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Abstract

Let k be a perfect field of characteristic p and let W (k) be its ring of Witt vectors.
We construct an equivalence of categories between the full subcategory of the derived
category of quasi-coherent sheaves on the syntomification of W (k) spanned by objects
whose Hodge–Tate weights are between [0, p− 2] and an appropriate derived category
of Fontaine–Laffaille modules.

1. Introduction

1.1 Fontaine–Laffaille theory

Fix a perfect field k of characteristic p, and let W (k) be the ring of Witt vectors. For a smooth
p-adic formal scheme1 X over W (k) of dimension � p− 1, we have a canonical isomorphism in
the derived category of Zariski sheaves on X:

(Ω•X , p · ddR) ∼−→ (Ω•X , ddR). (1.1)

Its composition with the inclusion of complexes (Ω•X , ddR) ↪→ (Ω•X , p · ddR) given by Ωi
X

piId−−→Ωi
X

in degree i, is the crystalline Frobenius morphism. A proof of this fundamental and beautiful
result, as well as a more general logarithmic version, appears in [Ogu23, Theorem 6.10]. The idea
behind the construction of the map (1.1) can be traced back to [Maz73].2 One infers from (1.1)
that the crystalline Frobenius ϕ restricted to the ith term of the ‘filtration bête’ is canonically
divisible by pi:

ϕ

pi
: (ΩX , d)

�i→ (ΩX , d). (1.2)
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More generally, in [Maz73], Mazur proved that, for a smooth p-adic formal scheme X over W (k)
of any dimension and any integer i� 0, the crystalline Frobenius ϕ restricted to (ΩX , d)

�i is
canonically divisible by p[i], where [i] :=minm�i ord(p

m/m!); we refer the reader to Remark 4.6
for an interpretation of this result. See [Kat87, AMM+22] for a construction of (1.2) via quasi-
syntomic descent.

The reduction of (1.1) modulo p recovers the Deligne–Illusie isomorphism from [DI87],
provided that X has dimension � p− 2.3

Inspired by [FL82], we describe the linear-algebraic structure on the de Rham cohomology
RΓdR(X) induced by the isomorphism (1.1) as follows: we view the complex RΓdR(X), equipped
with the Hodge filtration F ·, as an object M of the derived category Dqc(A1/Gm) of quasi-
coherent sheaves on A1/Gm, where A1 is considered as a p-adic formal scheme over W (k) with
the standard Gm-action. The isomorphism (1.1) can be rewritten as4

F ∗(Mv=p)
∼−→Mv=1. (1.3)

Here Mv=a denotes the (derived) fibre of M at SpfW (k)
a−→A1/Gm and F :W (k)→W (k) is

the Frobenius. We define and denote by DMF big(W (k)) the stable ∞-category consisting of
M∈Dqc(A1/Gm) equipped with an isomorphism (1.3). We refer to it as the category of big
Fontaine–Laffaille modules (see Definition 2.6).

For any integer n� 0, we denote by DMF big
[0,n](W (k))⊂DMF big(W (k)) the full subcate-

gory consisting of objects whose Hodge filtration ranges from 0 to n.5 The preceding construction

describes a contravariant functor from the category Ŝm
�p−1
W (k) of smooth formal schemes of

dimension � p− 1 to DMF big
[0,p−1](W (k)):

Φ̃Maz : Ŝm
�p−1
W (k) →DMF big

[0,p−1](W (k)). (1.4)

The subcategory MF (W (k)) of DMF big(W (k)) with M∈Coh(A1/Gm) is the category of
finitely generated (‘small’) Fontaine–Laffaille modules studied in [FL82, § 1.5] and in [Win84,
§ 1.3]. In particular, it is proven in [FL82, § 1.5] that MF (W (k)) is an abelian category. The
original work [FL82] does not use the language of sheaves on stacks; see Remark 2.5 for a compar-
ison of the original definition in [FL82] and our geometric reinterpretation. In Proposition 2.7 we
show that the bounded derived category Db(MF (W (k))) of MF (W (k)) is a full subcategory
of DMF big(W (k)) consisting of bounded complexes with coherent cohomology.

Functor (1.4) is an input for various comparison theorems in p-adic Hodge theory. In partic-
ular, for p > 2, the subcategory MF tors

[0,1](W (k)) of p-power-torsion objects in MF [0,1](W (k)) is

equivalent to the category of commutative finite flat p-group schemes over W (k) (see [FL82]).6

In [FL82], an exact functor TFL
ét was constructed from MF [0,p−2](W (k)) to the category of Zp-

linear representations of the absolute Galois group GK of K := Frac(W (k)). A central result of
[Fal89, Theorem 5.3] is the following commutative diagram involving the category SmPr�p−2

W (k) of

smooth proper schemes over W (k) of dimension � p− 2.

3In dimension p− 1, the reduction of (1.1) differs from the Deligne–Illusie isomorphism; see Remark 5.23.
4Later in the text, we will write A1

− with coordinate given by v−, instead of simply v.
5That is, Fm → Fm−1 are quasi-isomorphisms for m� 0 and F � are acyclic for � > n.
6This statement is not true for p= 2. In fact, the category of commutative finite flat 2-group-schemes over Z2 is
not an abelian category: for example, the nontrivial homomorphism Z/2Z→ μ2 has trivial kernel and cokernel,
but it is not an isomorphism.
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Db(MF [0,p−2])

SmPr�p−2
W (k)

Db(RepGK
(Zp))

TFL
ét

(1.4)

X �→RΓét(X⊗K,Zp)

1.2 Prismatic F -gauges

Given a bounded prism (A, I, δ) equipped with a map W (k)→A/I, Bhatt and Scholze con-
structed in [BS22] a new cohomology theory X �→RΓΔ(X/A) for p-adic formal schemes over
W (k) with values in the derived category D(A) of A-modules. Bhatt and Lurie [BL22a] and
Drinfeld [Dri24] advanced this theory further by organizing all prismatic cohomology theories,
equipped with the prismatic Nygaard filtrations and the Frobenii, into a single contravariant
functor

Hsyn : ŜchW (k)→Dqc(W (k)syn) (1.5)

from the category ŜchW (k) of p-adic formal schemes over W (k) to a stable ∞-category
Dqc(W (k)syn). Moreover, the latter category can be interpreted as the derived category of
quasi-coherent sheaves on a stack W (k)syn, called the syntomification of W (k). The prismatic
cohomology theory attached to (A, I, δ) arises from (1.5) via the pullback along a map Spf A→
W (k)syn constructed using (I, δ). The syntomification is defined in [Dri24, Bha23] for any (nice)
p-adic formal scheme X; the functor (1.5) carries a p-adic formal scheme X over W (k) to the
derived direct image of the structure sheaf under the morphism of stacks

Xsyn→W (k)syn (1.6)

constructed by functoriality.
In this article, we address the following two questions (notation as in (1.4)).

(1) Given a smooth scheme X of dimension � p− 1, can one recover the (big) Fontaine–
Laffaille module Φ̃Maz(X) from Hsyn(X)?

(2) Does Hsyn(X) contain more information than Φ̃Maz(X)?

1.3 Main results

For a non-negative integer n, we denote by Dqc,[0,n](W (k)syn) the full subcategory of
Dqc(W (k)syn) spanned by objects with Hodge–Tate weights (see Definition 2.11) in the interval
[0, n]. In particular, the category Dqc,[0,n](W (k)syn) contains objects of the form Hsyn(X) for a
smooth p-adic formal scheme X of dimension � n. The main result (Theorem 3) of our article
is the following.

Theorem. There is a functor

ΦMaz :Dqc,[0,p−1](W (k)syn)−→DMF big
[0,p−1](W (k)) (1.7)

that induces an equivalence of ∞-categories

Dqc,[0,p−2](W (k)syn)
∼−→DMF big

[0,p−2](W (k)). (1.8)
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In fact, the composition of ΦMaz with Hsyn is isomorphic to Φ̃Maz (see Remark 4.7). The
functor ΦMaz (see (4.4)) restricts to an equivalence

Perf [0,p−2](W (k)syn)
∼−→Db(MF [0,p−2](W (k))), (1.9)

where the left-hand side in (1.9) is the full subcategory Perf [0,p−2](W (k)syn) of the category of
perfect complexes Perf(W (k)syn) formed of objects of Hodge–Tate weights in [0, p− 2]. Moreover,
the functor (1.9) is t-exact, i.e. it restricts to an equivalence between abelian subcategories7

Coh[0,p−2](W (k)syn)
∼−→MF [0,p−2](W (k)). (1.10)

We also show that p-torsion objects in Coh[0,p−2](W (k)syn) are vector bundles on W (k)syn ⊗ Fp

(see Remark 5.22). We remark that ΦMaz is not an equivalence (see Remark 5.21).
Let us now describe some of the earlier works related to our main theorem.
Firstly, in [CL19], Cais and Liu constructed a functor from the category of p-torsion-free

Fontaine–Laffaille modules with Hodge–Tate weights in [0, p− 2] to the category of Breuil–Kisin
modules. The abelian category of coherent prismatic F -gauges also admits a functor to the
category of Breuil–Kisin modules. We expect that our functors agree.

Secondly, using results from [BS23], Bhatt and Lurie established an equivalence of categories

TBL
ét : Cohrefl(W (k)syn)

∼−→RepcrysGK
(Zp)

between the category of reflexive coherent sheaves on W (k)syn and the category of
Zp-lattices in Qp-linear crystalline representations of the absolute Galois group GK of
K := Frac(W (k)) (see [Bha23, Theorem 6.6.13]). On the other hand, Fontaine and Laffaille
[FL82, § 7.14] constructed an equivalence of categories TFL

ét between the full subcategory

MF f
[0,p−2](W (k))⊂MF [0,p−2](W (k)) of p-torsion-free Fontaine–Laffaille modules and the full

subcategory RepcrysGK ,[0,p−2](Zp)⊂RepcrysGK
(Zp), whose objects are lattices in crystalline representa-

tions with Hodge–Tate weights lying in [0, p− 2].8 In Remark 5.25 we prove that the Bhatt–Lurie
and Fontaine–Laffaille functors agree via (1.10):

TFL
ét

∼−→ TBL
ét ◦Φ−1Maz :MF f

[0,p−2](W (k))→RepcrysGK ,[0,p−2](Zp). (1.11)

In particular, the Bhatt–Lurie equivalence carries every object of RepcrysGK ,[0,p−2](Zp) to a vector

bundle over W (k)syn, and not just a reflexive sheaf.
Thirdly, Theorem F (2) from [AMM+22] suggested that the category of Fontaine–Laffaille

modules with small Hodge–Tate weights is a derived full subcategory of the category of prismatic
F -gauges. The latter result implies, in particular, that for a smooth p-adic formal scheme X
of dimension � p− 2, the syntomic cohomology RΓ(W (k)syn,Hsyn(X){i}) is isomorphic, for

i� p− 2, to RHom(W (k), Φ̃Maz(X)(i)) computed in the category of Fontaine–Laffaille modules.
The original proof from [AMM+22] uses methods from algebraic topology. An algebraic proof
of the mod p version is explained in [Bha23, Remark 6.5.15]. Our argument is closer in spirit to
the latter. We refer the reader to Remark 5.24 for further details and a generalization.

Lastly, a version of (1.9) with rational coefficients holds in all Hodge–Tate weights. Indeed,
using the results from [Bha23, § 6], one can prove [Bha24] that the category Perf(W (k)syn)⊗Qp

of perfect prismatic F -gauges up to isogeny is equivalent to the bounded derived category of
crystalline representations (with arbitrary Hodge–Tate weights). On the other hand, combining

7By definition, the category Coh[0,p−2](W (k)syn) is a full subcategory of the category Coh(W (k)syn) of coherent
sheaves on W (k)syn that consists of objects lying in Dqc,[0,p−2](W (k)syn).
8The essential surjectivity of TFL

ét is not stated explicitly in [FL82]. The observation that the results of [FL82]
imply the essential surjectivity is due to Breuil [Bre99, Proposition 3].
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[FL82, Proposition 7.8] with [CF00, Theorem A], the category of crystalline representations is
equivalent to the category of Fontaine–Laffaille modules up to isogeny. This yields an equivalence

Perf(W (k)syn)⊗Qp
∼−→Db(MF (W (k)))⊗Qp. (1.12)

1.4 Overview of the proof

Recall from [Bha23] that the construction of syntomification can be applied to any p-adic formal
scheme over Zp. In particular, we can apply it to Spec k; by functoriality, we have a morphism
pcris : k

syn→W (k)syn, and thus the pullback functor p∗cris :Dqc(W (k)syn)→Dqc(k
syn). The tar-

get category has a concrete linear-algebraic description due to [Eke86, FJ21, Bha23]. In geometric
context, p∗crisHsyn(X) recovers the crystalline cohomology of X ⊗ Fp, equipped with the Nygaard
filtration and divided Frobenii. In addition, one has a morphism pd̄R :A1/Gm→W (k)syn, which
in geometric context recovers the de Rham cohomology equipped with the Hodge filtration. We
consider the Cartesian square

ksyn ×W (k)syn A1/Gm

ksyn A1/Gm

W (k)syn

(1.13)

and the induced functor

Dqc(W (k)syn)→Dqc(k
syn)×Dqc(D) Dqc(A

1/Gm), (1.14)

where D is the fibre product in diagram (1.13). A key input for our construction of the functor
ΦMaz is an explicit description of the fibre productD communicated to us by Drinfeld (see § 3.2).9

To describeD, recall from the end of § 2.3 that ksyn is obtained from10 kN =Spf A/Gm, where

A=W (k)[v−, v+]/(v−v+ − p), by identifying two open points j± : SpfW (k) kN . Let B�

be the PD-envelope of the ideal (v+) in A. In Lemma 3.10 and Proposition 3.11 we show that
D is isomorphic to Spf B�/Gm such that the map D→ ksyn ×A1/Gm is given by the natural

algebra homomorphisms A→B� and W (k)[v]
v �→v−−−−−→B�. We also consider a ‘baby’ version B of

B� defined to be the quotient of B� by the p-power-torsion elements (see the beginning of § 3.1
for a more concrete description of B). Our main geometric input is the functor

Dqc,[0,∞](W (k)syn)→Dqc,[0,∞](k
syn)×Dqc(Spf B/Gm) Dqc,[0,∞](A

1/Gm) (1.15)

obtained from (1.14) by applying Dqc(D)→Dqc(Spf B/Gm). The target category has a concrete
linear-algebraic description. In geometric context, functor (1.14) extracts from the F -gauge
Hsyn(X) the information about the Nygaard filtered crystalline cohomology with its divided
Frobenii, the Hodge filtered de Rham cohomology (i.e. the cohomology theories known before the
invention of prismatic cohomology), together with a comparison isomorphism relating Nygaard
and Hodge filtrations (that, in particular, recovers (1.2)). See Remark 4.4 for more details. We
check (see Remark 4.5) that the functor from Dqc,[0,p−1](ksyn)×Dqc(kN) Dqc,[0,p−1](A1/Gm) to

Dqc,[0,p−1](ksyn)×Dqc(Spf B/Gm) Dqc,[0,p−1](A1/Gm), induced by the map Spf B/Gm→ kN, is an

equivalence and identifies the left-hand side with DMF big
[0,p−1](W (k)). This defines ΦMaz from

9Section 3.1 contains a description of a certain closed substack of D which is sufficient for all our applications.
10Note that A is not p-complete. By our convention, we write Spf A for the p-adic formal scheme colimn SpecA/pn.
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(1.7). The proof of equivalence (1.8) uses a concrete description of the reduced locus W (k)synred of

W (k)syn from [Dri24] that leads to an equivalenceDqc,[0,p−1](W (k)synred )
∼−→DMF big

[0,p−1](W (k))⊗
Fp. Finally, via a deformation theory argument (suggested to us by Bhatt), we prove that the
pullback along W (k)synred ↪→W (k)syn ⊗ Fp induces an equivalence

Dqc,[0,p−2](W (k)syn ⊗ Fp)
∼−→Dqc,[0,p−2](W (k)synred ). (1.16)

The last step involves cohomology computations from [Bha23, § 6]. We infer that (1.8) induces
an equivalence after taking the tensor product with Fp, which, by p-completeness, completes the
proof.

Though functor (1.15) is not an equivalence in large weights, it can be used to construct some
interesting invariants of F -gauges. Following a suggestion of Drinfeld’s we define in Remark 4.6
a functor from the right-hand side of (1.15) to a category of Mazur modules ModMaz(W (k)),
giving

ΦMaz :Dqc,[0,∞](W (k)syn)→ModMaz(W (k)).

We refer the reader to Remark 4.7 for an interpretation of this functor in geometric context.
As another application of Drinfeld’s description ofD, we construct in Remark 4.8 a refinement

of the crystalline Frobenius functor on the category of crystals on a smooth p-adic formal scheme
X over SpfW (k). This construction is related to the Cartier transform studied in [OV07] and
especially to its p-adic lift constructed in [Xu19].

1.5 Further directions

In a sequel we plan to extend our main results to the case of F -gauges over a smooth p-adic
formal scheme X over SpfW (k). In [Fal89, pp. 30–38], Faltings defined (at least for p > 2) an
abelian category11 MF [0,p−1](X) of Fontaine–Laffaille modules over X. We expect that there is
an exact fully faithful functor MF [0,p−2](X) ↪→Coh(Xsyn); however, this functor is not derived
fully faithful12: the category MF [0,p−2](X) is too small to capture the syntomic cohomology
even in small weights. For example, the pullback functor MF [0,p−2](W (k))→MF [0,p−2](P1) is

an equivalence. In Remark 4.9, we propose a definition for DMF big
[0,p−1](X). We expect to prove

that the corresponding subcategory of the latter is equivalent to Dqc,[0,p−2](Xsyn).

1.6 Notation

Fix a prime number p. For any stack X, we denote by Dqc(X) the stable ∞-category of quasi-
coherent sheaves on X. For a stack X over W (k), denote by X∧ the corresponding p-adic formal
stack, i.e. for any ring R, we have that X∧(R) =X(R) if p is nilpotent in R, and X∧(R) =∅
otherwise. In other words, X∧ =X × Spf Zp. In particular, Dqc(X

∧) = lim←−
n

Dqc(X ⊗Z/pnZ).

For a commutative ring R, we write Spf R for the formal spectrum of the p-completion of R
with respect to the ideal (p), i.e. Spf R= (SpecR)∧. For a finitely generated ideal I ⊂R, we write
D̂(R) for the full subcategory of D(R) spanned by I-complete objects (see, for example, [BL22a,
§ 1.9]).
11See Theorem 2.3 in [Fal89]. Faltings’ notation for this category is MF∇

[0,p−1](X).
12That is, the induced functor Db(MF [0,p−2](X))→Dqc(X

syn) is not fully faithful.
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2. Preliminaries

2.1 Quasi-coherent sheaves on A1/Gm

We recall the standard dictionary between the derived category of quasi-coherent sheaves
on A1/Gm and the filtered derived category of graded W (k)-modules. See [Bha23, § 2.2] for
additional details.

Let z denote the coordinate function on Gm. Consider the standard action of Gm on A1 =
SpecW (k)[v+] given by Gm ×A1→A1, v+ �→ z ⊗ v+. We shall denote the p-adic formal scheme
associated to A1 with the above Gm-action by A1

+, i.e. A
1
+ := SpfW (k)[v+] := (SpecW (k)[v+])

∧.
Similarly, we define an action of Gm on A1− := SpfW (k)[v−] given by v− �→ z−1 ⊗ v−. We write
A1±/Gm for the quotient p-adic formal stacks over BGm. Thus, for a p-nilpotentW (k)-algebra R,
the groupoid of R-points of A1

+/Gm (respectively, A1−/Gm) classifies pairs (L, v+) (respectively,
(L, v−)), where L is a line bundle over S := SpecR and v+ :OS→L is a section of L (respectively,
v− :L→OS is a section of L∗). We denote by (O(1), v+) (respectively, (O(1), v−) ) the universal
pair over A1

+/Gm (respectively, A1−/Gm). We have a map A1±/Gm→BGm classifying the line
bundle O(1).13 We identify the derived category of quasi-coherent sheaves on A1±/Gm with the
derived category of p-complete graded modules over W (k)[v±]14:

Dqc(A
1
±/Gm)
 D̂gr(W (k)[v±]). (2.1)

The functor Dqc(A1−/Gm)→ D̂gr(W (k)[v−]) is given by

M �→ (⊕F i, F i v−−→ F i−1, deg F i = i), (2.2)

where F i := RΓ(A1−/Gm,M⊗O(i)) with O(i) the line bundle pulled back from BGm. The map
v− : F i→ F i−1 comes from the global section v− ∈ Γ(A1−/Gm,O(−1)). Similarly, the functor

Dqc(A1
+/Gm)→ D̂gr(W (k)[v+]) is given by

M �→ (⊕Gi, Gi
v+−→Gi+1, degGi = i) (2.3)

where Gi := RΓ(A1
+/Gm,M⊗O(i)).

Definition 2.1. For a, b∈Z∪ {+∞,−∞} such that a� b, letDqc,[a,b](A
1±/Gm) be a full subcat-

egory of Dqc(A1±/Gm) formed of objects M such that, under the identification (2.3) (respectively,
(2.2)), Gj (respectively, F j) is acyclic for j < a (respectively, j > b) and v+ :Gi→Gi+1 (respec-
tively, v− : F i→ F i−1) is a quasi-isomorphism for i� b (respectively, i� a). Similarly, one defines
a full subcategory Coh[a,b](A

1±/Gm)⊂Coh(A1±/Gm).

Remark 2.2. Consider the map BGm→A1±/Gm given by inclusion of the origin into A1±. We
identify Dqc(BGm) with the derived category of p-complete graded complexes of W (k)-modules.
For any M∈Dqc,[a,b](A

1±/Gm), its restriction to BGm is acyclic in grading degrees outside of
[a, b]. Thus we have a well-defined functor

Dqc,[a,b](A
1
±/Gm)→Dqc,[a,b](BGm).

Definition 2.3. A sheaf M∈Dqc(A1±/Gm) is effective if M∈Dqc,[0,+∞](A
1±/Gm).

13Note that A1
+/Gm is isomorphic to A1

−/Gm as abstract stacks, but not as stacks over BGm.
14A graded complex ⊕iF

i of W (k)[v−]-modules is said to be p-complete if each F i is p-complete.
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2.2 Fontaine–Laffaille modules

Denote by F :W (k)→W (k) the Frobenius endomorphism. For a∈W (k), denote by ia :
SpfW (k) ↪→A1−�A1−/Gm the point given by equation v− = a. Given M∈Dqc(A1−/Gm), we
denote by Mv−=a := i∗aM∈Dp-comp(W (k)) the derived pullback; for M∈Coh(A1−/Gm), we write
L0i
∗
aM∈Mod(W (k)) for the non-derived fibre.

