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Abstract. Let K be the simplest cubic field defined by the irreducible polyno-
mial

f(x) =2 + ma® — (m+3)z + 1,
where m is a nonnegative rational integer such that m2 4+ 3m+ 9 is square-free.
We estimate the value of the Dedekind zeta function (x(s) at s = —1 and get
class number 1 criterion for the simplest cubic fields.

§1. The simplest cubic fields

In this section, we review basic facts about the simplest cubic fields and
give a motivation for our work.

Let m be a nonnegative integer and K, (or simply K) be the cubic
field obtained by adjoining a root of the irreducible polynomial

(1.1) f(z) =23+ ma? — (m+3)z + 1.

The discriminant of the polynomial f(x) is D?, where D = m? + 3m + 9.
Let p be the negative root of f(z). Then

1 ; 1 1
= = —1-=
T F

1.2 / =
(1.2) p = P
are the other two roots of f(x),so K = Q(p) is a cyclic cubic field. The field
K is called the simplest cubic field. The terminology “simplest cubic field”

was first introduced by Shanks [6]. He studied the arithmetic of this family
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of cyclic cubic fields in the case that D = m? + 3m + 9 is a prime. Later

Washington [8] extended these notions to the case that m is an integer such

that m # 3 (mod 9) and studied the class number problem of these fields.
For the discriminant of the simplest cubic fields, we have:

PROPOSITION 1.1. Let m # 3 (mod 9) and write D = m? +3m +9 =
be® with b cube-free. Then the discriminant of K, is ( [T p)?, where § =1
if 3fb and 6 = 3 if 3|b.

Proof. See [8]. 0

In the case that D = m? + 3m + 9 is square-free, our information is
more precise:

PROPOSITION 1.2. Let m > 0 be an integer such that D = m?+3m+9
is square-free. Then {1, p, p*} forms an integral basis for K and {—1,p,p'}
generates the full unit group of K.

Proof. See [2]. [

Let h,, denote the class number of K,,. We borrow the following class
number table from Shanks [6] and extend it by computing the term 2m + 3.
Note that Shanks only considered the case where D is a prime.

m | by | 2m + 3
0 1 3
1 1 5
2 1 7
4 1 11
7 1 17
8 1 19
10| 1 23
11| 4 25
16| 7 35
17| 4 37
23| 4 49
25| 4 53
28 | 7 59
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A glance of this table suggests that

(A) if hy, = 1, then 2m + 3 is a prime,
and
(B) the converse of (A) is not necessarily true.

The purpose of this paper is to prove these two facts by using special values
of zeta functions of the simplest cubic fields.
Our basic idea is simple and runs as follows:

Let (x (s) denote the Dedekind zeta function of K and (x (s, C)
be the class zeta function of K belonging to the principal ideal
class of K. Then we have

(1.3) (x(2) > (x(2,0)

or equivalently, by functional equation,

(1.4) Cr (1) < Ck(=1,0),

and the equality holds if and only if the class number of K is one.
We shall compute the values of two sides of (1.4) and compare
them.

For the values of class zeta functions, Halbritter and Pohst [3] developed
a method of expressing special values of class zeta functions of totally real
cubic fields as a finite sum involving norm, trace, and 3-fold Dedekind sums.
Their result has been exploited by Byeon [1] to give an explicit formula for
the values of class zeta functions of the simplest cubic fields. Using these
values, Byeon proved (A).

We summarize Byeon’s result as in the following theorem.

THEOREM 1.3. Let m > 0 be an integer such that m? 4+ 3m + 9 is
square-free, K the simplest cubic field defined by the equation (1.1), and C
the principal ideal class of K. Then

1

(k(—1,C) = —mp(m%

where P(m) = m® 4+ 9m® + 55m* + 195m3 + 544m? + 876m + 840.
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Proof. By Theorem 2.3 of [1], we have

6
1 1 11
(k(2,C) = 7T—{—Tnﬁ—l——'rrf’—l——m4—|-

E'm3 %mQ—F@m—i—S
- D31 945 105 189 63 945 315 9/

We apply the functional equation to get the desired result. 0

§2. Values of zeta functions of the simplest cubic fields

Using finite dimensionality of elliptic modular forms of weight A,
Siegel [7] developed an ingenious method of computing (x(b), where K
is a totally real algebraic number field and b a negative odd integer. Siegel’s
formula has been exploited by Zagier [9] to give an explicit formula for the
values of zeta fuctions of real quadratic fields. In this section, we apply
Siegel’s formula to the simplest cubic fields.

