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Multipliers on Vector Valued
Bergman Spaces

Oscar Blasco and José Luis Arregui

Abstract. Let X be a complex Banach space and let B,(X) denote the vector-valued Bergman space
on the unit disc for 1 < p < oco. A sequence (T), of bounded operators between two Banach
spaces X and Y defines a multiplier between B, (X) and By(Y) (resp. By(X) and £,4(Y)) if for any
function f(z) = >°7°, xx2" in Bp(X) we have that g(z) = > 7% Tu(x,)2" belongs to By(Y) (resp.
( Ty (x,,)) . € £4(Y)). Several results on these multipliers are obtained, some of them depending upon
the Fourier or Rademacher type of the spaces X and Y. New properties defined by the vector-valued
version of certain inequalities for Taylor coefficients of functions in B, (X) are introduced.

1 Introduction

Operator valued multipliers between spaces of vector-valued functions have been re-
cently considered by different authors and for different reasons (see [32], [22], [1]
and [10]). In particular, a big effort has been done in the case of spaces of vector-
valued analytic functions such as BMOA, Bloch and Hardy spaces (see [9], [10] and
[13]). In this paper we shall study multipliers on Bergman spaces in the vector-valued
situation.

Given 1 < p < oo any complex Banach space X we shall use the notation B, (X)
for the space of X-valued analytic functions f: D — X defined on the unit disc D
which are p-integrable against the Lebesgue measure in the disc D denoted by dA(z).

We shall use the norm
1 1/p
0 = ([ Mps.ar)
0

where M, (f,r) = (fo27r || f(re™)||P4L)1/p,

Let 1 < p,q < oo and let X and Y be complex Banach spaces, a sequence of
bounded operators (T},), in L(X,Y) is said to be a multiplier between B,(X) and
B,(Y), to be denoted (T,) € (BP(X), Bq(Y)) , if for any function f(z) = Y2 x,2"
in B, (X) we have that g(z) = Y7 T,(x,)z" belongs to B,(Y).

A closed graph argument shows this to be equivalent to the existence of a constant
C > 0 such that

N N
(1) H Tn(xn)ZnH < CH xnZ"
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forany N € Nand x;,x,, . ..,xy elements in X.

We shall be denoting by £,(X) the space of sequences (x,), in X such that
[, = (202, IxalP)/P < oo. As above, a sequence of bounded operators
(Tw)n in L(X,Y) is said to be a multiplier between B,(X) and £,(Y), to be denoted
(T,) € (Bp(X)7 Eq(Y)) , if for any function f(z) = Z;’ZO x,2" in B,(X) we have that
the sequence (T,,(x,,)) belongs to £,(Y).

Again this is equivalent to the existence of a constant C > 0 such that

N 1/q N
@ (Y Imale) " <l xe
n=0

n=0

By(X)

forany N € N and x¢, x1, . . ., xy elements in X.

The infimum of the constants C verifying (1) or (2) is the multiplier norm, which
coincides with the operator norm between B, (X) and B,(Y) or £,(Y) respectively.

We shall try to give necessary and sufficient conditions for a sequence (T),) to be
multiplier in (BP(X),Bq(Y)) or (BP(X),Eq(Y)).

In the scalar-valued case the complete characterization in known in many cases.
The reader is referred to [11] and [25] for a recollection of the old and new re-
sults about multipliers for spaces of analytic functions, which, in particular, apply
to Bergman spaces. We list here those which are completely described and which will
be studied later on.

If 1 < g < oo then (see [18])

2k+1

> ) Y o).

n=2k+1

) (B, ) = { O sup 2
>0

The reader is also referred to [7] or [11] for a proof obtained from a very general
principle of operators acting on B;.

If2<p<oo,1<g<o0,1/s=1/min(q,2) —1/2and 1/r = 1/ min(p,q) —
1/p then (see [27], [11] or [25])

2k+1 r/s 1/r
(4) (Bp, £y) = {An: (szr/f’( > k) ) <oo}.
k>0 n=2k+1
If 1 < g < oo then (see [25], [7] or [11])
(5) (Bi,By) = {A@) = 3 A" sup (1= 1AMy, r) < oo
=0 0<r<1

Ifl<g<2<p<ooandl/r=1/q—1/p then (see [33])

6) (By, B,) = {/\n: (Zﬂ sup |/\n|’> "< oo}.

>0 2k+1<n <2k
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Some alternative proofs of (6) were given independently in [2], [8] and [24].

The conditions appearing in (3), (4) and (6) can be formulated in terms of certain
mixed norm sequence spaces, denoted by ¢(p, q), consisting of sequences (A,) such
that [[(A,) |4 = (Zk>0(2ik:2k+l A P)7/P) 1 < 0. Also it is known that the con-
dition apperaring in (5) is equivalent to the Lipschitz condition [|A,A||, = O(|¢|/1 b
(see Section 5).

