @y Cy :; (‘32)

Fomy
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Proof. This is immediate. O

Combining (5.35) and equivalence (5.36), we conclude that ®py is the composition of a fully
faithful embedding into the fibre product category and an equivalence:

Diefop1)(WRLE) < € 5 DM FPE | (W(K) ©F,. (5.38)

It remains to prove that the composition is essentially surjective. Given any (M, p)€
9///9‘%%771](1/1/(16)) ®@Fp, let F be the corresponding object of €. By Lemma 2.10, it is enough
to check that the pullback of F to Dyc((C2)v_=0/Gm) XD, (o)., _y/Gu) Pac((C2)vr =0/ G ) lies
in Dye(C2/Gy,). But by diagram (5.33), the pullback of J is ist)morphic to t*M € Dye(Ca/Gpy).

This completes the proof of Proposition 5.13 as well as the proof of equivalence (5.1). O

Remark 5.20. Note that in Step 3, the only result that uses the fact that weights are in
[0,p — 2] and not merely in [0,p — 1], is Corollary 5.12. Moreover, the corollary is not true
without this assumption on weights; see Remark 5.23 for an explanation. We also note that this
assumption is essential for (5.8), i.e. to show that the restriction D 0 p—o/(W (k)" @ F,) —
Dye,jo,p—2/(W(k);ey) is an equivalence. However, it is only needed in the first step of the
deformation argument, i.e. to deform from W (k)" to (W(k)*¥" @ Fp),2—0. In particular, the
restriction D 0 p—1) (W (k)*" @Fp)yps—0) = Dye,j0,p—1) (W (k)" @ Fp),2—0) is an equivalence.

End of proof of Theorem 3. Since perfectness is preserved under pullbacks, the functor ®yp,,
restricts to

Perf(o 1) (W (k)*") = D* (M F (g, 1)(W (K))).

To prove (5.2) we have to show that, for every J € Perfy, o(W(k)*¥"), the object M:=
Doy (F) € Db(.///ﬂ\[()’p_z](W(k))) is perfect. It suffices to check that the pullback of ®ya,(F) to
W (k)N is perfect. Moreover, since the map Ca/G,, x — W (k)N is faithfully flat (see [Dri24,
§7.7.1]), it suffices to check that the pullback of ®ya,(F) to Co/Gyp i is perfect. But the latter
is isomorphic to the pullback of M along the composition C/Gy, x — AL /G, @ F, < AL /G,,.
Indeed, both these maps C2/Gp,; — Al /G,, send a triple (L,v_:L— R,u:R— L%P)€
C2/Gpmk(R) as in (5.23) to (v_: L — R) € Al /G,,,(R). This proves (5.2).

Let us prove the last assertion of Theorem 3. Recall from [Bha23] that every coherent sheaf on
W (k)*¥" is perfect. In particular, ®ra, carries Cohyg (W (k)*") into Db(%ﬁ[om_l](W(k))).
Let M € A F (g ,—9)(W(k)) with pM =0. We claim that E:= dL (M) is a vector bundle over
W (k)" @ Fp. Since W (k)N @ F, — W (k)*¥" @ F, is an étale cover it suffices to verify that the
pullback of E to W (k)N @ F, is a vector bundle. An object of D,(W (k)N @ F)) is a vector bundle
if and only if its pullback to W (k)N . is a vector bundle. Since the morphism Cs/G,,, — W (k)N
is faithfully flat, it is enough to show the assertion for the pullback of F to Co/Gy,. But the latter
is the pullback M under C2/G,, — Al /G,,, ® F,,. Now the claim follows from Proposition 2.7(2).

