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SAMPLE PROPERTIES OF WEAKLY
STATIONARY PROCESSES

T. KAWATA AND I. KUBO

1. Introduction. Let X(¢) = X(t,w), — 0 <t << oo, be a stationary
stochastic process with

(1. 1) EX(t) =0, E]JX(1)|2 <00, —o0 <t <o
and the continuous covariance function

(1. 2) p(u) = S: e dF(x),

where F(x) is the spectral distribution function. X(¢) then admits the har-
monic representation

(L 3) x(t) = | easa),

where £(2) is a stochastic process with orthogonal increments and the pro-
perty that

(1. 4 Ed&(2) =0, E|d&)|? = dF().

Two stochastic processes X(¢) and X,(f) are said to be equivalent to
each other, if

P(X(t) = X\ (t)) =1, for each ¢.

When X(#) is equivalent to a process continuous almost surely or dif-
ferentiable almost surley, X(¢) is called sample continuous or sample differ-
entiable respectively.

One of the authors has shown the following theorem [3].

TrEOREM A. Suppose that for a given weakly stationary process X(t) there is
a function g(x) which is even, non-negative and non-decreasing for x>0 and is such that

1
| g(n) <%

M8

(1. 5)

n
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Received May 28, 1969. This work partly supported by NSF Grant 9396.

7

https://doi.org/10.1017/50027763000013660 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000013660

8 T. KAWATA AND I. KUBO

(L. 6) Sl g(x)dF (z) < oo.

Then X(t) is sample continuous.
The condition (1. 6) with g(x) = J2](log*l#])?, B>1, implies the condi-
tion

1.7 o(h) = O(h/|loglh|]") for r>2,

as h—0, where ¢(k)=20(0)— p(h)— o(—h) (3] (3.8 and (3.9)). This
generalizes the Cramér-Leadbetter’s result on sample continuity of a weakly
stationary process ([1]1, p. 125).

In 2, we shall give the conditions which assure the sample differentia-
bility of a process. We can adopt the method for the proof similar to what
we did proving Theorem A, namely we make use of the approximate
Fourier series [3] [6] associated with a given weakly stationary process. In
3, we shall show that the same reasoning still applies to get the “sample
Holder property”.

In the paper of one of the authors [2], Theorem A was motivated by
a theorem on the absolute convergence of the Fourier series of a given
process truncated at —7 and 7. But it involved some erroneous argument
although the theorem itself is right, and the different method using the
approximate Fourier series was employed to prove Theorem A in [3]. In
4, it is shown that the original way of proving is effective if some modifi-
cations are made with a slight additional condition on g(x).

Finally we mention that the conditions on the existence of g(z) in
Theorem A are also necessary for all the weakly stationary processes with
a given spectral distribution F(x) to be sample continuous. This has been
shown by I. Kubo [4] and will be given in a separate forthcoming paper.

2. Sample differentiability of a weakly stationary process.

M. Loeve [5] studied the sample differentiability of a weakly stationary
process and proved among others the following theorem.

THEOREM B. If the covariance function p(u) of a weakly stationary process
X(¢) with (1. 1) and (1. 2), 15 (2n + 2)-times differentiable, then X(t) is sample n-
times differentiable.

Cramér and Leadbetter [1] generalized this result to obtain Theorem
C below.
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Write

2. 1) azro(—ku) = 31 (~1V(%)o((k - ),

where k is a non-negative integer.

Tueorem C. If the covariance function p(u) of a weakly stationary process
X(t) with (1.1) and (1. 2) satisfies

(2. 2) 454 p(—ku) = O(lul**|loglull?), as u—0 for ¢>3,

then X(t) is sample n-times differentiable.

This is a slight completion of the Cramér-Leadbetter’s result. They
actually have shown Theorem C for the case n =0, 1.

The aim of this section is to generalize Theorem C further.

In association with a given weakly stationary process X(¢) with (L. 1),
(1. 2) and the representation (1.3), we define a sequence of uncorrelated
random variables

2(n+n/T
wnn/T

(2- 3) Sn = En(T) = S d’f(l)’ n =0, + ]-s cr oy,

where T is any positive number. We also define

(2. 4) R(t,D=R(t)= 3 emiTE,

Actually &,’s are uncorrelated because of the orthogonality of the incre-
ments of &) and (2. 4) is well-defined, the series being interpreted to con-
verge in L%-norm.

However, we have shown in [3] and [4] that under the conditions either
in Theorem A or in Lemma 3 below, the series in (2. 4) is absolutely con-
vergent almost surely and hence X(¢) may be identified to be the sum of
the series. Also it was shown that in this case Xi(t) = X(t,2%) converges uni-
Jormly for every finite interval |t| <A as k—> oo almost surely to a weakly
stationary process X,(t), which is sample continuous, and is equivalent to X(t).