The paper is divided into four sections. The first one is devoted to introduc-
ing and proving some results on the mixed norm spaces ¢(p, q,X). It is shown that
(E(pl,ql,X),E(pz,qz,Y)) = @(p,q,L(X,Y)) where 1/p = ((l/pz) — (l/pl))Jr
and1/g = ( (1/q2) — (1/q )) " and some reformulations for the norms in £(p,q) are
given.

In Section 3 we prove some results on Taylor coefficients of vector valued functions
in B,(X). We introduce the properties of Bergman type and cotype. Given 1 < p <
2 < g < 00, a Banach space X is said to have Bergman type p or Bergman cotype q if
there exists a C > 0 such that

Xy )
<C
(nl/p 1<n<N ||, I lzc0
or
X,
<C ( !
||f||Bq(X)7 H nl/q 1<n<N 9’4

foralN € N, x;,...,xyin X and f(z) = Zi\;o x,2" respectively.

It is shown that, for 1 < p < 2, spaces of Fourier type p must also have Bergman
type p and Bergman cotype p’ where 1/p +1/p’ = 1.

Section 4 is devoted to analyze the extension of (3) and (4) to the vector valued set-
ting, showing that the result for B, (X) has a natural extension with no condition on
the Banach spaces, while each of the embeddings in (4) relies upon certain geometric
properties on the spaces such as the Bergman, Rademacher or Fourier type.

Finally in Section 5 we deal with the vector-valued interpretation of (5) and (6).
Again a version of (5), and some equivalent description in terms of Lipschitz classes,
is obtained without conditions on X and Y. Also the embeddings of the correspond-
ing result for (6) can only be proved under some assumptions on X and Y. In partic-
ular (6) holds for operators (T,,) C L(X,Y) between Hilbert spaces X and Y.

Throughout the paper C denotes a constant that may vary from line to line, o™ =
max{a, 0} for « € R and p’ stands for the conjugate exponent of p, i.e, 1/p +

1/p' =1.

2 Mixed Norm Sequences Spaces

Let us now introduce a family of sequence vector spaces with mixed norms, in terms
of which many on the results on multipliers in the following sections will be obtained.

Definition 2.1 Let1 < p,q < 00, and let Banach X be a Banach space. (p, g, X)
denotes the space of sequences (x,), C X such that (H(xn)nelkne,,) € {4 where
I = {neN;2k¥! < n < 2} fork € Nand I, = {0}.

k
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For 1 < p,q < oo, the spaces £(p, g, X) become Banach spaces under the norm

I given by )
6l = (S (S 1))

k=0 n€Ely

with the obvious modifications for g = oo or p = oco.

As usual, when X = C we simply write £(p, q).

Let us prove the vector-valued extension of the characterization of multipliers be-
tween £(p, q) spaces proved in [26]. First we show the following extension of Holder’s
inequality.

Proposition 2.2 Let X and Y be Banach spaces, 1 < py, p, < oo and p such that
+
1/p = ((I/PZ) - (1/P1)) . Then

(5,5, £5,(Y)) = £,(L(X,Y))
with equality of norms.

Proof Using || T, (x,)|| < || T||-]|x.|| and Holder’s inequality one obtains the embed-
ding ¢, (L(X, Y)) C (ﬁpl (X), EPZ(Y)) .

For the other embedding, let us take (T,) € (ﬂpl (X), £y, (Y)) with norm 1. Hence
for any (o) € ¢,, and any (x,) in the unit ball of X one has that T,(a,x,,) € £,,(Y)
and

H (Tn(anxn)) ||(p2(y) < ”(an)”ZP] .

Now, given € > 0, choosing (x,) in the unit ball of X such that ||T,|| < ||T.(x,)| +
€/2" one gets that

[Tl el < i@l +Ce.
This gives that (T,,) € £,(L(X,Y)) and > [|T,||P < 1. [}
Theorem 2.3  Let X andY be Banach spaces and 1 < py, p2,q1, 92 < 00. Then
(E(plyqux)ag(p%qby)) = E(pyqﬂEJ(Xa Y))

with equality of norms, where 1/p = ((1/p2) — (1/p1)) " and 1/q = ((1/q2) —
(1/q) .

Proof Let (T,), and (x,), be sequences in L(X,Y) and #(py,4q1,X). Applying
Holder’s inequality twice, one has for any k € N

”(Tﬂxn)ﬂEIk”Pz < ”(Tn)nEIkHP H(xn)nelknm

and that
”(Tnxn)”pz-,tp < ”(Tn)Hp.,q ||(xn)||p1,q1'

https://doi.org/10.4153/CJM-2002-044-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2002-044-3

Multipliers on Vector Valued Bergman Spaces 1169

Hence E(p, q,L(X, Y)) isometrically embeds into (ﬁ(pl, q1,X),4(p2, 92, Y)) .

Conversely, let (T,,) be a multiplier in (E(pl, q1,X),4(p2, 92, Y)) and let us write
Bk = ||(Tn)n61k||l7'

Given N € N we may choose a family of nonnegative numbers (o) <k<n with
norm in ¢, equal to 1 and such that ||(8x)1<k<nllq = || (xBi)1<k<N||g-

Now, for each k < N we take a family of vectors (x,,),ec;, C X with norm in £, (X)
equalling o and with ||(T,x,)uey, || p, arbitrarily close to o Sx.

