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LIFTING TO GL(2) OVER A DIVISION QUATERNION
ALGEBRA, AND AN EXPLICIT CONSTRUCTION OF
CAP REPRESENTATIONS

MASANORI MUTO, HIRO-AKI NARITA anpD AMEYA PITALE

Abstract. The aim of this paper is to carry out an explicit construction
of CAP representations of GL(2) over a division quaternion algebra with
discriminant two. We first construct cusp forms on such a group explicitly by
lifting from Maass cusp forms for the congruence subgroup I'o(2). We show that
this lifting is nonzero and Hecke-equivariant. This allows us to determine each
local component of a cuspidal representation generated by such a lifting. We
then show that our cuspidal representations provide examples of CAP (cuspidal
representation associated to a parabolic subgroup) representations, and, in fact,
counterexamples to the Ramanujan conjecture.
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81. Introduction

One of the fundamental problems in the theory of automorphic forms or
representations is to study the Ramanujan conjecture. To review it, let G be

a reductive algebraic group over a number field F, and let A := ®} . F, be
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the ring of adeles for F', where F, denotes the local field at a place v. The
study of the Ramanujan conjecture is to consider the following question.

Question. Let m = ®), . m, be an irreducible cuspidal representation of
G(A), where m, denotes the local component of m at a place v. Then, is m,
tempered for every v < oo?

Nowadays it is widely known that there are cuspidal representations or cusp
forms answering negatively to this question, which we call counterezamples
to the Ramanugjan conjecture. A well-known example is given by the Saito—
Kurokawa lifting to holomorphic Siegel cusp forms of degree two (cf. [17]).
Another well-known example is the work by Howe and Piatetski-Shapiro
[11], which gives a counterexample by a theta lifting from O(2) to Sp(4). In
fact, it is expected that liftings from automorphic forms on a smaller group
provide such counterexamples. On the other hand, let us recall that there is
the notion of CAP representation (cuspidal representation associated to a
parabolic subgroup), which was originally introduced by Piatetski-Shapiro
[25]. This is a representation theoretic approach to find counterexamples to
the Ramanujan conjecture.

We now note that the Ramanujan conjecture for the general linear
group GL(n) is strongly believed. In fact, by Jacquet and Shalika [14], it
can be shown that the CAP phenomenon never occurs for GL(n). More
generally, it is expected that the conjecture would hold for generic cuspidal
representations of quasisplit reductive groups, which should be referred to
as the generalized Ramanujan conjecture. In view of the Langlands functo-
riality principle for quasisplit groups and their inner forms, the Ramanujan
conjecture for the inner forms is quite natural and interesting to study, as
well as CAP representations. To define the notion of CAP representations
for the inner forms we follow Gan [8] and Pitale [22] (cf. Definition 6.6).
Let us note that the Saito—Kurokawa lifting deals with the case of the split
symplectic group GSp(4) of degree two. The case of the nonsplit inner form
GSp(1, 1) ~ GSpin(1, 4) of GSp(4) is considered in [8] and [22].

In this paper we take up the case of GLo(B) over the division quaternion
algebra B with discriminant two. Note that GL2(B) is an inner form of the
split group GL(4). Our results provide an explicit construction of cusp forms
on GLy(B) lifted from Maass cusp forms for the congruence subgroup I'g(2),
and show that the cuspidal automorphic representations generated by such
lifts are CAP representations of GLy(B). The method of our construction
of the lifting follows [22], which deals with an explicit construction of lifting
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to GSp(1,1). In fact, note that the cusp forms constructed by our lifting
are viewed as Maass cusp forms on the 5-dimensional real hyperbolic space,
while the lifting considered in [22] provides Maass cusp forms on the 4-
dimensional real hyperbolic space. As in [22], to prove the automorphy of
our lifts, we use the converse theorem [19] by Maass, which is useful for real
hyperbolic spaces of arbitrary dimension.

We explain the explicit construction of our lifting. Let f be a Maass cusp
form for T'g(2) which is an eigenfunction of the Atkin-Lehner involution.
Let {c(n)}nez\fop be Fourier coefficients of f. From the c(n)s we define
numbers A(S3) (cf. (4.2)) for g € B\{0} in order to construct our lifting to
a cusp form Fy on GLy(H) in the nonadelic setting. Actually, the A(3)s are
nothing but Fourier coefficients of Fy. The statement of our first result is
as follows (cf. Theorem 4.4).

THEOREM 1.1. Let f be a nonzero Mass cusp form which is an eigen-
function of the Atkin-Lehner involution. Then Fy is a nonzero cusp form
on GLa(H).

Another result is that the cuspidal representations generated by the
Fys are CAP representations of GLy(B) and provide counterexamples to
the Ramanujan conjecture. To be more precise, assume that f is a Hecke
eigenform. We can regard Fy as a cusp form on the adele group G(A) with
G = GLy(B). We can show that Fy is a Hecke eigenform (cf. Section 5).
Then, the strong multiplicity-one theorem proved by Badulescu and Renard
2], [3] implies that F; generates an irreducible cuspidal representation
= ®;< ~ Tp of G(A). By our detailed study on Hecke eigenvalues of F,
we can determine local representations m, for every p < oco. We can also
determine 7, explicitly at p = co by the calculation of the eigenvalue for the
Casimir operator. For this we note that every 7, is unramified (at p < co) or
spherical (at p = 00). We can show that 7, (respectively ) is nontempered
at every odd prime p (respectively tempered at p = 00). If we further assume
that f is a new form, we can also show the nontemperedness of 7, at p = 2.
These lead to the following theorem (cf. Theorems 6.7, 6.8).

THEOREM 1.2.

(1) Let f be a nonzero Hecke eigen cusp form, and let Fy be the lift. Let
op and mp be irreducible cuspidal representations generated by f and
F = Fy respectively. Then mf is nearly equivalent to an irreducible con-

stituent ofIndgj(X(f)ﬂdet]&l/Qaf X |det|11<2af). Here, Py is the standard
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parabolic subgroup of GLy4 with Levi subgroup GLs x GLo. Namely g
is a CAP representation.

(2) The cuspidal representations g are counterezamples to the Ramanugjan
conjecture.

GL4 (A —1/2
e (det |20y x

]det&/zaf). This is denoted by MW(of,2) in [3, §18]. Then n’ is a
noncuspidal, discrete series representation of GL4(A). Since oy is not the
image of a cuspidal representation of B, under the Jacquet-Langlands
correspondence, 7’ is B-compatible according to [3, Proposition 18.2, part
(a)]. Hence, there exists a discrete series representation 7 of GLa(Bjs) which

Let 7’ be the unique irreducible quotient of Ind

maps to 7' under the Jacquet-Langlands correspondence. Moreover, from
[3, Proposition 18.2, part (b)], the representation 7 has to be cuspidal. By
the strong multiplicity-one theorem for GLo(B), the representation 7 has
to be exactly the same as mr obtained from the classical construction. The
novelty of our method is that we obtain an explicit formula for the lift in
terms of Fourier expansions which are valid for non-Hecke eigenforms as
well. In addition, the classical method immediately shows that the lifting is
a linear nonzero map.

Let us remark that Grobner [9] has also obtained examples of CAP
representations for GLy(B) using the results of [3]. The example by Grobner
[9] has a nontempered local component at the archimedean place, while
our cuspidal representation m has a tempered local component at the
archimedean place, as is remarked above.

In terms of representation theory, one naturally asks whether our classical
construction of the lifting is understood by a theta lifting. It is shown in
[25] that the classical Saito-Kurokawa lifting is a theta lifting. In addition,
[8] shows that the classical lifting to GSpin(1, 4) obtained in [22] is also a
theta lifting. We expect that the lifting constructed in this paper is also
a theta lifting given by the theta correspondence between SL(2) and the
orthogonal group O(5,1) with the Witt index (5,1). One might have to
use the techniques from [8] to prove such a result. We do not address this
question in the current paper.

The outline of this paper is as follows. In Section 2, we first introduce
the basic notation of algebraic groups and Lie groups. Next, we introduce
the automorphic forms that concern us in this paper. In Section 3, we
study a zeta integral attached to a Maass cusp form. This is needed in
order to apply Maass converse theorem. Then, the explicit construction of
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cusp forms on GL(H) is given by lifts F; in Section 4. In Section 5, we
view Fy as a cusp form on the adele group G(A) and prove that, given
a Hecke eigenform f, F} is also a Hecke eigenform at every finite place.
Then, in Section 6, we determine the local components 7, of the cuspidal
representation 7 generated by Fy for all places p < oo. We thus see that =
is a CAP representation and provides a counterexample to the Ramanujan
conjecture.

§2. Basic notations

2.1 Algebraic groups, real Lie groups and the 5-dimensional
hyperbolic space
Let B be the definite quaternion algebra over Q with discriminant dp = 2.
The algebra B is given by B =Q + Qi + Qj + Qk with a basis {1, i, j, k}
characterized by the conditions

==k =-1, ij=—ji=k.

Let G be the Q-algebraic group defined by its group of Q-rational points

G(Q) = GLa(B).

Here, GL2(B) is the general linear group over B, which consists of elements
in M(B) whose reduced norms are nonzero. Let H= B ®qgR, which
is nothing but the Hamilton quaternion algebra R + R:+ Rj 4+ Rk. Let
H > z +— Z € H denote the main involution of H, and let tr(xz) =z +  and
v(x) := x be the reduced trace and the reduced norm of x € H respectively.
In what follows, we often use the notation |3|:= +/v(3) for 5 € H. We put
H~ := {z € H|tr(x) = 0} to be the set of pure quaternions, and H' := {x €
H|v(z)=1}.

Denote by G := GLga(H) the general linear group of degree two with
coeflicients in the Hamilton quaternion algebra H. The Lie group G' admits
an Iwasawa decomposition

G = ZtNAK,
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(2.1) A::{ay:: [\{)@ \/;1}

The subgroup Z7 is contained in the center of G, and K is a maximal

yeRi}, K :={keG|'kk=15}.

compact subgroup of GG, which is isomorphic to the definite symplectic group
of degree two.
Let us consider the quotient G/ZT K, which is realized as

{[g f”yem, er}.