2.1. Siegel’s formula and Siegel lattice
In this subsection, we introduce Siegel’s formula and the notion of Siegel
lattice.

We follow Zagier [9] in description of Siegel’s formula. To introduce
Siegel’s formula, we need some preliminary notations. Let K be a totally
real algebraic number field. First, we recall the definition of the different of
K.

The different 0 of K is defined to be the inverse of the fractional ideal

(2.1) vl ={z € K|tr(2z0k) C Z}.

Here Ok denote the ring of integers of K. The ideal 0 is an integral ideal
and it is related to the discriminant dg of K by the formula

(2.2) N(0) = dg.
Next, for r =0,1,2,..., we define

(2.3) or(n) =) d" (n=12,...)

din

to be the sum of r-th powers of positive divisors of n. We generalize this
definition to number fields by setting

(2.4) or(a) =) N(b)" (aC Ok an ideal).
bla
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Here the sum is taken over all ideals b of Ok which divide a.
Finally, for I,m =1,2,..., we define

(2.5) s{@2m) = > oam-1((V)0)

veo !
v>0
tr(v)=l

The sum extends over all totally positive elements in 97! with given trace [.
Note that this is a finite sum. Later we shall study this sum more precisely.
We can now state Siegel’s formula.

THEOREM 2.1. (Siegel [7]) Let m = 1,2,... be a natural number, K a
totally real algebraic number field of degree n, and h = 2mn. Then

(2.6) Cx (1 —2m) = 2" Z by(h)sf (2m).

The numbersr > 1 and by(h),...,b,(h) € Q depend only on h. In particular,

(2.7) r = dimc My,
where My, is the space of modular forms of weight h; thus by a well-known
formula

h : —

=, if h =2 (mod 12),
(2.8) r= [f] ( :

[L]+1, ifh#2 (mod 12).

Proof. See [7] or [9]. 0

Remark. Zagier [9] contains a table for the values of Siegel coefficients
bi(h) for 4 < h < 40. In our present calculation we only need b;(6) and its
value is —1/504. If K is the simplest cubic field and m = 1, then h = 6.
Therefore, by Siegel’s formula, we have

8
(2.9) Cr(=1) = =5t (2)-
To compute le (2m), we need to analyze the finite sum in the equa-
tion (2.5).

Let K be a totally real algebraic number field of degree n and Sk
(or simply S) be the set of elements in K which satisfy Siegel conditions
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described in (2.5). Fix an integral basis {a1,a9,...,a,} of K. For v € K,
we can write
(2.10) v=x101+ "+ Tpy, x; €Q.

Therefore we have an embedding ¢ : K — R"™ given by

(2.11) o) = (z1,...,Zn).

The condition » € 9~ implies that the denominator of z;, i = 1,2,...,n, is
bounded by |dx | where d is the discriminant of K. The condition tr(v) =
is equivalent to the condition that ¢(v) = (x1,...,zy) lies in the hyperplane

(2.12) tr(on )z + - -+ tr(ap)z, =1

defined over Q. Finally the condition v > 0 becomes n distinct linear
inequalities (defined over K) in the variables x1,...,z,. Therefore the ele-
ments v € S can be put in one-to-one correspondence to the lattice points
in a bounded (n — 1)-dimensional region under ¢. We shall call this lattice
(or any set which can be put in one-to-one correspondence with this set
under a suitable linear transformation) as a Siegel lattice for K and denote
it by &k (or simply &). Notice that the sum s (2m) is a weighted sum of
divisor functions over a Siegel lattice. Hence the description of Siegel lattice
is of crucial importance in computation of le (2m).