The norm in £, of the sequence (|[(Tuxu)ncrllp,),<pcy is then as close
as we wish to |[(cuBii<i<nlley = (B i<k<n]lg> necessarily less or equal to

[(Tu)r<n<avllcepr. 08020000 |G 1<neav [l p1.ar-
Therefore for every N it holds that

1(Br<ksnllg < (T r<n<an lecpr,a0,%0,6p2.0,7))

as we wanted. [ |

Now we list some useful reformulations for the norms in the spaces ¢(p, q).

Lemma 2.4 (see [16] or [7])  Let (o) be a sequence of nonnegative numbers and 3 >
0. Then Z:il a,r" = O((i)ﬁ) (r — 1) ifand only if (53) € £(1,00).

Lemma 2.5 Let (ov,) be sequence of nonnegative numbers and 3 > 0. Then
sup, a,r" = O(ﬁ) (r— 1) ifand only if (74) € Lo

Proof The function r — #"(1 — r)? attains its maximum at n/n + [ and
(n/n+B)"(B/n+ B)° < C/n’. Therefore

B n An
(1—r7) stipoz,,r < ngp e
The converse follows by taking r =1 — 1/n. ]

Lemma 2.6 (see [11] or [27])  Let (o) be sequence of nonnegative numbers and 0 <

g, B < oo. Then
1 5 > q > o 1
L= () ar~ 33 05)
Ja=n (Se) e S (X %
n=1 k=1 né€l}

In particular, (5%) € (1, q) if and only ifzsil a,r" € Lq((O7 1), dr).

nl/a
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3 Taylor Coefficients of Functions in B,(X)

If f(z) = Y2, xu2" with x,, € X then, for each nand r € (0, 1), we have that

1 g ; ;
X" = — / f(re®)e= do.
2 J_,
This implies that for any n € Nand 0 < r < 1 we have
(7) [[call™ < My (£, 7).

This simple observation allows us to get the following results on Taylor coefficients
of functions in Bergman spaces.

Proposition 3.1 Let1 < p < oo and f(z) = >..° x,2". If f € By(X) then

n=0
||| = o(n"/?) and 3¢, ”xn—’z”p < 0.

Proof Since M,(f,-) is increasing in (0, 1), from (7) one gets that

1
(1=l < (=M < [ M9 ds

foreachr € (0,1).
Hence, for any n, by taking r = 1 — 1/#n, we see that

1 1 1\ " !
el ~ Sl (1=5) < [ MB(fs)ds.
n h n 1—1/n

This shows that 12l s o,

ni/p
Now observe that the norm in B, (X) can be estimated from below as follows:

00 1—1/(n+1) 00 n1—1/(n+1)
> / MJ(f,rdr> / lallPr"® dr
n=1"1

=1 1—1/n —1/n
oo
1 1\ np
2 CZ ||anpn(n+ 1) (1 B Z)
n=1
o0
[[2a]|?
~ Z 2 u
n=1

Let us get an improvement of Proposition 3.1 by making use of the spaces
U(p,q,X).

Theorem 3.2 Let1 < p < oco. There exist C1,C, > 0 such that

Xn Xn
()], <] (2

for any f € B,(X) with Taylor coefficients (x,).

Ci

Lp
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Proof Since || f||5,0x) < (fol ME,(f,r)dr) P and Moo (fyr) < 3002, ||%a]|r" then
Lemma 2.6 implies

1 oo p 1/p Xy
I flls,c0 < (/o (Zo ||xn||r”) dr) < CH <n1/P>

For the other inequatily, we observe that

Lp

/ MP(f,r)dr>Z/ Mg(f,r)dr

1—2— (k+1)

> Z/ (supr”P||xn||P)dr

o0
> 3701 = 27872 26 gyp |, |7

n€ly

Therefore

Tl 0> iz_ksup ]| ~ i (sup |xn|") - H( an )HP . ]
P nel nely n n /p 00,p

k=0 k k=0

We can now get the following corollary for lacunary functions.

Corollary 3.3 (see [27] or [12]) Let1l < p < ocoand f(z) = Zn Oxnz Then

= A\ VP
1 flls,c0 ~ (3 Ixall?27)
n=0

Let us mention some estimates which hold true in the scalar-valued case.
For p = 2, from Plancherel’s theorem, we have

0 |Oln‘2 1/2
® I~ ()
n=0

For each 1 < p < 2 there exist positive constants C, and C 1’, such that

— |O‘n| /b
) (Z ) < CylIflls,
and

1) 1Gl,.,

< Gyliflls,
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forall f(z) = 2, anz" € B,.
For each 2 < g < oo there exists a positive constant C;’ such that

Qp
(nl/ q )
forall (x,) € €(q’,q,X) and where f(z) = Y72 az".

These results follow easily by interpolation and duality. Proposition 3.1 gives (9),

Theorem 3.2 gives (10) and a duality argument gives (11).
Let us study the validity of these inequalities in the vector valued setting.