This gives a realization of the 5-dimensional real hyperbolic space.

2.2 Lie algebras
The Lie algebra g of G is nothing but Msy(H), and has an Iwasawa

decomposition
g=3OnPadt.

s {[o [eend, wm{[? 2]|en).

(2.2) a::“t OHteR}, t:={X € My(H) |'X + X = 0.},

Here,

e}

)

0 —t

where 3, n, a and £ are the Lie algebras of Z*, N, A and K respectively.
We next consider the root space decomposition of g with respect to a.

Let H := [é _OJ , and let « be the linear form of a such that a(H) = 1. Then

{£2a} is the set of roots for (g, a). For z € H we put

(). |0 = ) (00
I C

The set {Eétll), Eég, Eéja) , Eg;)} (respectively {E(_lz)a, E(_i%a, E(_]ga, E(_kQ)a})

forms a basis of n (respectively a basis of n:= {[2 8} ’ x € H}) Let 34(8) :=

{X et|[X, A] =0 VA € a}, which coincides with

o o

Then 3 @ 34(€) @ a is the eigen space with the eigenvalue zero. We then see
from the root space decomposition of g with respect to a that g decomposes

a, deH}.
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into
0=(3®D3(t)®a)dnadn.
We also introduce the simple Lie group SLy(H) consisting of elements in
GL2(H) with their reduced norms 1. The Lie algebra go = slo(H) of SLo(H)

is the Lie algebra consisting of elements in Ms(H) with their reduced traces
zero. For this we note that

GLo(H)/Z* ~SLo(H), g/3~ go.

We introduce the differential operator €2 defined by the infinitesimal action
of

1 11 2
(2.3) Qi= o H — H+ o Y B
z€{1,i,5,k}

This differential operator §2 coincides with the infinitesimal action of the
Casimir element of gy (see [15, p. 293, Proposition 5.28]) on the space of
right K-invariant smooth functions of G/Z*. To check this we note that

[Eéz), E(_Zga] = H for z € H' and Iwasawa decompositions E(_ZZ)Q = Eé‘? +
(2 _02) for z € H. In what follows, we call 2 the Casimir operator.

2.3 Automorphic forms

For A € C and a discrete subgroup I' C SLo(R) we denote by S(I', ) the
space of Maass cusp forms of weight 0 on the complex upper half plane h
whose eigenvalue with respect to the hyperbolic Laplacian is —A\.

For a discrete subgroup I' C GLy(H) and r € C we denote by M(I, ) the
space of smooth functions F' on GLo(H) satisfying the following conditions:

(1) Q-F=—3(r*/4+1)F, where Q is the Casimir operator defined in
(2.3);

(2) for any (2,7,9,k) € Zt xT' x G x K, we have F(zvgk) = F(g);

(3) F is of moderate growth.

Let K,, with o € C, denote the modified Bessel function (see [1, §4.12]),
which satisfies the differential equation

Zd’ K,  dK,

0 Yy & (y* 4+ a®) K4 = 0.
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PROPOSITION 2.1. Let I" be an arithmetic subgroup of GLa(H), and let
Lr:={zeH|n(x) e NNT} and Lr be the dual lattice of Ly with respect
to tr. Then F'€ M(I',r) admits a Fourier expansion

F(n(@)a) =u(y) + Y CBWK =, (4n|Bly)e*™ 10,
BeLr\{0}
with a smooth function u on Rsg.

Proof. A Maass form F' € M(T; r) is left-invariant with respect to {n(f) |
g € Lr}. This implies that F(n(z + «)g) = F(n(x)g) holds for a € Lr and
g € G. Therefore, F' has an expansion

)= 3 W T,
BELr

with a smooth function Wj on RXY. For £ € H\{0} we put We(y):=
y~3/2We(y). From the condition Q - F = —3(r?/4 + 1)F we deduce that W
satisfies the differential equation

d 1 3+r?\\ . (Y
(dY2+< ity Ws <87r\,6’|>_0

for 8 € Lr\{0}, where Y := 87|3|y. This is precisely the differential equation
for the Whittaker function (see [1, §4.3]). With the Whittaker function
W /1, parametrized by (0, v/—1r) we thereby see that

F(n( )ay _u Z Cl 3/2WO’\/_71T(87T|B’y)€2wﬁtr(ﬂm),
peLr\{0}

with constants C’(3) depending only on 3. We now note the relation

2y
Wo,v=1-(2y) =\ K =1 (¥)

(see [21, §13, 13.18(iii), 13.18.9]). This means that F has the Fourier
expansion as in the statement of the proposition. 0

We consider the automorphic forms above with specified discrete sub-
groups of SLy(R) and GLy(H). As a discrete subgroup of SLa(R) we take
the congruence subgroup I'g(2) of level 2. For a choice of a discrete subgroup
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of GLo(H) we recall that B denotes the definite quaternion algebra over Q
with discriminant dg = 2. Up to B*-conjugation this has a unique maximal
order. In fact, we have the maximal order O given by

1+e+4+75+1j

O=Z+Zi+7j+7Z . :

which is called the Hurwitz order. As a discrete subgroup of GLo(H) we
take GL2(O).

PROPOSITION 2.2. The group GL2(O) is generated by
0 1 u 0 1 v
-1 0l’|0 1|’|0 1
Proof. Any element of the form {(())é ﬂ € GL2(0O) can be expressed as
a 0] 1 0] 1 o'
0 1] (0 4|10 1 '
We see that o, § € 0%, and thus o~ '3 € O. We note that
0 1][u 0]f0 =17 [1 0 o 1° [o -1
-1 0[O0 1|1 o] [0 w|’ |-1 Of |1 O]

These imply the assertion for {3 ? } € GL2(0O). Next, we have the following

UEOX,UGO}.

claim.
For a, b€ O with b # 0 there exist ¢, d € O such that a=cb+d, v(d)<
v(b). This follows from [16, Chap. I, Section 1, Corollary 1.8]. This reduces

jﬂ € GL2(0), v#0, to the previous case. This

completes the proof of the proposition. 0

Let G(A) = GLa(Bya), where By denotes the adelization of B, and let U be
the compact subgroup of G(A) given by [[,_ ., GL2(0)), where O), denotes
the p-adic completion of O at a finite prime p. Then, the class number of G
with respect to U is defined as the number of cosets in UG(R)\G(A)/G(Q).

We next put P to be a standard Q-parabolic subgroup of G whose group

of Q-rational points is P(Q) = { {g ’ﬂ € g(@)}. We now recall that, for an

arithmetic subgroup I' C G(Q), the cosets T\G(Q)/P(Q) are called the set
of I'-cusps.

the general case of [
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LEMMA 2.3.

(1) The class number of G with respect to U is one, namely we have G(A) =

G(QG(R)U.
(2) The number of cusps with respect to I' := GL2(O) is one.

Proof. According to [24, Theorem 8.11] the class number of a reductive
group over a number field F' is not greater than that of a parabolic F-
subgroup of it. Furthermore, the class number of a parabolic F-subgroup is
not greater than that of its Levi subgroup (see [24, Proposition 5.4]). Hence,
the class number of G with respect to U turns out to be not greater than that
of the Levi subgroup £ defined by the Q-rational points B* x B*. Since
the class number of B* with respect to Hp <00 O, s one, the class number
of G is also one, which means that G(A) = G(Q)G(R)U = UG(R)G(Q). This
completes the proof of (1).

The first assertion implies that there is a bijection

MG(Q)/P(Q) ~G(R)U\G(A)/P(Q).
Furthermore, note an Iwasawa decomposition

QLy(0,) - P(Q,) (v=p <o),

9(@) = {K~P(R) (v = 00)

at every place v < co. We can then reduce the counting of the number of
I'-cusps to that of the class number of the Levi subgroup £. This implies
that the number of cusps with respect to I' is one, and completes the proof
of the lemma. [

We define I'r as a subgroup GL2(O) generated by
0 -1 1 8
(24) [1 0 } : [O 1] (8 €0).
In what follows, we deal mainly with S(I'o(2); —( + (%)?)), M(I'r;7) and

M(GL2(0O), r). For this we should note that the Selberg conjecture for I'y(2)
is verified (cf. [12, Corollary 11.5]). This means the following.

PROPOSITION 2.4.  If S(To(2); —(% + (r/2)?)) # {0}, we have 1+
(r/2)? > %, namely we can assume that r € R.
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By Proposition 2.1, the Fourier expansion of F' € M(GL2(O), r) is then

written as
F(n(@)a,) = u(y)+ 3. CEWK g, (dmv(B)y)em/ T
Be5S\{0}
Z A(ﬁ)y2K\/f1T(2ﬁ‘ﬁ|y)e2W\/?1Re(ﬂﬂ:)7
BeS\{0}

with a smooth function u on Rsg. Here,
(2.5) S=7Z-1—-ij)+Z-(—i—ij)+Z-(—j—1j)+Z-2ij

is the dual lattice of O with respect to the bilinear form on H x H defined
by Re = % tr.

Now we introduce wy = 1 + ¢, which is a uniformizer of B®gQ2. We can
verify the following lemma by a direct computation.

LEMMA 2.5. We have S = wsO.
83. Some zeta integral of convolution type

In this section, we study certain zeta integrals which play a crucial role
in the proof of automorphy in Section 4.

Theta functions

Consider the space of harmonic polynomials of degree [ on H. These are
homogeneous polynomials of degree | and are annihilated by the Laplace
operator in 4 variables. We can act on this space by the cyclic group of
order 8 generated by 1\? € H. Let {P,,}, denote a basis for this space
consisting of eigenvectors under the above action. Hence,

1+1
3.1 Pz/ J;:VPVCC7
(3.1) z,(ﬁ)ez,z,u

for some 8th root of unity ¢ ,. Define the following theta function:

32 6= Y P (B TE 3 oI
Bes m=0

on the complex upper half plane b, where b(m):= Z,BGS, 82=m P,(B).
Since S is invariant under 3+ —3 and P, (—z) = (—1)'P,,(z), we see that
©;., (%) is the zero function if [ is odd.

