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The temperature outside a heated plume
A.M. Watts

A calculation is made of the temperature distribution outside
the laminar part of the plume produced by a small source of heat
in an infinite fluid. It is shown in particular that the
temperature variation is not exponentially small outside the

plume, as might be expected in such a problem of boundary layer

type.

1. Introduction

The structure of the plume above a small source of heat has been
considered by Yih [4], Mahony [2]. Batchelor [1] and many others. For
moderate distances above the source, that is for distances large compared
with the source size and the diffusion length but less than the eritical
distance at which turbulence develops, the velocity and temperature
distributions are given by a similarity solution. Yih has found explicit
expressions for the similarity solution for two particular values of the
Prandtl number.

Further interest in the problem comes from the algebraic decay .of
temperature and vorticity at the outer edge of the plume. It is shown here
that the temperature has an algebraic approach to the ambient value in all
directions, even outside the plume, as the distance from the source
increases. This is in contrast to the behaviour in the plane flow produced
by & line source of heat and in almost any boundary layer problem that has

been worked out.
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2. Plume solution

We use the Boussinesq equations. In dimensionless form with axial

symmetry and no swirl they are

(1) u%%+v%l;;=—%+oveu+T,
CCA w_ _3p 2, X

(2) UtV T Tt U[V v Tz] ’
T oT 2

(3) u 5;'+ v = v°r ,

where cylindrical polar coordinates and components are used, ¢ 1is the
Prandtl number and

du du _ 0 9, du
(+) u8x+v8r_r3r[r3r]+T’
3T 37 1 3f ar
(5) “%*”E'rar[” ar]’
(6) P = const ,
and the heat flux condition is
(1) 2ﬂru.‘1‘rdr=l,
0

where the temperature T is measured relative to the temperature at
infinity.

The solution of the plume equations is of the form

-1
(8) Teg g[ 1”,2] :
X
r
(9) Y= xf[T/g] s
X

where ¢ is the Stokes stream function., The upward volume flux in the

plume is 27nAx , where 4 = f(=x) , so that there is an entraimment by the
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plume of uniform strength 2mA per unit length.

For O equal to 1 and 2 , the solutions derived by Yih are given

explicitly by

¢
(10) (n) = s
s (B+n2)*
(11) Ff(n) = 24n2
B+n?

where for ¢ =1 :

and for ¢ = 2 :

In both cases

|

§£ hm4
c

hN
s
-

From (10) we have for large n

(13) g(n) w:g—; >

and it can be shown that g has this asymptotic form for all Prandtl

numbers, where the constant A 1is defined to be f(«) as above.

3. Outer region

The outer flow is, to a first approximation, irrotational and at a
constant temperature. It is determined by the entraimment into the plume

and is given by the stream function
(%) =3 Al + A2er2)

as derived by Spunde [3]. The stream lines are parabolas with axes
coincident with the axis of symmetry, so that the flow into the plume is

normal to it.

To determine the eventual form of decay of the temperature, solutions

of (3) are found with u and v derived from the stream function in (1k4).
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We use orthogonal coordinates o, B given by

a =z + Jzler? |
= 2,52
B = - x + Vxl+rs ,

(15)

and (3) becomes

3 aT 3 T _

(16) 3o {a 5&} + EE'[B §E'+ AT] =0 .
The solution is of the form
(1m) T = r F(k)Jo(ks)n‘AxA(zkn)dk ,

0
where

1 1
£ = o , n= 82 .

This solution is required to match the plume solution, given in part
by (8), (13). For large zx ,

1
2
an2e, £ (22)° ,
I’2 r
B'\a— nv——m——
2c 1/2 °
(22)%/

and the principal contribution to the integral in (17) comes from small

values of k . With

(18) K,(2kn) ~ (2kn)™ for kn o,

the asymptotic form of T is

(19) wa%j (2k) ™ AP(k)J (kE &k
0

which agrees with (13). Because of (8), we also require
-4 const
(20) r (2k) "F(k)7 (kE)dk ~ ~—F— ,
0 £

which implies
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(21) (2k)'AF(k) " const k log k , for k =+ 0 .

We then have for large %- and n

7 fm F(k)X  (2kn)dk
0 4
(22) nnA f a*l 10g kK, (2Kn)dk
0

-2
v On T logn o,
so that T does not decay exponentially at any stage.

To continue the asymptotic expansion of the piume solution to more
terms, boundary conditions would have to be supplied from the outer
solution given by (17). As well as allowing for the difference between

and ———£I7§-, which is of order x—lnz , that is 25_2n2 , we would
(2z)

need to extend the asymptotic from (18) by
-4 2
(18a) K,(2kn) ~ (2kn) ™" (1 + a(2kn)® + ...)

The extra factor k2 in this extra term would give an extra factor E_2
in the next term in the asymptotic expansion for T , so that we would now
have

T~ const [l + const(giz + ...] .

A
n £2

which is consistent with an expansion of the plume solution in inverse

powers of x .
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