Definition 2.4 (Cf. [FL82, § 1.5] and [Win84, § 1.3]). A finitely generated (‘small’) Fontaine–
Laffaille module over W (k) is M∈Coh(A1−/Gm) together with an isomorphism between the
fibres

ϕ : F ∗(L0i
∗
pM)

∼−→L0i
∗
1M.

Morphisms between Fontaine–Laffaille modules are morphisms between coherent sheaves on
A1−/Gm compatible with the isomorphisms ϕ. We denote the category of Fontaine–Laffaille
modules over W (k) by MF (W (k)).

Remark 2.5. The full subcategory MF tor(W (k)) of MF (W (k)) spanned by p-power-torsion

objects is equivalent to the categoryMF f
tor introduced in [FL82, § 1.5]. However, the definition in

[FL82] does not use the language of stacks. To compare Definition 2.4 with that given in [FL82],
observe an equivalence between Coh(A1−/Gm) and the category of finitely generated graded
modules

⊕
F i over W (k)[v−] as explained in § 2.1. Under this equivalence, the fibre L0i

∗
1M of

M over the point v− = 1 is sent to F−∞ := lim−→
v−

F i. Giving a morphism ϕ : F ∗(L0i
∗
pM)→L0i

∗
1M

is equivalent to giving a collection of F -linear maps ϕi : F
i→ F−∞ such that ϕi−1v− = pϕi.

Assume that M is of p-power torsion. Then by [Fal89, Theorem 2.1] (see also Proposition 2.7 for
the implication in the forward direction), the fact that ϕ is an isomorphism is equivalent to the
combination of the following two statements:

(1) each v− : F i→ F i−1 is a split injection; and

(2) F−∞ =
∑

i Im(ϕi).

These two are precisely the conditions given in [FL82, § 1.5] except for the adjective split in (1)
which is missing in [FL82]. However, using that the W (k)-module F−∞ has finite length, one
shows (see [Win84, Proposition 1.4.1 (ii)] or [Fal89, Theorem 2.1]) that the splitting condition
for v− : F i→ F i−1 is redundant.

The whole category MF (W (k)) can be described similarly: an object of MF (W (k))
consists of a finitely generated W (k)-module F−∞ equipped with an exhaustive filtration by
W (k)-submodules F • together with F -linear maps ϕi : F

i→ F−∞, ϕi−1v− = pϕi, such that the
conditions (1) and (2) above hold.15 This category was introduced in [Win84, § 1.3]. The category
of strongly divisible lattices that appeared in [FL82, § 7.11] is equivalent to the full subcategory
of p-torsion-free objects of MF (W (k)).

Definition 2.6. Let DMF big(W (k)) be the stable Zp-linear ∞-category formed of objects

M∈Dqc(A1−/Gm) together with an isomorphism ϕ : F ∗(Mv−=p)
∼−→Mv−=1, i.e. we have

DMF big(W (k)) := Eq(Dqc(A1−/Gm) Dqc(SpfW (k)))
i∗1

F ∗◦i∗p
,

where i∗1 denotes the pullback to the point v− = 1 and F ∗ ◦ i∗p denotes the pullback to the point
v− = p post-composed with the Frobenius.

15In the nontorsion case the adjective split in (1) is essential.
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Part (1) of the following Proposition, with MF (W (k)) replaced by MF tor(W (k)), is
proven in [FL82, § 1.8], and in [Win84, Proposition 1.4] in general. Part (2) is proven in [Fal89,
Theorem 2.1].

Proposition 2.7.

(1) For every (M, ϕ)∈MF (W (k)) and every point ia : SpfW (k)→A1−/Gm, the derived pull-
back Li∗aM is concentrated in cohomological degree 0. In particular, for every j ∈Z, the
map F j v−−→ F j−1 is injective.16

(2) The category MF (W (k)) is abelian. Moreover, the functor MF (W (k))→Coh(A1−/Gm)
given by (M, ϕ) �→M is exact.

(3) Let Db(MF (W (k))) be the bounded derived category of MF (W (k)). Then the functor
Db(MF (W (k)))→DMF big(W (k)) is fully faithful, and its essential image is formed of
pairs (M, ϕ) with M∈Db(Coh(A1−/Gm)).

Proof. Though the first two assertions are known, for the reader’s convenience, we include a
proof.

To prove part (1) we first verify, by induction on n, that if (M, ϕ) is a Fontaine–Laffaille
module with pnM= 0, then L1i

∗
aM= 0. For n= 1, we check that the pullback of M to A1− ⊗ k is

a vector bundle; this would imply the assertion. Indeed, by Gm-equivariance it suffices to show
dimL0i

∗
pM=dimL0i

∗
1M.17 But this follows from the existence of ϕ. For the induction step, set

M′ =Ker(M→M/p) and consider the following commutative diagram.

0 F ∗L0i
∗
pM
′ F ∗L0i

∗
pM F ∗L0i

∗
p(M/p) 0

0 L0i
∗
1M
′ L0i

∗
1M L0i

∗
1(M/p) 0

ϕM′ � � (2.4)

Using that L1i
∗
p(M/p) = 0, the rows are exact. It follows that the left downward arrow is an

isomorphism. Thus, (M′, ϕM′) is a Fontaine–Laffaille module. Applying the induction hypothesis
to M′ and M/p we infer the assertion for M.

To complete the proof of part (1), let us check that L1i
∗
aM= 0, for any Fontaine–Laffaille

module. Indeed, let M denote the space of global sections of M pulled back to A1−. Since M

is coherent, M is a finitely generated module over W (k)[v−]∧. In particular, M is p-complete
in the classical (non-derived) sense, M

∼−→R0 lim←−M/pn
∼−→R lim←−M/pn. The derived fibre i∗aM

is isomorphic to Cone(M
v−−a−→ M). We have Cone(M

v−−a−→ M) =R lim←− Cone(M/pn
v−−a−→ M/pn).

Since M/pn has a structure of Fontaine–Laffaille module, Cone(M/pn
v−−a−→ M/pn) is supported

in cohomological degree 0, as was shown in the previous paragraph. Thus, Lni
∗
aM= 0, for n> 0.

To prove part (2), we start with a preliminary construction. Let MF ′(W (k)) be the cat-
egory formed of objects M∈Coh(A1−/Gm) together with a morphism ϕ : F ∗L0i

∗
pM→L0i

∗
1M.

Since the functor L0i
∗
1 : Coh(A1−/Gm)→Coh(SpfW (k)) is exact and L0i

∗
p is right exact, the

category MF ′(W (k)) is abelian, and the forgetful functor MF ′(W (k))→Coh(A1−/Gm) is
exact and conservative. The category MF (W (k)) is a full subcategory of the abelian category

16Indeed, i∗0M is isomorphic to
⊕

j Cone(F
j v−−−→ F j−1).

17Indeed, a coherent sheaf F on A1
− ⊗ k is a vector bundle if, for every closed point a of A1

− ⊗ k, the dimension of
its fibre over a is equal to the dimension of its fibre over the generic point. If F is Gm-equivariant, then F restricted
to (A1

− ⊗ k)\{0} is automatically a vector bundle. Thus, F is a vector bundle if dimL0i
∗
0M=dimL0i

∗
pM is equal

to dimL0i
∗
1M.
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MF ′(W (k)). Thus, to show that MF (W (k)) is abelian, it suffices to show that, for any mor-
phism f in MF (W (k)), its kernel and cokernel computed in MF ′(W (k)) lie in MF (W (k)).
The assertion on cokernel is clear from the right exactness properties of L0i

∗
p and L0i

∗
1. Let

us check that Kerf ∈MF (W (k)). Indeed, using the vanishing of L1i
∗
p for Fontaine–Laffaille

modules we conclude that L0i
∗
pKer(M

f−→M′) ∼−→Ker(L0i
∗
pM

f−→L0i
∗
pM
′) which implies that

φ : F ∗L0i
∗
pKer(M

f−→M′)→L0i
∗
0Ker(M

f−→M′) is an isomorphism.
For proof of part (3): by part (1), for any M∈MF (W (k)), we have a canonical isomorphism

F ∗i∗pM
 F ∗i∗pM , where the pullbacks are derived. This defines an exact functor MF (W (k))→
DMF big(W (k)) that extends uniquely to an exact functor

Db(MF (W (k)))→DMF big(W (k)). (2.5)

Let us check that (2.5) is fully faithful. It suffices to show that, for any two objects
(M, ϕM), (N, ϕN)∈MF (W (k)), the map of mapping spectra

HomDb(MF (W (k)))(M,N)→HomDMFbig(W (k))(M,N) (2.6)

is an equivalence. Firstly, we check this for a p-torsion-free M. Using part (1), this condition
is equivalent to M being a locally free O-module. By definition of the equalizer category, the
spectrum HomDMFbig(W (k))(M,N) is given by

Fib(HomDqc(A1
−/Gm)(M,N)→HomDqc(W (k))(F

∗i∗pM, i∗1N)), (2.7)

where the map carries f ∈HomDqc(A1
−/Gm)(M,N) to i∗1(f) ◦ϕM −ϕN ◦ F ∗i∗p(f). In particular, if

M is a locally free O-module, πi HomDMFbig(W (k))(M,N) = 0 unless i= 0 or −1: each mapping
spectrum appearing in (2.7) is isomorphic to an abelian group. Using [BK90, Lemma 4.4], the
same is true for HomDb(MF (W (k)))(M,N). Since MF (W (k))→DMF big(W (k)) is fully faith-
ful and its essential image is closed under extensions (that is, for any morphism N→M[1]
in DMF big(W (k)), its fibre is isomorphic to an object of MF (W (k))), it follows that
(2.6) is an equivalence for torsion-free M. In general, for any M, we have a fibre sequence
Mtor ↪→M�M/Mtor, where Mtor is a torsion Fontaine–Laffaille module and M/Mtor is torsion-
free. Thus, it remains to prove that (2.6) is an equivalence for M=Mtor. By dévissage, we may
assume that pM= 0. In this case the assertion reduces to the torsion-free case using the following
observation.

Lemma 2.8. For any p-torsion Fontaine–Laffaille module (M, ϕ), there exists a torsion-free
Fontaine–Laffaille module (M̃, ϕ̃) with (M̃, ϕ̃)⊗ Fp

∼−→ (M, ϕ).

Proof. Any vector bundle over A1−/Gm ⊗ Fp is isomorphic to a direct sum of line bundles of the

form O(i), i∈Z. In particular, it lifts to a vector bundle over A1−/Gm. Pick a vector bundle M̃ over

A1−/Gm that lifts M and then choose any ϕ̃ : F ∗(M̃v−=p)
∼−→ M̃v−=1 that lifts ϕ : F ∗(M̃v−=p)⊗

Fp
∼−→ M̃v−=1 ⊗ Fp.

It remains to prove that the essential image of the functor (2.5) consists of all objects
(M, ϕ) whose underlying complex M∈Dqc(A1−/Gm) is bounded and has coherent cohomology.
We induct on length of the complex. If M is supported in a single cohomological degree the
assertion is clear. For the induction step, we assume that M is connective and H0(M) 
= 0. Note
that the isomorphism ϕ : F ∗i∗pM

∼−→ i∗1M induces H0(ϕ) : F ∗L0i
∗
pH

0(M)
∼−→L0i

∗
1H

0(M). Thus,
(H0(M), H0(ϕ))∈MF (W (k)). By part (1) of the proposition Lji

∗
pH

0(M) =Lji
∗
1H

0(M) = 0
for j > 0. It follows that the map M→H0(M) in Dqc(A1−/Gm) lifts to a morphism in

DMF big(W (k)). Applying the induction assumption to its fibre we complete the proof.
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Let MF [a,b](W (k)) (respectively, DMF big
[a,b](W (k))) be a full subcategory of MF (W (k))

(respectively, DMF big(W (k))) formed of objects (M, ϕ)∈MF (W (k)) (respectively,
DMF big(W (k))) such that M∈Dqc,[a,b](A

1−/Gm).

2.3 Syntomification via filtered Cartier–Witt divisors

Recall from [Dri24] and [Bha23, § 5.3] definitions of the stacks W (k)Δ, W (k)N, W (k)syn, and
Xsyn.

Throughout this paper we let W be the p-typical Witt ring scheme pulled back to SpecZ(p).
For a p-nilpotent W (k)-algebra R, set WR :=W × SpecR. A WR-module M is an affine group
scheme overR with an action of the ring schemeWR. We say thatM is invertible if, Zariski locally

on SpecR,M is isomorphic to the freeWR-moduleWR. Denote byW (k)Δ(R) the groupoid whose
objects are pairs (M, ξ), where M is an invertible WR-module and ξ :M →WR is a morphism
of WR-modules such that Zariski locally on SpecR the pair (M, ξ) is isomorphic to (WR, wId),
w= (w1, w2, . . .)∈W (R), with w1 ∈R nilpotent and w2 ∈R∗.

For a WR-module M , precomposing the WR-action on M with the Frobenius F :WR→WR

we obtain a new WR-module F∗M whose underlying group scheme is that of M . Applying this
to the free WR-module WR, we have an exact sequence

0→G�
a,R −→WR

F−→ F∗WR→ 0 (2.8)

of WR-modules.18 Note that the action of WR on G�
a,R factors through the ‘first coordinate’

homomorphism WR→Ga,R. In particular, we have a natural action of the group Gm,R on the

WR-module G�
a,R. Consequently, given an invertible R-module L we can twist G�

a,R by L; the

resulting WR-module is denoted by V(L)�. A WR-module M is called admissible if M fits into
a sequence of WR-modules of the form

0→V(L)�→M → F∗M ′→ 0, (2.9)

where L∈Pic(R) and M ′ is an invertible WR-module. One checks (see [Dri24, Lemma 3.12.7])
that L, M ′, and the sequence (2.9) are functorial in M . In particular, every morphism
ξ :M →WR of WR-modules extends uniquely to a morphism between short exact sequences
(2.9) and (2.8). Consider the category W (k)N,c(R) consisting of pairs (M, ξ), called filtered
Cartier–Witt divisors, where M is an admissible WR-module and ξ :M →WR is a morphism of
WR-modules such that the pair (M ′, ξ̄ :M ′→WR), constructed from the morphism of short exact

sequences, is an object W (k)Δ(R). Morphisms between (M, ξ) and (M ′, ξ′) in W (k)N,c(R) are
given by morphisms f :M →M ′ of WR-modules such that ξ′ ◦ f = ξ. The groupoid W (k)N(R)
is obtained from W (k)N,c(R) by discarding all morphisms which are not isomorphisms. By def-
inition, the groupoid of R-points of the stack W (k)N is W (k)N(R). The functor W (k)N,c from
the category of p-nilpotent W (k)-algebras to the 2-category of categories that carries an algebra
R to W (k)N,c(R) is an example of what Drinfeld calls in [Dri24] a c-stack. We do not use this
notion in the main body of the paper except for Remark 3.9.

Given an object (M, ξ) of W (k)N(R), the morphism of WR-modules V(L)�→G�
a,R derived

from ξ lifts uniquely to a morphism of R-modules L→R (see [Dri24, Lemma 3.12.4, (ii)]). This
defines a morphism of stacks called the Rees map:

tW (k) :W (k)N→A1
−/Gm. (2.10)

18To justify our notation for the kernel of F recall a fundamental observation of Drinfeld [Dri24, Lemma 3.2.6] and

Bhatt and Lurie [BL22a] that the (nonunital) ring scheme W
(F )
R := ker(WR

F−→WR) is isomorphic to the PD-hull
G�

a,R of Ga,R at 0.
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Sending (M, ξ)∈W (k)N(R) to (M ′, ξ̄ :M ′→WR)∈W (k)Δ(R) determines a morphism π :

W (k)N→W (k)Δ called the structure morphism. Every invertible WR-module is admissible

and, moreover, every point (M, ξ)∈W (k)Δ(R) is also a point of W (k)N(R) (see [Dri24,

§ 5.3]). This defines a map j+ :W (k)Δ→W (k)N which exhibits W (k)Δ as an open substack
of W (k)N (see [Dri24, Lemma 5.3.1]). As in [Dri24, § 5.6], we define another open embedding

j− :W (k)Δ→W (k)N as follows. For (M, θ)∈W (k)Δ(R), define a filtered Cartier–Witt divisor
j−(M, θ) := (N, ξ)∈W (k)N(R) by the following pullback diagram.

N F∗M

WR F∗WR

ξ F∗(θ)

F

(2.11)

One can check that open substacks defined by j− and j+ do not intersect (see [Dri24, Lemma

5.6.3]). The stack W (k)syn is obtained from W (k)N by gluing two copies of W (k)Δ using the
maps j− and j+.

For every (M, ξ)∈W (k)N(R) one considers the W (k)-algebra stack Cone(M
ξ−→WR) (we

refer the reader to [Dri24, §§ 1.3 and 1.4] and the references therein for a discussion of the
notion of a ring stack). As a group stack, this is simply the quotient stack [WR/M ]. The algebra

structure on the quotient comes from the natural DG-algebra structure on M
ξ−→WR given by

the WR-module structure on M (see [Dri24, § 1.3.3]). By ‘transmutation’ (see [Bha23, Remark
2.3.8] and [Dri24, § 1.4.2]), this defines a Nygaardization functor X �→XN from the category
of bounded p-adic formal schemes over SpfW (k) to stacks: for a p-nilpotent W (k)-algebra R,
an R-point of the groupoid XN(R) consists of (M, ξ)∈W (k)N(R) together with a morphism

Spec(Cone(M
ξ−→WR)(R))→X of derived schemes over W (k). For every (M, θ)∈W (k)Δ(R),

setting j+(M, θ) = (N+, ξ+), j−(M, θ) = (N−, ξ−), one constructs (see [Dri24, § 5.8]) a natural

isomorphism Cone(N−
ξ−−→WR)

∼−→Cone(N+
ξ+−→WR) of W (k)-algebra stacks (the map is given

by the rightward arrows in diagram (2.11)). Consequently, the fibres of XN→W (k)N over the

two copies ofW (k)Δ insideW (k)N are naturally identified (and denoted by19 j+, j− :XΔ ↪→XN).
The stack Xsyn is obtained from XN by gluing these two open substacks. This procedure defines
a functor X �→Xsyn from bounded p-adic formal schemes over SpfW (k) to stacks. In particular,
if f :X→ SpfW (k) is such a scheme, we have by functoriality a map fsyn :Xsyn→W (k)syn.
We refer to Hsyn(X) :=Rfsyn∗ (OXsyn)∈Dqc(W (k)syn) as the F -gauge associated to X.

Recall from [Dri24, Lemma 5.13.4 (i)] that we have a morphism

pd̄R :A1
−/Gm→W (k)N (2.12)

constructed as follows. Recall that an R-point of A1−/Gm is a pair (L, v−), where L is an
invertible R-module equipped with an R-linear morphism v− :L→R. The map pd̄R is given
by pd̄R(L, v−) = (Mpd̄R,R

, ξ), where Mpd̄R,R
=V(L)� ⊕ F∗WR, and

ξ :Mpd̄R,R
=V(L)� ⊕ F∗WR→WR (2.13)

is given by ξ := (v�−, V ). Here V is the Verschiebung and v�− :V(L)�→WR is the composition

of the map V(L)�→G�
a, R induced by v− and the embedding G�

a, R ↪→WR from (2.8). One can
verify (see [Bha23, Theorem 2.5.6]) that, for a smooth p-adic formal schemeX over SpfW (k), the
complex p∗̄

dR
(Hsyn(X))∈Dqc(A1−/Gm) recovers the Hodge filtered de Rham cohomology of X.

19Bhatt’s notation for j+ and j− are jHT and jdR, respectively.
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The stack kN can be described explicitly as follows. Set

A :=W (k)[v+, v−]/(v+v− = p). (2.14)

We endow A with a grading such that deg v+ = 1 and deg v− =−1, and consider the corre-
sponding action of Gm on Spf A. Then kN is identified with Spf A/Gm. We shall just explain a
construction of the map Spf A/Gm→ kN, referring the reader to [Bha23, § 5.4] for a proof of the
isomorphism property. First, we describe the composite map pcris : Spf A/Gm

∼−→ kN→W (k)N

explicitly. Here the map kN→W (k)N comes from the morphism Spec k→ SpfW (k) by functo-

riality. An R-point of Spf A/Gm is given by R
v+−→L

v−−→R, where L is an invertible R-module

and v+v− = p. The map pcris takes (R
v+−→L

v−−→R) and sends it to (Mpcris,R, ξ), whereMpcris,R :=

coker(G�
a,R

(v�
+,−can)−−−−−−→V(L)� ⊕WR), and ξ is induced by the map

V(L)� ⊕WR
(can ◦ v�

−,·p)−−−−−−−→WR. (2.15)

The notation ‘can’ stands for the canonical embedding G�
a,R ↪→WR, and ·p stands for multipli-

cation by p. This defines the map pcris : Spf A/Gm→W (k)N. To lift this map to kN we need to

endow Cone(Mpcris,R
ξ−→WR) with the structure of a k-algebra stack. In fact, we have a map of

quasi-ideal pairs (WR
·p−→WR)→ (Mpcris,R

ξ−→WR) given byWR
(0,Id)−−−→V(L)� ⊕WR→Mpcris,R on

the source and by Id on the target and, for anyW (k)-algebraD, the animated ring Cone(D
·p−→D)

receives a map from k
∼−→Cone(W (k)

·p−→W (k)). Under the isomorphism Spf A/Gm
∼−→ kN,

the open embedding j+ : kΔ ↪→ kN (respectively, j− : kΔ ↪→ kN) is identified with SpfW (k)
F−→

SpfW (k)
v+=1,v−=p−−−−−−−→ Spf A→ Spf A/Gm (respectively, SpfW (k)

v+=p,v−=1−−−−−−−→ Spf A→ Spf A/Gm).
Let us just construct an isomorphism of k-algebra stacks obtained by pulling back GN

a,k along

j± : SpfW (k)→ Spf A/Gm. The restriction of GN
a,k to SpfW (k)

v+=1,v−=p−−−−−−−→ Spf A/Gm is given by

Cone(W
·p−→W ); its restriction along SpfW (k)

v+=p,v−=1−−−−−−−→ Spf A/Gm is Cone(F∗W
·p−→ F∗W ).