LEMMA 3.1. Letl be an even nonnegative integer. Let O, be as defined
in (3.2), with Py, satisfying (3.1). Then Oy, is a holomorphic modular form
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of weight | + 2 with respect to To(2), and is a cusp form if | = 2. Moreover,
we have the following transformation formula:

_1 _
(3.3) O, <2Z> =, 2220, (2).

Proof. Set

B= . and A='BB

-1 -1 -1 2

By (2.5), we see that the map z ~ Bz is a bijection from Z* ~7Z + Zi +
Zj+ Zk to B(Z*)~S. Here, we consider z as a column vector. For P,
in the statement of the lemma, set P(z):= P,,(Bx),x € Z* Then P is
a homogeneous polynomial in 4 variables of degree [ annihilated by the
operator

82
AA = Z bz7jm, where A (bl,])
3,7=1
One can then see that ©;,(z) = O(z; A, P), where

Z A, P Z P QW\/jlitmfmz
mezZ4

is as defined in [20, Corollary 4.9.5]. Since all diagonal entries of A and 247!
are even, [20, part (3) of Corollary 4.9.5] implies that ©;, is a holomorphic
modular form of weight [ + 2 with respect to I'g(2), and is a cusp form if
[ > 2. Once again, by [20, part (3) of Corollary 4.9.5], we have

(C) (;, A, P) = 72”'12”'2@(2; A* P*),

where A* =241 and P*(z) = P(A~'z) = P,,(*B~x). Note that the map
z — 'B7 1z can be regarded as a bijection between Z* and O. Hence, we see

that
@ Z A* P* Z .Pl 27T\/jllﬁ‘22
BeO
=€, —1g-1/2 Z b(2m)e 2my/=Imz _ 6;}2_1/291,;/(,2).

m=0
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Here, we have used Lemma 2.5 and (3.1). This completes the proof of the
lemma. il

Eisenstein series with respect to I'y(2)
We introduce an Eisenstein series

5 (r 4 7Tl/2r(s+é+1)
Eoo(2, 5) := (4m) EORE

Y€l \T'0(2

(T T()C(25)) 5

on h with a complex parameter s, where I'y := { [(1) ﬂ ‘ m € Z}. The
Eisenstein series satisfies the following functional equation.

LEMMA 3.2. Let Fy(z,s):=(z/|2))*2Ex(—1/22,5). Then the func-
tional equation

B 22372 B 2371(1 _ 22371) B
Eoo(zvl_s>:mEoo(z> S)+ 1 — 9252 EO(Z> S)
holds.
Proof. This is settled by the argument in [7, Lemma 7] with the help of
the formula for the scattering matrices in [12, §11.2]. 0

Let f € S(To(2); —(% + (r/2)?)) be an eigenfunction with respect to the
Atkin-Lehner involution; that is, f(—1/2z)=ef(z) with some e € {£1}.
Suppose the form f has the Fourier expansion

flx+V-1y) = Z c(n)WoymT (47T|n|y)€2”ﬁ”x,
nez\{0} :
where Wo, V=Tr/2 denotes the Whittaker function with the parameter

(0,v/—1r/2). Let | be an even nonnegative integer. Let ©y,, be as defined in
(3.2), with P, satisfying (3.1). Let Ex (%, s) be the Eisenstein series defined

in (3.4). Let the zeta integral I(s) be defined by
(3.5) I(s) = / F(2)010(2) Bz, 8)y +22 2.
To(2)\h Y

A similar Rankin-Selberg integral was considered in [7, Theorem 6] (see also
[22, (3.16)]). This integral is the main tool to prove the analytic properties
of certain Dirichlet series associated with the lifting defined in Section 4.
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We would like to remark that the integral I(s) is, in general, not Eulerian
and does not represent an L-function of f.

By Lemma 3.1, the above integral is well defined. Let us now state the
theorem of this section.

THEOREM 3.3. The zeta integral I(s) is entire and is bounded on vertical
strips. When €€, =1, we have

(25 —D)I(s) = (2" = DI(1 —s).
When €€, = —1, we have
(28 + 1)I(s) = (2" + 1)I(1 — s).

Proof. The entireness and boundedness on vertical strips of I(s) are
verified by the same argument as [22, §3.2]. We put

Io(s) = / F(2)Ouy(2) Bolz, s)y 2%
To(2)\h

Y2
Since I'g(2) is stable under conjugation by [7\/5 1/\/5} € SLe(R), we can

make a change of variable 2+ —1/(2z). Now, using the assumption
f(—1/2z) =€f(z), (3.3) and the definition of Ey(z, s), we have

1 1\ - 1 ~1\"*?2 dxdy
I = a5 v 5. E, ) I 5.
o= [ ) o (o2 Bo () () 52

RN 14+2/2
X il Ex(z,s) J dady
z 222 Y’

= —el_,uleI(s).

From Lemma 3.2, we deduce
22372 2371(1 _ 22571)

I(l o S) = 1 _ 92s—2 §)+ 1 _ 92s—2

Observe that

25 -1
9252 L 2511 — 22 STEr— if ,6=1,
1222 w922 | 2941
2174-1 lf 6[71,6 =-1
We have therefore proved the theorem. 0
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84. Construction of the lifting

We now construct a lifting map from S(I'g(2); —(F +r?/4)) to
M(GL2(0O); ), which is an analog of that of Pitale [22]. The fundamental
tool of our study is the converse theorem by Maass [19].

THEOREM 4.1. (Maass) Let {A(B)}ges\{0} be a sequence of complex
numbers such that

A(B)=0(BI") (3K>0),
and put

F(n(z)ay) = > AB)K =, (21| Bly)e V1 Relo),
BES\{0}

For a harmonic polynomial P on H of degree | we introduce

which converges for Re(s) > 1+ 4+ /2. Let {P,,}, be a basis of harmonic
polynomials on H of degree [.

Then F € M(T'p;r) is equivalent to the condition that, for any I, v, the
&(s, Py) satisfies the following three conditions.

1

(1) It has analytic continuation to the whole complex plane.
(2) It is bounded on any vertical strip of the complex plane.
(3)

3) The functional equation

E2+1—s,P)=(-1)"¢(s, Po)
holds, where P(z):= P(Z) for x € H.

Recall that I'r is defined in (2.4). For this theorem we remark that the
infinitesimal action of the Casimir operator {2 on the space of smooth right
K-invariant functions on G/Z can be identified with a constant multiple
g ﬂ ‘ xeH,ye Ri} (for the hyperbolic
Laplacian, see [19, (3)]). We can therefore follow the argument in [19, §2] to
see that this theorem is useful also for our situation.

We wish to define {A(B)}ges\ 0y from Fourier coefficients c(n) of
f€STo(2); —(5 +72/4)). Let wy =1+ 14, as before. An easy computation
shows that weO = Owsy. This allows us to write any S € O uniquely as

of the hyperbolic Laplacian on {[
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B =wydf’, where u>0, d is an odd integer and 8’ € O is neither of the
form w9 ) with some nonzero ), € O nor a multiple of an element of O
by an odd integer. Hence, we can define @w3|8 by m < u with u as above.
Recall that, by Lemma 2.5, we have S = woO. It thus makes sense to define
the set SP"™ of primitive elements in S by

(4.1) SPim.=18¢c S\{0} | wa | B, w3tB, dip for all odd integers d},

where d{ 8 for d € Z means that ( is not a multiple of an element in S by
d.

PROPOSITION 4.2. Let B € S\{0} be expressed as
B = w2ud1807

where u is a nonnegative integer, d is an odd integer and By € SP™. Given
f€STo(2); —(5 +1%/4)) with Fourier coefficients c(n) and eigenvalue € €
{£1} of the Atkin—Lehner involution, we set

u 2
(12) AB) =18 Y. (e (~5in 3 )

t=0 n|d

Let {P,,}, be a basis of harmonic polynomials on H of degree | satisfying
(3.1). Then we have
(4.3)

: (S Lot ) _ {zl—l/%—(l“)(zs —ear)(s) if e, € {1},

— + —
2 2 0 if €1, & {1},

and the £(s, Py,) satisfies the three analytic conditions in Theorem 4.1.

Proof. Note that, if [ is odd, then (s, P,,,) =0, since A(S) is invariant
under 8+ —f and P, is homogeneous of degree [. For this we remark
that, from Section 3, I(s) =0 also holds when [ is odd. From now on we
assume that [ is even. Now suppose that the condition ¢, ¢ {£1} is satisfied,
which is equivalent to elz,y # 1. We see that P, (i) = elz,yPlﬂ,(B) # P, (B)
for f € H. In addition, we note that A(iB3)|iB|~2 = A(B)|B|72° for B € S.
In the definition of &(s, P,), we can replace S by iS. Hence, we obtain
&(s,Py) =0, if ¢, & {£1}.