(1) 1 flls, <

9’9

Remark 3.1 Let us point out that (9) actually follows from (10).

Indeed, for1 < p <2,

i < cZ(Zuxnnp) o)

k=0 né€ly

N P/p’ ,
= CZ(Z [, 11 ) SK1=p/p")y—k3—p)

k=0 né€ly

:ci(annnP) -

k=0 n€l;

~ xn p
- H (nl/P>

Remark3.2 Letl < p,g < oo, € R, X = £, and F(z) = Zn 1 %n2" with
x, = n“e, where (e,) stands for the canonical basis of £,.
A simple computation shows that

HP

3

php

(12) ( ’f/P) € Up',p,t,) ifandonlyifa <1/p—1/p’
and
(13) Fe B,({,) ifandonlyifa<1/p—1/q.

The following example shows that the estimates (9) (and hence (10)) and (11) do
not hold in general for vector-valued functions.

Example3.1 Letl < p <2< g < oo. Then X = ¢, fails (9) (and hence (10)) for
any r > p’and X = {; fails (11) for any s < ¢q’.

Proof Assume 1 < p < 2 and take @« = 1/p — 1/p’. Hence (13) implies that
F € B,(¢,). On the other hand ||x,|| = n* and then .~ lall? — =Y =00

n=1 w—p n=1 n

Assume 2 < g < 00, s < q’ and take @ = 1/q — 1/s. Now (12) and (13) give that
(%) € 4(q',q,¢;) but F ¢ By(£y). [ |
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This leads to the following definitions:

Definition 3.4 Let X be a complex Banach spaceand 1 < a4 <2 < b < 00. X is said
to have Bergman type a (resp. Bergman cotype b) if there exists a constant C, > 0
(resp. Cp > 0) such that

nl/a

X
(19 |G, < Coll o

forall f(z) = > "2, x42" € Bu(X), (resp.

X
(15) £ llB00 < Co H(m) .

for all (x,) € £(b’, b, X) where f(z) = Y2 x,2".)

Remark 3.3  Any Banach space has Bergman type 1 (see Theorem 3.2).
There is also a notion for g = oo in the previous definition. We need to consider
the extreme case as

Bloch(X) = {f: D — X analytic : sup (1 — |z[*)|| f'(2)|| < oo},

|z]<1

and to observe that

sup (1 = [2[*)[| '@ < CllGen)l1,00-

|z]<1
Let us show that they are dual notions.

Proposition 3.5 Let 1 < a < 2 and X be a Banach space. Then X has Bergman type
a if and only if X* has Bergman cotype a’.

Proof Note first that

(16) o ) /D (£2.8(2)) dAG2),

forany g(z) = > 2 xiz"and f(z) = Y2 xu2".
Let us assume X has Bergman type a, take (x}) € ¢(a,a’, X*) and define f(z) =

Yoo X",
Then, for any g(z) = >°°  x,2" € B,(X), using (16) one gets

n=0
Xn x,
< —_— T
|G )l @)
X
nl/u a,a’

‘/<f(z)7g(2)> dA(z)
D

a,a’

<Clg

Ba(X)
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B,(X) = 1} .
:_) |u,a'

Let us assume X* has Bergman cotype a’ and take f(z) = > 7 x,2".
For any (x}}),, such that ||(x})]|,.» = 1, using (16), we have

>k
} E xn,xn

By the duality (Ba(X)) t = B,/ (X*) (see [5]) one has

1l oxe) = sup{ \ [eg@ranc

< flls.co HZ(n—i—l)n Vay,z"

n+1l ,
no

B, (X*)

a,a’

Now use

|Gl S“PHZ s, 3

to get that X has Bergman type a. ]
Let us recall a well known notion which is very much related to the previous ones.
Let 1 < p < 2. A Banach space X is said to have Fourier type p if there exists a
constant C such that

6 e =1},

o0

(17) (>

n=—oo

N N Ur'
Foole") ™ < Cliflle

for all function f € LP(T, X).

It was first introduced by J. Peetre (see [29]). We refer the reader to the survey
[20] for a complete study and references about this property.

We just point out here the equivalent formulation:

There exists a constant C > 0 such that for all (x,) € £,(X) the function f(¢) =

% x,e™ belongs to LP' (T, X) and
(18) 1Al ooy < ClI Gl p-

It is not difficult to see that X has Fourier type p if and only if X* does have it.
The main examples are L'(u) for any p < r < p’ or interpolation spaces between
any Banach space X, and any Hilbert space X, [Xo, X ]gp where 1/p =1 —6/2.

Theorem 3.6 Let1 < p < 2. If X has Fourier type p then X has Bergman type p and
Bergman cotype p’.
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Proof Using Lemma 2.6 we have

(S = [ )

k= ne€ly

Since X has Fourier type p

> VRN V)
(X lalle'r™) ™ < eMy(s,m),
n=1

which implies that
p

IG=I,

To get that X has Bergman cotype p’, one can use either the dual formulation with
Bergman type of X* or repeat the previous argument using now M,/ (f,r) <

C(Z;Xil ”xn”prnp)l/p- u

<C/ M?P (f,r)dr

Corollary 3.7 Let 1 < p < 2. Then L"(u) has Bergman type p and cotype p' for
p<r<p’.