2.2. Description of Siegel lattices for the simplest cubic fields
In this subsection, we shall describe Siegel lattices for the simplest cubic
fields and give a formula for the number of points in Siegel lattices.

Let m > 0 be an integer such that D = m? + 3m + 9 is square-free and
K be the simplest cubic field defined by the irreducible polynomial

(2.13) f(x) =2® + ma? — (m+3)x + 1.

Recall that the discriminant dg, the ring Ok of integers, and the different
0k (cf. [5, Chap. 10, TE]) of K are given respectively by

(2.14) dg = D> = (m*>+3m+9)?
(2.15) Ok =Zp] =7Z&Zpd L’
(2.16) ok = (f'(p) = 3p* + 2mp — (m + 3)),

where p denotes the negative root of f(z).
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v
tr(v)=l v

Siegel lattice for n = 2. Siegel lattice for n = 3.

Siegel lattice for n = 4.

Figure 1: Siegel lattice.

Let
(217) V:Oé+ﬂ,0+’Yp27 a7ﬂ77€(@7

be an element in K.

Lved v 0= ((3p+2mp— (m+3))v) C Ok.
Since v - (3p% + 2mp — (m + 3)) € Ok, we can write

(2.18)  v-(3p>+2mp— (m+3))=A+Bp+Cp*, A B,CcL.

From (2.17), (2.18), we obtain

(2.19) —(m+3)a — 38 +my = A,
(2.20) 2ma 4 2(m + 3)8 + (—m? — 3m — 3)y = B,
(2.21) 3a —mB+ (m? +2m + 6)y =C.

Note that the determinant of the coefficient matrix of the above linear
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system is —D?. Using Cramer’s rule, we have
a c

a=5 o

By substitution of (2.22) into (2.19), (2.20), (2.21), we finally have

b
(2.22) , 5:5, N = a,b,c € Z.

(2.23) —(m+3)a—3b+ mc = DA =0 (mod D),
(2.24) 2ma + 2(m + 3)b + (—m? — 3m — 3)c = DB = 0 (mod D),
(2.25) 3a —mb+ (m? +2m + 6)c = DC =0 (mod D).

2. tr(v) = 1 <= 3a+ Btr(p) + ytr(p?) = 1.
From the fact that tr(p) = —m, tr(p?) = m?+2m+6 and by substitution
of (2.22) into 2, we have

(2.26) C=l,
and

242 — 1D
(2.27) b:3a—|—(m +2m +6)c .

m

By substitution of (2.27) into (2.23), we have

(2.28) —a+ 3l —2c =mA.
In particular, m divides a + 2¢ — 3. Put
(2.29) t_a+2c—3l

. =

Since we are mainly interested in the value (x(—1), from now on, we con-
centrate ourselves on the case [ = 1. Thus equations (2.27), (2.29) becomes

_ 3a+ (m*+2m+6)c— D

(2.30) b - :
and
(2.31) t = w.

m

3.v>0<= Dv=a+bp+cp®>>0.
This condition becomes the following three linear inequalities defined

over K:

(2.32) a+bp+cp? >0,
(2.33) a+bp +cp’ >0,
(2.34) a+bp" +cp” > 0.
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By substitution of (2.30), (2.31) into (2.32), (2.33), (2.34), we have

(2.35) (PP + (m+2)p—2)c+ (m+3p)t+(3—(m+3)p) >0,
(2.36) (04 (m+2)p —2)c+ (m+3p)t+ (3— (m+3)p') >0,
(237) (P + (m+2)p" —2)c+ (m+3")t+ (3= (m+3)p") > 0.

Let Iy (resp. l2,l3) denote the line in (¢, t)-plane given by the left hand side
of the inequality of (2.35) (resp. (2.36), (2.37)). By an actual calculation,
we obtain:

(2.38) (—p+p',1/p") is the intersection point of I3 = Iy =0,
(2.39) (—p' + p",1/p) is the intersection point of Iy = I3 = 0,
(2.40) (—p" 4+ p,1/p') is the intersection point of I3 =3 = 0.