As a k-algebra stack the latter is obtained from the former by precomposing the action of k

with the Frobenius. Equivalently, the k-algebra stack Cone(F∗W
·p−→ F∗W ) is isomorphic to the

pullback of Cone(W
·p−→W ) along the Frobenius on SpfW (k). We refer the reader to [Bha23,

§ 3.3] and especially diagram (3.3.2) there for details.
For a smooth p-adic formal scheme X over SpfW (k), p∗cris(Hsyn(X)) recovers the crystalline

cohomology of X ⊗ Fp equipped with the Nygaard filtration (see [Bha23, § 3.3]).

2.4 The reduced locus of W (k)N

Let C2 := Spec k[vp+, v−]/(v
p
+v−). We endow C2 with a Gm-action given by the grading: deg vp+ =

p and deg v− =−1. The inclusion of k[vp+, v−]/(v
p
+v−) ↪→ k[v+, v−]/(v+v−) gives the morphism

kN ⊗ Fp→C2/Gm. Recall from [Dri24, § 5.16.10] a factorization of pcris:

kN ⊗ Fp→C2/Gm
p̃cris−−→W (k)Nred→W (k)N ⊗ Fp. (2.16)

Let us just explain a construction of the composite

C2 �C2/Gm
p̃cris−−→W (k)N, (2.17)

given by a pair (MC2
, α :MC2

→WC2
), where MC2

is an admissible WC2
-module and α is a

WC2
-module homomorphism. Explicitly, MC2

is given by the pullback diagram
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MC2
F∗WC2

WC2
F∗WC2

[vp
+]

F

, (2.18)

where the right downward arrow [vp+] takes a Witt vector w ∈WC2
to the product [vp+]w. The

morphism α is defined by MC2
=WC2

×F∗WC2
F∗WC2

([v−],V )−−−−−→WC2
. The isomorphism between

the composition

C := Spec k[v+, v−]/(v+v−)�C/Gm = kN ⊗ Fp
pcris−−→W (k)N

and C→C2
(2.17)−−−→W (k)N is given by an isomorphism of WC-modules

coker(W
(F )
C

[v+],−Id−−−−−→W
(F )
C ×WC)

∼−→WC ×F∗WC
F∗WC =:C ×C2

MC2
(2.19)

defined by the matrix ( Id [v+]
0 F

). In [Dri24, Corollary 7.5.1], Drinfeld refines the morphism p̃cris :

C2/Gm→W (k)Nred to an isomorphism

BH
∼−→W (k)Nred, (2.20)

where H is an affine group scheme over C2/Gm constructed as follows. Let H̃ :=W (F ) ×C2. For
(w, t), (w′, t)∈ H̃, the formula (w, t) ∗ (w′, t) = (w+w′ − [vp−(t)]ww′, t) defines a map H̃ × H̃→
H̃, making H̃ a group scheme over C2. The restriction of H̃ to the open subscheme of C2 given
by v− 
= 0 is G�

m, and its restriction to the closed subscheme given by v− = 0 is G�
a. Define a

Gm-equivariant structure on W ×C2 by

Gm ×W ×C2→W ×C2, (λ, w, t) �→ ([λp]w, λt). (2.21)

This restricts to a Gm-equivariant structure on H̃ ↪→W ×C2 compatible with the group
structure. This defines the promised group scheme H over C2/Gm.

We write (C2)vp
+=0, (C2)v−=0 for the closed subschemes given by the respective equations.

Denote by DHT (respectively, DdR) the restrictions of C2/Gm-stack BH to (C2)v−=0/Gm

(respectively, (C2)vp
+=0/Gm). Thus, via (2.20), one has W (k)Nred =DHT ∪DdR. We refer to DHT

(respectively,DdR) as the Hodge–Tate (respectively, de Rham) component ofW (k)Nred. We denote
by DHod the fibre of BH over (C2)vp

+=v−=0/Gm =BGm. Geometrically, one pictures W (k)Nred as
a union of two components (i.e. DHT and DdR) meeting transversally at DHod. The restriction
gives a functor

R∗ :Dqc(W (k)Nred)→Dqc(DHT)×Dqc(DHod) Dqc(DdR). (2.22)

The following result is explained in [Bha23, § 6] as a consequence of a general statement from
[Lur18b, Theorem 16.2.0.2].

Lemma 2.9. Functor (2.22) is fully faithful and admits right adjoint R∗ given by

(FHT, FdR, α :FHT|DHod

 FdR|DHod

) �→Fib(iHT∗FHT ⊕ idR∗FdR→ iHod∗(FHT|DHod
)),

where i? is the closed embedding of D? into W (k)Nred.

The following result describes the essential image of R∗ in (2.22). Let F := (FHT, FdR, α :
FHT|DHod


FdR|DHod
) be an object of the right-hand side of (2.22).
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Lemma 2.10. Then F lies in the essential image of R∗ if and only if its pullback to

Dqc((C2)v−=0/Gm)×Dqc((C2)vp
+

=v−=0/Gm)Dqc((C2)vp
+=0/Gm) (2.23)

comes from an object of Dqc(C2/Gm).

Proof. The object F lies in the essential image if and only if the canonical morphism R∗R∗F→F

is an isomorphism. Since the map p̃cris :C2/Gm→W (k)Nred is faithfully flat, it suffices to check
this after pulling back along p̃cris to C2/Gm.

In [Bha23, § 6.2], Bhatt and Lurie give a convenient description of DHT, i.e. DHT 

(A1,dR

+ /Gm)⊗ Fp. To reconcile this isomorphism with the above description, we recall that the
Frobenius morphism A1

+ ⊗ Fp→ Spec k[vp+] = (C2)v−=0 factors through (A1
+ ⊗ Fp)

dR. Moreover,
a choice of δ-structure on A1

+, such that δ(v+) = 0, gives a Gm-equivariant isomorphism

(A1
+ ⊗ Fp)

dR =BG�
a × (C2)v−=0, where the action of Gm on G�

a is given by λ ∗ z = λpz. Using

the identification of the Cartier dual to G�
a and Ĝa =Spf k[[Dp]], we obtain an equivalence

Dqc(DHT)
Dgr,Dp-nilp(k[v
p
+, D

p]), where the right-hand side is a full subcategory of the derived
category Dgr(k[D

p, vp+]) of graded modules over the polynomial algebra k[Dp, vp+] with deg vp+ =
− degDp = p. Objects of this full subcategory Dgr,Dp-nilp(k[D

p, vp+]) consist of complexes M such
that the action of Dp on

⊕
iH

i(M) is locally nilpotent.

2.5 Coherent sheaves and vector bundles over Xsyn

LetQ be a p-complete Noetherian regular local ring. In [Bha23, Remark 5.5.19], it was shown that
the category Perf(Qsyn) of perfect complexes on Qsyn has a unique t-structure whose category
of connective objects Perf�0(Qsyn) consists of all F∈Perf(Qsyn) such that, for any p-nilpotent
ring R and a map f : SpecR→Qsyn, the pullback f∗F is in D�0(R). We refer to the heart of
this t-structure as the category Coh(Qsyn) of coherent sheaves on Qsyn. The latter has a more
concrete description. Let (Q̃, (d), δ) be a p-torsion prism with Q̃/(d) =Q. Then there exists a
canonical faithfully flat map

Spf Q̃[v−, v+]/(v−v+ − d)→Qsyn, (2.24)

where Spf Q̃[v−, v+]/(v−v+ − d) is the (p, d)-adic formal scheme colimN Spec Q̃[v−, v+]/(v−v+ −
d, dN , pN ); see [Bha23, Remark 5.5.19], cf. the end of § 2.3. Then F∈Dqc(Q

syn) belongs to
Coh(Qsyn) if and only of its pullback along (2.24) is coherent, that is, a finite module over20

Q̃[v−, v+]/(v−v+ − d).
Recall that, for any stack X, the category Vect(X) of vector bundles over X is defined to be

limSpecR→X Vect(SpecR), where the limit is taken over the category of all affine schemes over
X. An object F∈Dqc(Q

syn) is a vector bundle if and only if its pullback along (2.24) is a finite
projective module over Q̃[v−, v+]/(v−v+ − d).

2.6 Hodge–Tate weights

Recall that kN can be identified with Spf A/Gm (see [Bha23, § 5.4]). Consequently, the category
Dqc(k

N) is equivalent to the subcategory D̂gr(A) of the derived category Dgr(A) of graded
A-modules spanned by p-complete objects. Given a gauge F∈Dqc(k

N), we denote by(
N· =

⊕
i

Ni, v− :Ni→Ni−1, v+ :Ni→Ni+1, v−v+ = v+v− = p

)
(2.25)

the corresponding object in D̂gr(A).

20Note that since the ring is regular, every finite module over it is perfect.
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Definition 2.11. We say that a gauge F∈Dqc(k
N) has Hodge–Tate weights � a if, under

the identification (2.25), the maps v− in Na Na−1 Na−2 · · ·
v− v− v−

are all quasi-
isomorphisms.

A gauge F is said to be effective if it has Hodge–Tate weights � 0. We say that a
gauge F has Hodge–Tate weights � b if under the identification (2.25), the maps v+ in

· · ·Nb+3 Nb+2 Nb+1 Nb
v+ v+ v+

are all quasi-isomorphisms.

We say that a gauge F∈Dqc(W (k)N) has Hodge–Tate weights � a (respectively, � b) if
its pullback to kN has the corresponding property. Likewise, we say that an F -gauge F∈
Dqc(W (k)syn) has Hodge–Tate weights � a (respectively, � b) if its pullback to kN has the
corresponding property. We denote by Dqc,[a,b](k

N) the full subcategory of Dqc(k
N) that consists

of objects with Hodge–Tate weights in [a, b]. Similarly, we define Dqc,[a,b](W (k)N).

Remark 2.12. We observe that F∈Dqc(k
N) has Hodge–Tate weights in [a, b] if and

only if the pullbacks of F along both composites Spec k[v±]/Gm,k→ kN ⊗ Fp→ kN lie in
Dqc,[a,b]((A

1±/Gm)⊗ Fp) in the sense of Definition 2.1.

Lemma 2.13. Suppose F∈Dqc,[a,b](A
1−/Gm), then t∗F∈Dqc,[a,b](k

N).

Proof. The map i± : (A1±/Gm)⊗ Fp =Spec k[v±]/Gm,k ↪→ kN given by the equation v∓ = 0 is
a closed embedding. Since v+ is a nonzero divisor in W (k)[v+, v−]/(v+v− − p), the restriction
functor along the above embedding corresponds algebraically to taking the cone of v+ on the cor-
responding graded module. Then saying that G∈Dqc(k

N) has weights � b is equivalent to saying
that the restriction i∗−G has weights� b. The composition t ◦ i is the embedding Spec k[v−]/Gm→
SpfW (k)[v−]/Gm given by the equation p= 0. Since, for any F∈Dqc,(−∞,b](A

1−/Gm), its restric-

tion to the special fibre (A1−/Gm)⊗ Fp has weights � b, we conclude that t∗F∈Dqc,(−∞,b](k
N).

Saying that G∈Dqc(k
N) has weights � a is equivalent to saying that the restriction i∗+G has

weights � a. The composition t ◦ i+ is isomorphic to (A1
+/Gm)⊗ Fp→BGm ⊗ Fp→A1−/Gm and

the lemma follows.

Lemma 2.14. Suppose F∈Dqc,(−∞,b](W (k)N), then p∗̄
dR

F∈Dqc,(−∞,b](A
1−/Gm).

Proof. By p-completeness, it suffices to show p∗̄
dR

F⊗ Fp ∈Dqc,(−∞,b]((A
1−/Gm)⊗ Fp). It remains

to observe that the composition (A1−/Gm)⊗ Fp −→A1−/Gm
pd̄R−−→W (k)N is isomorphic to

(A1−/Gm)⊗ Fp
i−−→ kN

pcris−−→W (k)N, where i− is defined in the first line of the proof of
Lemma 2.13; see, for example, [Bha23, § 2.8.3].
Remark 2.15. If F∈Dqc(k

N) is effective, then its restriction along the map BGm,k ↪→ kN is

given by BGm,k
v−=0
↪→ (A1−/Gm)⊗ Fp

v+=0
↪→ kN, viewed as a Z-graded object M• of Dqc(k), has

weights � 0, i.e. M i is acyclic for every i < 0. If F is perfect, then the converse is true.

Lemma 2.16. The embedding e :Dqc,(−∞,b](k
N) ↪→Dqc(k

N) admits a right adjoint functor w�b :

Dqc(k
N)→Dqc,(−∞,b](k

N).

Proof. We define w�b by sending an object (M•, v−, v+)∈Dqc(k
N) to the object (M ′•, v′−, v′+)∈

Dqc,(−∞,b](k
N), where M ′i =M i for i < b and M ′i =M b otherwise. Here v′+ :M ′i→M ′i+1 is

equal to v+ for i < b and equal to Id otherwise; here v′− :M ′i→M ′i−1 is equal to v− for i�
b and equal to p · Id otherwise. Indeed, we have a canonical map f(•) sending (M ′•, v′−, v′+)
to (M•, v−, v+) given by f(i) = Id for i� b and f(i) = vi−b+ otherwise. This defines a natural
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transformation of functors e ◦w�b→ Id. On the other hand, we have an isomorphism w�b ◦ e ∼−→
Id.

3. The fibre product kN ×W (k)N A1
−/Gm

3.1 Drinfeld lemma

Recall from (2.14) that A :=W (k)[v+, v−]/(v+v− = p) with a grading such that deg v+ = 1 and
deg v− =−1. Let Ai be the subgroup of elements of degree i. Let B ⊂A⊗Frac(W (k)) be the
W (k)-subalgebra generated by v− and vn+/n! for n� 0. The grading on A induces a grading on
B and we write B =

⊕
i B

i.

Definition 3.1. For n∈N>0, its associated Mazur number is [n] :=minm�n ord(p
m/m!).

Note that [n] = n for n< p, and [n+ 1]− [n] = 1 or 0 for every n∈N>0. For every positive
integer n, the ideal (p[n])⊂Zp is the nth divided power of the ideal (p).

Lemma 3.2. For every i� 0, Bi is the free W (k)-module on p[i]vi+/p
i. For every i� 0, Bi is the

free W (k)-module generated by vi−.

Corollary 3.3. The embedding A ↪→B is an isomorphism in degrees < p. In particular, B as
a graded W (k)[v−]-module is effective in the sense of Definition 2.3.

Remark 3.4. Lemma 3.2 shows that B is the Rees algebra of the filtration on W (k) given by
divided powers of the ideal (p)⊂W (k).

Remark 3.5. Recall from [Bha23, § 3.3] that the stable∞-category Dqc(k
N) = D̂gr(A) of graded

p-complete A-modules can be identified with the derived category of filtered p-complete modules
over the filtered algebra W (k), where the latter is equipped with the filtration by powers of

the ideal (p)⊂W (k). Likewise, the category D̂gr(B) of graded p-complete B-modules can be
identified with the derived category of filtered p-complete modules over the filtered algebra
(W (k), (p)[·]), where (p)[·] denotes the filtration by divided powers of the ideal (p).

Recall the maps pd̄R and pcris from § 2.3. Consider the following diagram

Spf B/Gm

kN =Spf A/Gm

W (k)N A1−/Gm

a

pcris t

pd̄R

(3.1)

where a and t are induced by homomorphisms of graded W (k)-algebras: the map t is induced by
the map W (k)[v−]→A sending v− �→ v−, and the map a is induced by the obvious embedding
A ↪→B. Warning: pcris 

 pd̄R ◦ t.
Theorem 1 (Drinfeld). There exists a unique isomorphism ΨMaz : pcris ◦ a
 pd̄R ◦ t ◦ a.

We need the following lemma in the proof of the theorem.

Lemma 3.6. The element [vp+] in W (B) is uniquely divisible by p.

Proof. Uniqueness is obvious because p is not a zero-divisor in B (hence, in W (B)). It is
enough to show that [v+]

p is divisible by p in the ring of big Witt vectors. Recall that the
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additive group of the big Witt vectors is (1 + xB[[x]])∗ and [v+]
p corresponds to 1− vp+x and

to show that it is divisible by p we need to show that there exists a series g ∈ (1 +B[[x]])∗

such that gp = 1− vp+x. Explicitly, g= exp(p−1 log(1− vp+x)). However, we need to explain why
this formula makes sense. Note that log(1− vp+x) =−

∑
n≥1(v

pn
+ xn/n) makes sense since vpn+

is divisible by (pn)! and, moreover, this series is divisible by p since all the summands are.
To make sense of exp(p−1 log(1− vp+x)) = exp(−∑

n≥1(v
pn
+ xn/pn)) we need to explain why

this element which a priori lives in (1 + xQ[[x]])∗ actually lives in (1 + xB[[x]])∗. That is, we
need to explain why

(∑
n≥1(v

pn
+ xn/pn)

)m
is divisible by m! and it is enough to show that

(vpn+ xn/pn)m = vpnm+ xnm/(pn)m is divisible by m!. Recall that vpnm+ is divisible by (pnm)! so we
are reduced to show that (pnm)!/(pn)mm! is a p-adic integer. This follows from a known fact
that (nm)!/(n)mm!∈Z.
Remark 3.7. Let us sketch another proof of Lemma 3.6. There exists a unique element y′ ∈
G�

a(B) whose image in Ga(B) is v+. Let y ∈W (F )(B) be the image of y′ under the isomorphism

G�
a
∼−→W (F ) (see [Dri24, Lemma 3.2.6]). Then the first ghost coordinate of [v+]− y is 0. Thus,

there exists a unique z ∈W (B) with V (z) = [v+]− y. We claim that p · z = [vp+]. Indeed, p · z =
FV (z) = F ([v+]− y) = [vp+].

Remark 3.8. The Witt vector [vp+]/p∈W (B) determines a map SpecB
d−→W . We claim that

the following diagram is commutative.

Gm × SpecB Gm ×W

SpecB W

α

Id×d

β

d

(3.2)

Here the action α of Gm on SpecB is given by the grading and the action of Gm on W is
given by the formula β(λ, w) = [λp]w, where λ∈Gm, w ∈W , and [·] refers to the Teichmüller
representative. Indeed, since Gm × SpecB is flat over Zp it suffices to check that d ◦ α= β ◦
(Id× d) after post-composing with W

p−→W which is clear.
Using (3.2) the map d descends to a map

d̄ : SpecB/Gm→W/Gm

of the quotient stacks.

Proof of Theorem 1. Fix an S-point P of Spf B/Gm. Using the morphism a, we have an S-

point of Spf A/Gm, i.e. OS
v+−→L

v−−→OS , where L is a line bundle over S and v+v− = p. Define
a morphism of WS-modules w :WS→V(L)� ↪→ [L], where the invertible WS-module [L] is the
Teichmüller lift of L (see [Dri24, 3.11]). By Lemma 3.6, the homomorphism [vp+] :WS→ [L⊗p] of
WS-modules is canonically divisible by p. Indeed, we first define

[vp+]

p
:WS→ [L⊗p] (3.3)

locally on S assuming a lift P̃ : S→ Spf B of P. The choice of a lift trivializes L and [L].

Composing P̃ with SpecB
d−→W from Remark 3.8 we obtain a Witt vector [vp+]/p∈W (S).

The multiplication by [vp+]/p defines the desired map [vp+]/p :WS→WS = [L⊗p]. Diagram (3.2)
shows that (3.3) does not depend on the choice of a trivialization21 and, thus, it is well-defined

21Indeed, consider the map d̄ : SpecB/Gm →W/Gm from Remark 3.8. Note that an S-point of W/Gm is a line

bundle L′ over S together with a map of WS-modules WS → [L
′⊗p]. The image of P under d̄ is our (3.3).
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globally. Applying the Verschiebung, we obtain a homomorphism V ([vp+]/p) :WS→ [L] of WS-
modules. Set w := [v+]− V ([vp+]/p) :WS→ [L]. We claim that w lands in V(L)�. Indeed, the
composition F ◦w :WS→ [L⊗p] is zero.

We want to construct an isomorphism pcris ◦ a(P)
 pd̄R ◦ t ◦ a(P). Define a morphism

ΨMaz :Mpcris,S := coker(G�
a,S

(v�
+,−can)−−−−−−→V(L)� ⊕WS)−→V(L)� ⊕ F∗WS :=Mpd̄R,S

as follows: let

the map V(L)� ⊕WS→V(L)� ⊕ F∗WS be given by the matrix ( 1 w
0 F ). We claim that ΨMaz ◦

(v�+,−can) is zero. Indeed, F ◦ can is zero. We also have that v�+ −w ◦ can :G�
a,S→V(L)� is zero

because V ([vp+]/p) ◦ can= 0.22 This defines ΨMaz. The following commutative diagram shows
that ΨMaz is an isomorphism.

0 V(L)� Mpcris,S F∗WS 0

0 V(L)� Mpd̄R,S F∗WS 0

(0,F )

ΨMaz

(0,Id)

Finally, one verifies that ΨMaz commutes with ξ given by (2.13) and (2.15). This proves the
existence of the isomorphism in Theorem 1.

For the uniqueness, it suffices to show that the point pd̄R ◦ t ◦ a : Spf B/Gm→W (k)N has no
nontrivial automorphisms. Since Spf B→ Spf B/Gm is a faithfully flat cover, it suffices to show

this for the corresponding point s : Spf B→W (k)N. Explicitly, s is given by the morphism G�
a ⊕

F∗WB
(v−,V )−−−−→WB ofWB-modules. Using [Bha23, Proposition 5.2.1], any automorphism α ofWB-

module G�
a ⊕ F∗WB has the form [ t x

0 y ] for t∈Ga(B), x∈ ker(G�
a(B)→Ga(B)) = 0, y ∈ F∗W (B).

The group of automorphisms of s consists of α satisfying (v−, V ) ◦ α= (v−, V ). In particu-

lar, for any (a, b)∈G�
a(B)⊕ F∗W (B), we must have v−ta+ V (by) = v−a+ V (b). Substitutions

a= 0, b= 1 and a= [v+], b= 0 give t= y= 1 i.e. α= Id.