Let us state a little extension of Theorem 3.6 that we used later on.

Theorem 3.8 Let1 < a < 2 and let X be a Banach space with Fourier type a. If
p > a then there exists a constant C > 0 such that

H(nl/P>H < Clflls,c0

forall f(z) =37 xu2".

If p < a’ then there exists a constant C > 0 such that

I£l00 < | ()]

forall (=4) € £(a, p,X) and f(z) = o2 xu2".

Proof We need only to use that (fol MLE(f, 1) dr) 1/p < C|fll,x) for p > a or

I£lls,00 < C(fo1 M?,(f,r)dr) VP for p < a’ and then use (17) or (18) respectively,
together with Lemma 2.6 to get the result. ]

We shall first show an extension to the vector valued setting of one inequality due
to Hardy and Littlewood (see [16], [23]). Our proof is a modification of the one
given in Theorem 2.1 of [14] for the Hardy space H'(X), but we include it here for
the sake of completeness.
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Theorem 3.9  Let X be a Banach space and let 1 < p < q < oo. Then

1 gl 1/p
(/ / (1 _r)—P/qu(f, rs)drds) §C||f||3p(x).
o Jo

Proof We shall actually prove that

1 1/p
(/ (1= r)"P/AMP(f,7) dr) < Cllfllm,e0,
0

where H,(X) stands for the vector-valued Hardy space.
Let us first recall that if 0 < p < g < oo and g is an X-valued analytic function
then, using that g(r?e") = P,  g(re'"), one gets

(19) M,(g, %) < C(1— )47 P M, (g, ).
Now let us take 0 < p; < p < p, < g, and apply (19) to getfori = 1,2
(1 —n)"YIM(f, ) < CO—r)7Vo| fll g -

Hence

pi
{re[0,1]: (1 — N~YIM(f,r) > A} < C‘|f;p:(x>.

This actually gives that
f— F(ré") = (1 — )~ Vaf(re")

defines a bounded operator from HP'(X) into the vector valued Lorenz space
LPo (dr, L1(X)) .

Now using the standard real method of interpolation for # € (0, 1) such that
(1 —0)/p1+6/p> =1/p we have (see [4])

(Lpl.,oo (dr, Lq(X)) , [P (dr, Lq(x)) ) = LP(dr, Lq(X)) .
p

On the other hand, since the Banach space X is the same for both indices, it is not
difficult to extend the scalar-valued proof (see [15] and references there) to get

(H"(X),H” (X)), , = H?(X).

0.p

Hence the operator is bounded from H? (X) to L? (dr, L1(X)) , that is

1
[ =z dr < clilf.
0
Now the proof is finished by integrating over (0, 1). ]

An application of Theorem 3.9 allows us to improve Theorems 3.6 and 3.8.
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Theorem 3.10 Let1 < a < 2 and let X be a Banach space with Fourier type a.
Ifp < aand a = 1/p — 1/a then there exists a constant C > 0 such that

X
H (7’1&“/1)) Hugp < ClIfllz,e0
forall f(z) =37, xu2".

Proof Since X has Fourier type a, we have

s ’ ’ l/al
(Sl r) ™ < et .
n=1

Using Theorem 3.9 and Lemma 2.6 we get

1 pl 1/p
11,00 zc( Iy (l—r)“’/“Mé’(f,rs)drds>
0 0

p/a’ 1/p
>C ( /(1—1-) P/“ Z”x ”a a'n an) drds)
/ 1 o© . \ N pla’ 1/p
_ p/a , a’ a'n.a'n d d
ZC(/(I N (/0(;||x|| i) S> r)
a’ a’ 1/
ZC(/(l " p/az(zﬂffﬁ/H )P/ dr> 4
k=1 né€l n/p
a’ 1/
C(/l“—” "/“Z(annw’)” rp2k2"‘dr> ’
0 k=1 né€l
- pla’ [ 1 1p
=z C(Z Hxn”a,) </ (1 —r)_l’/“rlﬁkz—kdr))
k=1 né€l} 0
S 1/p
ZC(Z Zuxnw) 2-K1—pla)y—k dr)

k=1 né€l
Xn
a+1/p

4 Multipliers from B,(X) to £,(Y)

In this section we analyze the vector-valued versions of (3) and (4).

I \/

Theorem 4.1 Let X and Y two complex Banach spaces, and let 1 < q < o0. A
sequence (T,) € (Bl(X), éq(Y)) if and only if the sequence (nT,) defines a bounded
operator from X to £(q,00,Y).

https://doi.org/10.4153/CJM-2002-044-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2002-044-3

1178

Oscar Blasco and José Luis Arregui

Proof Assume that (T,) € (BI(X),Eq(Y)). Hence one has that (Tn(x)) €
(Bl,Eq(Y)) for all x € X. Now for each z € D we define K,(w) =
1Kz ||5, ~

1 .
a=w2?" Since

the assumption implies that

> W\ V4 C
(X im@er) <
n=0

for each z € D and ||x|| < 1. Invoking now Lemma 2.4 for ¢ < oo one gets that
(n1]| T, (x)[|%) € €(1,00,Y), or equivalently that (n||T,(x)||) € €(q,00,Y), and that
x — (nTn(x)) is a bounded operator from X into ¢(q,00,Y). The case ¢ = oo
follows from Lemma 2.5.