By dévissage, we infer that @y, (M) € Cohyg o) (W (k)*¥") for every M € A F (g o) (W (K)).
Thus, the functor @y, : Db(///ﬁ[o,p_g](W(k:))) — Dye(W(k)*¥™) is t-exact. Moreover, as we
just observed, its essential image contains Cohyg,,_o) (W (k)*¥"). This completes the proof. [

Remark 5.21. The functor ®yr,, is not an equivalence. Indeed, there exists a nonzero morphism
12 Oy (yovn @ Fp = Ow(gyun {p — 1} @ F, whose restriction to W (k);2; is equal to 0. Since the
functor ®ya, ® F), factors through the restriction to the reduced locus (see (5.22)) we conclude

that ®ypa,(v1) =0.
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Remark 5.22. The last part of the proof of Theorem 3 shows that every JFe
Cohyg o) (W (k)" @) is a vector bundle over W (k)*¥" @ ). Consequently, every p-torsion-
free G € Cohyg o) (W (k)*") is a vector bundle over! W (k)*¥". The assumption on Hodge Tate
weights cannot be weakened: for example, the sheaf Oy (g)svn{p — 1} = Coker(Oyy (x)svn @ Fp BN

Ow (k)svn{p — 1} @ Fp) has Hodge-Tate weights 0 and p — 1, and it is not a vector bundle over
W (k)*¥"™ @ F,. In addition, we have

Paz (Ow yzvn {0 — 13) = Prtac(Ow (ysun @ Fp)[1] @ @rtas (O gy svn {0 — 1} © Fp)
k[ @ k(p— 1).

In particular, ®naz(Ow(x)s»n{p —1}) is not concentrated in cohomological degree zero. Thus,
the Hodge—Tate weight assumption in the last assertion of Theorem 3 cannot be weakened.

Remark 5.23 (The Mazur versus Deligne-Illusie decompositions). Recall from the proof of
Theorem 3 the functors

®o1, Bye’ s Dyefop-1] (W (k)2i) = Dt F 5 (W (K)) © T,

By Proposition 5.13, ®p; is an equivalence of categories. Consequently, we can consider

BN 0 bt DMITYE | (W(K) @F,— DM T 5 (W (k) ©F,. (5.39)

By Corollary 5.12 the restriction of this endo-functor to the subcategory 2.4 .7 ﬁ;i 72](W(k)) ®
[, is isomorphic to Id. However, the functor (5.39) is not even an auto-equivalence. In fact,

using Lemma 5.10 one can describe @%ZZ ) @511 explicitly. We shall just state the answer. Recall

that an object of 9///9’%%_1}(14/(]{:)) ®IF, consists of an effective object F'* € Dy, (k[v_]) with

FP =0 together with a homotopy equivalence
p—1
o: @D FGrip P~ S P,
i=0
Consider the endomorphism
p—1
0= Z(_Z.)Idl*_‘*GrﬁwF*Oo
i=0

of the left-hand side and let © = p 0 ©’ 0 ™! be the corresponding endomorphism of F'~°°. The
endomorphism O is called the Sen operator (see [Bha23, §6.5]). Consider the composition ©

Pl p0 oo O pooo My g0 L g0/ pl (5.40)

Here we use that the canonical map FO — hg Fi = F~* is an equivalence, which follows from

v

the effectivity of F'®. Define a nilpotent endomorphism « of EB‘?:_& F *Gr%F ~°° to be zero on all

“Tndeed, recall from §2.5 that W (k)*¥™ admits a faithfully flat cover Spf R — W (k)¥™, where R is a Noetherian
ring complete with respect to an ideal p € J C R, and Spf R is the corresponding J-adic formal scheme. A quasi-
coherent sheaf § on W (k)®¥™ is a vector bundle (respectively, a coherent sheaf) if and only if its pullback to
Spf R is a finite projective R-module (respectively, a finite R-module). Thus, our claim follows from the following
elementary general statement: a p-torsion-free finite module M over a p-complete Noetherian ring, p € J, is pro-
jective if and only if M/p is a projective R/p-module. Indeed, it is enough to check that, for every maximal ideal
m € R, one has Torf(M, R/m) = 0. Since R is p-complete, p € m. Thus, Torff (M, R/m) = Torf"/p(M/p7 R/m)=0.
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F*Gr%F*"o, with ¢ £#p—1, and a|F*Gr,FlF,oo being the composition

_ p—1
F*Grh ' P 2 prrr L B8 praad p s @) FrGrip P,
=0

We claim that the functor (5.39) carries each (F*, ¢) to (F*, po (Id — «)).