3.2 A description of kN ×W (k)N A1
−/Gm

Consider the following Cartesian square.

kN ×W (k)N A1−/Gm

kN A1−/Gm

W (k)N

pcris pd̄R

(3.4)

Using Theorem 1, we have a morphism

(a, t ◦ a) : Spf B/Gm→ kN ×W (k)N A1
−/Gm :=D. (3.5)

Note that the composition A1−/Gm
pd̄R−→W (k)N

tW (k)−→ A1−/Gm is the identity. Indeed, recall that

pd̄R takes x= (L, v−)∈A1−/Gm(R) to an admissible module (v�−, V ) :V(L)� ⊕ F∗WR→WR as
in (2.13). This gives rise to a morphism of admissible sequences (2.9) wherethe left vertical map

22We have that V (yF (x)) = xV (y), for any x, y in the ring of Witt vectors. In particular, if x is in Frobenius
kernel then V (y)x= 0.
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is v�− :V(L)�→G�
a,R. In particular, the Rees map sends pd̄R(x) to x. Now, giving an S-point

of D is equivalent to giving a y ∈A1−/Gm(S) and an x∈ kN(S) together with pd̄R(y)
 pcris(x).
Applying tW (k) to it we get t(x)
 y. Thus, giving an S-point of D is equivalent to giving an

S-point x of kN together with an isomorphism pd̄R ◦ t(x)
 pcris(x).
Let us define a closed substack of D. Note that both pd̄R and pcris, precomposed with

the structure map π :W (k)N→W (k)Δ, factor through the de Rham point pdR : SpfW (k)→
W (k)Δ, classifying the Cartier–Witt divisor given by W

·p−→W . This defines a map π̃ :D→
SpfW (k)×W (k)Δ SpfW (k). The stack on the right has a canonical point given by the diagonal

map SpfW (k)→ SpfW (k)×W (k)Δ SpfW (k). Consider the fibre over this point of the morphism

π̃ and denote it by D0.
The following remark will not be used in the remainder of the paper.

Remark 3.9. Drinfeld suggested to us another interpretation of D as well as its substack D0

that makes use of the c-stack enhancement ofW (k)N introduced in [Dri24] and reviewed in § 2.3.
For a scheme S, consider the category D′(S) consisting of pairs (t, f), where t : S→A1−/Gm and
f : p+→ pd̄R(t) is a morphism in the category W (k)N,c(S) from § 2.3. Here p+ is defined as the

composition S→ kN
pcris−−→W (k)N, where the first morphism is given by A→H0(S,OS) sending

v− to p and v+ to 1. We claim that the underlying groupoid of this category is equivalent to
D(S). This follows from the fact [Dri24, § 5.5.3] that the Rees maps tW (k) :W (k)N,c→ (A1−/Gm)c,

kN,c→ (A1−/Gm)c are left fibrations of c-stacks. Indeed, since W (k)N,c→ (A1−/Gm)c is a left
fibration, the category W (k)N,c(S)p+/ is identified with (A1−/Gm)c(S)p/ 
 kN,c(S).23 Under this

identification, the natural functorW (k)N,c(S)p+/→W (k)N,c is identified with pcris. The category

D′(S) is, by definition, equivalent to W (k)N,c(S)p+/ ×W (k)N,c(S) (A
1−/Gm)c(S). Its underlying

groupoid is D(S) by the definition of the latter (3.4). To describe the substack D0, note that
any object (t, f) of this category provides us with a triangle in W (S)N,c

p+ p−

pd̄R(t)

f
(3.6)

where p− is defined by A→H0(S,OS), v− �→ 1, v+ �→ p, and the solid arrows are the canon-
ical morphisms (constructed by observing that, for any S, p+ [respectively, p−] is the initial
[respectively, final] object of the category kN,c(S) and p− is the final object of (A1−/Gm)c(S)).
The triangle is not commutative in general; points that correspond to commutative triangles are
classified by a substack of D; this substack is equivalent to D0.

Recall from [Dri24, § 1.8] that every effective gauge F∈Dqc,[0,+∞](W (k)N) gives rise to a

complex of contravariant O-modules on W (k)N,c. In particular, for every S-point of D0 the
canonical morphism F|p−→F|p+

factors through F|pd̄R(t). We also note that, for an effective
F -gauge F, we have an isomorphism F ∗(F|p+

)
 F|p− whose composition with F|p−→F|p+
is the

crystalline Frobenius.

In this subsection, we give an explicit description of D, which was explained to us by Drinfeld
and Lurie. The authors of this paper are responsible for any possible mistakes in the exposition
of their results.

23An object of (A1
−/Gm)c(S)p/ consists of (L

v−−→OS)∈ (A1
−/Gm)c(S) together with a morphism f : (OS

p−→OS)→
(L

v−−→OS) in (A1
−/Gm)c(S). Giving such an f is equivalent to specifying a map v+ :OS →L with v−v+ = p.
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We endow W with the Gm-action given by the formula: λ ∗w= [λ]w, where [·] refers to

the Teichmüller representative. This gives an action of Gm on ker(W
F−→W ) =:W (F ) ↪→W . We

consider the fibre product Spf A×A1
+
W (F ) =: D̃′, where Spf A is viewed as a scheme over A1

+

via the natural embedding W (k)[v+] ↪→A, and W (F )→A1
+ is given by the first Witt vector

coordinate.24 We endow Spf A×A1
+
W (F ) with the diagonal Gm-action. Let D̃′0 ↪→ Spf A×A1

+

W (F ) be the closed subscheme given by25

[v−]w= p− V (1). (3.7)

Recall from [Dri24, Lemma 3.2.6] the unique isomorphism W (F ) 
G�
a characterized by the

commutative diagram

W (F ) G�
a

Ga

�

(3.8)

where the vertical map is induced by the projectionW →Ga to the first coordinate. Thus, under
the isomorphism W (F )(Zp)
G�

a(Zp) = pZp ⊂Zp, the element p− V (1) is sent to the number p.

Consequently, under the identification Spf A×A1
+
W (F ) 
 Spf A×A1

+
G�

a, Equation (3.7) has the

form v− · z = p, where z is a point of G�
a, and the product on the left-hand side refers to the

Ga-module structure on G�
a. This yields a concrete description of D̃′0 as the formal spectrum of

the W (k)-algebra generated by v− and γpn(v+), n� 0, subject to the following relations:

pn!

(pn−1!)p
γpn(v+) = (γpn−1(v+))

p, vp
n

− γpn(v+) =
pp

n

pn!
. (3.9)

Lemma 3.10.

(1) Let B� be the PD-envelope of the ideal (v+) in A, and let W (k)〈v+〉[v−] be the PD-
envelope of the ideal (v+)⊂W (k)[v+, v−]. Then B� ∼−→W (k)〈v+〉[v−]/(v+v− − p) and

D̃′ ∼−→ Spf B�.

(2) Let B† be the PD-envelope of the ideal (v+) in A relative to (Zp, (p)) (see [Sta20, 07H7]).

Then D̃′0
∼−→ Spf B†.

Proof. To prove the first part, set Ã� :=W (k)〈v+〉[v−], Ã :=W (k)[v+, v−], and let J ⊂ Ã� be the
PD-ideal generated by vn+/n!, n� 1. Set I := (v−v+ − p)⊂ Ã�. Then26 I ∩ J = I · J . In particular,
I ∩ J ⊂ J is a sub-PD-ideal. Consequently, there exists a unique PD structure on the image J̄
of J under the projection Ã�→ Ã�/I. We claim that the map (A, (v+))→ (Ã�/I, J̄) exhibits the
right-hand side as the PD-envelope B� of (v+)⊂A. Indeed, by the universal property we have a
PD-homomorphism B�→ Ã�/I. On the other hand, the projection Ã→A gives a PD map Ã�→
B� sending I to 0. By looking at generators, one readily checks that these are mutually inverse
homomorphisms. Finally, we note that Ã�/I =A⊗W (k)[v+]W (k)〈v+〉. Using the isomorphism

G�
a
∼−→W (F ), this implies the claim.

24That is, the map sends a Witt vector w=
∑

i�0 Vi[wi] to w0.
25Set p− V (1) =

∑
i�0 Vi[ai], w=

∑
i�0 Vi[wi]. Then (3.7) reads as follows: vp

i

− wi = ai, for every i� 0.
26Indeed, given any f = (v−v+ − p)g ∈ I ∩ J , we conclude, using that v−v+ − p and v+ are coprime in Ã⊗Q, that
g is divisible by v+ in Ã⊗Q. Hence, g ∈ J .
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To prove the second assertion, observe that B† is identified with the tensor prod-
uct B† ⊗DZp ((p))

Zp, where DZp
((p)) is the PD-envelope of (p)⊂Zp and the homomorphism

DZp
((p))→Zp takes each γn(p)∈DZp

((p)) to pn/n!. Using (3.9), the claim follows.

Proposition 3.11. There is aGm-equivariant isomorphism D̃ :=D×A1
−/Gm

A1−
∼−→ D̃′ that iden-

tifies the substack D̃0 :=D0 ×A1
−/Gm

A1− with D̃′0. Here the action of Gm on D̃ comes from the

Gm-action on A1−.

Proof. We start with a preliminary observation. The line bundle OA1
−/Gm

(−1) determines via

the Rees map tW (k) :W (k)N→A1−/Gm a Gm-torsor W (k)N,r→W (k)N. Thus, an S-point of

W (k)N,r is a pair consisting of an S-point ofW (k)N together with a trivialization of the pullback
of OA1

−/Gm
(−1) to S. Observe Gm-equivariant isomorphisms W (k)N,r ×W (k)N k

N ∼−→ Spf A and

W (k)N,r ×W (k)N A1−/Gm
∼−→A1−. Consequently, we obtain an isomorphism Spf A×W (k)N,r A1−

∼−→
D̃ of Gm-torsors over D. In particular, we conclude that the projection D→ Spf A/Gm lifts to

a map D̃→ Spf A.
Now we prove the proposition. Let R be a p-nilpotent ring. Recall from (3.4) that a point in

D(R) consists of a point x∈ kN(R) together with pcris(x)
 pd̄R ◦ t(x). Since D̃ :=D×A1
−/Gm

A1−,
we see that a point of D̃(R) consists of a homomorphism g :A→R together with an isomorphism
β of WR-modules

coker(G�
a,R

(g(v+),−can)−−−−−−−−→G�
a,R ⊕WR) :=Mpcris,R

β−→� Mpd̄R,R
:=G�

a,R ⊕ F∗WR (3.10)

such that two diagrams commute

0 G�
a,R Mpcris,R

F∗WR 0

0 G�
a,R Mpd̄R,R

F∗WR 0

(Id,0)

Id β

(0,F )

ν

(Id,0) (0,Id)

(3.11)

Mpcris,R
Mpd̄R,R

WR WR

β

(g(v−)◦ can,p) (g(v−)◦ can,V )

Id

(3.12)

for some ν ∈HomWR
(WR, WR) =W (R). Explicitly, β′ :G�

a,R ⊕WR→Mpcris,R

β−→G�
a,R ⊕ F∗WR

is given by ( 1 w
0 ν◦F ), where w= (w1, w2, . . .)∈HomWR

(WR,G
�
a,R) =W (F )(R) is subject to the

equation w1 = g(v+) and [g(v−)]w= p− V (ν).

Sending a point of D̃(R) to (g ∈ (Spf A)(R), w ∈W (F )(R)) defines a functorial map

D̃(R)→ (Spf A×A1
+
W (F ))(R). (3.13)

We next show that (3.13) is an isomorphism. To do this we construct its inverse.
Given a point (g, w)∈ (Spf A×A1

+
W (F ))(R), observe that since w1 = g(v+) the first coordi-

nate of p− [g(v−)]w is 0. Therefore, this element can be uniquely written as V (ν), for some

ν ∈W (R). Then the matrix ( 1 w
0 ν◦F ) defines a homomorphism Mpcris,R

β−→Mpd̄R,R
making the dia-

grams (3.11) and (3.12) commutative. It remains to check that β is anisomorphism. Using the
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diagram (3.11) it is enough to check that ν ∈W (R) is invertible. Let ν1 be the first ghost
coordinate of ν. If ν is not invertible we can find a maximal ideal m⊂R which contains ν1.
Since W (F )(R/m) = 0 and w ∈W (F )(R), we conclude from the equation [g(v−)]w= p− V (ν)
that ν1 = 1 in R/m, contradicting ν1 ∈m. Thus, β is an isomorphism. This defines a functorial
map

(Spf A×A1
+
W (F ))(R)→ D̃(R),

which is inverse to (3.13).

For the second part, note that β = ( 1 w
0 ν◦F )∈ D̃(R) lands in D̃0 if and only if ν = 1 and the

result follows.

Remark 3.12. Another way to compute the fibre product kN ×W (k)N A1− relies on the

computation of p-adically completed derived de Rham cohomology d̂R(k/W (k)) by Bhatt

[Bha12, Proposition 8.5], namely d̂R(k/W (k)) = Ŵ (k)〈x〉/(x− p), where Ŵ (k)〈x〉 stands for
the p-completed PD-envelope of (x)⊂W (k)[x]. Moreover, he defines a descending filtration

on Ŵ (k)〈x〉 whose nth term is topologically generated by elements of the form γi(x) with

i≥ n. The induced filtration Fil• on Ŵ (k)〈x〉/(x− p) matches the derived Hodge filtration Hod•

under this isomorphism. Using the above result we construct a Gm-equivariant isomorphism
between the derived fibre product kN ×L

W (k)N A1− and the derived p-adic formal stack repre-

sented by the derived p-completion of B†. Recall that, for any derived p-adic formal stack
X over W (k), the Hodge filtered derived de Rham stack (X/W (k))dR,+ is identified with
the fibre product XN ×L

W (k)N A1−/Gm. We apply this to X =Spec k. To complete the proof

observe that (k/W (k))dR,+ is affine over A1−/Gm in the sense of [BL22b, § 7.3] and, hence,
(k/W (k))dR,+ ×L

A1
−/Gm

A1− is represented by the algebra RΓ
(
(k/W (k))dR,+ ×L

A1
−/Gm

A1−,O
)
. The

latter is the derived p-completion of the Rees algebra ReesHod• d̂R(k/W (k)) which is identified
with the derived p-completion of B† using Bhatt’s result explained previously.

Note that the derived p-completion of B† is the quotient of the p-completion ofW (k)〈v+〉[v−]
by the ideal (v+v− − p). Using [BMS18, Remark 6.16], it follows that this quotient is not p-
adically separated and, in particular, it is not p-complete. Thus, the derived stack kN ×L

W (k)N A1−
is not classical.

Remark 3.13. Proposition 3.11 gives another proof of Theorem 1. Indeed, since B is p-torsion-
free and v+ has divided powers in B, the embedding A ↪→B extends uniquely to a homomorphism
of graded W (k)-algebras B†→B. This defines a Gm-equivariant map Spf B→ D̃′0

∼−→ D̃0. In
particular, we obtain a morphism Spf B/Gm→ kN ×W (k)N A1−/Gm whose composition with the

projection to kN is given by A ↪→B. This is equivalent to Theorem 1.

Remark 3.14. Observe that the morphism

D= kN ×W (k)N A1
−/Gm→ ksyn ×W (k)syn A1

−/Gm (3.14)

induced by maps kN→ ksyn and W (k)N→W (k)syn is an isomorphism. Indeed, since the maps
kN→ ksyn, W (k)N→W (k)syn are étale, the morphism (3.14) is also étale. Thus, it suffices to
check that (3.14) induces an equivalence on points with values in every algebraically closed field
K of characteristic p. This follows from [Dri24, Propositions 5.16.5 and 8.10.4 (iv)] which assert
that the maps kN→W (k)N, ksyn→W (k)syn induce equivalences on K-points.
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4. Construction of the functor Dqc,[0,p−1](W (k)syn)→ DMFbig
[0,p−1](W (k))

4.1 Corollary of Drinfeld’s lemma

The isomorphism pcris ◦ a
 pd̄R ◦ t ◦ a from Theorem 1 gives an isomorphism of functors
Dqc(W (k)N)→Dqc(Spf B/Gm)

a∗t∗p∗̄dR 
 a∗p∗cris. (4.1)

We show that after restriction to Dqc,[0,p−1](W (k)N), a stronger statement holds.

Theorem 2. There exists a unique isomorphism t∗p∗̄
dR

 p∗cris of functors Dqc,[0,p−1](W (k)N)→

Dqc,[0,p−1](kN) whose pullbacks recover (4.1).

Proof. Observe that indeed the functors t∗p∗̄
dR

and p∗cris carry Dqc,[0,p−1](W (k)N) to the subcat-

egory Dqc,[0,p−1](kN)⊂Dqc(k
N): the assertion about t∗p∗̄

dR
follows from Lemmas 2.13 and 2.14

combined with Remark 2.15; the assertion about p∗cris is true by definition of weights.
We prove the theorem by showing that

a∗ :Dqc,[0,p−1](kN)→Dqc(Spf B/Gm) (4.2)

is fully faithful. We start with the following.

Lemma 4.1. Let · · ·Ni Ni−1 · · ·
v−

v+

v−

v+

be an effective object of Dqc(k
N). Then the

map27 Ni→ ((N•
L⊗A B)∧)i induced by the homomorphism of graded algebras A→B is an

isomorphism for i < p.

Proof. Equivalently, it suffices to show that ((N•
L⊗A B/A)

∧)i is acyclic for 0� i� p− 1.

Moreover, by derived p-adic completeness, it suffices to prove that (N•
L⊗A (B/A

L⊗W (k) k))
i is

acyclic for 0� i� p− 1. The complex B/A
L⊗W (k) k is supported in two cohomological degrees:

0 and −1. Using Lemma 3.2, the A⊗ k-module B/A⊗W (k) k has grading degrees greater
than or equal to p and is supported at the origin, i.e. every element x∈B/A⊗ k is killed
by a power of the maximal ideal m⊂A⊗ k. Thus, B/A⊗ k admits an exhaustive filtration
L0 ⊂L1 ⊂ · · · ⊂B/A⊗ k by A⊗ k-submodules with each Li/Li−1 of the form k{j} with j � p.

That N• is effective implies, using Remark 2.15, that (N•
L⊗A k)

i is acyclic for i < 0. Equivalently,

(N
L⊗ k{j})i is acyclic for i < j. Thus (N•

L⊗A (B/A⊗W (k) k))
i is acyclic for i < p.

To compute Tor
W (k)
1 (B/A, k) = ker(B/A

p−→B/A): by Lemma 3.2 again, one has ker(Bi/Ai p−→
Bi/Ai) = (1/p)vi+k for i� p and 0 otherwise. Thus, Tor

W (k)
1 (B/A, k) = (A/(v−)){p} as an

A-module. We have that

(N•
L⊗A Tor

W (k)
1 (B/A, k))i

∼−→Cone(Ni−p+1 v−−→Ni−p).

Using effectivity, the cone above is acyclic for i < p.

Corollary 4.2. For every M ∈Dqc,[0,+∞](k
N), the natural transformation Id→ a∗a∗ induces

an isomorphism w�p−1M
∼−→w�p−1a∗a∗M .

27For a complex M of abelian groups, we denote by M∧ its derived p-adic completion.

300

https://doi.org/10.1017/S0010437X26102978 Published online by Cambridge University Press

https://doi.org/10.1017/S0010437X26102978


Prismatic F -gauges and Fontaine–Laffaille modules

Now we can prove that (4.2) is fully faithful. For any M,M ′ ∈Dqc,[0,p−1](kN),

RHom(M,M ′) =RHom(M,w�p−1M ′)
RHom(M,w�p−1a∗a∗M ′)

RHom(M, a∗a∗M ′)
RHom(a∗M, a∗M ′),

where the second and fourth isomorphisms follow by adjunction, and the third isomorphism
follows by Corollary 4.2. This proves fully faithfulness and thus completes the proof of the
theorem.

Let us record a generalization of Theorem 2.

Proposition 4.3. There exists an isomorphism w�p−1t∗p∗̄dR 
w�p−1p∗cris of functors

Dqc,[0,+∞](W (k)N)→Dqc,[0,p−1](kN).

Proof. Using Theorem 1, we have a∗a∗t∗p∗̄dRF
 a∗a∗p∗crisF. Applying w�p−1 and using
Corollary 4.2 we obtain the result.

Remark 4.4. In geometric context, i.e. for the prismatic gauge HN(X)∈Dqc(W (k)N) associated
to a smooth p-adic formal scheme X over W (k), Equation (4.1) gives

a∗t∗p∗̄dR(HN(X))
 a∗p∗cris(HN(X)), (4.3)

which expresses a relation between the Nygaard filtration on RΓcris(Xk), where Xk :=X ×
Spec k, and the Hodge filtration on RΓdR(X). In fact, a∗t∗p∗̄

dR
(HN(X)), viewed as a complex of

filtered modules over the filtered algebra (W (k), (p)[·]) (see Remark 3.5), can be identified, using
[BO78, Theorem 7.2] with the crystalline Hodge filtration on RΓcris(Xk). Thus, (4.3) says that
the crystalline Hodge filtration can be obtained from the Nygaard filtration by ‘downgrading’
using the functor a∗.

4.2 Construction of the functor

Define a functor

ΦMaz :Dqc,[0,p−1](W (k)syn)→DMF big
[0,p−1](W (k)) (4.4)

as follows. Let F∈Dqc,[0,p−1](W (k)syn) be a prismatic F -gauge with Hodge–Tate weights in
[0, p− 1]. We have the following diagram (see [Bha23, Remark 1.4.2] or § 2.3)

A1−/Gm

SpfW (k) Spf A/Gm kN W (k)N

ksyn W (k)syn

pd̄R

j−

j+◦F−1

�

jN

pcris

t

jN

(4.5)

where j− (respectively, j+ ◦ F−1) is an open embedding onto the substack given by
v− 
= 0 (respectively, v+ 
= 0), j̄N : kN→ ksyn exhibits the target as the coequalizer of j± :

SpfW (k) = kΔ kN (see [Bha23, Definition 6.1.1]), and the square is commutative.

The morphism SpfW (k)
v−=1−−−→A1−/Gm is isomorphic to t ◦ j− and SpfW (k)

v−=p−−−→A1−/Gm is
isomorphic to t ◦ j+ ◦ F−1; see the end of § 2.3. By the definition of j̄N

jN ◦ j+ 
 jN ◦ j−. (4.6)

301

https://doi.org/10.1017/S0010437X26102978 Published online by Cambridge University Press

https://doi.org/10.1017/S0010437X26102978


G. Terentiuk, V. Vologodsky and Y. Xu

Let M := p∗̄
dR
◦ j∗NF. Note that F ∗(M|v−=p)
 j∗+ ◦ t∗M and M|v−=1 
 j∗− ◦ t∗M. Then using

Theorem 2, one has that p∗cris ◦ j∗NF
 t∗M. Hence, we obtain F ∗(M|v−=p)
 j∗+ ◦ p∗cris ◦ j∗NF
and M|v−=1 
 j∗− ◦ p∗cris ◦ j∗NF. By (4.6), we get an isomorphism F ∗(Mv−=p)
Mv−=1, which we
denote by ϕ. Define the functor ΦMaz in (4.4) by sending F to (M, ϕ).