Note that g(z) = 3 — Dx + D (resp. h(z) = 23 — (m + 3)2? + mx + 1) is
the cubic polynomial whose roots are the conjugates of —p+ p’ (resp. 1/p).
By applying simple plotting test on f(z), we obtain

(2.41) —m—-2<p<-m-1<0<p<1<p’ <2
Similarly, we may apply the same argument to g(z) to obtain

(2.42) —m—-3<—p'+p<-—m-2<1<—p+p' <2
<m+1l<—p+p <m+2,

if m > 2. For m = 1, we have
(2.43) —b<—p'tp<—d<l<—pH+p <2< —p+p <3

Similarly, we obtain

1 1 1
(2.44) —1<-<0< 5 <1l<m+2< 5 <m+3.
p P P

We summarize the above computation as in the following proposition.

PROPOSITION 2.2. Let m > 0 an integer such that D = m? 4+ 3m + 9
1s square-free and K be the simplest cubic field defined by the irreducible
polynomial (1.1). Let S be the set of elements in K which satisfy Siegel
conditions described in (2.5) and & be the set of integral points which lie in
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the triangle in (c,t)-plane surrounded by lines Iy = ly =13 =0. Let v € S.
By (2.22), we can write

a b c
2.4 L PP
(2.45) v=ptpPT o’

a,b,cel.
Then the map n: S — & given by n(v) = (c,t), where

%2 —
(2.46) c=c and t= LCS,
m

gives a one-to-one correspondence between S and &.

m—+3

(=p"+p,1/p")

(=p'+p",1/p)

L I
N 1>=0 .
—m=2 (_p+pl?1/v’w)\~(2’0) m+1 ¢

e : point which belongs to the triangle
x . point which does not belong to the triangle

Figure 2: Siegel lattice for the simplest cubic field with m = 10.

EXAMPLE. As an illustration of our discussion, we describe an Siegel
lattice & for the simplest cubic field K with m = 10. First note that (c,t) =
(1,0),(=m — 2,m + 2),(m + 1,1) satisfy Siegel conditions, that is, they
are inside the triangle. Next (¢,t) = (2,0),(—m — 1,m + 1),(m — 1,2) do
not satisfy inequalities (2.35), (2.36), and (2.37). Therefore these points lie
outside the triangle. Finally, inequalities (2.42) and (2.44) in conjunction
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with (2.38), (2.39), and (2.40) give rough location of three vertices of the
triangle. Combining these data, we conclude that Siegel lattice for K is
given as in the Figure 2 given above.

The next simple observation gives a crucial point in understanding
Siegel lattice of totally real Galois fields.

LEMMA 2.3. Let K be a totally real Galois extension of Q with Galois

group G. If v € K satisfies Siegel conditions described in (2.5), then so does
o(v) foro € @.

Proof. This is almost clear. For example, we have

veov !l = tr(vOgk) CZ < o(tr(vOk)) C Z
< tr(o(v)o(Ok)) CZ < tr(c(v)Ok) C Z
—ov)ed .

O

By Lemma 2.3, the Galois group G = Gal(K/Q) acts on the set S and
S can be put in one-to-one correspondence with a Siegel lattice & under 7.
Therefore we have the induced Galois action on .

Now we return to the simplest cubic fields case and describe the Galois
action on &.

PROPOSITION 2.4. Let m > 0 be an integer such that D = m?+3m+9
is square-free and K be the simplest cubic field defined by (1.1). Then the
Galois group G (= (o)) induces an action on & given by

o-(c,t) =(—2c—=3t+m+3,c+1).

Moreover, every G-orbit contains three points. In particular, N is di-
visible by 3, where N is the number of lattice points in &.

Proof. Let v € S. By (2.45), we can write

1
V= 5(a+b,0+cp2), a,b,ceZ.
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By an actual computation,

1
(2.47) V= B(CL +bp +ep'?)

::%ua+%+«ﬂn+m@+p4m+1w
+ (m? +m+1)c)p + (b -+ mc)p?}.
By the transformation formula (2.46) and the equation (2.30), we have
(2.48) n(') = (—2c—3t+m+3,c+t).