We now assume that ¢, € {£1}. By a formal calculation similar to [22,
Proposition 3.5] we get
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WT> <s—|—l 1 mr>

2 2 2

I — —252—25—1F -
(s)=m ( +t5 + 5t 5

>~ c(—m)b(2
i 5 ot
m=1
We put  Ty,(s)=a@HEID(s +1/2+ 2 + /=1r/2)[(s +1/2+ 5 —
V—1r/2). We have
A(B)P,.(B)

[ 1
St 5+ 5Pw) =Tuls) D gy
pes\{o}

>3 e Prul)
t=0 n
=Tl 3

pes\{0}
2t+1 2 ) P, V(Qt/2 )
SLCIP P I o S
(2tn st
BeS\{0} t=0 n|d 2‘n2

=F1,r(3)zz Z iz

u=0 d>1 BeSprim t=0 nld
d:odd

c(—3lm3 "2 Bol*) (—eer)' P (@ " 1 Bo)
(2tn2) |w5*t%BO|2(s+l/2)

3[@5nBI*) Py (whnf)
X Z (ZZ Z 2S€l 2€u2t( )2s|w2n;|2(s+l/2))

d>1 t=0 n\d [3€Spr1m
d:od
T (s) = 1 1
=Lirls Z s U Z 2s
= (—2%€¢,€) = d

d:odd
(m) S P

o
BES,|B|*=2m
x> (2m)=+1/2

m=1

— 9l-l/2 2 —1 9—2s—1p ¢(2s) i - 2m)
25 + ¢ € L t mSJrl/2

= 2112095 _ ¢ Le)I(s).
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We note that &(s, P,,) = £(s, P,,) since S = S. The formula just proved and
Theorem 3.3 then imply that {(s, P, ) satisfies the desired three analytic
properties in Theorem 4.1. 0

REMARK 4.3. Note that the definition (4.2) of A(f) is very similar to
the formula for the Fourier coefficient of the lift in the Saito-Kurokawa case
(see [7, page 348]) and the GSpin(1, 4) case [22, (3.4)].

THEOREM 4.4. Let f € S(To(2); —(% +r?/4)) with Fourier coefficients
c(n) and with eigenvalue € of the Atkin—Lehner involution. Define

Fr(n()ay) ==Y AB)*K =1, (2r|Bly)e*m 71 Reldo)
BeS\{0}

with {A(B)}ges\{oy defined by (4.2). Then we have Fy € M(GL2(O);r) and
Fy is a cusp form. Furthermore, Fy Z0 if f #Z0.

Proof. We can verify the left invariance of F; with respect to
{[g ﬂ |ue OX} in a straightforward way. Proposition 2.2, Theorem 4.1
and Proposition 4.2 thus imply Fy € M(GL2(O); r). Since GL2(O) has only
one cusp (see Lemma 2.3), the Fourier expansion of Fy means that F is
cuspidal. To show the nonvanishing we need the following lemma.

LEMMA 4.5, Let f € S(To(2); —(3 +7%/4)\{0} with Fourier coeffi-
cients c¢(n) and with eigenvalue € of the Atkin—Lehner involution. Then,
there exist N >0, N € Z, such that ¢(—N) # 0.

Proof. Assume that c¢(n) =0 for all n < 0. Set fi(2) = (f(z) + f(—%))/2
and fo(2) = (f(2) — f(—2))/2. Then, f1, f> are elements of S(I'(2); —(§ +
r2/4)) with the same eigenvalue ¢ of the Atkin-Lehner involution as f.
In addition, f; is an even Maass form and f, is an odd Maass form,
with the property that they have the exact same Fourier coefficients
corresponding to positive indices. This implies that the L-functions for f;
and fo satisfy L(s, f1) = L(s, f2). On the other hand, L(s, f1) and L(s, f2)
satisfy functional equations with the gamma factors shifted by 1. Here,
we use that both f; and fo have the same Atkin—Lehner eigenvalue. If
L(s, f1) # 0, we obtain an identity of gamma factors, which can be checked
to be impossible. This gives us that f has to be zero, a contradiction. U

Let Ny be the smallest positive integer such that ¢(—Ny) # 0. Let Sy € O
be such that |£y|? = Ng. Choose B = ws/3y. Then, by the choice of Ny and
the definition of A(3), we see that A(f3) = /2Noc(—Ny) # 0, as required. []
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REMARK 4.6. Weyl’s law for congruence subgroups of SLy(Z) by Sel-
berg (cf. [12, §11.1]) implies that there exist Maass cusp forms for I'g(2).
This and the theorem above imply the existence of nonzero lifts FY.

85. Actions of Hecke operators on the lifting

5.1 Adelization of automorphic forms

To study the actions of Hecke operators on our cusp forms constructed
by the lifting we need both adelic and nonadelic treatments of automorphic
forms.

For a complex number r € C we introduce another space M(G(A), r) of
automorphic forms for G.

DEFINITION 5.1. Let M(G(A), r) be the space of smooth functions ® on
G(A) satisfying the following conditions:

(1) @(2ygufus) =P(g) for any (z,7,9,ur, ux) € Zo x G(Q) X G(A) x
U x K, where Z, denotes the center of G(A);

(2) Q- P®(goo) = —5(r?/4 4+ 1)®(goo) for any goo € G(R) = GLy(H);

(3) @ is of moderate growth.

According to part (1) of Lemma 2.3, the class number of G with respect
to U is one, which means that G(A) = G(Q)G(R)U. We can thus view F €
M(GL2(0O), r) as a smooth function & on G(A) by

Pr(Vgootif) = Fgoo) V(7 oo ug) € G(Q) x G(R) x U.
We therefore see the following.
LEMMA 5.2. We have an isomorphism M(GL2(O),r) >~ M(G(A),r).

5.2 Hecke operators

For each place p<oo, let G, := GLy(B,), with B, =B ®g Q,. For a
finite prime p # 2, we have GLa(Bp)~ GL4(Qp). Let O, be the p-adic
completion of O for p < oco. For a finite prime p # 2, O, ~ My(Z,) and
GL2(0p) ~ GL4(Zy). Set K, = GL2(0O,,) for p < oco.

We denote by H,=H(Gp, K,) the Hecke algebra for GLy(B,) with
respect to GL2(O)) for p < co. According to [26, §8, Theorem 6], H, has
the following generators:

{{%ﬂ, 2} if p=2,
{¢1il) ¢27 ¢37 ¢)4} lfp#Q
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Here, 1, @2 denote the characteristic functions for

wy 0 wy 0
51 [ e w7 9k
respectively, and ¢1, ¢2, ¢3, ¢4 denote the characteristic functions for
p p
p p
K K, K K,
p D py p D P
P 1
p p
P 1
(5'2) Kp 1 Kp7 Kp 1 Kp
1 1

respectively when p # 2. Recall that s denotes a prime element of By. We
want to obtain the single coset decomposition for the above double cosets.
For that, we next review the Bruhat decomposition of K, given by

K,= | | TwT,,
weW,
where W, denotes the Weyl group of GLa(B)), and T}, is the subgroup
of elements in K, which are upper triangular modulo p for an odd
p (respectively, upper triangular modulo wwyOs for p = 2).

Let N, be the standard maximal unipotent subgroup of GL2(B))
defined over Q,. We put N)(Z,) := T, N *N,(Q,). We furthermore introduce
N(Zp) = Np(Qp) N K, and D(Z,) = D,(Qp) N K, where D, denotes the
subgroup of diagonal matrices in GLy(B,). Then we have the Iwahori
decomposition

T, = N(ZP)D(ZP)Ng(Zp)
(see [13, Theorem 2.5]). Let h be one of

p p

14 (OI‘ 12)7 P P ) P D )

P 1
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LEMMA 5.3.
KhKy= || N(Zp)whkK,,
weWp /Wy (h)
where Wy(h) := {w € W, | whw™! = h}.

To describe this coset decomposition of K,hK, explicitly, we need a set of
representatives for W, /W,(h).

LEMMA 5.4.

(1) Letp=2. For h= [732 ﬂ we can take

0 1
{1 o}
as a set of representatives for Wo/Wo(h).
(2) Letp#2.

p
(a) When h = [ pp ] we can take
1

0 0 0 1 1 0 0 O 1 0 0 0
1 0100 0 001 0100
Y 1oo10l” 0010l 0001
1 000 0100 0010
as a set of representatives for W, /Wy (h).
P
(b) Whenh:[ 11 ] we can take
1
0 0 0 1 0 010 01 0 0
1 01 0 O 01 0 0 1 0 0 O
Y 1oo1ol”|tooo0l”]0oo010
1 000 0 001 0 001

as a set of representatives for W, /Wy(h).
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P
c) Whenh=| " we can take
(c) L
1

0010 0 0 01

1 0100 0100
1 o000[”]0010

0 001 1 000

1 0 00 0 0

0 001 00

0 01 0of”{1 O

01 00 0 1

as a set of representatives for W, /Wy(h).

By Lemmas 5.3 and 5.4, we are now able to
decomposition of K,hK, explicitly.

LEMMA 5.5.

(1) Letp=2 and h= ﬁ)z ﬂ . We have

)

SO RO OO O

o O O

write

O O = O
o o O

—— O R O O

down the coset

10 wy 0 [1 oy Ly
KyhKy = [0 WQ] KU |_| [0 1} [O 1 ]KQ
€02 /w202

(2) Let p+#2.
P
(a) For h= [ pp ] we have
1
P 1 pla
P 1 plz
K hK, = | | R
P T34 1
214,224,234 €Ly /DLy
1 1
P T2
1
U K
9612€|Z_p|/PZp P ’
b
P 1 p Lz
P 1 p_1x23
x13,223€Zp /pLp p 1
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P Ti12
1
K,hK, = | ] )
x12,213,214€ZLp /DLy 1
1 plzs play
1
X 1 Kp
1
1
U 1 K,
P T34
©34€Lyp /DLy 1
1 1
—1 1
P 1 p~ze3 p x4
U L 1 1 Ky
23,024€Lp [PLyp 1 1
1
1
L 1 K,.
p
p
(¢) For h= [ pl ] we have
1
b
p
K,hK, = | ] )
*13,%14,%23,224 €Ly [ pLyp 1
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1 p iz plai
1 plagy plaw
X 1 Kp
1
1 1
-1
p 1 P %24
L K
|—| P T34 1 P
%24,234€Zp [ pLyp
1 1
1 1
P 1 plags
©23€Zp /DLy P 1
p {1312 ]. p_1x14
1 1
L K
|_| P X34 1 P
*12,214,234€Zp [pLyp 1 1
D 12 1 p s
g |_| 1 1 K
7. 7. 1 ! ’
212,213€Zp /pLp P 1
1
1
LJ K,.
P p
p

We can now describe the actions of the Hecke operators defined by the
K,hKy,s above. With the invariant measure dz of G, normalized so that
pr dz =1, we define K,hK), - ® by

(KphK, - ®)(9) ::/g charg, nx, (z)®(gr)dw

for ® € M(G(A), r), where charg, ., denotes the characteristic function for
KyhK,.