Let us assume now, for g < oo, that

1
1—[z]?

sup supanHT (x)]|7 = AT < 0.

x| <1 k>0 ey,

Then, if f(2) = >~ x42", using Theorem 3.2 one gets

q
Znuxn)nq >3 (” ”) Il
k=0 n€ly Xn
> q
Xn (Al
(S
kO(;Ik ” 71” nel n1
'S ]2 |
< sup ( ) (sup n )
k>0; ” ”” Z: nel, M1

< Al isu AR
B kfo”eg "

< A1 13, )
The case g = oo is immediate from Proposition 3.1. ]

Corollary 4.2  Let X a Banach space and let (x;) be a sequence in X* such that

Sl 50| <c/ 1£(2)] dA(2)
n=0

forall f(z) =32 x42". Then there exists a constant C > 0 such that

sup » |(x;,x)| < €27

lxll=1 ety

forallk € Nand x € X.
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Let us point out some necessary and some sufficient conditons for (T),) to belong
to (By(X),£,(Y)) for 1 < p < oo.

Proposition 4.3 Let1 < p <oo,1<g<ocoand1l/r= ((1/q)— (1/p)) ", Then

(Bp(X), £,(Y)) C {(T,) € L(X,Y) : ||T,| = O(n~"/P)}

and
{(T,) : (BP|| T ) € &} C (By(X), £4(Y)).

Proof If we set u,(z) = 2", then ||u, ® x]|5,x) ~ n~"/?||x]|.

Now if (T,) € (B(X),£,(Y)) then ||T,x|| < Cn~V/?||x|| for any x € X, so that
1T, < Cn1/r.

For the second embedding, Propositon 3.1 gives that

I (Tu)) ||, < [T,

x|
(L < Clf oo .

A direct application of Theorems 3.2 and 2.3 produces better information on mul-
tipliers.

Proposition4.4 Let1 < p < 00,1 < g < ocoandlet X, Y be Banach spaces then
(Bp(X),£4(Y)) C {(Ty) : (n/PT,) € £( 00,1, L(X,Y)) }

and
{(T,): (PT,) € (g1, L(X,Y)) } C (Bp(X), £,(Y))

where1/r = ((l/q) — (l/p)) ’

Let us show how to improve the previous propositions under certain assumptions
on X.

Theorem 4.5 Letl < p < 00,1 < gq< 00,1 < a < 2andlet X bea complex
Banach space of Fourier type a. Put1/s = ((l/q)—(l/a’)) +, 1/t = ((l/q)—(l/a)) i

and 1/r = ((1/q) = (1/p)) .
Ifl<p<aanda=1/p—1/athen

(20) {(T,): *VPT,) € £(5, 1, L(X,Y)) } C (Bp(X), £4(Y)).
Ifa < p then
(21) {(T,) : /PT,) € £(s,1, (X, Y)) } C (Bp(X), £,(Y)).
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Proof By Theorem 2.3, K(s, rn, L(X, Y)) = (ﬁ(a’, p,X), ﬁq(Y)) . Let us assume that
(n™*VPT,) € (€a’, p,X),0,(Y)) or (n'/PT,) € (£, p,X),44(Y))

for1 < p <aora < prespectively wherea = 1/p — 1/a.
Now Theorem 3.10 gives, for 1 < p < g, that

o Xn
(T, ||q = H < T ( 1/P+a>>

and Theorem 3.8 implies, for a < p, that

(Tl = H( e w))

These two estimates give (20) and (21). [ |

< Cla™ V=% ) larp < ClIf 3,00

q

< Clln 2 x)llarp < ClIflls,00-
q

Theorem 4.6 Let 1 < p < 2 and let X be a complex Banach space. The following
statements are equivalent:

(i) X has Bergman type p.
(ii) Forany 1 < q < oo and for any other Banach space Y,

{(T,): (!PT, € (5,1, (X, Y)) } C (Bp(X), £,(Y))
where 1/s = ((1/q) — (l/p’))Jr and 1/r = ((1/9) — (1/p)) "
Proof Let us assume X has Bergman type p. Now (ii) follows from the embedding
By(X) C {(x) : (nPx,) € L(p’, p, X)}.