Lemma 1. If

(2. 5) 3 [l ] <
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almost surely, where v 1is a positive integer, then X(t) 1is equivalent to a weakly
stationary process with the almost sure continuous r-th derivative.

Proof. Since the series on the right of (2. 4) is absolutely and uniformly
convergent almost surely, because of (2. 5), we may suppose that X(¢) itself
is represented by the series in (2. 4) for every ¢ almost surely, and has the
continuous 7-th derivative almost surely. We shall, however, prove Lemma
1 when »=1. 7 repetitions of the same argument give us the required.

% —_ A ”nmh/T_ .
(2. 6) X(t + ’;L) ( — 2 I: 1 nmt/TSn:l .

Nn= —00

The series on the right is dominated in absolute value by (2z/T)Xnllé&.]
almost surely and since each term converges as h—0, the limit of (2. 6) as

h—0 should exist and X’(¢) is given by -5 Z‘, eZ”“‘/Tne,,, which is con-

tinuous almost surely. Generally X(¢) is given by <2m ) E enmit/TyT e |

n=-—00

Lemma 2. Let h(x) be non-negative and non-decreasing over [0,00) and let
F(x) be a spectral distribution. Then the inequalities

(2. 7) B th(ﬁl——) (F(n +1) — F(0)2 + —- h(O)(F(1) — FO)2 <

=2 h(In]) (Fla(n +1)) — Flan)"* <

<+ A ) - e

hold for 0<a<1.

Proof. Since yz +y <yx +yy for z,y=0, we have

I'= 2 h(Inl) (Fla(n + 1)) — F(an))

=S ([EID (P £ ) E D)+ 5 hin ) F (atn+ D)~ Flam ]

n={k/ a]+1

= ([ 2= L)+ (L] (o) r) s
+[(k+l)/a]—1 < | k| -|— 1 )(F aln + 1))—F(an)) ]

n= [k/a]+1

= a(H ALY (L4 Y P+ 1) - F)”
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The last inequality is obtained by Schwarz inequality. Since 2/z +y =
Yz +yy for z,y=0, we have similarly

otz g () (o= r( D) D (L Tre)rw) s

[(k+1)/ a]-1

—Uc/a]+1 ( = )(F(a(" + 1) — F(an) ”2]>

=53 (L) (P e+ 1) — Foy,

with the agreement that k(x) = 2(0) for » =<0.

LemMA 3. If the spectral distribution function F of a given stationary process
X(t) satisfies

(2. 8) Znl"(F(n +1) — F(n))'* < o
Jor a non-negative integer v, then (2. 5) holds almost surely.

Proof. In order to show (2. 5) it is sufficient to prove

2.9 E 3 Inl"l&] <.

o
By Lemma 2, we have that, for 0 < T <2r,

2n+Dn/T
SZmr/T

2. 10) EXInl" |6l =Sl E "=
- S (2 ) - r ()<

=(g7 +1) T DT F+ 1)~ Py < oo,

a&(a)

If T=2z, then (2.9) follows from the first inequality of (2. 7).

It is easy to show that X(¢) is a weakly stationary process, observing
2nl*(F@2(n + Ua/T) — F(2nz/T)) < co.

Now we shall prove

THEOREM 1. If a weakly stationary process X(t) with (1. 1) and (1. 2) safisfies
(2. 8), then X(t) is equivalent to a weakly stationary process which has the continuous
r-th derivative almost surely.

Proof. First we prove the theorem for »=1. Denote the differential
quotients of X(¢) and X(t) by
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(2. 11) D(t,h) = X(t+h]1—X(t) ’
(2. 12) D(t, h) = X(t + ’;l) — X

respectively. From Lemma 1, the series in (2. 4) is absolutely convergent
and X(¢) may be supposed to be defined by this series. By Lemma 1 and
Lemma 3, X(¢) has the continuous derivative almost surely.

Write &, , for &, with T = 2% X,(t) for the corresponding X(t), k¥ being
a positive integer. Then

2nmit

Xk+1(t) - Xk( = 2 eXP( oK+l >5n.k+1 - mgm eXP< 2”;7;” >5m,k =

=m_2__°°[exp (%@L)&zmkﬂ +

Texp(ZEEmAV e exp( 2R e, T

Since &6 = &pm k+1 + Eam+r.ke, WE may write

(2.13)  Xpn(t) — Xl2) =

= 2 [EXP (W) ex 2ﬂ;k%11'n)i ):I 52m+1 k+1e

M= — 0

Write Dy(t, k) for the differential quotient of Xu(t).