We provide the nonadelic description of K,hK), - ®, which enables us to
describe explicitly the influence of the K,hKpy-action on Fourier coefficients
of the lifting F.

https://doi.org/10.1017/nmj.2016.15 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.15

LIFTING TO GL(2) OVER A DIVISION QUATERNION ALGEBRA 161
To this end we now introduce the sets

Cp:={acO|v(a)=p}/O*, C):={x€ My(Zy)|det(r) =p}/GLa(Zp),
(5.3)

and state the following lemma.

LEMMA 5.6.

(1) There is a bijection

o

(2) For an odd prime p, the isomorphism O, ~ M(Zy) induces the bijection
Cp~C,,.

Proof. The first assertion is verified by a direct calculation. We prove
the second assertion. As is remarked in the proof of [22, Proposition 5.2], we
have #C), = p + 1. Under the isomorphism O, ~ M5(Z,), we can regard any
element in O as one lying in M>(Z,). Any two inequivalent representatives of
C), are not equivalent to each other in {x € M>(Z,) | det(x) =p}/GL2(Zp).
Otherwise there are two inequivalent representatives a1 and ag of €}, which
are equivalent under O/ -action for all primes [, since oy /as € O for all
primes [. Note here that O ~ GLy(Z;) for any odd primes [. This, however,
implies that two such representatives are equivalent to each other in C),. We
therefore know that there is a injection from C), into {x € M3(Z,) | det(x) =
p}/GLa(Zy). Since the latter set also has p + 1 representatives as in the
statement, the injection is actually a bijection. U

Let F € M(GL2(O),r) correspond to ®. By K,hK,-F we denote the
cusp form in M (GL2(O), r) corresponding to K,hK), - . Due to Lemma 2.3,
G(Q)\G(A)/U has a complete set of representatives in G(R), where G(R)
is viewed as a subgroup of G(A) in the usual manner. The cusp form
K,hK, - ® is thereby determined by its restriction to G(R), which is nothing
but K,hK, - F. Moreover, we remark that an element in M (GL2(0O),r) is
determined by its restriction to NA = {n(z)a, |z € H, y € R}} (see (2.1)).

PROPOSITION 5.7. Let K ,hK,, - F' be as above, and let n(x) and a, be
as defined in (2.1). For p odd, let C), be as defined in (5.3).
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(1) Letp=2, and let h = h;z ﬂ . We have

(KohKs - F)(n(z)ay) = F(n(wax)agz,) + 22F(n(w2_1x)a2_1/2y).

(2) Let p+#2.

P
(a) When h= [ pp , we have
1

(KphKy - F)(n(x)ay) = Y F(n(ax)a,z,)
acC)p

+ p? Z F(n(wail)apq/zy).
acCy

, we have

P
(b) Whenh:[ Y
1

(KphKy - F)(n(x)ay) = Y F(n(za)a,z,)
acC)p

+p? Z F(n(ailx)apfl/zy).
acCy

P
(c) Whenh:[ pl ],we have
1

(KphK, - F)(n(z)ay) = F(n(pz)ay,) + p'F(n(p~'2)a,1,)
+p Y, F(n(oy'zas)ay).
(Oq,az)ECpXCp

Proof. We prove only (2c). The other cases are settled similarly. We
make use of the isomorphism v : O, = M5(Z,), given explicitly as follows.
Since p is odd, we can find r, s € Z, such that 14 r2 + s> =0. Then, we
have

. . .. ag — ai1r — azs —as — a18 + asr

4 =

(5:4) Wlao + ari+ azj + azij) [ag —a1s + agr ap + air + ass

Let z1, o, x3, x4 € O such that

s [go] +3a02). v |oo] a0,
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vane | Vo] + 0002, v e |o)] a0,

For example, let ro,so €{0,1,...,p—1} such that r —rg, s — s9 € pZ,.
Then, we can choose x4 = p;rl (1 —rpi — spj), where note that 2%1 € 7 since
p is odd. Denote by ag, a1, aa, . . ., o, the representatives of Cj, such that

@Z)(ao)e[lp}GLg(Zp) and ¢(a,~)e{pﬂGLg(ZP) foric{l,... p}

The left coset decomposition of K,hK), in part (2c) of Lemma 5.5 can be
rewritten as

o= L[S
N P} {M ti((ﬁ)] [w(%) wwn}KP
o U [POSE[
SN Rt i R
s U [ONEI

S T

w@)]

We note that (K,hK,®)((n(r)ay)so [[,<o0 1v) is the sum of terms of the
form @((n(x)ay)oo - Vp * [1yp0o 1v), Where v, runs over the single coset rep-
resentatives above. Since we have chosen the coset representatives v, above
in Ma(0), B((n(2)ay)se - % [l gy oo 1) = P35 1)y )ow [Ty 1) =
F(v, 'n(x)ay). Here, we have used the left G(Q)-invariance and right K-
invariance of .

Next, we substitute the Fourier expansion of F' and perform an appropri-
ate change of variable for 8 to get the proposition. Note that, for the first
set of left cosets, we have to use that O/pO 3 z +— exp(2mi Re(Bz/p)) is a
nontrivial character of (Z/pZ)* if and only if p does not divide /3. [
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For this proposition we remark that the formulas above do not depend
on the choices of representatives of C), since F' is left- and right-invariant
with respect to {[ul W] | ui, ugz € O*}. Let the Fourier decomposition of
(KphK, - F) be given by

(KphK, - F)(n(z)ay) = Z (KphKy - F)ﬁyQKﬁT(2W\B|y)e2”ﬁRe(5@,
peS\{0}

The next proposition provides a formula for (K,hK, - F')g in terms of the
Fourier coefficients A(3) of F.

PROPOSITION 5.8.

(1) Let p=2, and let h= [Tﬁ ﬂ . We obtain

(K2hKs - F)g =2(A(Bwy ') + A(Bwa)).

(2) Let p be an odd prime, and let 5 € S\{0}.

(a) When h = [ pp ],
1

(KphKy, Fla=p | > A(Ba~)+ Y Aap)

acCy acCy

(b) Whenh—[ Y ]
1

(KphKy-Flg=p [ > Ala™'8)+ > A(Ba)

el el
. p
(¢) When h [ L j ,
(KphK, - F)g = p*(Alp~'8) + A(pB))

+p Z A(ay! o).

(01,02)€C,xCYp
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For this proposition we note that the automorphy of F' with respect
to {[™ w) U1, up € OF} implies A(u1fBug) = A(B) for e S\{0} and
ug, ug € O*. From this we see that the formulas in (2b) and (2c¢) do not
depend on the choices of representatives for C,. For (2a) we furthermore
see that, given any complete set {a; |0 < i< p} of representatives for Cp,
{@; | 0 <i < p} also forms such a set. As a result, we see that the formula
in (2a) is also not dependent on the choices of representatives for C,.

5.3 Hecke equivariance for p =2

Let f € S(To(2); —(5 +7%/4)) be a new form (for the definition see [12,
§8.5]) with Hecke eigenvalue A, for p=2. By the Hecke eigenvalue Ay we
mean the eigenvalue of f for the U(2) operator defined by the action of the
double coset I'g(2)[ ! 5] T'9(2). Let us also assume that f is an eigenfunction
of the Atkin—Lehner involution with eigenvalue €. It can be checked that Ao
and € are related by

(5.5) Ao = —€.

Using the single coset decomposition

o(2) [1 2]F0(2) =T0(2) [1 ;] L To(2) [1 2],

f <Z‘2H) +1(2) =xf2)

In terms of Fourier coefficients of f, using (5.5), we get

A
gc(m) = —gc(m), for all m € Z.

PROPOSITION 5.9. Let f € S(I'o(2); —(5 +%/4)) be a new form and an
eigenfunction of the Atkin—Lehner involution with eigenvalue €. Let F' = Fy

be as defined in Theorem 4.4. Then,

(5.7) (Kg [m J K2> F = —3/2¢F.

we get

(5.6) c(2m) =

Proof. Let f=wydfy be a decomposition according to Proposition 4.2.
Hence, u > 0, d is odd and £y € SP™™. Using (5.5) and (5.6), we see that

A = @ = DA Y[ 50,
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. _1812
A) = (22 = DB (o)
nld

Ay ) = @~ (VD18 Y (S ).

2n2
nld

Note that, if w =0, then A(ﬁw;l) =0, and so is the right-hand side of the
third equality above. We have

_ 3
V2

2u+2 -1

7% (2vtt —1).

+ (2" —1)V2

Hence, we have
2(A(Bw2) + APy 1)) = —3v2¢A(B).
The proposition now follows from part (1) of Proposition 5.8. U

5.4 Hecke equivariance for odd primes

We assume that f € S(Io(2); —(3 +1?/4)) is a Hecke eigenform with
Hecke eigenvalue A, for every odd prime p, but do not assume that f is
a new form. In terms of Fourier coefficients of f, the Hecke relation is given
by

(5.8) p2c(pn) + p~e(n/p) = Ape(n),

where c¢(n/p) is assumed to be zero if p does not divide n. The following
lemma will play a key role in the computation of the Hecke operator.

LEMMA 5.10. Let 8 € SP"™, Then,

1 ifpllBP,

(5.9  #{acCyip|fa}=#{acCy:plaf) = {o i p N8P

In addition, p* does not divide a3 or Ba for any o € Cp.