Remark 4.5. Observe that ΨMaz from Theorem 1 gives a functor

Dqc(W (k)syn)→Dqc(k
syn)×Dqc(Spf B/Gm) Dqc(A

1
−/Gm) (4.7)

sendingDqc,[a,b](W (k)syn) toDqc,[a,b](k
syn)×Dqc(Spf B/Gm) Dqc,[a,b](A

1−/Gm). We assert that there
is a functor

Dqc,[0,p−1](ksyn)×Dqc(Spf B/Gm) Dqc,[0,p−1](A1
−/Gm)→DMF big

[0,p−1](W (k)) (4.8)

whose precomposition with (4.7) is ΦMaz. To see this, observe that the functor

Dqc,[0,p−1](ksyn) ×
Dqc,[0,p−1](kN)

Dqc,[0,p−1](A1
−/Gm)→

Dqc,[0,p−1](ksyn) ×
Dqc(Spf B/Gm)

Dqc,[0,p−1](A1
−/Gm)

induced by the fully faithful embedding (4.2) is an equivalence.28 We define

Dqc,[0,p−1](ksyn) ×
Dqc,[0,p−1](kN)

Dqc,[0,p−1](A1
−/Gm)→DMF big

[0,p−1](W (k))

sending an object (Fk,M, υ : j̄∗NFk
∼−→ t∗M) of the fibre product to (M, ϕ), where ϕ :

F ∗(Mv−=p)
Mv−=1 is constructed from diagram (4.5) and Equation (4.6). This defines (4.8).
The fact that its precomposition with (4.7) is ΦMaz is straightforward.

The following remarks are not used in the remainder of the paper. However, we believe that
they are important in their own right.

Remark 4.6 (A refinement of the crystalline Frobenius). For every object N ∈Dqc,[0,+∞](k
N)⊂

D̂gr(A), we have a canonical morphism

N → π∗ ◦ (j+ ◦ F−1)∗N, (4.9)

where π : kN→ SpfW (k) is the structure map. One can define (4.9) by observing that π∗ is
the right adjoint to (j+ ◦ F−1)∗ : Dqc,[0,+∞](k

N)→Dqc(SpfW (k)). Alternatively, (4.9) can be
constructed using Drinfeld’s observation that every effective gauge F extends to a contravariant
O-module on the c-stack kN,c and that, for any scheme S, the category kN,c(S) has initial object
given by p+ (see Remark 3.9).

Given an effective F -gauge F∈Dqc,[0,+∞](W (k)syn), we have functorial morphisms

a∗t∗p∗̄dR(F)
∼−→

(4.1)
a∗p∗cris(F) →

(4.9)
a∗π∗(j+ ◦ F−1)∗p∗cris(F) ∼−→

(4.6)
a∗π∗F∗j∗−p

∗
cris(F). (4.10)

To rewrite it more suggestively, let F • =⊕F i ∈ D̂gr(W (k)[v−]) be the complex of graded
W (k)[v−]-modules corresponding to p∗̄

dR
(F) under the equivalence (2.1). Then the composition

(4.10) yields a homomorphism in D̂gr(W (k)[v−])

ϕ• : F •→ F∗M ⊗W (k) B, (4.11)

28In fact, for any ∞-categories Ci, i= 1, 2, 3, 4, and functors C1 → C3, C2 → C3, F : C3 ↪→ C4 such that F is fully
faithful, the functor F̃ : C1 ×C3 C2 → C1 ×C4 C2, induced by F , is an equivalence of categories. Indeed, the descrip-
tion of the mapping spaces in the fibre product category [Lur18a, tag 046R] implies that F̃ is fully faithful. The
essential surjectivity is obvious.
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where M := F 0 and the action of W (k)[v−] on F∗F 0 ⊗W (k) B comes from the homomorphism
W (k)[v−] ↪→B. Explicitly, (4.11) amounts to specifying W (k)-linear maps ϕi : F

i→ F∗M for
each i� 0 such that p[i+1]−[i]ϕi+1 =ϕiv− (see Definition 3.1). We claim that ϕ0 :M → F∗M
coincides with the crystalline Frobenius. Indeed, taking S =Spf B/Gm in Remark 3.9, the
composition (4.10) is obtained by taking fibres of F along p+→ pd̄R(t) and using (4.6). The
map Spf B/Gm→D from (3.5) is induced by the natural map B�→B from the PD-envelope
of (v+)⊂A to B; see Lemma 3.10. Since B has no p-torsion, this map factors through the
PD-envelope B† of (v+)⊂A relative to (Zp, (p)).

29 It follows that the map Spf B/Gm→D
factors through the closed substack D0. Now our claim follows from the commutativity of
diagram (3.6).30

Denote by ModMaz(W (k)) the ∞-category formed of pairs (F •, ϕ), where F • ∈
D̂gr(W (k)[v−]) is effective and ϕ : F •→ F∗F 0 ⊗W (k) B is a map in D̂

eff

gr(W (k)[v−]). More for-
mally, it is defined as the lax equalizer LEq(Id, F∗F 0 ⊗B) as in [NS18, Definition II.1.4]. Here

by F∗F 0 ⊗W (k) B we mean the endo-functor of D̂
eff

gr(W (k)[v−]) taking F • to F∗F 0 ⊗W (k) B. We
refer to objects of ModMaz(W (k)) as Mazur modules. The above construction determines a
functor

ΦMaz :Dqc,[0,∞](W (k)syn)→ModMaz(W (k)), F �→ (p∗̄dR(F), ϕ•). (4.12)

Next, we construct a functor

DMF big
[0,∞](W (k))→ModMaz(W (k)), (4.13)

whose precomposition with (4.4) is isomorphic to (4.12). To do this, observe that the∞-category

C1 formed of pairs (F •, ϕ′), where F • ∈ D̂eff

gr(W (k)[v−]) and ϕ′ : F •→ F∗F 0 ⊗W (k) A is a map in

D̂
eff

gr(W (k)[v−]), is equivalent to the lax equalizer

C2 := LEq(Dqc,[0,∞](A
1−/Gm) Dqc(SpfW (k)))

i∗1

F ∗◦i∗p
.

The latter category consists of M∈Dqc,[0,∞](A
1−/Gm) together with a morphism ϕ′ : F ∗(i∗pM)→

i∗1M in Dqc(SpfW (k)) (cf. Definition 2.6). Note that, for every M∈Dqc,[0,∞](A
1−/Gm), we have

Hom(F ∗i∗pM, i∗1M)
∼−→Hom(M, ip ∗F∗i∗1M)

∼−→Hom(M, w�0ip ∗F∗i∗1M),

where w�0 is the right adjoint to the embedding Dqc,[0,∞](A
1−/Gm) ↪→Dqc(A1−/Gm)

(cf. Lemma 2.16). The right-hand side of the above is naturally isomorphic to
Hom

̂D
eff

gr(W (k)[v−])
(F •, F∗F 0 ⊗W (k) A), where F • is the graded module corresponding to M.31

This gives C1
∼−→ C2.

The category C2 receives an obvious functor (M, ϕ′) �→ (M, ϕ′) from DMF big
[0,∞](W (k)); see

Definition 2.6. This functor is fully faithful by [NS18, Proposition II.1.5]. To complete the con-
struction of (4.13), note that the morphism A→B induces a functor C1→ModMaz(W (k))

sending (F •, ϕ′) to (F •, ϕ), where ϕ is the composition F • ϕ′
−→ F∗F 0 ⊗A→ F∗F 0 ⊗B. Thus,

in the notation of § 2.2, ϕi = pi−[i]ϕ′i.

29Indeed, the map from the PD-envelope of (p)⊂Zp to Zp is an isomorphism after inverting p.
30More generally, we infer that ϕ• lifts to a homomorphism of W (k)[v−]-modules F • → (F∗M ⊗W (k) B

�)∧, where
the superscript ∧ stands for the graded p-completion. In degree zero, the composition F • → (F∗M ⊗W (k) B

†)∧ of

the latter with (F∗M ⊗W (k) B
�)∧ → (F∗M ⊗W (k) B

†)∧ is homotopic to the crystalline Frobenius.
31Indeed, for every V∈Dqc(Spf W (k)), the sheaf w�0ip ∗V corresponds, under the equivalence

Dqc,[0,∞](A
1
−/Gm)

∼−→ D̂
eff

gr(W (k)[v−]), to V⊗A.
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Note that the restriction of (4.13) to DMF big
[0,p−1](W (k))→ModMaz(W (k)) is

fully faithful. Indeed, using [NS18, Proposition II.1.5], it is enough to show that,
for M•, N• ∈Dqc,[0,p−1](A1−/Gm), the natural map Hom

̂D
eff

gr(W (k)[v−])
(M•, F∗N0 ⊗A)→

Hom
̂D

eff

gr(W (k)[v−])
(N•, F∗N0 ⊗B) is an equivalence. This follows since Dqc,(−∞,p−1](A1−/Gm) ↪→

Dqc(A1−/Gm) admits a right adjoint w≤p−1 (cf. Lemma 2.16) and F∗N0 ⊗A→ F∗N0 ⊗B is an
equivalence after applying w≤p−1; see Corollary 3.3.

Remark 4.7 (Relation to the Mazur–Ogus construction). In the geometric context, (4.11)
encodes divisibility properties of the crystalline Frobenius discovered by Mazur. Namely,
following the idea of Mazur [Maz73], we define a functor

Φ̃Maz : Ŝm
op

W (k)→ModMaz(W (k)) (4.14)

as follows. Let X be a smooth p-adic formal scheme over W (k). First, assume that there exists a
closed embedding X ↪→ Y , where Y is a smooth p-adic formal scheme over W (k) equipped with
a Frobenius lift F̃Y (that is not required to preserve X). Denote by DX(Y ) the p-completed
PD-hull of X in Y and by J the sheaf of ideals of the closed embedding X ↪→DX(Y ). Note
DX(Y ) can be also viewed as the p-completed PD-hull of Xk in Y ; in particular, it follows
that F̃Y extends uniquely to an endomorphism DX(Y ). Set Ωj

DX(Y ) to be the tensor product

ODX(Y ) ⊗OY
Ωj
Y . For each i, define a subcomplex Fili(Ω•

DX(Y ), ddR) of (Ω
•
DX(Y ), ddR) to be

J [i]→ J [i−1]Ω1
DX(Y )→ · · ·→Ωi

DX(Y )→Ωi+1
DX(Y )→ · · · ,

where J [m] stands for the mth divided power of J . The restriction map (Ω•
DX(Y ), ddR)→

(Ω•X , ddR) extends to a map of filtered complexes

Fil·(Ω•DX(Y ), ddR)→ (Ω•X , ddR)
�· (4.15)

and the filtered PD Poincaré lemma of Berthelot [Maz73, p. 61] asserts this is an isomorphism
in the filtered derived category. A key observation [Maz73, p. 63] is that, for every i, the chain

map (Ω•
DX(Y ), ddR)

F̃ ∗
Y−→ (Ω•

DX(Y ), ddR) restricted to Fili(Ω•
DX(Y ), ddR) is (uniquely) divisible by

p[i]. Combining this with (4.15), we obtain W (k)-linear maps ϕi : F
iRΓdR(X)→ F∗RΓdR(X)

together with homotopies p[i+1]−[i]ϕi+1 
ϕiv−, where v− : F i+1RΓdR(X)→ F iRΓdR(X) denotes
the usual ‘inclusion’ map. Note that, by construction, the map ϕ0 is the crystalline Frobenius.

The above construction determines a contravariant functor from the category C of tuples
(s :X ↪→ Y, F̃Y ) to ModMaz(W (k)) that carries every morphism in C, which is an isomorphism on
X, to an isomorphism in ModMaz(W (k)). A standard argument shows that Cop→ModMaz(W (k))
descends uniquely to (4.14) (cf. [BO78, § 8, p. 23]).32

For the sake of completeness, let us remark that, for every n< p, the maps ϕi, for 0� i� n,
can be assembled to a morphism in the derived category of sheaves

ϕ

pn
: (pnOX

ddR−→ pn−1Ω1
X

ddR−→ · · · ddR−→Ωn
X

ddR−→ · · · )−→ (Ω•X , ddR),

such that pn(ϕ/pn) is the crystalline Frobenius precomposed with the embedding of the source
into (Ω•X , ddR). In particular, we obtain the morphism (1.1). The above construction of (1.1) is

32Here is the argument: the fibre of Cop → Ŝm
op

W (k) over each affine X is non-empty and admits finite products.
Therefore, the nerve of the fibre is contractible. This proves the independence of the Mazur module structure on
RΓdR(X) on the choice of (s :X ↪→ Y, F̃Y ).
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due to Ogus: we refer the reader to [Ogu23, Theorem 6.8] for a detailed exposition and a proof
of the isomorphism property of (1.1).

We claim that

Φ̃Maz
∼−→ΦMaz ◦Hsyn. (4.16)

In fact, any functor Ŝm
op

W (k)→ModMaz(W (k)) equipped with an isomorphism between its post-

composition with the forgetful functor ModMaz(W (k))→ D̂gr(W (k)[v−]) and the Hodge filtered
de Rham functor such that ϕ0 is homotopic to the crystalline Frobenius is isomorphic to ΦMaz ◦
Hsyn. To see this, consider the functor F i : Ŝm

op

W (k)→ D̂(W (k)) sending a smooth p-adic formal
scheme X to the ith term of the Hodge filtration on RΓdR(X). It suffices to show that, for every i,
the space Map(F i, F 0) of morphisms between the functors is discrete, π0Map(F i, F 0) is p-torsion-
free, and the map π0Map(F i, F 0)→ π0Map(F i+1, F 0) induced by the canonical morphism v− :
F i+1→ F i is injective. Using that F i is a sheaf for the Zariski topology, the space Map(F i, F 0)

does not change if ŜmW (k) is replaced by the subcategory ŜmAffW (k) of smooth affine formal
schemes. Let QSynW (k) be the category of quasi-syntomic affine formal schemes over W (k),

and let LF i : QSynopW (k)→ D̂(W (k)) be the p-complete left Kan extension along the embedding

SmAlgopW (k) ↪→QSynopW (k). Then by the universal property of the left Kan extension, we have

a homotopy equivalence Map(F i, F 0)
∼−→Map(LF i, LF 0) (see [Lur09, Proposition 4.3.2.17.]).

Our claim follows from the following facts: LF i is a sheaf for the quasi-syntomic topology on
QSynW (k) (see [BMS19, Theorem 3.1]); the inclusion QRSPerfW (k) ↪→QSynW (k) of the category
of quasi-regular semi-perfectoid affine formal schemes into the category of all quasi-syntomic
affine formal schemes induces an equivalence between the corresponding categories of sheaves
[BMS19, Proposition 4.31]; for any X ∈QRSPerfW (k), the complex F i(X) is concentrated in

degree zero,H0(F i(X)) is p-torsion-free and the map v− :H0(F i+1(X))→H0(F i(X)) is injective
[AMM+22, Construction 6.6].

Using (4.13), the category DMF big
[0,p−1](W (k)) is a full subcategory of ModMaz(W (k)). In

particular, we derive from (4.16) that the functors

Φ̃Maz,ΦMaz ◦Hsyn : Ŝm
≤p−1
W (k) →DMF big

[0,p−1](W (k))

are isomorphic.

Remark 4.8 (A ‘non-abelian’ refinement of the crystalline Frobenius). Let X be a p-adic formal
scheme over W (k). Let Xk :=X ×Spf W (k) Spec k be its special fibre. By Theorem 1, we obtain
a canonical isomorphism

XN
k ×kN Spf B/Gm 
XN ×W (k)N Spf B/Gm 
XdR,+ ×A1

−/Gm
Spf B/Gm (4.17)

of stacks over Spf B/Gm. Recall from [Bha23, Remark 3.3.4] a canonical morphism of stacks
over kN:

Xcris
k × kN =XdR × kN→XN

k , (4.18)

which is an isomorphism over the open substack SpfW (k)
j+
↪−→ kN given by v+ 
= 0. Likewise, we

have a map of stacks over A1−/Gm

XdR,+→XdR ×A1
−/Gm, (4.19)

which is an isomorphism for v− 
= 0. The map can be constructed by restricting the structure

map XN→XΔ ×W (k)N (see [Bha23, Definition 5.3.10 (3)]) to A1−/Gm
pd̄R−→W (k)N. Composing
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(4.17) with (4.18), we obtain

Fref :X
dR × Spf B/Gm→XdR,+ ×A1

−/Gm
Spf B/Gm, (4.20)

whose postcomposition with the map (4.19), pulled back to Spf B/Gm, is the crystalline
Frobenius.

Remark 4.9 (The category of Fontaine–Laffaille modules over a scheme). Let X be a smooth
p-adic formal scheme over W (k). We shall explain how the refined Frobenius morphism Fref

in (4.20) can be used to define a certain stable ∞-category DMF big
[0,p−1](X). By definition, an

object of DMF big
[0,p−1](X) is a pair (M, ϕ), whereM∈Dqc,[0,p−1](XdR,+) and ϕ : (F ∗refc

∗M)p−1 ∼−→
Mv−=1 is an isomorphism in Dqc(X

dR). Here c :XdR,+ ×A1
−/Gm

Spf B/Gm→XdR,+ is the projec-

tion to the first component, and F ∗ref is the pullback along (4.20). The superscript (·)i :M �→Mi

refers to the functorDqc(X
dR × Spf B/Gm)→Dqc(X

dR) given byM �→ prXdR∗(M⊗O(i)), where
prXdR :XdR × Spf B/Gm→XdR.

5. The equivalence Dqc,[0,p−2](W (k)syn)→ DMFbig
[0,p−2](W (k))

5.1 The main result

Theorem 3. The functor (4.4) induces an equivalence of categories

ΦMaz : Dqc,[0,p−2](W (k)syn)
∼−→DMF big

[0,p−2](W (k)). (5.1)

Moreover, it restricts to an equivalence on perfect complexes

Perf [0,p−2](W (k)syn)
∼−→Db(MF [0,p−2](W (k))) (5.2)

that identifies the subcategories33 Coh[0,p−2](W (k)syn)
∼−→MF [0,p−2](W (k)).

We now give the outline for the proof of Theorem 3.

Step 1. We reduce (5.1) to proving the equivalence

ΦMaz ⊗ Fp :Dqc,[0,p−2](W (k)syn)⊗ Fp
∼−→DMF big

[0,p−2](W (k))⊗ Fp. (5.3)

We say that F∈Dqc(W (k)syn ⊗ Fp) has weights in [a, b] if and only if the pullbacks of F along
both composites Spec k[v±]/Gm,k→ kN ⊗ Fp→W (k)syn ⊗ Fp lie in Dqc,[a,b]((A

1±/Gm)⊗ Fp) in
the sense of Definition 2.1.

We show that the restriction along W (k)syn ⊗ Fp→W (k)syn induces an equivalence

Dqc,[0,p−2](W (k)syn)⊗ Fp 
Dqc,[0,p−2](W (k)syn ⊗ Fp). (5.4)

Step 2. Let W (k)synred be the reduced locus of W (k)syn ⊗ Fp. Let Dqc,[a,b](W (k)synred ) be the full
subcategory of Dqc(W (k)synred ) consisting of objects with Hodge–Tate weights in [a, b] defined via
the restriction along (A1±/Gm)⊗ Fp→W (k)synred as in Step 1. We show in Proposition 5.6 that
the restriction functor

r[0,p−2] :Dqc,[0,p−2](W (k)syn ⊗ Fp)→Dqc,[0,p−2](W (k)synred ) (5.5)

is an equivalence of categories.

Step 3. Use the description of W (k)synred from [Dri24, § 7] to complete the proof.

33By definition, Coh[0,p−2](W (k)syn) is a full subcategory of Coh(W (k)syn) that consists of objects lying in
Dqc,[0,p−2](W (k)syn).
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Remark 5.1. We show in Step 3 that the functor ΦMaz ⊗ Fp factors through the following reduced
locus.

Dqc,[0,p−1](W (k)syn ⊗ Fp) DMF big
[0,p−1](W (k))⊗ Fp

Dqc,[0,p−1](W (k)synred )

ΦMaz⊗Fp

r[0,p−1] ΦMaz
red

Moreover, we construct an equivalence

ΦDI :Dqc,[0,p−1](W (k)synred )
DMF big
[0,p−1](W (k))⊗ Fp. (5.6)

Thus, via (5.6), ΦMaz
red can be viewed as an endo-functor on DMF big

[0,p−1](W (k))⊗ Fp. We show

that ΦMaz
red is not an equivalence of categories, but becomes an equivalence when restricted to

DMF big
[0,p−2](W (k))⊗ Fp.

5.2 Proof of the main theorem

We now prove Theorem 3.
Step 1. For a Z-linear presentable stable∞-category C and a commutative ring A, we denote

by C⊗A the category C⊗D(Z) D(A) defined via Lurie’s tensor product in PrLst; see [Lur17,
§ 4.8]. Informally, an object of C⊗D(Z) D(A) is merely an A-module in C. We say that such C is
p-complete if the natural functor C→ lim C⊗Z/pn is an equivalence.

Lemma 5.2. Let f : C1→ C2 be a map between stable Z-linear presentable p-complete
∞-categories. If the induced functor f ⊗ Fp : C1 ⊗ Fp→ C2 ⊗ Fp is an equivalence, then f is an
equivalence.

Proof. Observe that, for any X, Y ∈ C1, we have

HomC1⊗Z/pn(X ⊗Z/pn, Y ⊗Z/pn)
∼−→HomC1

(X, Y ⊗Z/pn)
∼−→HomC1

(X, Y )⊗Z/pn. (5.7)

Indeed, each mapping spectrum in (5.7) is naturally identified with the cone of HomC1
(X, Y )

pn

−→
HomC1

(X, Y ). In particular, HomC1
(X, Y )

∼−→ limHomC1
(X, Y )⊗Z/pn, i.e. HomC1

(X, Y ) is
p-complete. The same applies to HomC2

(X ′, Y ′), for X ′, Y ′ ∈ C2.
Let us check that f is fully faithful, i.e. the map HomC1

(X, Y )→HomC2
(f(X), f(Y ))

is an equivalence. By p-completeness, it suffices to check that HomC1
(X, Y )⊗ Fp→

HomC2
(f(X), f(Y ))⊗ Fp is an equivalence. Using (5.7), this is equivalent to showing that

HomC1⊗Fp
(X ⊗ Fp, Y ⊗ Fp)

∼−→HomC2⊗Fp
(f(X)⊗ Fp, f(Y )⊗ Fp). Consequently, it suffices to

show that, for anyX in C1 the natural map f(X)⊗ Fp→ f1(X ⊗ Fp), where fn := f ⊗Z/pn : C1 ⊗
Z/pn→ C2 ⊗Z/pn, is an equivalence in C2 ⊗ Fp. To this end, observe that the functor C2 ⊗ Fp→
C2 is conservative. Indeed, C2 ⊗ Fp is identified with the category FunModZ(Pr

L
st)
(D(Fp), C2)∈PrLst

of colimit-preserving Z-linear functors. This equivalence carries the functor C2 ⊗ Fp→ C2 to
the evaluation-at-Fp functor FunModZ(Pr

L
st)
(D(Fp), C2)→ C2. It remains to observe that D(Fp)

is generated by Fp under colimits and finite limits. By conservativity, it is enough to show
that f(X)⊗ Fp→ f1(X ⊗ Fp) is an isomorphism in C2. But this is clear: each side is naturally

identified with the cone of f(X)
p−→ f(X).