Suppose v = o(v). Then v is fixed also by o2, hence contained in Q. There-
fore v =a/D, a € Z. From the equation

73@

tr(v) 5

= 1,

we have 3a = D = m? + 3m + 9. It follows that 3|m and that 9|D. This
contradicts to the choice of m. Thus G acts on & without fixed points,
hence the result. O

‘We now come to the main result of this subsection.

THEOREM 2.5. Let m > 0 be an integer such that D = m? 4+3m +9 is
square-free and K be the simplest cubic field defined by (1.1). Let N be the

number of lattice points in &. Then we have
3. (3“-2%) ifm=3l+1,

N= 31247146 :
3- <f> ifm=3l+2.

Proof. We only give the detailed proof for the case m = 31 + 1. The
basic idea of proof is to find a set of representatives of “good” shape of the
Galois action on &. First note that (¢,t) = (1,0) is the only lattice point
in G witht =0 and o-(1,0) = (m+1,1), 02 (1,0) = (—m — 2,m + 1).
Let Ly denote the set of lattice points which lie on the straight line from
(m+1,1) to (2,1). By an actual computation, we can see that o - L; is the
set of lattice points which lie on the straight line from (—m — 2, m + 2) to
(m —4,3) and 02 - Ly is the set of lattice points which lie on the straight
line from (1,0) to (—m + 2,m — 1) (See Figure 3 below). Similarly, for
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1<k <I+1,let Ly denote the set of lattice points lying on the straight
line from (3(I4+1—k)+2,k) to (2,k). Then o - Ly becomes the set of lattice
points lying on the straight line from (—=3(l+2—k%),3(l+1—k)+2+k) to
(3(1 — k),2 + k) and o2 - Ly becomes the set of lattice points lying on the
straight line from (1,k—1) to (=3(I—k)—2,3(l—k)+2+k). Finally, let L;1o
denote the point (1,1+1). Then o-L;; 9 = (—1,1+2) and 02-L; 5 = (0,1+1).
This proves that &y := U?jﬁl L; forms a set of representatives of Galois
action on & (See Figure 4 below). Now, by an easy calculation, the number
of lattice points in &y becomes

+1 2
}:@u+1—m+4)+1:@L;?if.
k=1

Therefore we have

2
4
N:3612w+).

Figure 3: Galois action on &.
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Figure 4: A set of representatative of the Galois action on &.

2.3. Estimation for o((v)?)

In this subsection, we introduce a new arithmetic function 1 defined
on integral ideals of Ok and study some properties of ¥. Finally, we give a
lower bound for o;((v)?).

For an integral ideal a of Ok, we define an arithmetic function 1 as
follows:

(2.49) ¥(a) = 01(Nk/g(a)),

where o1 on the right hand side of (2.49) denote the divisor function on
Z defined by (2.3). Since K/Q is a cyclic Galois extension of degree 3, we
can devide prime ideals of K into three types: Type I (resp. Type II, Type
III) prime is a prime ideal which lies over a rational prime p which splits
complitely (resp. ramified, remains prime) in K/Q.

LEMMA 2.6. (i) Let p be a prime ideal of K of Type I or Type II. Then,
for any n > 0, we have

(2.50) a1(p") = ¥ (p").

https://doi.org/10.1017/50027763000007741 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007741

CLASS NUMBER 1 CRITERION FOR CUBIC FIELDS 175

(ii) Let a, b be ideals of K. Then we have

(2.51) ¥(ab) < ¥(a)i(b),

and equality holds in (2.51) if and only if Nk q(a), Ng,qg(b) are relatively
prime.

(iii) Let a be an ideal of K which does not contain a prime ideal of Type
111 in its prime factorization. Then we have

(2.52) a1(a) > ¢ (a)
and equality holds in (2.52) if and only if a satisfies the following condition:

(%) a does not contain two prime ideals of Type I in its prime
factorization which lie over the same rational prime.