Together with the relation for Xt + k) similar to (2.13) and noting
that, for |#| < A, A being a positive number,
(2. 14) Ieiy(t+h) —_— e‘i'yt — eiz(t+h) + eiztl s

< l(eiyt — eizt) (eiyh —_— l)l + leiz t(eiyh —_ eizh)l <

<4|sin L2 sin ¥l ‘+2 sin-¥ —% h’<|h[|y—zl 1+ Alyl),
we obtain
(2. 15) | Ders(2, B) — Dilt, B)] <
mim exp( m(2m+1) t+h)>_exp<m 2m) t+h)>

_ exp( L) 2m + 1)¢ )+ exp( M(Zm)t >]§2m+1,k+1 =

< 3 (L& +-A2Um) e .

m=—oco 2F
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Therefore we can see by Lemma 2 that for any & >0

(2. 16) Qu=Psup  |De(t,h) — Di(t, h)] > &) <
1#|<A, k%0
1 2A|m)|
£~6—-2E—~§<1 + —__ka ) El&omsren] =
1 24 2m+ 1) 2
<l 21+ 2ml) (p(lmtle ) p(2me ) <
1 A + 1) 172
=2+ AR (F( ) - F(35) " =
<2 E XA N0+ Allnl +1) (Fln +1) = (Fln) e <
= 61 s [Dn ] (F(n + 1) — Fm))”* 4 C(F (1) — F(0)"?],

where C, and C, are constants independent of k. In what follows Cj,
j=3,4, +++, mean some constants independent of k. From (2. 8), it follows
that

1 G
o 2

(2. 17) Q<

If & is chosen to be 27%/4, then ¢, < o and 2~ék—/2-—< o, so that
3'Q: < . Then Borel-Cantelli lemma gives us that, with probability one

(2. 18) sup  [Deu(t, ) — Dilt, h)| <&
B0, |E| <A

except for a finite number of k. Hence almost surely Dy(t,k) converges as
k— oo uniformly for [t] <A and &.
Now from (2. 18) we have, for k larger than some k,,

sup | De(t, k) — Dp(t, )| <7, (unifomly in &)

almost surely, where 7, = Z/: ¢;. From the italicized statement before Lemma
P

1, we have, letting m — o
2. 19) Dit, ) ——%L—[Xo(t + h)— X,(£)]| <7 (uniformly in k)

almost surely. Let #—0. Then from Lemma 1 and 2 with » =1, Dy(¢,k)
converges almost surely and hence X,(¢) is differentiable almost surely, and
is equivalent to X(¢).
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Finally (2. 19) implies that the derivative Xit) of Xu#) converges uni-
formly to the derivative X{(¢) of Xy(¢). Since Lemmas 1 and 2 give us that
X"(t) is continuous almost surely, X’,(¢) is also sample continuous for every
[t] < A. This proves the theorem for the case r = 1.

Repeating similar arguments, the general case is shown.

TrEOREM 2. If, for a given weakly stationary process X(¢) with (1. 1) and
(1. 2), there is a function g(x), —oo < x << oo, which is non-negative, even and non-
decreasing for x =0 and satisfies

<) n2'r
(2. 20) ngl gy <
(2. 21) Sg(x) dF (%) < oo,

then X(t) is equivalent to a weakly stationary process which has the continuous r-th
derivative almost surely.

Proof. By Schwarz inequality,

[ F e+ 1) = P ] = 5= S +1) — Foo)

s,go gn(:) S:g(x) dF (z) < oo,

Similarly, we have _Zo}ollnl’(F(n—}—l)—F (n))2 < co, By Theorem 1, the

n=—

proof is completed.

ExampLe 1. If, for some ¢>0 and B>0

(2. 22) lxlerlOglxl . 108(2)195' s 10g(n)lx[ . (10g<n+1)lwl)l+de(x) < o0

SB<I¢I

holds, then X(¢) is sample r-times differentiable, where log,x = logz and
loga+n® = log(logqy®) for n=1.

ExampLE 2. Suppose that F(z) is absolutely continuous with the den-
sity f(x). If

(2. 23) [f(x)] <[lz]"*1og|x] - log@la]« - logmyl®] (108<n+1)190|)1+e]_2_

holds for sufficiently large [#]| with some ¢ >0, then X(¢) is sample 7-times
differentiable.
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ExampLE 3. Besides the same assumption in Example 2, further suppose
that f(x) is non-decreasing as z — t+o. If

2. 24) Smf F(@)dw < oo

holds, then X(¢) is sample r-times differentiable.