Proof. Note that, by taking conjugates, it is enough to prove the
statement of the lemma for {a€ C)p:p|Ba} for all . Taking norms, it
is clear that p does not divide Ba if p does not divide |3|?. Hence, assume
that p divides |3]2. Let 8 = 1 + B2i + (3 + Baij. The conditions p||3|? and
p [, imply that there is a pair amongst the set {f1, B2, 83, 4} which
does not satisfy 22+ y?>=0 (mod p). From the proof it will be clear
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that we can take, without loss of generality, 83 + 8% 0 (mod p). Let
a=ag + agi + azj + agij. The condition p|fa is equivalent to the following
matrix equation modulo p:

Br —B2 —B3 —Ba| |
Bo B1 —Bs B3| |2
Bs Bs B —B2| |3
Bs —B3 B2 B1] [

Pg

|
oo oo

The matrix Py considered over Zj, has rank 2. By our assumption B3+ B3 #
0 (mod p), we see that the kernel of Pj is spanned by the first two rows of
Pgs. Hence, « is given by

a1 =ap +bB2, az=—afs+bB1, az=—af3—bBs, a4=—aBs+bBs,

for some a, b € Z,. This gives us a3 + af = (a® + b?)(63 + 87) # 0. This is
because, by assumption, 83 + 83 # 0, and |a|* = (a® + b%)|B]? and p? does
not divide |a/?.

In [23, page 69], it is shown that the set S;={a€Cp:a?+a?#
0 (mod p)} is in bijection with the set So = {(z,y) € Z, X Zp : 2> + y* + 1 =
0 (mod p)}. The map from S; to Sz is given as follows. For o € S}, we obtain
(Zas Yo) as the solution to the matrix equation modulo p given by

el =)

One can check that (z,y) € S for the following choice of z and y:

(5.10) oo P13 — Babs Y- Pafs — Bafr

Bi+pf B3 + B
If we take o € S7 to be the preimage of the above (x, y), then we can check
that a € Ker(P3). On the other hand, if o € C}, belongs to Ker(P3), then it
can also be checked that the corresponding (z,, yo) are equivalent modulo
p to those in (5.10). This completes the proof of (5.9).
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If p? divides Sa or af for some o € C)p, then it is clear that § cannot be
primitive. This completes the proof of the lemma. 0

PROPOSITION 5.11. Let f € S(I'(2); —(§ + r?/4)) be a Hecke eigenform
with Hecke eigenvalue A, for every odd prime p. Let F'= Fy be as defined
in Theorem 4.4. For an odd prime p we then have

p p
1
K,| P K, | F=|K, K, | F=plp+1)\F.

(5.11)

Proof. Using Proposition 5.8 we can show that, if the Fourier coefficients
satisfy A(B) = A(B) for all B € S and the second equality in (5.11) holds,
then so does the first equality. Since the Fourier coefficients of ' = F; satisfy
the above condition, we are reduced to showing the second equality in (5.11).

We will compute the action of the Hecke operator on the Fourier
coefficients A(f) of F. Since all the computations only involve the prime
p, it will be enough to consider the case § = p* By with s > 0 and By € SPH™,

For such a 3, we have
=p°|Bol Z ( )

Note that a~!8y = (1/p)afy for a € B with v(a) = p. Hence, for such «,
a~1By € S if and only if p divides afp.

Let us first consider the case where p does not divide |3|?. Hence, by
Lemma 5.10, we see that a~ '8y & S and p does not divide Sy for any
a € Cp. Hence, for any a € C)p, we have

‘B ’2 2s—2k

s B 2, 2s+1—2k
(5.12) A(Ba) = vop®lBol D C(ng)

k=0

and

s—1

3 1 s ’,60’2 2s—1—2k
s A= Ll 5 (A
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Note that, if s =0, both the left- and right-hand sides of the last equation
are zero. Now, using (5.8), we get for any a € C),

A(a=18) + A(Ba) = pslﬁo|(§ (p—1/2c(

_|50|2 2s—1—2k

)
2

) et
0l |<Z)\pc<—\ﬂo\2 25— Qk) +/\pc<—!§0!2))

= M A(B)-

—i—pl/QC(

Now, using the fact that the number of elements in C), is p+ 1 and part
(2b) of Proposition 5.8, we get the result.

Next, let us assume that p divides |3p|?. By Lemma 5.10, there is a unique
a1 € O, such that p divides Spor1, and a unique ap € C), such that aglﬁo €s.
If a € ), but a # ay, then the formula for A(Sa) is the same as in (5.12).
For a = a1, we have

+1 _
S |ﬁ |2p23+1 2k

A(Bar) = /pp°|Bol Z C(%)'
k=0

For o € C, but a # g, the formula for A(a™!f) is the same as in (5.13).
For a = a5, we have

Aoy pIﬁIZ(

Hence, we get the following:

> (A(a™'B) + A(Ba))

acC)y

’/3 ’2 2s—1—2k

).

s—1 —|50|2 25s—1—2k

=ppsﬁo![ip1/2 (%’2 i 2k> Jer’Wc(—p2 )}
k=0 k=0

s+1

oIl 3 p' e o(FHE zp (UL

https://doi.org/10.1017/nmj.2016.15 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.15

170 M. MUTO, H. NARITA AND A. PITALE

:pps‘ﬁo[sziApc(W>+p1/zc(—|520|2p)]
k=0

+p°|Bo |{ - )\pC<W>+pl/zc<_|§?|2>}
k=0

= M A(B) + pp|Bol [ 82_: /W(WMC)

k=0
sa . —1Bol*p 12 (—Bol?
+p126< 2 )+p126( % )]
=AM A(B) + PApA(B) = (p + 1)AA(B).

This completes the proof of the proposition. [

PROPOSITION 5.12. Let f € S(T'o(2); —(§ + r?/4)) be a Hecke eigenform
with Hecke eigenvalue A, for every odd prime p. Let F'= Fy be as defined
i Theorem 4.4. For an odd prime p we then have

p
(5.14) K,| P K, | F= (@2 +p*+p)F.
1

Proof. First observe that, using (5.8), one can show that, for all n,
(5.15) pe(np®) = (A — De(n) — p~ 2 Ape(n/p).
If we assume that p|n, then we can get another identity given by
(5.16) pe(np®) +p~te(n/p?) = (A — 2)e(n).

As in the proof of Proposition 5.11, we can assume that 8 = p°By, where
s >0 and Sy € SP'™, Let us abbreviate v,(3) = s. For such a 8 we have

—p |50|Z ( \50’2 25— Qk)‘

Hence,
s+1 1Bo ‘2 25—2k+2

AwR) =p 0l 3 (= )
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Ap~'B) = “!6!2( ).

Next, we need to compute Y A(a] ! Bag) where the sum is over all ay, ag in
C,. We consider three cases depending on whether p f|5o|?, or p||Bo|? but
p? [1Bol? or p?| |Bol*.

Case 1: Let us assume that p /|Bo|?. Applying Lemma 5.10 to 3y, we see
that Bpag € SPU™ for all ag € Cp. Again applying Lemma 5.10 to By for a
fixed g, we see there is a unique a1 2 € C), such that Vp(al_éﬁag) =s, and,

and
’,30’2 25—2k—2

for all a1 # 12, we have Vp(al_lﬁag) = s — 1. Hence,

> A(ej'Bag) = Y [ A(eriBar)+ D A(ar'Ba)

a1,02€C), a2eC)y a;éeCp
Q17012
I )
= (p+ DAB) + (0 + DpplBol Y o =),
k=0

Putting this all together, we see that p?(A(pB)+ A(p~'B))+
p Zm,az A(O‘IIBOZQ) is equal to

s+1 1Bo ’2 25—2k-+2

(8+1|6|Z (=

‘5 ‘2 2s—2k—2

)+ “\B!Z(

‘5 ‘2 2s—2k

+p(p+1)AB) + (p+ 1)p°p’| ol i C(%)
k=0

)

= p*p’|Bol ( ( ( :z_:::c(_w ol*P**” 2k) +pc<_‘5;‘2pz> +pc<_|§0|2>>
£ plp+ DAB) + o+ D o) ZZ:C(W>
S _ 2,252k
= p’p°|Bol ((/\Z —2) kzo c(WO'Qp)
(2 - 2)0(—|/25’o|2> 2o l)c(—l,goF)
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a2
oe( TEEY) i+ 1)AB) + 0+ 1240

_ 2
— o+ )% ol T2
= (P’ —2) +pp+ 1)+ p*(p+ 1)) A(B)
= (P + 0 + ) A(B).

Here, we have used both (5.15) and (5.16).

Case 2: Let p||Bo|? but p? J|Bo|?. Applying Lemma 5.10 to 3y, we see
that there is a unique éo € C), such that p|Sode. For ag # Go, we have Sy €
SPrim et Byée = pBY. Then By € SP™™ and p J|B)|? (since we have assumed
that p? J|Bo|?). Hence, by Lemma 5.10, we see that, for all a; € C, we have
oy ' Boda = a1 B) € SP™. This implies that v,(a; ' Bdas) = s for all a; € C).
If ag # éo, then Lemma 5.10 implies that there is a unique aq 2 € C)p such
that up(aiéﬁag) =s. For all aq # a1 2, we have yp(aflﬁag) = s — 1. This

gives us
Z Aoy Bas)
a1,02€C)
=S Afa'Ban)+ Y (A (aibBaz)+ 3 Alag 5a2)
a1€C) as€C) a1€C,
aaFG2 04175041,2
s—1 2, 25— 2k
_ 2,8 —|Bol"p™
= (p+1)A(B) + pA(B) + pp Iﬂolkz_oc< ).

Putting this all together, we see that p*(A(pB)+ A(p~1B))+
P 2o an Ao ' Bag) is equal to

s—1 ’/8’225 2k

p2p$|ﬁo|( iC(

k=0

) () re(735))

|5 |2 2s—2k
T p(p+ 1A + P2AB) + ' o \Zc( )

= p?(\2 — 2) A(B) + p*p* |6l ( - (A - 2)0(_|§O|2>
F 2o 2)C<—’§0!2) +pc<—!§o!2)>
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N 9 3 3.8 *|BO|2
p(p+1)A(B) +p°A(B) + p°A(B) — p°p |,80|c( 2 )

= (p?(\2 = 2) + p(p+ 1) + p* + p*) A(B)
= (VA2 +1* +p)A(B).