Assume (ii) for Y = Cand g = 1. Then any (x}) such that ||(n"/?x)||, ,» < o0
gives a multiplier in (Bp (X), 61) . Therefore there exists C > 0 such that

&S]
D16 xa| < Cllflla,0 1122 pr
n=0

forany f(z) = > 2, xa2".
From duality now one gets || (n="/?x,)||,7 , < Cllfliz,x)- [ |

Theorem 4.7 Let2 < p < oo and let X be a complex Banach space of Bergman
cotype p. Then for any 1 < q < oo and for any other Banach space Y,

(Bp(X), £,(Y)) C {(T,)): (n"/PT,) € £(5,r, L(X,Y)) }

where1/s = ((1/q) — (l/p’))+and 1/r=((1/q — (1/p))+.
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Proof The assumption means that {(x,) : (1) € £(p’, p, X)} C B,(X). Therefore

(T,) € (BP(X),EQ(Y)) gives (n'/PT,) € (K(p’,p,X),Zq(Y)) . Now using Theo-
rem 2.3 the proof is finished. ]

Recall the well known notion of Rademacher type (see [27]).

For 1 < p < 2 a Banach space X is said to have Rademacher type p if there exists
a constant C such that

[ sro] e <e(Smr) "
o 4= >

for any finite family x;, x,, . . . , x, of vectors in X where r; stand for the Rademacher
functions on [0, 1].
It is known and easy to see that Fourier type p implies Rademacher type p.

Theorem 4.8 Letl < p < 00,1 < g < 00,1 < a < 2, and let X be a complex
Banach space of Rademacher type a and Y be any Banach space. Then

(Bp(X),£4(Y)) C {(T,): (n/PT,) € (5,1, L(X,Y)) },
where1/s = ((1/q) — (1/a)) " and 1/r = ((1/q) — (1/p)) ".
Proof Let T: B »(X) — £4(Y) the bounded linear operator defined by (T),) as a mul-
tiplier, i.e., Tf = (T,x,) for every analytic polynomial f(z) =) ., x.2".
For anyt € [0, 1], let f; the polynomial given by f;(z) = ano 1,(t)x,2", where

(ry) is the sequence of Rademacher functions.
It’s clear that || T f;|| = ||Tf]| for every ¢, and then

1 1
Il = ITA = [ UTAN e < UT1P [ 1515

.1": P 1 pr 1 )
_ H || / / / Hzrn(t)xnrnem@
2 Jo Sz Jo >0

Since X is of type a, we have for every 0 that

! oll? p/a
/ Z ra()x, "™ || dt < C(Z ||x,,||“r”“) ,
0

n>0 n>0
and integrating this in [—m, 7] we get

T : p/a
sl < ATl [ (X ) ar

n>0

p
dt do dr.
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Now Lemma 2.6 yields

ol <c [ (S hlr) ™ d<c§X§jﬁﬂ)”ﬁ

n>0 n€ly

which gives [|(T,x,)[|q < C”(%)H[(a’pﬂx).
We have thus shown that (n'/?T,) € (E(a, p,X),4(q,q, Y)) , and by Theorem 2.3
this gives (n'/?T,) € 0(s, 1, L(X,Y)). ]

Theorems 4.5 and 4.8 give a characterization of the multipliers from B,(X) to
£,(Y) for p > 2 and X being isomorphic to a Hilbert space.

Corollary 4.9 Let1 < g < ocoand?2 < p < oco. If X is isomorphic to a Hilbert space
then
(Bp (0, £4(Y)) = {(T) C L(X,Y); (n/P||T,|)) € £(s, 1)},

where 1/s = ((1/q) — (1/2)) " and 1/r = ((1/q) — (1/p)) .
We have, in particular, that (T,) € (Bz(X),éq(Y)) if and only if the sequence
(V|| Tul]) € £s.

5 Multipliers from B, (X) to B,(Y)

We now study the vector-valued versions of (6) and (5).

Theorem 5.1 Let1 < a <2 < b < ooandletX andY be complex Banach spaces,
such that X has Fourier type a and Y has Fourier typeb’. Ifa < p < coand1 <q<b
then

{(T): (V1T € 0(a, B,8(X, 1)) } € (By(X), By(Y))

where1/r = (1/q) — (1/p), 1/ = (1/a) — (1/b) and 1/8 = (1/r)*.
Proof By Theorem 2.3, the hypothesis says that
(n'Ty) € £( e, B,L(X,Y)) = (€', p, X), £(b",q,Y)) .

Let f be an analytic polynomial given by f(z) = >, -, x,2", x, € X and g(z) =
EnZl T,x,2", which takes values in Y. Since a < p and q < b, Theorem 3.8 implies

Ty
<C
el < | (%22) 5

<C H( (1/p)— l/q)HT [ ”’f;ﬂ)

<l T |ays H( 1/p>

< Clflls,x)- ]

b’.q
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Theorem 5.2 Let1 < p,q < o0 and let X and Y be any complex Banach spaces.
Then
(Bp(X), By(Y)) C {(T) : (0™ V|| T|]) € £(00,5,L(X,Y))}

where1/r = (1/q) — (1/p) and 1/s = (1/r)*.
Proof It follows from Theorem 3.2 that

By(Y) € {(yn) : (0|3, |)) € £(c0,9)}

and that

{(x) + (072 lx[]) € £(1, p)} C Bp(X).
Hence (T,) € (By(X),B,(Y)) implies (n'/?=1/1T,) € (£(1, p,X),€(c0,q,Y)) and
the proof is finished. ]

Combining Theorems 5.1 and 5.2 we get the analogue to (6) for Hilbert valued
functions.