We claim that fn is fully faithful, for every n: representing Ci ⊗Z/pn as the inner Hom from
D(Z/pn) to Ci, the claim follows from a general fact that a fully faithful f induces a fully faithful
functor on inner Hom; see [Lur18a, TAG 04Q6].
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It remains to check that fn is essentially surjective. We check it by induction on n. For any
Z ∈ C2 ⊗Z/pn, we have a fibre sequence Z ⊗Z/pn Z/pn−1→Z→Z ⊗Z/pn Fp. By the induction
assumption, the boundary terms are in the essential image. Since fn is fully faithful, it follows
that Z is in the essential image.

In particular, the lemma reduces the proving equivalence (5.1) to proving equivalence (5.3).

Proposition 5.3. The restriction along W (k)syn ⊗ Fp→W (k)syn induces an equivalence
Dqc(W (k)syn ⊗ Fp)
Dqc(W (k)syn)⊗ Fp, where the right-hand side stands for the category of
Fp-linear objects in Dqc(W (k)syn). Moreover, this equivalence respects Hodge–Tate weights.
Thus, it induces Dqc,[0,p−2](W (k)syn ⊗ Fp)
Dqc,[0,p−2](W (k)syn)⊗ Fp.

The proof of this proposition is given at the end of Step 1. We start with some preliminary
results.

Lemma 5.4. Let A be a ring, (p, f1, . . . , fn) is a regular sequence in A, I ⊂A the ideal generated
by this sequence, and let Ī ⊂A/p be its image. Assume that A is I-complete. Denote by Spf A
(respectively, Spf A/p) the I-adic (respectively, Ī-adic) formal scheme. Then the restriction along
i : Spf(A)⊗ Fp→ Spf(A) induces Dqc(Spf(A))⊗ Fp 
Dqc(Spf(A/p)).

Proof. Identify Dqc(Spf(A)) with DI−comp(A)⊂D(A) and Dqc(Spf(A/p)) with DĪ−comp(A/p)⊂
D(A/p). Under this equivalence, the functor Φ :Dqc(Spf(A))⊗ Fp→Dqc(Spf(A/p)) is compati-
ble with the functor D(A)⊗ Fp→D(A/p) induced by Spec(A/p)→ Spec(A), which is an equiv-
alence by [Lur17, Theorems 4.8.5.11 and 4.8.5.16]. Since −⊗D(Fp)
 FunModZ(Pr

L
st)
(D(Fp),−)

as functors, and the latter preserves fully faithful embeddings, we see that Φ is fully faithful.
Let us show that it is essentially surjective. Observe that A/p is in the image since Φ(A) =A/p.
Thus, it suffices to check that A/p generates DĪ−comp(A/p). Note that the Ī-completion functor
D(A/p)→DĪ−comp(A/p) is essentially surjective and it commutes with colimits since it is left
adjoint to the embedding. Since A/p generates D(A/p), the claim follows.

Lemma 5.5. Let X be a stack which admits a faithfully flat cover by an affine formal scheme
Spf(A). Denote by Spf(A)•/X the Cech nerve of Spf(A)→X and assume that Spf(A)•/X is
represented by an I•-adic affine simplicial formal scheme Spf(A•) with each I• ⊂A• satisfying the
assumption of Lemma 5.4. Then the natural map Dqc(X)⊗ Fp→Dqc(X⊗ Fp) is an equivalence.

Proof. The assumption implies that the functor Dqc(X)→ limDqc(Spf(A
•)) is an equivalence.

The natural map X⊗ Fp→X⊗L Fp is an isomorphism since A is flat over Zp and flatness is
fpqc-local. Thus, by the base change stability of Cech nerves we get the following diagram.

Dqc(X)⊗ Fp (limDqc(Spf A
•))⊗ Fp

Dqc(X⊗ Fp) limDqc(Spf(A
• ⊗Zp

Fp))

Note that horizontal maps are equivalences by descent. The right vertical map is an equivalence
by combining Lemma 5.4 with (self-)dualizability ofD(Fp) in PrLst (the latter implies that, for any
diagram Ci in PrLst, the natural map (lim Ci)⊗ Fp→ lim Ci ⊗ Fp is an equivalence since, for every

C∈PrLst, we have C⊗ Fp
∼−→Fun(D(Fp), C)). Thus, all maps in the diagram are equivalences.

Proof of Proposition 5.3. Denote by C the p-adic completion of an algebraic closure of FracW (k)
and by OC ⊂C the subring of integral elements. Then W (k)→OC induces a faithfully flat cover
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ON
C →W (k)N by [Bha23, Remark 6.6.12]. If ON

C →A1−/Gm is the Rees map, then ON
C ×A1

−/Gm
A1−

is a formal affine scheme Spf A such that the Cech nerve Spf(A)•/W (k)N satisfies the assump-
tion of Lemma 5.5; see [Bha23, Corollary 5.5.11]. Thus, Lemma 5.5 gives Dqc((W (k)N)⊗ Fp 

Dqc(W (k)N ⊗ Fp). Similarly, Dqc((W (k)Δ)⊗ Fp 
Dqc(W (k)Δ ⊗ Fp). This implies the first state-

ment since D(W (k)syn)
Eq(D(W (k)N)⇒D(W (k)Δ). To show that it preserves Hodge–Tate
weights, it is enough to observe that the equivalence D(A1−/Gm)⊗ Fp→D(A1−/Gm ⊗ Fp)
restricts to an equivalence Dqc,[a,b](A

1−/Gm)⊗ Fp→Dqc,[a,b](A
1−/Gm ⊗ Fp), which is clear.

Step 2. Recall from [Dri24, § 5.10.8 and Proposition 8.11.2] thatW (k)synred is a Cartier divisor
of W (k)syn ⊗ Fp, given by a nonzero section v1 ∈H0(W (k)syn ⊗ Fp,O{p− 1}). Let (W (k)syn ⊗
Fp)vi

1=0 denote the zero locus of vi1 inside W (k)syn ⊗ Fp.

Proposition 5.6. For each i > 1, the restriction map

Dqc,[0,p−2]((W (k)syn ⊗ Fp)vi
1=0)→Dqc,[0,p−2]((W (k)syn ⊗ Fp)vi−1

1 =0) (5.8)

is an equivalence. In particular, the functor r[0,p−2] from (5.5) is an equivalence.

Proof. Observe that the closed embedding

αi : (W (k)syn ⊗ Fp)vi−1
1 =0 ↪→ (W (k)syn ⊗ Fp)vi

1=0 (5.9)

is a square-zero extension with sheaf of ideals given by

Ji =OW (k)syn
red
{−(i− 1)(p− 1)}. (5.10)

We use the following generalization of a fact from [Bha23, Example 6.5.13].

Lemma 5.7. Let n be an arbitrary integer. For any E∈Dqc,[n,∞](W (k)synred ) and any E′ ∈
Dqc,(−∞,n−1](W (k)synred ), we have RHom(E′, E) = 0.

Proof. Recall from [Dri24, § 7] and [Bha23, § 6.2] the geometry of the reduced locus W (k)Nred,
which has two irreducible components given by the Hodge–Tate component DHT and the de
Rham component DdR meeting transversely along the closed substack DHod. The Hodge–Tate
component DHT is identified with A1,dR

+ /Gm,k 
Ga,k/(G
�
a,k �Gm,k). The de Rham component

DdR is identified with the classifying stack of a commutative group scheme G over (A1−/Gm)⊗ Fp.

The closed substack DHod =B(F∗G
�
a,k �Gm,k) is embedded into DdR as the fibre over BGm,k ⊂

(A1−/Gm)⊗ Fp, and it is embedded into DHT as αp/(G
�
a,k �Gm,k). Consequently, Dqc(W (k)Nred)

is a full subcategory of the fibre product Dqc(DHT)×Dqc(DHod) Dqc(DdR). We refer the reader
to [Lur18b, Theorem 16.2.0.2] for a much more general result the above assertion follows
from.

Set Dund :=BG�
m,k. The stack W (k)Nred contains two disjoint open substacks isomorphic

to Dund. The embedding of Dund ⊂DHT =Ga,k/(G
�
a,k �Gm,k) identifies Dund with (Ga,k \

{0})/(G�
a,k �Gm,k). The embedding of Dund ⊂DdR identifies Dund with the complement to

DHod inside DdR. The stack W (k)synred is obtained from W (k)Nred by identifying the two copies of

Dund inside DHT and DdR via the arithmetic Frobenius automorphism Id×Frob of BG�
m,k =

BG�
m,Fp
× Spec k. In particular, by this pushout presentation of W (k)synred , we have

RHom(E′, E) = Fib(RHom(E′|DHT
, E|DHT

)⊕RHom(E′|DdR
, E|DdR

)

→RHom(E′|Dund
, E|Dund

)⊕RHom(E′|DHod
, E|DHod

)). (5.11)

Now we claim that, under our assumption on Hodge–Tate weights, the following hold:
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(i) RHom(E′|DHT
, E|DHT

) = 0;

(ii) the restriction map induces an isomorphism RHom(E′|DdR
, E|DdR

)
∼−→

RHom(E′|Dund
, E|Dund

);34

(iii) RHom(E′|DHod
, E|DHod

) = 0.

To prove part (i), note Dqc(DHT)
Dqc(A
1,dR
+ /Gm,k) is a full subcategory of the derived category

Dgr(A1) of graded A1-modules, where A1 := k{v+, D}/(Dv+ − v+D− 1) is the algebra of differ-
ential operators on the affine line; see [Bha23, § 6.5.4]. Let G′ =⊕

G′i (respectively, G=
⊕

Gi)
be the graded module corresponding to E′|DHT

(respectively, E|DHT
) under the above inclusion.

Using the assumption on weights and Remark 2.12, we conclude that Gi is acyclic for i� n− 1

and G′i
v+−→G′i+1 is an isomorphism for i+ 1� n.

We claim that RHomDgr(k[v+])(G
′, G(j)) = 0, j � 0, where G(j)i :=Gi+j . Indeed, let G′′

be the free graded k[v+]-module on G′n−1, i.e. G′′i =G′i for i� n− 1 and 0 otherwise. Then

RHomDgr(k[v+])(G
′′, G(j)) ∼−→RHomDgr(k)(G

′
n−1, Gn−1+j), which is 0 for j � 0 since Gn−1+j = 0.

It remains to check that for G′′′ := cone(G′′→G′), we have RHomDgr(k[v+])(G
′′′, G(j)) = 0 for

j � 0. Indeed, G′′′i is acyclic for i > n− 2. Then we have

RHomDgr(k[v+])(G
′′′, G(j)) = Fib(RHomDgr(k)(G

′′′, G(j))
adv+−→ RHomDgr(k)(G

′′′, G(j + 1))),

RHomDgr(k)(G
′′′, G(j)) =

∏
i

RHomk(G
′′′
i , Gi+j) = 0, for j � 1, (5.12)

since for every i, either G′′′i or Gi+j is acyclic (for j � 1). Next, we have

RHomDgr(A1)(G
′, G) = Fib(RHomDgr(k[v+])(G

′, G) adD−→RHomDgr(k[v+])(G
′, G(−1))). (5.13)

By the vanishing of RHomDgr(k[v+])(G
′, G(j)) = 0 for j = 0,−1, we deduce vanishing of the left-

hand side in (5.13). Thus, RHom(E′|DHT
, E|DHT

) = 0 and part (i) holds.
To prove part (ii), recall from [Bha23, § 6.5.3] that Dqc(DdR) can be viewed as a full

subcategory of Dgr(k[v−,Θ]), where deg(v−) =−1 and deg(Θ) =−p. Denote by F ′ =
⊕

F ′i

(respectively, F =
⊕

F i) the module corresponding to E′ (respectively, E). Using the assump-

tion on weights and Remark 2.12, we have that F ′i is acyclic for i� n, and F i v−−→ F i−1 is an
isomorphism for i� n.

Likewise, Dqc(Dund) is a full subcategory of Dgr(k[v−, v−1− ,Θ]) =D(k[Θ]). Consider the
embedding j :Dund ↪→DdR lying over j : (A1− \ {0})/Gm ⊗ Fp ↪→A1−/Gm ⊗ Fp. Under the iden-
tifications above, the pullback along j corresponds to the functor j∗ :Dgr(k[v−,Θ])→
Dgr(k[v−, v−1− ,Θ]) given by the tensor product with k[v−, v−1− ,Θ] over k[v−,Θ]. We shall prove
that under the above assumption on F and F ′, the map

j∗ : RHomDgr(k[v−,Θ])(F
′, F )→RHomDgr(k[v−,v−1

− ,Θ])(j
∗F ′, j∗F ) (5.14)

is an isomorphism. The left-hand side of (5.14) can be computed as

RHomDgr(k[v−,Θ])(F
′, F ) = Fib(RHomDgr(k[v−])(F

′, F ) adΘ−−→RHomDgr(k[v−])(F
′, F (−p))),

and the right-hand side of (5.14) can be computed as

RHomDgr(k[v−,v−1
− ,Θ])(j

∗F ′, j∗F )

= Fib(RHomDgr(k[v−,v−1
− ])(j

∗F ′, j∗F ) adΘ−−→RHomDgr(k[v−,v−1
− ])(j

∗F ′, j∗F (−p))).
34The following argument proves this under weaker assumptions on the weights of E, namely, it has weights � n− 1
instead of � n.
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We show the stronger statement that, for any F ′ ∈Dgr(k[v−]) with F ′i being acyclic for

i� n, and any F ∈Dgr(k[v−]) with F i v−−→ F i−1 being an isomorphism for i� n− 1, we have
an isomorphism

j
∗
:RHomDgr(k[v−])(F

′, F ) ∼−→RHomDgr(k[v−,v−1
− ])(j

∗
F ′, j∗F ). (5.15)

This will imply the desired isomorphism in (5.14).
Now, the functor j

∗
admits a right adjoint j∗ given by the restriction along k[v−] ↪→ k[v−, v−1− ].

By adjunction, RHomDgr(k[v−,v−1
− ])(j

∗
F ′, j∗F )
RHomDgr(k[v−])(F

′, j∗j
∗
F ). Let F ′′ := cone(F →

j∗j
∗
F ). To prove (5.15), it suffices to show RHom(F ′, F ′′) = 0. We have F ′′i = 0 for i < n. To

show the desired vanishing, we use the equivalence Dgr(k[v−])
∼−→Dgr(k[v+]) given by F �→G

with Gi = F−i. Now the vanishing of RHom(F ′, F ′′)
RHom(G′, G′′) follows from (5.12).
To prove part (iii), recall from [Bha23, § 6.5.2] that Dqc(DHod) can be embedded as a full sub-

category of Dgr(k[Θ]). Denote by V ′ =
⊕

V ′i (respectively, V =
⊕

Vi) the corresponding graded
modules for E′|DHod

(respectively, E|DHod
). Observe that

RHomDgr(k[Θ])(V
′, V ) = Fib(RHomDgr(k)(V

′, V )
adΘ−−→RHom(V ′, V (−p))). (5.16)

Using the assumption on weights, Vi is acyclic for i < n and V ′i is acyclic for i� n. Thus,
both the source and the target of adΘ on the right-hand side of (5.16) are zero. Therefore,
RHomDqc(DHod)(E

′|DHod
, E|DHod

) =RHomDgr(k[Θ])(V
′, V ) = 0.

We now check that (5.8) is fully faithful. Let F,F′ ∈Dqc,[0,p−2]
(
(W (k)syn ⊗ Fp)vi

1=0

)
. The

morphism RHom(F,F′)→RHom(α∗iF, α
∗
iF
′)
RHom(F, αi∗α∗iF

′) is induced by the map F′→
αi∗α∗iF

′. Let G be its fibre. By (5.10), we have G :=F′ ⊗ Ji = F′{−(i− 1)(p− 1)}|W (k)syn
red

. We
need to show that

0 =RHom(F, G) =RHomDqc(W (k)syn
red )

(F|W (k)syn
red
, F′{−(i− 1)(p− 1)}|W (k)syn

red
).

Note that F|W (k)syn
red

has weights � p− 2, and F′{−(i− 1)(p− 1)}|W (k)syn
red

has weights � (i−
1)(p− 1). Thus, the desired vanishing follows by Lemma 5.7. This finishes the proof of fully
faithfulness of functor (5.8).

To show that (5.8) is essentially surjective, we use the following result.

Lemma 5.8. Let i :X ↪→ Y be a square-zero extension of algebraic stacks over a field k. Let I be
the corresponding sheaf of ideals. Let F∈Dqc(X). Assume that Ext2Dqc(X)(F, F⊗ I) = 0. Then

there exists an F̃∈Dqc(Y) such that F̃|X =F.

Proof. We first consider the case where Y is an affine scheme. Let R be any associative algebra
over k, and I ⊂R a two-sided ideal with I2 = 0. Set R :=R/I. Define an objectM ∈D(R⊗Rop

)

as follows: M := τ�1(R
L⊗R R). We have H0(M) = R̄, H1(M) = I and Hi(M) = 0 for all i 
= 0, 1.

For the duration of this proof, we denote by Ψ the functor D(R̄)→D(R̄) given by Ψ(N) :=
M ⊗R̄ N . Then we have a fibre sequence of functors

I ⊗R̄ N [1]→Ψ(N)→N
o(N)−−−→ I ⊗R̄ N [2]. (5.17)

We refer to o(N) as the obstruction class. A choice of a null-homotopy for o(N) determines
a map δ : Ψ(N)→ I ⊗R̄ N [1] splitting the fibre sequence (5.17). Composing δ with the map

R̄⊗R N 
 (R
L⊗R R)⊗R̄ N →Ψ(N), we obtain a map R̄⊗R N → I ⊗R̄ N [1], which yields a map

δ̄ :N → I ⊗R̄ N [1] in D(R). Let

Ñ := Fib(N
δ̄−→ I ⊗R̄ N [1])∈D(R). (5.18)
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The morphism Ñ →N in D(R) induces a map in D(R̄):

R̄⊗R Ñ →N. (5.19)

We claim that the map (5.19) is an isomorphism. To see this, we compute the obstruction
class o(N) of N as follows. By [Dri04, B.3 Lemma] we can assume that N is represented by
a semi-free complex (N ·, d) of R̄-modules, i.e. there exists an increasing exhaustive filtration
0 = F0N

· ⊂ F1N
· ⊂ · · · ⊂ (N ·, d) such that each quotient Fi+1N

·/FiN
· is isomorphic to a direct

sum of DG-modules of the form R̄[n]. For each i, pick a lift of the filtered R̄-module F•N i to a
filtered R-module F•Ñ i such that Fj+1Ñ

i/FjÑ
i is a free R-module, for every j. We can lift d

to a homomorphism of filtered R-modules d̃ : Ñ i→ Ñ i+1 such that d̃ takes F̃•Ñ · to F̃•−1Ñ ·+1.
In general, d̃2 
= 0. Note that d̃2 factors through the projection Ñ i→N i and its image lies in
I ⊗R̄ N

i+2. Moreover, since d̃2 commutes with d̃, we get a morphism of complexes d̃2 : (N ·, d)→
I ⊗R̄ (N ·, d)[2].

Claim 5.9. The above morphism d̃2 :N → I ⊗R̄ N [2] is equal to o(N).

Proof. Consider the DG-algebra R̄dg := (I→R) coming from the resolution 0→ I→R→ R̄→ 0.
Let us define a DG-R̄dg-module N ′ whose underlying graded R-module is Ñ ⊕ I ⊗R̄ N [1] and the

differential in degree i is given by D :=
(

˜d (−1)iβ
(−1)i˜d2 d

)
, where β : I ⊗R̄ N

i ↪→ Ñ i is the kernel of

Ñ i→N i. The action I[1] on N ′ is given by the lower triangular matrix whose only nonzero entry
is given by I[1]⊗R Ñ 
 I ⊗R̄ N [1]. Note that by construction N ′ is semi-free over R̄dg. Consider

the mapN ′→N , which takes (n, x)∈ Ñ i ⊕ I ⊗R̄ N
i+1 to the image of n under the map Ñ i→N i.

It is a map of DG-R̄dg-modules and, moreover, it is a quasi-isomorphism. Under the equivalence
D(R̄)
D(R̄dg), the functor Ψ :D(R̄)→D(R̄) corresponds to the functor Ψ′ :D(R̄dg)→D(R̄)
given by Ψ′(N) = τ≤1(R̄⊗R R̄

dg)⊗L

R̄dg N . Note that the natural map τ≤1(R̄⊗L

R R̄
dg)→ τ≤1(R̄⊗R

R̄dg) inD(R̄⊗ (R̄dg)op) is an isomorphism, and τ≤1(R̄⊗R R̄
dg) is represented by R̄⊕ I[1] with the

zero differential. Observe that the right action of R̄dg has the property that R̄⊗R (R̄dg)−1→ I is
an isomorphism. Thus, Ψ′(N) is identified with C := (N ⊕ I ⊗R̄ N [1], D̄), where D̄ in degree i is

given by (
d 0

(−1)i˜d2 d ). Denote by u : I ⊗R̄ N [1]→C the inclusion and by α :C→N the projection.

To complete the proof, it is enough to construct a quasi-isomorphism f : I ⊗R̄ N [2]→Cone(α)

such that the two morphisms o(N) and d̃2 ◦ f :N →Cone(α) are equal. Consider the following
diagram.

N Cone(α) C[1] N [1]

N I ⊗R̄ N [2]

o(N) α[1]

˜d2

f
u[1] 0

The composition α[1] ◦ u[1] : I ⊗R̄ N [2]→N [1] is zero. Thus, there exists a map f : I ⊗R̄ N [2]→
Cone(α) satisfying f ◦ d̃2 = o(N). Moreover, f is a quasi-isomorphism.