For example, if (F*, )€ . # % (Z,) is a p-torsion Fontaine-Laffaille module, which is an
extension of F,(1 —p) by Fp, then the functor (5.39) carries (F°, ) to Fy(1 —p) @ F,, that is,
the endomorphism of Extll///gz(zﬂ)m} (Fp(1—p),F,) — F, induced by (5.39) is equal to 0.

Let X be a smooth p-adic formal scheme over W (k) of dimension < p — 1. By Remark 4.7, we
have ®pfay (X) — Pypay 0 Hsyn(X). On the other hand, by [LM22, Theorem 5.10] the p-torsion
Fontaine-Laffaille module ®pr(Hsyn(X)|w(x):»n) is given by the Deligne-Illusie decomposi-
tion [DI87]. Thus, in the geometric context, the above formula for ®Ma2 o<I>]SI1 describes the
relation between the modulo p reduction of (1.1) and the Deligne-Illusie decomposition. For
dim X < p—1 the two decompositions coincide, but in dimension p — 1 they are different. For
example, if X is an elliptic curve over Zs with ordinary reduction, then Fontaine—Laffaille
module Hly(X)®Fy constructed using (1.1) (i.e. H'(®Pntay 0 Hsyn (X)) ® Fo) is isomorphic to
Fy & Fa(—1) whereas the Fontaine-Laffaille structure on HJ (X) ® Fy induced by the Deligne-
[lusie decomposition is a nonsplit extension of Fo(—1) by Fg unless X x Spec Z/4 is the canonical
lift of the ordinary elliptic curve X X Spec Fs.

Remark 5.24 (Syntomic cohomology in small weights). Given an F-gauge J¢€
Dyeop—2)(W(k)*¥™) one can use Theorem 3 to compute the syntomic cohomology
RU(W (k)sv™, F{i}), for i < p — 2. Let us briefly explain how, using the functor

Praz : Dyge,[0,400] (W (K)") = Modmaz (W (E)), T (p73(F), ve) (5.41)

constructed in Remark 4.6, the computation can be generalized to all effective F-gauges. Let
F € Dye j0,00] (W (k)*¥™) be an effective [-gauge, ®rpaz(F) = (', o). We claim that, for i <p — 2,
the functor ®yr,, induces equivalences

Sy~ . i
RT(W (k)*", 5{i}) — Homtod,y,, (w (k) (BMaz(Ow (k)om { =1}), raz(F))) = Eq(F* —= F?).

(5.42)
To see the last isomorphism, note that by [NS18, Proposition II.1.5], the mapping spec-

trum Homygoq,,,, (w k) (W (k)(—4), F'®) is identified with the fibre of Hom(W(k;)(—i),F‘)g

Hom(W (k)(—1), FxF ® B), where mapping spectra are computed in @SE(W(]{?)[U_]) and t takes
f:W(k)(—i) = F* to the difference pe o f — f 0 . Note that the source of ¢ can be identified
with % and the target with F°. Under this identification one always has @e o f = ¢;(f) and,
provided i < p, one has f o e = v’ (f). For a proof, it suffices to check that the map is an equiv-
alence after reducing modulo p. The proof of the mod p statement is explained*? in [Bha23,
Remark 6.5.15].

For F of the form Hy, (X), the formula (5.42) recovers [AMM*22, Theorem F (2)].

Remark 5.25 (Lattices in crystalline representations). Let j/ﬁf;’p_Q](W(k))C//lf[O’p,Q]

(W (k)) be the full subcategory, whose objects are p-torsion-free Fontaine—Laffaille modules.