Corollary 5.3 If X and Y are both of them isomorphic to complex Hilbert spaces and
1<g<2<p<oothen

(Bp(X),By(Y)) = {(T,): (n™/"T;,) € £( 00,1, £(X,Y)) },

where 1/r = (1/q) — (1/p).

Let us now state several lemmas that we shall need in the sequel to get the analogue
to (5).
The next result can be carried over the vector-valued setting.

Lemma 5.4 (see [16, Theorem 5.5])  Let X be a complex Banach space, f be an X-
valued analytic function, g > 1 and o > 0. Then My(f,r) = O(ﬁ) if and only if

Mq(f/ﬂ’) = O(ﬁ)-

Lemma 5.5 (see [8, Lemma 2.1])  Let X be a complex Banach space and f be an X-
valued analytic function. Then f € By(X) if and only if

1
/0 (1- r)qu(f’, r)dr < oo.

Lemma 5.6 (see [11, Lemma 5.2])  Let f be an X-valued analytic function and q €
[1,00). Then the following are equivalent:

(i) My(f. 1) = O(g=ymm)-
(i) [|fills,c0 = O(7%) where fi(z) = f(s2).

Let us now recall the definition of the Lipschitz classes in the vector-valued setting.
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Definition5.7 Let1 < p < ocoand 0 < a < 1. The Lipschitz class A5(X) is
formed by those functions ¢ € L? (T, X) such that

27 ) ) d 1/p
Wp(, 1) = (/0 p(e’“*) — ¢(€”)|Pﬁ> =O(|t|*), (t—0).

Same proof as in the scalar valued case shows the following characterization of
analytic Lipschitz functions.

Lemma 5.8 (see [16]) Let1 < p < 00,0 < a < landlet ¢ € LP(T, X) such that its
Poisson extension f is an X-valued analytic function. Then the following are equivalent:

(i) Mp(f’,r) = O(W)-
(ii) ¢ € ALX).
We shall use the following general result, that was used in [11] and [7] to get appli-

cations to multipliers, and whose vector-valued version was shown in more generality
in [6].

Theorem 5.9 (see [6, Theorem 2.1])  Let X, Y be complex Banach spaces. Let ® be a
linear map from the X-valued polynomials into Y. Define ®,: X — Y by the formula
P, (x) = (x® u,) and Fs(z) = Zzio ®,z". The following are equivalent:

(i) sup, o, (1 = [z2P)|[Fg (D]l zoxy) < 00

(ii) @ extends to a bounded operator in L (Bl (X), Y) .

Moreover [|2|| ~ [[Fe(0)[| + [|Fg(0)[| + sup, ., (1 — [2]*)[|Fg (2)]]-
Theorem 5.10 Let X and Y be complex Banach spaces, a sequence of operators (T,) C

L(X,Y)and1 < g < oo. Then (T,) € (Bl(X),Bq(Y)) if and only if the map x — Fy
given by Fy(z) = Z;’il T, (x)z" defines a bounded operator from X into A‘f/q, (Y).

Proof If T: Bi(X) — B,(Y) is the operator corresponding to (T,) by means of
T(u, ® x) = u, ® T,x for every n > 1 then

oo

Fx(z) = Z(”” Q T,)Z".

n=1

In other words, according to Theorem 5.9, (T,,) € (Bl(X), Bq(Y)) if and only if

sup sup(l — |z\)H (n— Dnz""2(u, Tnx)‘ < 00,
[EESHERS ; B, (¥)
which is clearly the same as
sup sup(1l— |z|)H (n+ nz"(u, @ Tnx)’ < 0.
[EESHERS ; By(Y)
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H Z(n + Dnz"(u, ® Tnx)’
n=1
where G,(z) = Y_07 (n+ 1)n(T,x)z".

1 1/q
= </ Mg(Gx,r|z)dr) ,
By(Y) 0
n=1

From Lemma 5.6, (T,) € (Bl(X), Bq(Y)) if and only if

sup sup (1 —r)'""VIM (G, 1) < 0.
x| <1 0<r<1

Since G, is the derivative of E, where E,(z) = Z;’il n(T,x)z""!, and then, Lemma 5.4
shows that the condition of being a multiplier is the same as

sup sup (1 — r)l/qu(Ex,r) < 0.
llx]| <1 0<r<1

Finally noticing that E,(z) = z*F/(z), and My(E,,r) = r*M,(F],r), now a look at
Lemma 5.8 easily gives the final result. ]

Same proof as above gives the case ¢ = 1 in the previous theorem.

Theorem 5.11 Let X and Y be complex Banach spaces and (T,) C L(X,Y). Then
(T,) € (Bl(X),Bl(Y)) if and only if

sup sup (1 —r*)M,(F.,r) < oo

[|x]]=1 0<r<1

where Fy(z) = Y2 | T,(x)z".
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