Let us now return to the proof of the isomorphism property of (5.19). Since (N ·, d) is semi-

free, the null-homotopy for o(N) determines a collection h :N i→ I ⊗R̄ N
i+1 with hd+ dh= d̃2.

Setting d̃′ = d̃− h : Ñ i→ Ñ i+1 we have that (d̃′)2 = 0. Then Ñ is represented by the complex

(Ñ ·, d̃′). The isomorphism property of (5.19) follows.
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This implies the lemma in the affine case. Indeed, if Ext2
R̄
(N,N ⊗ I) = 0, then o(N) is

homotopic to zero. Therefore, there exists Ñ ∈D(R) together with a map (5.19) which is an
isomorphism.

For the general case, observe that Dqc(Y) = limDqc(R) where the limit is taken over all flat
maps SpecR→ Y. Thus applying the previous construction to each R, we obtain an obstruction
class o(F) :F→F⊗ I[2]. Moreover, a choice of null-homotopy for o(F) determines an object

F̃∈Dqc(Y) together with a map F̃|X→F. By the local computations in the affine case, this map
is an isomorphism. This completes the proof of the lemma.

Let us check that (5.8) is essentially surjective. Applying Lemma 5.8 to αi in (5.9), it suffices to
verify that for every F∈Dqc,[0,p−2]((W (k)syn ⊗ Fp)vi−1

1 =0), the group Ext2(F, F⊗ Ii) = 0. Using

(5.10), we have that Ext2(F,F⊗ Ii) = Ext2(F|W (k)syn
red
,F|W (k)syn

red
{−(i− 1)(p− 1)}). Note that

F|W (k)syn
red

has weights� p− 2, and F|W (k)syn
red
{−(i− 1)(p− 1)} has weights� (i− 1)(p− 1)� p− 1

(since i− 1� 1). Thus, the vanishing for Ext2 follows from Lemma 5.7.
For the last assertion of the proposition, it suffices to observe that the functor

Dqc,[0,p−2](W (k)syn ⊗ Fp)→ lim←−Dqc,[0,p−2]((W (k)syn ⊗ Fp)vi
1=0) (5.20)

is an equivalence by the definition of reduced locus.

Step 3. We prove that the functor (ΦMaz ⊗ Fp) ◦ r−1[0,p−2] :Dqc,[0,p−2](W (k)synred )→
DMF big

[0,p−2](W (k))⊗ Fp is an equivalence. Although this result does not hold with r[0,p−2]
replaced by r[0,p−1], some intermediate results hold in the larger range. Aimed at some geometric
applications (see Remark 5.23), we explain the results in full generality.

We start by showing that the functor ΦMaz ⊗ Fp :Dqc,[0,p−1](W (k)syn ⊗ Fp)→
DMF big

[0,p−1](W (k))⊗ Fp factors through the restriction r[0,p−1] to the reduced locus

W (k)synred .
35 Since kN ⊗ Fp (respectively, A1−/Gm ⊗ Fp) is reduced, the morphism

pcris : k
N ⊗ Fp→W (k)N ⊗ Fp (respectively, pd̄R ⊗ Fp :A1−/Gm ⊗ Fp→W (k)N ⊗ Fp) factors

throughW (k)Nred. Thus, we have the following diagram obtained from (3.1) by tensoring with Fp.

Spec(B ⊗ Fp)/Gm,k

kN ⊗ Fp (A1−/Gm)⊗ Fp

W (k)Nred

a t◦a

t

pcris pd̄R

(5.21)

By Theorem 1, we have an isomorphism ΨMaz ⊗ Fp : pcris ◦ a ∼−→ pd̄R ◦ t ◦ a in diagram (5.21).
Consequently, this gives a functor

Dqc(W (k)synred )→Dqc(k
syn ⊗ Fp)×Dqc(Spec(B⊗Fp)/Gm,k) Dqc((A

1
−/Gm)⊗ Fp)

sending Dqc,[0,p−1](W (k)synred ) to the corresponding subcategory of the right-hand side (as in
Remark 4.5). Combining this with (4.8), we obtain

ΦMaz
red :Dqc,[0,p−1](W (k)synred )→DMF big

[0,p−1](W (k))⊗ Fp (5.22)

together with an isomorphism ΦMaz ⊗ Fp 
ΦMaz
red ◦ r[0,p−1]. Eventually in this step, we prove

that ΦMaz
red is an equivalence in the range [0, p− 2].

35This assertion would be obvious if [0, p− 1] were replaced by [0, p− 2] because r[0,p−2] is an equivalence by
Step 2.
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Note that the construction of ΦMaz
red makes use of a particular choice of an isomorphism pcris ◦

a
 pd̄R ◦ t ◦ a provided by ΨMaz ⊗ Fp. We make use of another isomorphism ΨDI : pcris ◦ a ∼−→
pd̄R ◦ t ◦ a constructed as follows.36 Let C2 be the spectrum of the subalgebra of k[v+, v−]/(v+v−)
generated by vp+ and v−, i.e. C2 := Spec k[vp+, v−]/(v

p
+v−). We endow the affine curve C2 with a

natural action of Gm,k given by deg vp+ = p and deg v− =−1. Recall from [Dri24, § 5.16.10] the
morphism C2/Gm,k→W (k)Nred, whose precomposition with kN ⊗ Fp→C2/Gm,k is pcris ⊗ Fp (see
also (2.17)). Let us recall how the map C2/Gm,k→W (k)Nred is constructed. Note C2/Gm,k(R) is
the groupoid of diagrams

L
v−−→R

vp
+−→L⊗p, (5.23)

where L is an invertible R-module and vp+v− = 0. To any such diagram we associate an admissible

Cartier–Witt divisor M →W over R. Here M is defined to be the fibre product of F∗WR
F∗[v

p
+]−−−−→

F∗[L⊗p], where [L]∈Pic(W (R)) is the Teichmüller representative of L as in [Dri24, § 3.11], and
the Frobenius [L]→ F∗[L⊗p]. The mapM →W is the restriction of [L]×R F∗WR

([v−],V )−−−−−→WR. We
have the following commutative diagram (the commutativity data are explained in the following).

Spec(B ⊗ Fp)/Gm,k

kN ⊗ Fp (A1−/Gm)⊗ Fp

C2/Gm,k

W (k)Nred

a t◦a

t

p̃cris

pcris

p̃d̄R

pd̄R

(5.24)

The map p̃cris is given by the embedding k[vp+, v−]/(v
p
+v−) ↪→ k[v+, v−]/(v+v−), and the

map p̃d̄R is given by the map k[vp+, v−]/(v
p
+v−)→ k[v−]. Since vp+ = p · vp+/p is zero in

B ⊗ Fp, we obtain an isomorphism p̃cris ◦ a
 p̃d̄R ◦ t ◦ a. To see the commutativity of the
bottom right triangle, note p̃d̄R : ((A1−/Gm)⊗ Fp)(R)→ (C2/Gm,k)(R) is given by taking

(L, v− :L→R)∈ ((A1−/Gm)⊗ Fp)(R) to a diagram L
v−−→R

0−→L⊗p. Using the commutativity
datum for the lower left triangle in (5.24) from [Dri24, § 7.8] (which gives rise to a commutativity
datum of the lower right triangle), we obtain an isomorphism ΨDI : pcris ◦ a ∼−→ pd̄R ◦ t ◦ a.

The composition ψ :=ΨDI ◦ (ΨMaz ⊗ Fp)
−1 is an automorphism of the point pd̄R ◦ t ◦ a.

We now describe it explicitly. Recall that the composition of pd̄R ◦ t ◦ a with the projection

Spec(B ⊗ Fp)→ Spec(B ⊗ Fp)/Gm,k is given by the morphismW
(F )
B⊗Fp

⊕ F∗WB⊗Fp

(v−,V )−−−−→WB⊗Fp

of admissible WB-modules. Recall from [Bha23, Proposition 5.2.1 (2)] an isomorphism

HomWB⊗Fp
(F∗WB⊗Fp

, W
(F )
B⊗Fp

)
∼−→ ker(W (F )(B ⊗ Fp)

w1−→B ⊗ Fp), (5.25)

where the map w1 is the first Witt coordinate w1 :W →Ga. The map in (5.25) is the
precomposition with Frobenius F :W → F∗W , i.e.

HomWB⊗Fp
(F∗WB⊗Fp

, W
(F )
B⊗Fp

)
−◦F−−−→HomWB⊗Fp

(WB⊗Fp
, W

(F )
B⊗Fp

) =W (F )(B ⊗ Fp).

Let {[vp+]/p} be the image of [vp+]/p∈W (B) inside W (B ⊗ Fp). Recall that by Lemma 3.6, the
element [vp+] is indeed divisible by p inside W (B).

36Here ‘DI’ refers to Deligne–Illusie.
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Lemma 5.10. The map ψ, viewed as an automorphism of W
(F )
B⊗Fp

⊕ F∗WB⊗Fp
, is given by the

matrix ( Id V ({[vp
+]/p})

0 Id
), where the entry V ({[vp+]/p}) in the matrix is viewed as an element of

HomWB⊗Fp
(F∗WB⊗Fp

, W
(F )
B⊗Fp

) via the isomorphism (5.25).

Proof. Recall from (2.19) that the isomorphism ΨDI:

coker(W
(F )
B⊗Fp

→W
(F )
B⊗Fp

⊕WB⊗Fp
)
∼−→WB⊗Fp

×
F∗WB⊗Fp

F∗WB⊗Fp
=W

(F )
B⊗Fp

⊕ F∗WB⊗Fp

is given by the matrix X := ( Id [v+]
0 F

). Recall from the proof of Theorem 1 that ΨMaz ⊗ Fp is given

by Y := ( 1 f
0 F

), where f := [v+]− V ({[vp+]/p}). Our desired lemma amounts to the statement that
ψY =X. This is immediate from our construction of the isomorphism (5.25).

Corollary 5.11. The restrictions of ΨDI and ΨMaz ⊗ Fp to the closed subscheme

(Spec k[v+, v−]/(v
p−1
+ , v+v−))/Gm,k ↪→ (SpecB ⊗ Fp)/Gm,k are equal.

Proof. This follows from the fact that the image of [vp+]/p∈W (B) inside

W (k[v+, v−]/(v
p−1
+ , v+v−)) is zero.

Using the construction from Remark 4.5 once again, we obtain a functor

ΦDI :Dqc,[0,p−1](W (k)synred )→DMF big
[0,p−1](W (k))⊗ Fp. (5.26)

Corollary 5.12. The restrictions of ΦMaz
red and ΦDI to the subcategory Dqc,[0,p−2](W (k)synred ) are

isomorphic.

The following proposition completes the proof of Theorem 3.

Proposition 5.13. The functor ΦDI is an equivalence of categories.

Proof. Let us first outline the argument. Recall from the proof of Lemma 5.7 a fully faithful
embedding

Dqc(W (k)synred ) ↪→Dqc(DHT) ×
Dqc(Dund)×Dqc(DHod)

Dqc(DdR).

The first part of the proof consists of showing that the restriction Dqc,[0,p−1](DHT)→
Dqc,[0,p−1](DHod) is an equivalence (see Corollary 5.17). This yields a fully faithful embedding

Dqc,[0,p−1](W (k)synred )) ↪→Eq(Dqc,[0,p−1](DdR) Dqc(Dund))
˜i∗1

T ∗◦p∗̄
dR

, (5.27)

where ĩ∗1 is the restriction and T is the composition BG�
m,Fp
⊗ k id×Frob−−−−−→BG�

m,Fp
⊗ k→BGm,k→

(A1−/Gm)⊗ Fp. Next, we show that pullbacks along pd̄R and the inclusion Dund ↪→DdR induce an

equivalence Dqc,[0,p−1](DdR)
∼−→Dqc,[0,p−1]((A1−/Gm)⊗ Fp)×D(k) Dqc(Dund); see Lemma 5.18.

This, together with a category theory result, Lemma 5.19, identifies (5.27) with

Dqc,[0,p−1](W (k)synred )) ↪→Eq(Dqc,[0,p−1]((A1−/Gm)⊗ Fp) D(k))
i∗1

F ∗◦i∗0
. (5.28)

The functor ΦDI is isomorphic to (5.28). This proves fully faithfulness of ΦDI. For the essential
surjectivity, we use Lemma 2.10.

Let us explain the details. Consider the maps (C2)v−=0/Gm,k

f ′

�DHT = (A1,dR
+ /Gm)⊗ Fp

f−→
BGm,k and a section BGm,k = (C2)vp

+=v−=0/Gm,k
g
↪→ (C2)v−=0/Gm,k. We first show the following.
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Lemma 5.14. The pullback functors along f and f ′ induce equivalences37

Dqc,[0,p−1](BGm,k)
∼−→Dqc,[0,p−1](DHT)

∼−→Dqc,[0,p−1]((C2)v−=0/Gm,k).

The inverse to the composite is given by g∗.

Proof. Since f ◦ f ′ ◦ g= Id, we have that g∗ ◦ f ′∗ ◦ f∗ 
 Id. Thus, it suffices to check that f∗ and
f ′∗ ◦ f∗ are equivalences.

Let us show that f∗ is fully faithful. Let us recall from [BL22b, § 6.5.4] that the cate-
gory Dqc(DHT) =Dqc(GdR

a /Gm,k) is identified with the full subcategory Dgr,Dp-nilp(k[D
p, vp+])

of the derived category Dgr(k[D
p, vp+]) of graded modules over the polynomial algebra k[Dp, vp+]

with deg vp+ =− degDp = p. Objects of Dgr,Dp-nilp(k[D
p, vp+]) consist of complexes M such that

the action of Dp on
⊕

iH
i(M) is locally nilpotent. The natural map GdR

a :=Ga,k/G
�
a,k→

Ga,k/αp = F∗Ga,k coming from the factorization G�
a,k→ αp→Ga,k exhibits the source as the

BF∗G
�
a,k-torsor over the target. A flat lift of Ga,k to W (k) together with a lift of the Frobenius

splits the torsor [BL22b, Remark 5.13]. The standard choice of the Frobenius lift gives a

Gm,k-equivariant equivalence GdR
a 
 F∗Ga,k ⊕BF∗G�

a,k and Dqc((F∗Ga,k ⊕BF∗G�
a,k)/Gm,k)


Dgr,Dp-nilp(k[D
p, vp+]). Under the equivalence above, Dqc,[0,p−1](DHT) is identified with the sub-

category Dgr,[0,p−1](k[v
p
+, D

p]) of Dgr,Dp-nilp(k[D
p, vp+]) that consists of objects M=

⊕
i Mi with

Mi acyclic for i� 0 and cone(Mi−p
vp
+−→Mi) acyclic for i� p.

The category Dqc,[0,p−1](BGm,k) is identified with the full subcategory of the derived cate-
gory Dgr(k) of graded complexes C• =

⊕
i Ci such that for any i /∈ [0, p− 1], the grading degree

i component Ci is acyclic. Under the above identifications, the functor f∗ sends Ci to Ci[v
p
+] :=

Ci ⊗k k[v
p
+] with the trivial action of Dp. The complex RHomDgr(k[Dp,vp

+])(Ci[v
p
+], C

′
j [v

p
+]) is

computed by

Fib(RHomDgr(k[v
p
+])(Ci[v

p
+], C

′
j [v

p
+])

adDp−−−→RHomDgr(k[v
p
+])(Ci[v

p
+], C

′
j [v

p
+](−p))), (5.29)

where (−p) stands for the degree shift, i.e. M(−p)i =Mi−p.
If i, j ∈ [0, p− 1], then RHomDgr(k[v

p
+])(Ci[v

p
+], C

′
j [v

p
+](−p)) = 0, and therefore by (5.29) we get

RHomDgr(k)(Ci, C
′
j)
∼−→RHomDgr(k[v

p
+])(Ci[v

p
+], C

′
j [v

p
+]). (5.30)

This proves fully faithfulness of f∗. Formula (5.30) shows fully faithfulness of f ′∗ ◦ f∗.
Now we show essential surjectivity. It is enough to show that, for every i∈ [0, p− 1] and

M∈Dgr,[0,p−1](k[Dp, vp+]) such that the grading degree i′ part Mi′ ∈D(k) of M is acyclic for

i′ 
≡ i mod p, M is quasi-isomorphic to Mi[v
p
+]. Let M̃ be a graded complex of k[Dp, vp+])-

modules, representing M, such that each term M̃
j
of M̃ (we use cohomological notation) is

a free graded module over k[Dp, vp+] and the grading degree i′ part M̃
j
i′ ∈D(k) of M̃j vanishes

for i′ 
≡ i mod p.38 In particular, the map vp+ : M̃j→ M̃j+p is a term-wise injective morphism

of complexes. Let M̃
′
be a graded complex of k[Dp, vp+])-modules defined as follows: in each

cohomological degree, the graded k[Dp, vp+]-module M̃
′n

is a quotient of M̃
n
by the submodule

generated by M̃
n
j for j � 0. Then the canonical map M̃→ M̃

′
is a quasi-isomorphism. Since M̃

′
j

37By definition, Dqc,[0,p−1]((C2)v−=0/Gm) is a full subcategory of Dqc((C2)v−=0/Gm) formed of objects whose
pullbacks to A1

+/Gm ⊗ Fp have weights in [0, p− 1].
38Here we make use of the following general fact: for a graded ring R, every complex of graded R-modules is
quasi-isomorphic to a complex of free graded R-modules. See, for instance, [Dri04, Lemma B.3] for a proof of the
analogous statement for ordinary rings and [Dri04, §C.8] for a very general assertion that applies to the graded
setting.
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is a term-wise zero complex for i� j, the operator Dp acts trivially on M̃
′
i. Hence, there exists a

unique morphism of graded complexes of k[Dp, vp+]-modules M̃i[v
p
+]→ M̃

′
, which is the canonical

projection M̃i→ M̃i/v
p
+M̃i−p = M̃

′
i in degree i. By the weight assumption on M, this morphism

is a quasi-isomorphism. Thus, we have essential surjectivity of f∗.
Since the map f ′ : (C2)v−=0/Gm,k→DHT =BH|(C2)v−=0/Gm,k

has a left inverse39 f ′′, i.e. f ′′ ◦
f ′ = Id, we have the essential surjectivity of f ′∗ as desired. Since f∗ is an equivalence and f ′∗ ◦ f∗
is fully faithful, it implies that f ′∗ ◦ f∗ is an equivalence.

Corollary 5.15. The pullback along the projection t :C2/Gm,k→A1−/Gm ⊗ Fp induces an

equivalence t∗ :Dqc,[0,p−1](A1−/Gm ⊗ Fp)
∼−→Dqc,[0,p−1](C2/Gm,k).

Proof. Using [Lur18b, Theorem 16.2.0.2], the category Dqc,[0,p−1](C2/Gm,k) is a full subcategory
of the fibre product

Dqc,[0,p−1]((C2)v−=0/Gm,k)×Dqc,[0,p−1]((C2)vp
+

=v−=0/Gm,k)Dqc,[0,p−1]((C2)vp
+=0/Gm,k).

By Lemma 5.14, composition of t∗ with the above embedding is an equivalence.

Lemma 5.16. The pullback along the composition DHod ↪→DHT→BGm,k induces an equiva-

lence of categories Dqc,[0,p−1](BGm,k)
∼−→Dqc,[0,p−1](DHod).

Proof. Recall from [Bha23, § 6.5] that Dqc(DHod) is identified with the full subcategory
Dgr,Θ-nilp(k[Θ]) of Dgr(k[Θ]) that consists of objects M such that the action of Θ on

⊕
iH

i(M)
is locally nilpotent. Under this identification, the pullback functor Dqc(BGm,k)→Dqc(DHod)
sends the graded complex C· =⊕Ci to C· with a trivial action of Θ. The rest is straightforward.

To see fully faithfulness, we have

RHomDgr(k[Θ])(Ci, Cj) = Fib(RHomDgr(k)(Ci, Cj)
adΘ=0−−−−→RHomDgr(k)(Ci, Cj(−p))).

For i, j ∈ [0, p− 1], we have RHomDgr(k)(Ci, Cj(−p)) = 0. Fully faithfulness follows.
To see essential surjectivity, observe that every M∈Dqc,[0,p−1](DHod) can be represented by

a complex of graded k[Θ]-modules with the trivial action of Θ.

Combining the previous two lemmas, we obtain the following.

Corollary 5.17. The pullback along the closed embedding DHod ↪→DHT induces an
equivalence Dqc,[0,p−1](DHT)

∼−→Dqc,[0,p−1](DHod). The restriction to the open substack
Dqc,[0,p−1](DHT)→Dqc(Dund) is isomorphic to the composition

Dqc,[0,p−1](DHT)→Dqc(DHod)→Dqc(BGm,k)→Dqc(Dund),

which is induced by pullback along Dund =BG�
m,k→BGm,k→DHod ↪→DHT.

40

Proof. We just need to explain the second assertion. Note that the post-composition of Dund→
BGm,k→DHod ↪→DHT with DHT→BGm,k is isomorphic to the standard map BG�

m,k→
BGm,k. The same is true for the open immersion Dund→DHT. This is enough since f∗ :
Dqc,[0,p−1](BGm,k)→Dqc,[0,p−1](DHT) is an equivalence by Lemma 5.14.

39Recall that H is a group stack over C2/Gm. The left inverse f ′′ is defined to be the restriction of the structure
map BH →C2/Gm to the fibre over (C2)v−=0/Gm,k.
40For the reader’s convenience, let us recall the definitions of the displayed morphisms of stacks. The identification
Dund =BG�

m,k is that from [Bha23, Remark 6.2.5]; the map BG�
m,k →BGm,k is induced by the natural homo-

morphism of group schemes; BGm,k →DHod =B(F∗G
�
a,k �Gm,k) is given by Gm,k

(0,Id)−→ F∗G
�
a,k �Gm,k, and the

last map realizes DHod as a closed substack of DHT.
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Lemma 5.18. The commutative diagram of stacks

((A1− \ {0})/Gm)⊗ Fp (A1−/Gm)⊗ Fp

Dund DdR

(5.31)

induces an equivalence of categories

L :Dqc,[0,p−1](DdR)
∼−→Dqc,[0,p−1]((A1

−/Gm)⊗ Fp)×D(k) Dqc(Dund), (5.32)

where D(k) is identified with Dqc(((A1− \ {0})/Gm)⊗ Fp).