3. Sample Holder continuity.

Let ¥(h) be a non-decreasing function defined over an interval (0,1]
such that Z(%) decreases to zero as % does. If a function f(z) on (a,b)
satisfies

8. 1) [f(t + h)— F(5)] < M¥(h)

for t, t+he(ab), || < 1 with some M, then it is said to be ¥-Hilder

continuous.

We are going to give sufficient conditions which assure the sample ¥-
Holder continuity of a weakly stationary process. The method similar to
the one applied to the proofs of Theorems 1 and 2 is also applicable.

LemMA 4. Let (k) be a non-decreasing function over (0,11 such that ¥(h)/h
s non-increasing. Then for 0< h <1

(3. 2) |sinzh| <¥h)¥(x""), for xz=1,

(3. 3) | sin zh| saf(h)/zIf(ﬁ), for z=o0.

Proof. If 0<zh <1, then

YR W@ . h W)

|sin2h| < xh = T ) p T = T .

If ®h =1, then since ¥(k) is non-decreasing
|sinzh| <1<¥(h)T(x™").
Similarly, we can prove (3. 3) observing xh < h(x + 1).

LemMma 5. If W(h) is non-decreasing and W(h)|h is non-increasing over (0,1],
and

(3. 4) 2 ()16l <o

[n]
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almost surely, then X(t) = X(t,T), T > =, is sample ¥-Holder continuous where &,
is defined by (2. 3) and X(t) is defined by (2. 4).*

Proof. Using Lemma 4, we have

(3. 5) | X (¢t + k) — X(2)] én??) |sin nha/T|16,] <
=v(|- 523 v () 18 =T D ()l

LemMA 6. If the spectral distribution function F(x) satisfies

(3. 6) ”gow-l(ﬁ) (F(n + 1) — F(n))”2 < oo,

Then (3. 4) holds almost surely, where W(h) is the function in Lemma 4. Hence
X(t) is U-Holder continuous almost surely.
The proof is carried out as in that of Lemma 3.

THEOREM 3. If a given weakly stationary process X(t) satisfies (3. 6), then
X(t) is equivalent to a weakly stationary process which is ¥-Helder continuous almost
surely, where W(h) is the function in Lemma 4.

The proof is very similar to that for Theorem 1. Write

_ Xt+h—X@) A _ Xt +h) — K1)
DF(t’h)_ w(lhl) ’ Dw_k(tyh)_ T(lh[) )

where Xi(¢) is, as before, defined by (2.4) with T =2* Using the same
notations as in the proof of Theorem 1, we have, analogously to (2. 15), by
Lemma 4 and (2. 14),

| Dy go1(t, ) — Dy (t, B)] <

t 2mnh
(lhl m__m<4 sin 2% 27;“ sin 772 Z”,ffl 1+2‘s1n T )[gm+1 el
2. A - ok+1
Sm—z_oo( 2 1)+ 7’: [ Zﬂlml + Qk+1 >>|§2m+1 k+1l9

for |¢t] = A. Therefore we obtain by Lemma 2

Qw=P( sup 1Dy ult,h) — Dys(t, h)| > &) <

0<|B]<L, |2 <A

= g, 2 (Y +2ar ( zﬁlmlki o)) (F (L22Es ) — (2 ))™

= — 00

()= (¥ ()"
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=43 8 (rwrear (G (F(U50)-F(50) =

= zk\/zk +1 2 (o) + 240~ - i +3)) 1) — F(n),

Since W"( lnlz+3>"<— (|"{1:1~3) Uf‘l(wl” ) and W(l—}l—l—>syf(1) for n =0,

we get

’ 1 172 -1 1/2
6.7 Q= gty (FW) = FOP + 330 l) (Flin + 1) = Fn) 2] <

=1 G
b ek 2k/2 .

Choosing ¢, as in the proof of Theorem 1, we see from (3. 7) that X(2)
converges uniformly to a weakly stationary process X,(¢) and

Dy (t, h) — (1 -;f(hl)h[—)x"(t) <& for k=k,

By Lemma 5, sup lﬁw,k(t,h)] < oo almost surely, we conclude that
0<|h|<LL, LA

Xo(t) is ¥-Holder continuous for [¢] <A for any A>0, which completes
the proof.

THEOREM 4. If for a given weakly stationary process X(t), there 1s an
even, non-negative, non-decreasing function g(x) such that

(3. 8) Sig-(5) 07 ) < oo
(3. 9) Sg(x)dF(x) < o0,

Then X(t) is equivalent to a weakly stationary process which is ¥-Holder continuous
almost surely, where W(h) is the function in Lemma A.