Proof. (i) By abuse of notation, for an integral ideal a, we denote

Nig(a) by N(a). Since p is a prime ideal of Type I or Type II, N(p) = p
is a rational prime. Therefore, we have

a1(p") =D N(b)=> N(p')=>_p'=o1(p") = v(p").
blpn i=0 i=0
(ii) Note that, for any positive integers m and n, we have
(2.53) oi(m-n) <oi(m)-o1(n)

with equality holds if and only if (m,n) = 1. Therefore we have

Y(ab) = o1(N(ab))

and the equality holds if and only if (N (a), N(b)) = 1.
(iif) Let

a=p"---pk,  p; a prime ideal of Type I or Type II,
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be a factorization of a into the product of distinct prime ideals of K. Since
o1 is mutiplicative on K, we have

o1(a) = 01(13;1)"'01(13?“)
=) (pr)  (by (1)
> P(pyt Pyt (by (ii))
= 9(a).

Here the equality holds if and only if N(p;*) and N (p;j ) are relatively prime
for any distinct pair of i, j, or equivalently, a satisfies the condition (x). []

Let v be an element in K which satisfies Siegel’s conditions. Then,
by (2.18), (v)0 is the principal ideal generated by A + Bp + Cp? with
A, B,C € Z. Furthermore, by (2.26), we have C = [. Since we are mainly
interested in the value (x(—1), we have assumed that [ = 1. Therefore the
ideal (v)0 satisfies the condition of Lemma 2.6 (iii). By applying Lemma 2.6,
we have

(2.54) a1((1)0) = ¢Y((1)0) = 1 (Nk o((¥)2)).
By an easy calculation, for a,b,c € Q, we have
(2.55)  Ngsgla+bp+cp?)
=a® -+ —ma®b— (m+ 3)ab® + (m* + 2m + 6)a’c
+ (m? 4 4m + 9)ac® + mb*c + (m + 3)bc?
+ (m? 4 3m + 3)abc.

By (2.22), we can write

1
(2.56) V= 5(& +bp+cp?), a,bc€.

By (2.2) and (2.55), we have

(2.57) Ngo((v)0) = Ngjo(v) - Nijo(0)
1
= E{ag — b3+ & —ma?b — (m + 3)ab® + (m? + 2m + 6)a’c
+ (m? 4 4m + 9)ac® + mb*c + (m + 3)bc?

+ (m? 4 3m + 3)abc}.
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Now, by (2.30), we may replace b by (3a + (m? 4+ 2m + 6)c — D)/m and we
have

1
(2.58) Ng/o((v)o) = ﬁ{—(2m + 3)a® — 3(m? 4 4m + 6)a’c
— (m® 4 9m? 4 24m + 36)ac® — (m> + 6m? + 16m + 24)c*
+ (m +3)Da® + (m? + 4m + 12) Dac + (m? + 4m + 12) Dc?
— D%a —2D?%c + D?}.

Finally, by (2.31), we may replace a by —2c¢ + mt + 3 in (2.58), and we
obtain

(2'59) NK/Q((V)D) = fm(cvt)7

where

(2.60) fmlc,t) = [t* + (c — 1)t]m?
+ [=2t + (=3¢ + 6)t* + (=2 + 3c)t + (—c* + 3¢ — 2)|m
+ [=3t3 4 (3¢ — 9c + Nt + (¢ — 62 + 9¢ — 3)].

We summarize this result as in the following theorem.

THEOREM 2.7. Let S be the set of elements in K which satisfy Siegel
conditions described in (2.5) and v € S. Then we have

(2.61) 01((1/)0) > Ul(fm(cat))’

where (¢,t) is a point in & which corresponds to v under the correspondence
of Proposition 2.2 and fn(c,t) is given by the formula (2.60). The equality
holds in (2.61) if and only if the ideal (V)0 satisfies the condition ().

§3. Class number 1 criterion for the simplest cubic fields

In this section, as an application of our method, we derive a class num-
ber 1 criterion for the simplest cubic fields. We also discuss further problems.