Proof. To show fully faithfulness of the functor (5.32), we use the embedding Dqc(DdR) ↪→
Dgr(k[v−,Θ]) as in the proof of Lemma 5.7 and the references therein. For F,F′ ∈
Dqc,[0,p−1](DdR), let F, F

′ ∈Dgr,[0,p−1](k[v−,Θ]) be the corresponding graded modules. We have

RHom(F ′, F ) = Fib(RHomDgr(k[v−])(F
′, F ) adΘ−−→RHomDgr(k[v−])(F

′, F (−p))).
On the other hand,

RHom(LF ′,LF ) = Fib(RHomDgr(k[v−])(F
′, F ) adΘ−−→RHomDgr(k[v−])(j

∗
F ′, j∗F (−p))).

Using (5.15) and the assumption on weights, the morphism

j
∗
: RHomDgr(k[v−])(F

′, F (−p))→RHomDgr(k[v−])(j
∗
F ′, j∗F (−p))

is an isomorphism. This proves fully faithfulness of L.
To show essential surjectivity, observe that any object of the right-hand side of (5.32) can

be represented by a complex F =
⊕

F i of graded k[v−]-modules, where F i is term-wise zero
for i� p, and the map v− : F i→ F i−1 is a term-wise isomorphism for i� 0, together with a
θ : F 0→ F 0. Then there exists a unique Θ : F •→ F •−p that commutes with v− and such that
Θ : F 0→ F−p is precisely vp−θ. This proves essential surjectivity as desired.

Let us return to the proof of the proposition. Consider the following maps.

Eq(Dqc,[0,p−1](A1−/Gm ⊗ Fp) Dqc(Spec k))

Eq(Dqc,[0,p−1](C2/Gm,k) Dqc(Spec k))

Eq(Dqc,[0,p−1](W (k)Nred) Dqc(Dund))

t∗�

i∗1

F ∗◦i∗p
Id�

(5.33)

The equalizer in the first row is precisely the category DMF big
[0,p−1](W (k))⊗ Fp from

Definition 2.6. The two horizontal arrows in the second row are given by the restriction to
the point (vp+ = 0, v− = 1), and the restriction to the point (vp+ = 1, v− = 0) post-composed with
the Frobenius. The downward arrows induce an equivalence of equalizers by Corollary 5.15. The
equalizer at the bottom arrow is Dqc,[0,p−1](W (k)synred ). The functor ΦDI can be interpreted as
the composition of the upward map on equalizers composed with the inverse of the downward
equivalence on equalizers. Thus, it remains to check that the upward map on equalizers is an
equivalence.
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Recall (cf. Lemma 2.9) that the category Dqc,[0,p−1](W (k)synred ) is a full subcategory of the
fibre product

C :=Dqc,[0,p−1](DHT) ×
Dqc(Dund)×Dqc(DHod)

Dqc,[0,p−1](DdR), (5.34)

where the functors Dqc(DHT), Dqc(DdR)→Dqc(DHod) and Dqc(DdR)→Dqc(Dund) are given by
the W (k)-linear embeddings of underlying stacks; the functor Dqc(DHT)→Dqc(Dund) is the
pullback along the morphism (cf. the end of § 2.3)

Dund =BG�
m,Fp
⊗ k id×Frob−−−−−→BG�

m,Fp
⊗ k=Dund ↪→DHT.

In Corollary 5.17, we showed that the restriction functor Dqc,[0,p−1](DHT)→Dqc,[0,p−1](DHod)
is an equivalence and described explicitly its inverse composed with the other restriction
Dqc,[0,p−1](DHT)→Dqc,[0,p−1](Dund). Using this result, we obtain the following description of C:

Dqc,[0,p−1](W (k)synred ) ↪→ C
∼−→Eq(Dqc,[0,p−1](DdR) Dqc(Dund))

˜i∗1

T ∗◦p∗̄
dR

. (5.35)

Here ĩ∗1 is the restriction along the open embedding ĩ1 :Dund ↪→DdR, and p∗̄
dR

is the

pullback along pd̄R : (A1−/Gm)⊗ Fp ↪→DdR, and T ∗ is the pullback along the composition

T :BG�
m,Fp
⊗ k id×Frob−−−−−→BG�

m,Fp
⊗ k→BGm,k→ (A1−/Gm)⊗ Fp.

The functor ΦDI factors through (5.35) and the pullback functor

Eq(Dqc,[0,p−1](DdR) Dqc(Dund))
˜i∗1

T ∗◦p∗̄
dR

→Eq(Dqc,[0,p−1]((A1−/Gm)⊗ Fp) D(k))
i∗1

q∗T ∗
(5.36)

induced by pd̄R and q : Spec k→BG�
m,k is the map classifying the trivial G�

m,k-torsor. Note that
T ◦ q= i0 ◦ F and, thus, the equalizer on the right-hand side of (5.36) is precisely the category

DMF big
[0,p−1](W (k))⊗ Fp. Lemma 5.18, together with the following easy Lemma 5.19, shows

that the functor (5.36) is an equivalence.

Lemma 5.19. Let the following

C1 ×C3
C2

C1 C2

C3

π1 π2

p1 p2

(5.37)

be a pullback square of ∞-categories, and let F : C1→ C2 be a functor (not necessarily
commuting with p1 and p2). Then the equalizers are equivalent:

Eq(C1 ×C3
C2 C2)

π2

F◦π1


Eq(C1 C3)
p1

p2◦F
.

The functor from left to right is given by sending (X ∈ C1, Y ∈ C2, α : p1X 
 p2Y, β : Y 

FX)∈Eq(C1 ×C3

C2 C2)
π2

F◦π1

to (X, γ := (p2β) ◦ α : p1X 
 p2FX)∈Eq(C1 C3)
p1

p2◦F
. The

functor from right to left is given by sending (X, γ : p1X 
 p2FX)∈Eq(C1 C3)
p1

p2◦F
to

(X, FX, γ, Id)∈Eq(C1 ×C3
C2 C2)

π2

F◦π1

.
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Proof. This is immediate.

Combining (5.35) and equivalence (5.36), we conclude that ΦDI is the composition of a fully
faithful embedding into the fibre product category and an equivalence:

Dqc,[0,p−1](W (k)synred ) ↪→ C
∼−→DMF big

[0,p−1](W (k))⊗ Fp. (5.38)

It remains to prove that the composition is essentially surjective. Given any (M, ϕ)∈
DMF big

[0,p−1](W (k))⊗ Fp, let F be the corresponding object of C. By Lemma 2.10, it is enough

to check that the pullback of F to Dqc((C2)v−=0/Gm)×Dqc((C2)vp
+

=v−=0/Gm)Dqc((C2)vp
+=0/Gm) lies

in Dqc(C2/Gm). But by diagram (5.33), the pullback of F is isomorphic to t∗M∈Dqc(C2/Gm).
This completes the proof of Proposition 5.13 as well as the proof of equivalence (5.1).

Remark 5.20. Note that in Step 3, the only result that uses the fact that weights are in
[0, p− 2] and not merely in [0, p− 1], is Corollary 5.12. Moreover, the corollary is not true
without this assumption on weights; see Remark 5.23 for an explanation. We also note that this
assumption is essential for (5.8), i.e. to show that the restriction Dqc,[0,p−2](W (k)syn ⊗ Fp)→
Dqc,[0,p−2](W (k)synred ) is an equivalence. However, it is only needed in the first step of the
deformation argument, i.e. to deform from W (k)synred to (W (k)syn ⊗ Fp)v2

1=0. In particular, the
restriction Dqc,[0,p−1]((W (k)syn ⊗ Fp)v3

1=0)→Dqc,[0,p−1]((W (k)syn ⊗ Fp)v2
1=0) is an equivalence.

End of proof of Theorem 3. Since perfectness is preserved under pullbacks, the functor ΦMaz

restricts to

Perf [0,p−1](W (k)syn)→Db(MF [0,p−1](W (k))).

To prove (5.2) we have to show that, for every F∈Perf [0,p−2](W (k)syn), the object M :=

ΦMaz(F)∈Db(MF [0,p−2](W (k))) is perfect. It suffices to check that the pullback of ΦMaz(F) to

W (k)Nred is perfect. Moreover, since the map C2/Gm,k→W (k)Nred is faithfully flat (see [Dri24,
§ 7.7.1]), it suffices to check that the pullback of ΦMaz(F) to C2/Gm,k is perfect. But the latter
is isomorphic to the pullback of M along the composition C2/Gm,k→A1−/Gm ⊗ Fp ↪→A1−/Gm.
Indeed, both these maps C2/Gm,k→A1−/Gm send a triple (L, v− :L→R, u :R→L⊗p)∈
C2/Gm,k(R) as in (5.23) to (v− :L→R)∈A1−/Gm(R). This proves (5.2).

Let us prove the last assertion of Theorem 3. Recall from [Bha23] that every coherent sheaf on
W (k)syn is perfect. In particular, ΦMaz carries Coh[0,p−1](W (k)syn) into Db(MF [0,p−1](W (k))).

Let M∈MF [0,p−2](W (k)) with pM= 0. We claim that E := Φ−1Maz(M) is a vector bundle over

W (k)syn ⊗ Fp. Since W (k)N ⊗ Fp→W (k)syn ⊗ Fp is an étale cover it suffices to verify that the
pullback of E toW (k)N ⊗ Fp is a vector bundle. An object ofDqc(W (k)N ⊗ Fp) is a vector bundle
if and only if its pullback to W (k)Nred is a vector bundle. Since the morphism C2/Gm→W (k)Nred
is faithfully flat, it is enough to show the assertion for the pullback of E to C2/Gm. But the latter
is the pullback M under C2/Gm→A1−/Gm ⊗ Fp. Now the claim follows from Proposition 2.7(2).

By dévissage, we infer that Φ−1Maz(M)∈Coh[0,p−2](W (k)syn) for every M∈MF [0,p−2](W (k)).

Thus, the functor Φ−1Maz :D
b(MF [0,p−2](W (k)))→Dqc(W (k)syn) is t-exact. Moreover, as we

just observed, its essential image contains Coh[0,p−2](W (k)syn). This completes the proof.

Remark 5.21. The functor ΦMaz is not an equivalence. Indeed, there exists a nonzero morphism
v1 :OW (k)syn ⊗ Fp→OW (k)syn{p− 1} ⊗ Fp whose restriction to W (k)synred is equal to 0. Since the
functor ΦMaz ⊗ Fp factors through the restriction to the reduced locus (see (5.22)) we conclude
that ΦMaz(v1) = 0.
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Remark 5.22. The last part of the proof of Theorem 3 shows that every F∈
Coh[0,p−2](W (k)syn ⊗ Fp) is a vector bundle over W (k)syn ⊗ Fp. Consequently, every p-torsion-
free G∈Coh[0,p−2](W (k)syn) is a vector bundle over41 W (k)syn. The assumption on Hodge–Tate

weights cannot be weakened: for example, the sheaf OW (k)syn
red
{p− 1}=Coker(OW (k)syn ⊗ Fp

v1−→
OW (k)syn{p− 1} ⊗ Fp) has Hodge–Tate weights 0 and p− 1, and it is not a vector bundle over
W (k)syn ⊗ Fp. In addition, we have

ΦMaz(OW (k)syn
red
{p− 1}) ∼−→ΦMaz(OW (k)syn ⊗ Fp)[1]⊕ΦMaz(OW (k)syn{p− 1} ⊗ Fp)

∼−→ k[1]⊕ k(p− 1).

In particular, ΦMaz(OW (k)syn
red
{p− 1}) is not concentrated in cohomological degree zero. Thus,

the Hodge–Tate weight assumption in the last assertion of Theorem 3 cannot be weakened.

Remark 5.23 (The Mazur versus Deligne–Illusie decompositions). Recall from the proof of
Theorem 3 the functors

ΦDI,Φ
Maz
red :Dqc,[0,p−1](W (k)synred )→DMF big

[0,p−1](W (k))⊗ Fp.

By Proposition 5.13, ΦDI is an equivalence of categories. Consequently, we can consider

ΦMaz
red ◦Φ−1DI :DMF big

[0,p−1](W (k))⊗ Fp→DMF big
[0,p−1](W (k))⊗ Fp. (5.39)

By Corollary 5.12 the restriction of this endo-functor to the subcategory DMF big
[0,p−2](W (k))⊗

Fp is isomorphic to Id. However, the functor (5.39) is not even an auto-equivalence. In fact,
using Lemma 5.10 one can describe ΦMaz

red ◦Φ−1DI explicitly. We shall just state the answer. Recall

that an object of DMF big
[0,p−1](W (k))⊗ Fp consists of an effective object F • ∈Dgr(k[v−]) with

F p = 0 together with a homotopy equivalence

ϕ :

p−1⊕
i=0

F ∗GriFF
−∞ ∼−→ F−∞.

Consider the endomorphism

Θ′ =
p−1∑
i=0

(−i)IdF ∗GriFF−∞

of the left-hand side and let Θ=ϕ ◦Θ′ ◦ϕ−1 be the corresponding endomorphism of F−∞. The
endomorphism Θ is called the Sen operator (see [Bha23, § 6.5]). Consider the composition Θ̄

F p−1 vp−1
−−→ F 0 ∼−→ F−∞ Θ−→ F−∞ ∼−→ F 0→ F 0/F 1. (5.40)

Here we use that the canonical map F 0→ lim−→
v−

F i = F−∞ is an equivalence, which follows from

the effectivity of F •. Define a nilpotent endomorphism α of
⊕p−1

i=0 F
∗GriFF

−∞ to be zero on all

41Indeed, recall from § 2.5 that W (k)syn admits a faithfully flat cover Spf R→W (k)syn, where R is a Noetherian
ring complete with respect to an ideal p∈ J ⊂R, and Spf R is the corresponding J-adic formal scheme. A quasi-
coherent sheaf G on W (k)syn is a vector bundle (respectively, a coherent sheaf) if and only if its pullback to
Spf R is a finite projective R-module (respectively, a finite R-module). Thus, our claim follows from the following
elementary general statement: a p-torsion-free finite module M over a p-complete Noetherian ring, p∈ J , is pro-
jective if and only if M/p is a projective R/p-module. Indeed, it is enough to check that, for every maximal ideal

m∈R, one has TorR1 (M,R/m) = 0. Since R is p-complete, p∈m. Thus, TorR1 (M,R/m) =Tor
R/p
1 (M/p, R/m) = 0.
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F ∗GriFF
−∞, with i 
= p− 1, and α|F ∗Grp−1

F F−∞ being the composition

F ∗Grp−1F F−∞ ∼−→ F ∗F p−1 F ∗Θ̄−→ F ∗Gr0FF
−∞ ↪→

p−1⊕
i=0

F ∗GriFF
−∞.

We claim that the functor (5.39) carries each (F •, ϕ) to (F •, ϕ ◦ (Id− α)).
For example, if (F •, ϕ)∈MF (Zp) is a p-torsion Fontaine–Laffaille module, which is an

extension of Fp(1− p) by Fp, then the functor (5.39) carries (F •, ϕ) to Fp(1− p)⊕ Fp, that is,

the endomorphism of Ext1MF (Zp)⊗Fp
(Fp(1− p), Fp)

∼−→ Fp induced by (5.39) is equal to 0.

Let X be a smooth p-adic formal scheme overW (k) of dimension � p− 1. By Remark 4.7, we
have Φ̃Maz(X)

∼−→ΦMaz ◦Hsyn(X). On the other hand, by [LM22, Theorem 5.10] the p-torsion
Fontaine–Laffaille module ΦDI(Hsyn(X)|W (k)syn

red
) is given by the Deligne–Illusie decomposi-

tion [DI87]. Thus, in the geometric context, the above formula for ΦMaz
red ◦Φ−1DI describes the

relation between the modulo p reduction of (1.1) and the Deligne–Illusie decomposition. For
dimX <p− 1 the two decompositions coincide, but in dimension p− 1 they are different. For
example, if X is an elliptic curve over Z2 with ordinary reduction, then Fontaine–Laffaille
module H1

dR(X)⊗ F2 constructed using (1.1) (i.e. H1(ΦMaz ◦Hsyn(X))⊗ F2) is isomorphic to
F2 ⊕ F2(−1) whereas the Fontaine–Laffaille structure on H1

dR(X)⊗ F2 induced by the Deligne–
Illusie decomposition is a nonsplit extension of F2(−1) by F2 unlessX × SpecZ/4 is the canonical
lift of the ordinary elliptic curve X × Spec F2.

Remark 5.24 (Syntomic cohomology in small weights). Given an F -gauge F∈
Dqc,[0,p−2](W (k)syn) one can use Theorem 3 to compute the syntomic cohomology
RΓ(W (k)syn,F{i}), for i� p− 2. Let us briefly explain how, using the functor

ΦMaz :Dqc,[0,+∞](W (k)syn)→ModMaz(W (k)), F �→ (p∗̄dR(F), ϕ•) (5.41)

constructed in Remark 4.6, the computation can be generalized to all effective F -gauges. Let
F∈Dqc,[0,∞](W (k)syn) be an effective F -gauge, ΦMaz(F) = (F •, ϕ•). We claim that, for i� p− 2,
the functor ΦMaz induces equivalences

RΓ(W (k)syn,F{i}) ∼−→HomModMaz(W (k))(ΦMaz(OW (k)syn{−i}),ΦMaz(F)))
Eq(F i F 0).
ϕi

vi
−

(5.42)
To see the last isomorphism, note that by [NS18, Proposition II.1.5], the mapping spec-

trum HomModMaz(W (k))(W (k)(−i), F •) is identified with the fibre of Hom(W (k)(−i), F •) t−→
Hom(W (k)(−i), F∗F 0 ⊗B), where mapping spectra are computed in D̂

eff

gr(W (k)[v−]) and t takes
f :W (k)(−i)→ F • to the difference ϕ• ◦ f − f ◦ϕ•. Note that the source of t can be identified
with F i and the target with F 0. Under this identification one always has ϕ• ◦ f =ϕi(f) and,
provided i < p, one has f ◦ϕ• = vi−(f). For a proof, it suffices to check that the map is an equiv-
alence after reducing modulo p. The proof of the mod p statement is explained42 in [Bha23,
Remark 6.5.15].

For F of the form Hsyn(X), the formula (5.42) recovers [AMM+22, Theorem F (2)].

Remark 5.25 (Lattices in crystalline representations). Let MF f
[0,p−2](W (k))⊂MF [0,p−2]

(W (k)) be the full subcategory, whose objects are p-torsion-free Fontaine–Laffaille modules.

42Bhatt and Lurie do not use the functor ΦMaz; instead they construct ϕi, i < p− 1, with Z/p-coefficients, using
the Sen operator.
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In ([FL82, § 7.14]), Fontaine and Laffaille constructed an exact fully faithful functor

TFL
ét :MF f

[0,p−2](W (k)) ↪→RepGK
(Zp) (5.43)

to the category of continuous Zp-linear representations of the absolute Galois group GK of K :=
Frac(W (k)). Moreover, Breuil identified, in [Bre99, Proposition 3], the essential image of (5.43)

with the full subcategory Repcrys,fGK ,[0,p−2](Zp)⊂RepGK
(Zp), formed by all Λ∈RepGK

(Zp), such

that Λ is finite-free as a Zp-module and Λ⊗Qp is a crystalline representation with Hodge–Tate
weights lying in [0, p− 2].

On the other hand, using results from [BS23], Bhatt and Lurie established in [Bha23, Theorem
6.6.13] an equivalence of categories

TBL
ét : Cohrefl(W (k)syn)

∼−→Repcrys,fGK
(Zp)

between the category of reflexive coherent sheaves on W (k)syn and the category of lattices in
crystalline representations of GK with arbitrary Hodge–Tate weights.

By Remark 5.22 the functor (5.2) restricts to an equivalence of categories

ΦMaz : Vect[0,p−2](W (k)syn)
∼−→MF f

[0,p−2](W (k)) (5.44)

between the subcategory Vect[0,p−2](W (k)syn)⊂Coh[0,p−2](W (k)syn) of vector bundles and the

subcategory MF f
[0,p−2](W (k))⊂MF [0,p−2](W (k)) of p-torsion-free Fontaine–Laffaille modules.

We claim that

TFL
ét

∼−→ TBL
ét ◦Φ−1Maz :MF f

[0,p−2](W (k))→Repcrys,fGK ,[0,p−2](Zp). (5.45)

The following argument was communicated to us by Akhil Mathew. Recall from [Bha23,
Construction 6.3.1 and Corollary 6.6.5] and [BS23, Theorem 5.2] that, for any vector bundle
E ∈Vect(−∞,0](W (k)syn) with non-positive weights, the corresponding Galois representation is
computed by the formula

TBL
ét (E) =H0(Osyn

C , f∗synE)
H0(W (k)syn, fsyn ∗f∗synE) (5.46)


H0(W (k)syn, E ⊗ fsyn ∗OO
syn
C

), (5.47)

where OC stands for the ring of integers of completed algebraic closure of K and fsyn :O
syn
C →

W (k)syn is induced by Spf OC→ SpfW (k). Note that fsyn ∗OO
syn
C

is an effective F -gauge,
fsyn ∗OO

syn
C
∈Dqc,[0,∞](W (k)syn). Thus, if E ∈Vect[2−p,0](W (k)syn), we have E ⊗ fsyn ∗OO

syn
C
∈

Dqc,[2−p,∞](W (k)syn). Consequently, (5.47) can be computed using formula (5.42). Note that
by [Bha12, Proposition 9.9] the p-completed derived de Rham cohomology of Spf OC is iden-
tified with Fontaine’s period ring Acrys matching the Hodge filtration on the derived de
Rham cohomology and the filtration by divided powers of I := ker(Acrys �OC). Now, let

(M, ϕ)∈MF f
[0,p−2](W (k)) and let M :=Mv−=1 be the associated W (k)-module equipped with

the Hodge filtration (see (2.2)). We apply the above computation to E =
(
Φ−1Maz(M, ϕ)

)∗
. By the

construction of ΦMaz, the de Rham realization pd̄R(E), regarded as a filtered W (k)-module, is
M∗ with its Hodge filtration. Using (5.42), we have

TBL
ét (Φ−1Maz(M, ϕ))

∼−→ (TBL
ét (E))∗ ∼−→ (ker(F 0(M∗ ⊗Acrys)

ϕ−Id−→ M∗ ⊗Acrys))
∗.

Here M∗ ⊗Acrys is equipped with the tensor product filtration, F 0(M∗ ⊗Acrys) =∑
i�0 F

−iM∗ ⊗ I [i], and ϕ=ϕM∗ ⊗ϕAcrys
. The right-hand side of the above formula is

TFL
ét (M, ϕ). This proves (5.45).
As a consequence of (5.45), we conclude that the Bhatt–Lurie equivalence carries every object

of Repcrys,fGK ,[0,p−2](Zp) to a vector bundle over W (k)syn.
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