Here, we have used (5.16) and p| |Bo|?.

Case 3: Let p?||Bo|?>. As in Case 2 above, Lemma 5.10 applied to Sy
implies that there is a unique &y € C), such that p|Syde. For ap # éa, we have
Boay € SP. Let Bydg = pBh. Then B € SP™™ and p| |Bh|? (since we have
assumed p?||Bo|?). Hence, by Lemma 5.10, there is a unique a2 € C)p such
that Vp(dféﬁdg) =s+1, and for all a1 # & 2, we have v,(a] ' fag) = s. If
ap # G2, then Lemma 5.10 implies that there is a unique a1 2 € C), such that
Vp(ozféﬁozg) =s. For all aq # aj 2, we have Vp(aflﬂag) = s — 1. This gives
us that > A(a]!Bag) is equal to

A Oél 250&2 Z A 041 ﬁa2

a1 #0612
+ Y (A(a1,25a2)+ 3 A(a;15a2))
aoF£dba a1F#aq 2

s+1 1Bo ’2 25—2k

=p°[fo Z (

) +pA(B)

’B ’2 2s—2k

+pA(B) + p°p’| Bol Z C(

)

|50|

= A(B)+ 7' lBole( =y 5 ) +PAR)

+pA(8) +12A(8) — pp* ol 20).

Putting this all together, we see that p*(A(pB)+ A(p~1B))+
p Zal,ag A(aflﬁoe) is equal to

18412
pz()\g —2)A(B) +p2p5]ﬁ0]< — ()\}2) _ 2)0( |§0| )

() (135
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+ p(1 4 2p 4+ p*)A(B) + p*p°| B0l (plc(W(f) - pc(|50|2)>

2p 2
= (P*(X2 —2) + p(1 + 2p + p*)) A(B)
= (P°X\; +p* +p)A(B).

Here, we have used (5.16) and p?||Bp|?. This completes the proof of the
proposition. [

8§6. The automorphic representation corresponding to the lifting

In this section, we will use the Hecke equivariance from the previous
section to determine the local components of the automorphic representation
corresponding to the lifting. This will lead us to the conclusion that we have
obtained a CAP representation and have found a counterexample to the
Ramanujan conjecture.

6.1 The local components of the automorphic representation

Let f € S(Io(2); —(3 +1%/4)) be a Hecke eigenform with Hecke eigen-
value A, for every odd prime p. Let F' = F be as defined in Theorem 4.4.
Let @5 : G(A) — C be defined by

Pr(vgooty) = F(goo) V(7 9oos up) € G(Q) x G(R) x U.

See Section 5.1 for details. Let mp be the irreducible cuspidal automorphic
representation of G(A) generated by the right translates of ®r. Note that
the irreducibility follows from the strong multiplicity-one result for G(A)
(see [2], [3]). The representation 7 is cuspidal since F' is a cusp form. Let
T = ®; Tp, Where 7, is an irreducible admissible representation of G, :=
G(Qp) for p < 00, and 7 is an irreducible admissible representation of G(R).
Recall that U = Hp <oo Kp, where K, is the maximal compact subgroup
of G(Qp) (cf. Section 2.3). Hence, for p < oo, the representation m, is a
spherical representation and can be realized as a subrepresentation of an
unramified principal series representation, that is a representation induced
from an unramified character of the Borel subgroup. The representation m,
is completely determined by the action of the Hecke algebra #H (G, K)) on
the spherical vector in m,, which, in turn, is completely determined by the
Hecke eigenvalues of F' obtained in the previous section. See [4] for details.
For p =2 we need to assume that f is a new form for the determination of
the Hecke eigenvalue of Fy (cf. Section 5.3).
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Description of m, for p odd

If p is an odd prime, then we have G, = GL4(Q,) and K, = GL4(Z)).
Given 4 unramified characters x1, x2, X3, x4 of Q,, we obtain a character
x of the Borel subgroup P of upper triangular matrices in G, by

al * *
a * *

(6.1) X 2 M x1(a1)x2(az)xs(as)xa(as).
ay

The modulus character dp is given by

aq *

a2

(6.2) op = \ail)’agaglaf’]p,

as
aq

where | |, denotes the p-adic absolute value. The unramified principal
representation corresponding to x is given by I (), which consists of locally
constant functions f: GL4(Q,) — C, satisfying

f(bg) =p(b)/*x(b) f(g), for all b€ P, g€ GLy(Zy).
The action of the Hecke algebra is as follows. If ¢ € H(GL4(Qy), GL4(Z,))
and f € I(x), define

(6.3) (6 1)(g) = /G o )

Recall that we have normalized the measure dh on GL4(Qp) so that the
volume of GL4(Z,) is 1. Let f = fo, the unique vector in I(x) that is right-
invariant under GL4(Z,) and fo(1) =1, and let ¢ = ¢3, a characteristic
function of GL4(Zy)hGL4(Zyp) = | |; hiGL4(Zyp). It follows from (6.3) that

(6.4) (¢ * fo)( Z fo(hi) = pn,

where pyp, is determined by the representation m,. The Hecke algebra
H(CL4(Qp), GL4(Z,)) is generated by {¢T!, do, ¢3, ¢4}, defined in (5.2).

LEMMA 6.1. Let 1, pa, p3, 4 be the constants obtained by the action
of $i,i=1,2,3,4, on the spherical vector fy in m, according to (6.4). Then
p =1, g = pa = p(p + 1)y and pz = p*X; + p° + p.
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Proof. The lemma follows from the fact that the action of the p-adic
Hecke algebra on the spherical vector in 7, is exactly the same as that on
F (or ®p). First note that ¢; acts as the identity operator, which implies
that @1 = 1. The other Hecke eigenvalues follow from Propositions 5.11 and
5.12. i

Recall that Proposition 5.5 gives the double coset decompositions which
can be used to determine the action of ¢ on fy. Let us abbreviate a; = x;(p)
for i =1, 2, 3, 4. Working in the induced model I(x) of m),, we see that

(¢1* fo)(1) = ar1azasay,
(¢ * fo)(1) = p*p~* 210003 + pp'/2crazauy

1/2041042044 + p3/2a2a3a4

+p°p”
= p3/20410420<3044(0q_1 + ag_l + ozgl + OéZl)a
(¢4 % fo)(1) = p*p~*%an + pp'/* a3 + p*p~*az + p*/ 2y
= p3/2(a1 + oo + a3 + ay),
(¢35 * fo)(1) = p'p*a10s + p*azas + ppasay
+p°p!

(6.5) = p?(a1a2 + avas + aoay + arag + ajag + azay).

araz + pPajay + pPasay

PROPOSITION 6.2. Let f € S(To(2); —(1 4+ r2/4)) be a Hecke eigenform
with Hecke eigenvalue X\, for every odd prime p. Let F' = Fy be as defined
in Theorem 4.4. Let mp = ®; mp be the corresponding irreducible cuspidal
automorphic representation of G(A). For an odd prime p, the representation
mp s the unique spherical constituent of the unramified principal series
representation I(x), where, up to the action of the Weyl group of Gly,
the character x is given by

Ap+ /A2 —4 Ap — /A2 —4

) =p P ) =

Ap+ 1 /A2 —4 Ap— (/A2 —4

(6.6) x3(p) :p_1/2+, x4(p) :p_1/2+.

Proof. The representation I(x) corresponding to 7, is generated by the
spherical vector fy, and, hence, it is completely determined by the action
of the generators of the Hecke algebra on fo. The representation m, is also
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determined by the Hecke eigenvalues of F' (or ® ) under the Hecke algebra
H(Gp, Kp). Substituting the values of a; = x;(p),i=1,2,3,4, from (6.6)
into (6.5) shows that we get the exact same eigenvalues as in Lemma 6.1.
This completes the proof of the proposition. 0

Let us remark here that we can use Lemma 6.1 to directly solve for «;
from (6.5). It is a tedious computation but results in the same answer as in
the statement of the above proposition.

Description of mo

Recall that By = B ®g Q2, where B is a definite quaternion algebra over
Q with discriminant 2, and Oy is the completion of the Hurwitz order O
at 2. In this case, Go = GLa(B2) and Ky = GL2(O2). Given two unramified
characters x1, x2 of By, we obtain a character x of the Borel subgroup of
upper triangular matrices on G by

X <[g ;]) = x1(@)x2(8)-

The modulus character is given by

5 (|5 5]) =tsse

Here, | |2 is the 2-adic absolute value of the reduced norm of Bs. The
unramified principal series representation corresponding to x is given by
I(x), which consists of locally constant functions f: Gy — C, satisfying

f(bg) = 6(b)1/2x(b)f(g), for all b € Borel subgroup, g € Gs.

The action of the Hecke algebra is as follows. If ¢ € H (G2, K3) and f € I(x),
define

(6.7) (o= f)(g) = ; ¢(h) f(gh)dh.

Recall that we have normalized the measure dh on Go so that the volume of
Ky is 1. Let f = fp, the unique vector in I () that is right-invariant under Ko
and fo(1) =1, and let ¢ = ¢y, a characteristic function of Koh Ko = | |, hi K.
It follows from (6.3) that

(6.8) (én * fo)(1) :Zfo(hi) = [h,
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where pup is determined by the representation mo. The Hecke algebra
H(Go, K>) is generated by {¢T!, 0o}, where 1, @2 denote the characteristic

functions for
wy 0 wo 0
Ky [ 0 w2] K, Ky [ 0 1] Ks.

Here, w9 is a uniformizer for Bs.

LEMMA 6.3. Let pq, pua be the constants obtained by the action of ¢;, ¢t =
1,2, on the spherical vector fy in mo according to (6.8). Then puy =1 and
o = —3v/2¢, where € is the Atkin-Lehner eigenvalue of f.