“2Bhatt and Lurie do not use the functor ®uma,; instead they construct ¢;, i <p — 1, with Z/p-coefficients, using
the Sen operator.
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In ([FL82, §7.14]), Fontaine and Laffaille constructed an exact fully faithful functor
Tl M T, (W (k) = Repg, (Zy) (5.43)

to the category of continuous Z,-linear representations of the absolute Galois group G of K :=
Frac(W (k)). Moreover, Breuil identified, in [Bre99, Proposition 3], the essential image of (5.43)
with the full subcategory Repglyj[’({ »—2(Zp) CRepg, (Zy), formed by all A € Repg, (Z), such
that A is finite-free as a Z,-module and A ® @, is a crystalline representation with Hodge-Tate
weights lying in [0, p — 2].

On the other hand, using results from [BS23], Bhatt and Lurie established in [Bha23, Theorem
6.6.13] an equivalence of categories

TEL : Cob™ (W (k)*™) 5 Replt¥™/ (2,)

between the category of reflerive coherent sheaves on W (k)%¥™ and the category of lattices in
crystalline representations of Gx with arbitrary Hodge—Tate weights.
By Remark 5.22 the functor (5.2) restricts to an equivalence of categories
Bata : Vect|g o) (W (k)") = A Fh o (W (K)) (5.44)
between the subcategory Vecty o) (W (k)*¥"™) C Cohyg,,_o (W (k)*¥") of vector bundles and the

subcategory .4 .7 f;}pﬁ] (W(k)) C M F g p—2(W(k)) of p-torsion-free Fontaine-Laffaille modules.
We claim that
Tht S TG oyl s M T (W (k) = Repg i o) (Zy). (5.45)

The following argument was communicated to us by Akhil Mathew. Recall from [Bha23,
Construction 6.3.1 and Corollary 6.6.5] and [BS23, Theorem 5.2] that, for any vector bundle
E € Vect(_q o) (W (k)*¥™) with non-positive weights, the corresponding Galois representation is
computed by the formula

T& (E)=H’(08", f3ynB) = H (W (K)™", foyn faynE) (5.46)
1JI{O(VV(IC)SZJnaE‘®fsyn>f<(9(92\’/"), (547)

where O¢ stands for the ring of integers of completed algebraic closure of K and feyn : OF" —
W (k)*¥" is induced by SpfOc — Spf W (k). Note that fsyn+Ogsm is an effective F-gauge,
fsyn+O002m € Dye (0,00 (W (K)*™). Thus, if B € Vectjz_, o (W (k)*"), we have E® foyn«Ogm €
D ge,j2=p,oc) (W (K)*™). Consequently, (5.47) can be computed using formula (5.42). Note that
by [Bhal2, Proposition 9.9] the p-completed derived de Rham cohomology of Spf O¢ is iden-
tified with Fontaine’s period ring A..,s matching the Hodge filtration on the derived de
Rham cohomology and the filtration by divided powers of I:=ker(Aeys — Oc). Now, let

(M, p) € ///ﬂf; p_g](W(k:)) and let M :=M, —; be the associated W (k)-module equipped with
the Hodge filtration (see (2.2)). We apply the above computation to £ = (fl)l\*/llaz(M, gp))* By the
construction of ®pay, the de Rham realization p i (E), regarded as a filtered W (k)-module, is

M* with its Hodge filtration. Using (5.42), we have
— ~ * * —Id * *
Tg’,L(q}Mlaz(M’ 50)) — ((Ig,L(E)) — (ker(FO(M & Acrys) LP—> M & Acrys)) .
Here M*® Agys s equipped with the tensor product filtration, FO(M*® Acrys) =
Zi>0 FoM*@IW and o= ® ©A.,,.- The right-hand side of the above formula is
TEL (M, ). This proves (5.45).
As a consequence of (5.45), we conclude that the Bhatt—Lurie equivalence carries every object

of Repgiffgypim (Zy) to a vector bundle over W (k)*¥".
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