THEOREM 3.1. Let m be a nonnegative integer such that D = m? +
3m + 9 is square-free and K be the simplest cubic field defined by (1.1).
Then we have

hx =1 if and only if fm(c,t) is a prime for

(3.1) (c,t) € & —{(1,0),(m +1,1),(=m — 2,m + 2)}.
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Proof. We only give the proof for the case m = 3l +1 =1 (mod 3).
By Siegel’s formula (2.9), we have

By Theorem 2.7, we have

et S ol

(e,t)ES

(3.2) (k(-1) <

and equality holds in (3.2) if and only if (v)0 satisfies the condition (x) for
all v € S. From (2.59), we can easily see that

(3.3) fm(e,t) = fm(o - (c,1)),
for all (¢,t) € &. Therefore, (3.2) becomes
8

(3.4) (r(=1) < 501 3- Z o1(fm(ct))
(c,t)ES0
24
< -
TR T E > fin(e,t)
(e,t)e60 (e,)€Go—{(m+1,1)}

(Note that f,,(m + 1,1) = 1.) The equality holds in (3.4) if and only if
fm(c,t) is a prime for all (c,t) € Gg—{(m+1,1)}. Recall that &y = UlJr2
(see Figure 4). The formula (3.4) becomes

—520—44 > 1+ Y fmlet)

(c;t)eGo—{(m+1,1)} (c,t)EG)
1+1 3(l+1—t)+2

24 | 32 4+51+2
=01 fju (1,141 +Z Z fm(c,t)

_ 24 1 1
504 360
(We checked this result by Maple II)
1
- - p
B 57
= CK(_]-a C)v

m® 4+ 9m® + 55m* + 195m> + 544m? + 876m + 840)
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where C' denote the principal ideal class of K.
This proves that

(3.5) (k(—1) < (x(=1,0)

and, by (3.2), (3.4), the equality holds in (3.5) if and only if f,,(c,t) is a
prime for all (¢,t) € 6—{(1,0),(m+1,1),(—m—2,m+2)} and (v)0 satisfies
the condition (x) for all v € S. Now suppose that fp,(c,t) is a prime for all
(c,t) € 6&—={(1,0),(m +1,1),(—m — 2,m + 2)}. Then, by (2.59), (v)0 is a
prime ideal, hence it satisfies the condition (x). Therefore we conclude that

hx =1 <= equality holds in (3.5)
<= fm(c,t) is a prime for all
(¢,t) € 6 —{(1,0),(m +1,1),(—m — 2,m + 2)}.
0

Remark 1. (i) Note that f,,,(0,1) = 2m+3. Therefore Theorem 3.1 says
the condition that 2m + 3 is a prime is a necessary condition for hx = 1.
This proves (A) in Section 1.

(ii) For m = 17, f,(0,1) = 37 is a prime. Note that f,,(0,2) = 671 =
11-61 is not a prime. Therefore the condition that 2m + 3 is a prime is not
a sufficient condition for hx = 1. This proves (B) in Section 1.

Remark 2. Let K, m be as in Theorem 3.1. Then, by (2.14), the dis-
criminant dx of K is given as follows:

dig = D* = (m* 4 3m + 9)°.

By the genus theory for cyclic cubic fields (see, for example, [6, Section 7]),
hx = 1 implies that dx has only one prime factor. Therefore, from Theo-
rem 3.1, we can conclude that

fm(c,t) is a prime for all (¢,t) € & — {(1,0),(m + 1,1),(—m —2,m + 2)}
— D =m?+ 3m+ 9 is a prime.

Can we prove this in an elementary way?

Remark 3. In [4], using a lower bounds for L(1, x) - L(1, x) for certain
cubic charater, Lettl had showed:

m=—1,1,2,4,7,8,10 gives all the values of m such that hx = 1.
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From Theorem 3.1 and Lettl’s result, we can conclude that:

if m > 11 and m? + 3m + 9 is square-free, then f,,(c,t) is not a
prime for some (¢, t) € & —{(1,0),(m +1,1),(—m —2,m + 2)}.

Can we prove this in an elementary way?
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