Proof. By (3.8) and (3. 9), we have

[”g: yf-l( ) (Fe+ 1) — Fa)e 2s§‘,1;1f-2(%)g~1<n)- élg(n)(F(n +1)—F(n)
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Similarly, we can see that Z W“( ] ) (m 4+ 1) — F(n))”2 < oo. Hence the
assertion follows from Theorem 3.

ExampPLE 4. Suppose that F(x) is absolutely continuous with the density
f(x) and that f(z) is non-increasing as z — 4co. If

(3. 10) s (o) £V < oo,

then X(¢) is sample ¥-Holder continuous.

ExampLE 5. If a separable stationary process X(¢#) satisfies

@10 [, (jar) el logle] - logelal - - - logw| | - (logemen| 2)"**dF (@) <oo,

for sufficiently large B >0 with >0, then

L [ X(t + h) — X(8)] _
Pkl A T(h) 0 as.

Especially if, F(x) is absolutely continuous with the density f(x) which

satisfies
1 f(a)] éllfz(l—i]—) [zl - logla| + « « logm 2| - (logm+nlx])'*17%,
then (3. 11) holds.

4. Absolute convergence of the Fourier series of a weakly
stationary process.

Let X(t) be a weakly stationary process described in 1. Let T be any
positive number. Define

(4. 1) Y(4) = X(), t =0,
X(—1), t=0.

We consider the Fourier series of Y(¢) over (—T,7),

_ 1 (7 nrt
(4. 2) An=F-|" Y(t)cos 2L a1,
1 < t
(4. 3) 5 A, + n2=1A“ cos n;f
As in [2],
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sin AT _g T sin
(lZTZ — n2z2) (lzTZ — m2n.2)

sin? (M) 2T
(4. 5) BlA, 1t =8|~ e —— dF (.

iT + mm . 22T
2 dF (2),

(4' 4) EA,‘A-M = 8eiﬂ(n—m)/zgw

THEOREM 5. Let g(x) be even, non-negative and non-decreasing for x>0, suck
that g(x)/x* is non-increasing for large x and

(4. 6) 121 g(ln) < .
I
(4.7) | s@ar@ <o,

then %IA,J converges almost surely.

Proof. We may suppose that g(z)/«® is non-decreasing over (0,). In
fact, if g(x)/x? is non-increasing for x= B, then we may define g(x) as it is
for (x= B), and ¢g(B) (z/B)? for (x<B). By (4. 5),

sin? H—( (2T — nn)]12T2

oo 2 o0 [ee) _
SemEIAL =8] Sgm) -t dF () =
=38 arm +8 | (SaFw
s "R/ (A1 Sm/7 W=lAT/x
+38 (3 aF@+8]  (3)dF() =
12> 2np HHT/MIZ120 (41gm/m "2
=11+Iz+13+14,
say.
Noting that
(4. 8) 9(Azx) << A%g(x),

for A>1 =1 which, follows from the assumption that g(x)/z> is non-

increasing for =1, we see that
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I, <8
$1I>N/T "2“”2;1/”“'2 nz(n - u—iT- - 1>2(HIT + n)?

=sc.| (H)arw<cr|  gwaFm <o

[4127/T |4|27/T

where C, and C, are constants. Here we have used that

gm)2T*(121T + nn)* < g(2T=).

n=a|  [o(Z+1)+o(ED)arm=ca|  gwdFa<e,

|A|>n/T |A|>n=/T

C;,C, being constants.

AT2([(2T [x] — 1)
Is—<—g ng[};/n:]—l (AT = zn)2 (12| T + 2) dF(A) <
[4]>7/T
=C; 21 7;2 g(%“) dF(])__<_CGTz§ GAF(2) < oo,
"= (2157 .

where C; and C; are constants,
Since A2T2(|2|T —zn)2<(n —1)% for (AT <=,

1285 el | ar.
"= [31<n/T

Since g(n) < n2g(1) from (4. 8),

I, < oo,
Hence we have obtained that
(4.9 S g E| A, < o,

From this, our conclusion follows immediately, for

o foed 1

EZ IAnl = EZ gx/z

n=2

9V ()] Aal =

—]

n)

o 1/2

I

E[z:g 14.1:]" =

1/2
RE

s[m
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which is finite by (4. 6) and (4. 8), and E }![A,] <o implies the almost
sure convergence of X1 A,].

As an implication of the conclusion of Theorem 5 is that X(¢) is sample
continuous in (0,T) for every T >0 which, of course, implies that X(#) is
sample continuous in (0,). However, for this statement we need the un-
necessary condition that g(z)x? is non-decreasing.
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