Proof. The proof is the same as in the case of an odd prime. 0

Recall that Proposition 5.5 gives the double coset decompositions which
can be used to determine the action of ¢ on fy. Let us abbreviate a; = x;(w2)
for i =1, 2. Working in the induced model I(x) of w2, we see that

(1% fo)(1) = aran,
(6.9) (g2 x fo)(1) = 2(an + a2).

PROPOSITION 6.4. Let f € S(To(2); —(3 +r?/4)) be a new form with
Hecke eigenvalue N\, for p=2 and Atkin-Lehner eigenvalue €, for which
Ao = —€ holds (cf. (5.5)). Let F' = F be as defined in Theorem 4.4. Let mp =
®; mp be the corresponding irreducible cuspidal automorphic representation
of G(A). The representation o is the unique spherical constituent of the
unramified principal series representation I1(x), where, up to the action of
the Weyl group, the character x is given by

(6.10) Xl(w2) = —\/56, XQ(?DQ) = —1/\/56.

Proof. The proof is the same as in the case of an odd prime. 0

Description of s

We now determine 7. We note that F' = Fy € M(GL2(O); r) implies
that the archimedean component 7y, of 7 is spherical. Namely, 7, has a
K -invariant vector, where we put K, := K with K as in (2.1). In fact, up
to constant multiples, such a vector is unique for ms,, as we soon see.

We now introduce My, := {(ul 0 )) Uy, Ug € ]I-]Il} (see Section 2.1 for H*).

0 wusg

Let Py, be the standard proper parabolic subgroup Go, = GLy(H) given by

16 3) <o}
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We have Py, := ZTNAM4,, where Z1, N and A are as in (2.1). The group
ZT AM, is nothing but the Levi subgroup of Ps,. We now note that the
Langlands classification of real reductive groups (cf. [18]) implies that 7
has to be embedded into some principal series representation Ip_ of G
induced from a quasicharacter of P.. Since my is spherical, Ip  is also
spherical. As 7 has the trivial central character, so does Ip_. Combining
these with the Frobenius reciprocity for compact Lie groups (cf. [15,
Theorem 9.9]), one can verify that the quasicharacter of Py, inducing Ip_
has to be trivial on ZT M, and that Ip and 7o have a unique K-
invariant vector, up to constant multiples. For s € C we introduce the
quasicharacter ys of Py defined by

Xs <(g 2)) =v(ad™)?,

where we recall that v denotes the reduced norm of H (cf. Section 2.1). We
note that the quasicharacters of P, trivial on Z M, should be of this form.
We furthermore introduce the modulus character d,, of Ps,. The principal
series representation Ip_ is then expressed as

Ip,, = Ind§ (JooXs)-

ProrosITION 6.5. We have an isomorphism

Too = Indlggzz (500Xi\/j1T)

as (g, Koo )-modules, where we recall that g denotes the Lie algebra of
Goo (cf. Section2.2).

Proof. Let v be a unique K.-invariant vector in the representation
space of Indg,z‘; (6ooXs), which 7o can be embedded into. Then, v can also
be regarded as a vector of m,,. We remark that m,, can be viewed as a
representation of SLo(H) ~ GLo(H)/Z" (cf. Section 2.2) since it has the
trivial central character. Consider the infinitesimal action of the Casimir
operator 2 (cf. (2.3)) on v. We then have

1 /s? 1 r?
QU—2<4—1>U—2<—4—1)U,

which leads to s = +v/—1r. Now recall that we can assume r € R (cf. Propo-
sition 2.4). We thus know that the quasi-character x, is parametrized by
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a purely imaginary number ++/—1r. By Harish-Chandra [10, §41, Theo-
rem 1], the spherical principal series representation Indlg;; (60X —1,) 18
an irreducible unitary representation. For this see also [6, Remark (2.1.13)]
and note the accidental isomorphism Spin(5, 1) ~ SLo(H) as real Lie groups.
Consequently we have the isomorphism in the assertion. 0

6.2 CAP representations
Let us first give the definition of CAP representations.

DEFINITION 6.6. Let GG; and Ga be two reductive algebraic groups
over a number field such that G, ~Gs, for almost all places v. Let
P, be a parabolic subgroup of Gy with Levi decomposition P> = My No.
An irreducible cuspidal automorphic representation 7= . m, of G1(A)
is called cuspidal associated to parabolic (CAP) P, if there exists an
irreducible cuspidal automorphic representation o of My such that m, ~ 7,
for almost all places v, where 7’ = @) 7/ is an irreducible constituent of

G2(A)
IndP;(A) (o).

See [8] and [22] for details on CAP representations defined for two groups
instead of just one. Take G; =G = GLa(B) and G2 = GL4. Here, B is a
definite quaternion algebra with discriminant 2. Since these groups are inner
forms of each other, we have G, ~ G for all odd primes p. Let P be
the standard parabolic of GL4 with Levi subgroup Ms = GLy x GLo. Let
f€8S(To(2); —(3 +7%/4)) be a Hecke eigenform with Hecke eigenvalue A,
! o, be the

P
irreducible cuspidal automorphic representation of GLo corresponding to f.

for every odd prime p and Atkin—Lehner eigenvalue €. Let o = Q)

For an odd prime p, the representation o, is the unramified principal series
representation I(n), where 7 is given by

1([735]) = miam .

Here, 79 is an unramified character of Q) such that no(p) + 7y Y(p) = \,. For
p =2 assume that f is a new form. Then, the representation oy is the twist
of the Steinberg representation of GLy(Q2) by an unramified character 7/,

1/2

with 7/(2) = —e. The representation o gives a representation |det|, "o x

]det&/za of My, where | |o denotes the idele norm of A*. We have the
following theorem.

THEOREM 6.7. Let f € S(Io(2); —(5 +r%/4)) be a Hecke eigenform with
Hecke eigenvalue N\, for every odd prime p and Atkin—Lehner eigenvalue €.
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Let O':®;) op be the irreducible cuspidal automorphic representation of
GLa corresponding to f. Let F'=Fy be as defined in Theorem 4.4. Let
TFF:®;) mp be the corresponding irreducible cuspidal automorphic rep-
resentation of G(A). Then wp is CAP to an irreducible constituent of

Ind72(,) (|det|, %o x [det|/0).

Proof. The theorem follows from the observation that, for an odd
prime p, we have the isomorphism IndGQ(Q” (|det|, Y 20p \det|;,/ 2ap) o~
I(xp). Here, I(xp) is the representation descrlbed in Proposition 6.2. A
concrete map is given as follows. For s € IndIGf(g”)) (|de t]_l/ 25, X \det\}?/ 2]ap)
define the function g+ (s(g))(l2, I2). Note that dp, (dlag(al, ag, as, ag)) =

|a1a2a§1a11|]23. [

We can furthermore show that our cuspidal representations 7 provide
counterexamples to the Ramanujan conjecture.

THEOREM 6.8. Let mp = ®; mp be as in Theorem 6.7. For every odd
prime p (respectively p=00), m, is nontempered (respectively tempered). If
we further assume that f is a new form, m, is nontempered for every finite
prime p and tempered for p = oco.

Proof. The temperedness of 7, is due to Proposition 6.5 and [6, Remark
2.1.13]. For an odd prime p, the unramified characters y; with 1 <i <4 are
not unitary (cf. (6.6)). This means that 7, is nontempered (cf. [27, (9)]).

Let p = 2, and suppose that f is a new form. We recall that fy denotes the
spherical vector in 79, and introduce its dual vector f{) in the contragredient
representation of mp. With the invariant measure dg of G, /Z, normalized so
that [ K2/Zy dg =1, for any § > 0, we consider the following integral of the
matrix coefficient:

/ [(mal9) for £3)[2%dg
Ga/Zo>

over G, modulo center Z,, where (x, %) denotes the canonical pairing of o
and its contragredient. If my is tempered, this integral should be convergent.

Now we note that the set (|_| >0 K2 ( ) Kg) /Za can be regarded as a

subdomain of Gy/Z5 and that there is a decomposition

wy 0 _ wy 0\ (1 wy"x 1 0
K2<0 1>K2_ L (0 1)<0 1) BeY o wp) B

€02 /wlOs
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It is verified that the Hecke operator defined by Ks (wog ?) K> acts on fj as
follows:

<K2 <w0§ ?) K2> fo = (=€) (252 4+ 27/2) f,.

We thereby have a divergent integral

/ o (ma(9) for )2+
sl )

— <2(23n/2 +2n/2)2+5) |<f07 f(/)>‘2+6 = o0,

n=0

which leads to a contradiction. We therefore see that w9 is nontempered. As
a result we are done. [

REMARK 6.9.

(1) According to Tadi¢ [28], the parabolic induction I () for p =2 (cf. Sec-
tion 6.1) has two composition factors, one of which is a unique essen-
tially square integrable subquotient. Our nontempered representation
o is the remaining nonsquare integrable composition factor. Besides
our approach, there seem to be several ways to prove that the nonsquare
integrable composition factor is nontempered. In fact, Tadi¢ pointed
out that the nontemperedness is proved by using the classification
of the nonunitary dual of GL(n) over a division algebra (cf. [28])
or by Casselman’s criterion on the temperedness of an admissible
representation.

(2) From Weyl’s law (cf. [12, (11.5)]), we can deduce that there exist
nonzero new forms in S(I'o(2); —(r%/4 + 1)) for some r € R. Let Np(T)
be the counting function of an orthogonal basis of the discrete spectrum
for a congruence subgroup I', as in [12, §11.1]. Put NF0(2) (T) to be
such a counting function for new forms of I'g(2). With the help of
Casselman’s local theory of old forms and new forms (cf. [5]), we deduce

1:k0(2) (T) _ VOI([)/PO(2)) _4iVOl(h/SL2(Z))T2 + O(T log T)
_ Vol(h/SLa(Z))

47

T? + O(T log T)
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from Weyl’s law just mentioned. In view of Theorems 4.4 and 6.8, this
leads to the existence of a nonzero cuspidal representation 7 whose
local component 7, is nontempered at every p < oo. We remark that
the formula for Ny, @) (T') can be generalized to the case of any prime
level.
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