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ABSTRACT

We prove that the group of normalized cohomological invariants of degree 3 modulo the
subgroup of semidecomposable invariants of a semisimple split linear algebraic group
G is isomorphic to the torsion part of the Chow group of codimension-2 cycles of
the respective versal G-flag. In particular, if G is simple, we show that this factor
group is isomorphic to the group of indecomposable invariants of G. As an application,
we construct nontrivial cohomological invariants for indecomposable central simple
algebras.

1. Introduction

Let G be a split semisimple linear algebraic group over a field F'. The purpose of the present
paper is to elucidate the relationships between the geometry of twisted G-flag varieties, the theory
of cohomological invariants of G and the representation theory of G.

For the first, let U/G be a classifying space of G in the sense of Totaro, i.e. U is an open
G-invariant subset in some representation of G such that U(F') # @ and U — U/G is a G-torsor.
Consider the generic fiber U™ of U over U/G; it is a G-torsor over the quotient field K of U/G
called the versal G-torsor [GMS03, pp. 11-12]. We denote by X & the corresponding flag variety
U™ /B over K, where B is a Borel subgroup of G, and call it the versal flag. The variety X&"
can be viewed as the ‘most twisted’ form of the ‘most complicated’ G-flag variety and hence is a
natural object to study. In particular, understanding its geometry via studying the Chow group
CH(X®") of algebraic cycles modulo the rational equivalence relation leads to understanding
the geometry of all other G-flag varieties.

The group CH(X) of a (twisted) flag variety X has been a subject of intensive investigation for
decades. Research on CH(X) started with the fundamental results of Grothendieck, Demazure,
and Bernstein, Gelfand and Gelfand in the 1970s describing its free part, and then progressed
due to the development of motivic cohomology theory in the 1990s, culminating in numerous
results by Karpenko, Peyre, Vishik and others (including the authors), who aimed to understand
its torsion part.

The second ingredient of this paper, the theory of cohomological invariants, was mainly
inspired by the works of Serre and Rost. Given a field extension L/F and a positive integer d,
we consider the Galois cohomology group H9*1(L,Q/Z(d)), denoted simply by H*1(L,d) (see
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[GMS03, p. 151]). Following [GMS03, p. 106], a degree-d cohomological invariant is a natural
transformation of functors

a:HY(—,G)— HY—,d-1)

on the category of field extensions over F. We denote the group of degree-d invariants by Inv?(G,
d — 1). An invariant a is said to be normalized if it sends the trivial torsor to zero. We denote
the subgroup of normalized invariants by Invd(G, d — 1)norm-

A normalized invariant a is said to be decomposable if it is given by a cup product with an
invariant of degree 2, i.e. there exist b; € Inv?(G, 1)norm and a; € F* such that for every field
extension L/F and every G-torsor Y over L,

a¥) = 3 (@) Ubi(Y),

4 finite

where (a;) denotes the corresponding class in H'(L,Q/Z). We denote the subgroup of
decomposable invariants by Inv3(G, 2)gec.

The factor group Inv?(G, 2)norm/Inv? (G, 2)gec is denoted by Inv3(G, 2)inq and is called the
group of indecomposable invariants. Observe that elements of this group are not invariants but,
rather, their classes. This group has been studied by Garibaldi, Kahn, Levine, Rost, Serre and
others in the simply connected case, and is closely related to the Rost invariant. Recent work
of [Mer13a] has shown how to compute it in general using new results on motivic cohomology
obtained in [Mer13b]; in particular, it was computed for all adjoint split groups in [Merl3a] and
for split simple groups in [BR13].

As to the last ingredient, namely the representation theory of G, recall that the classical
character map identifies the representation ring of G' with the subring Z[T*]" of W-invariant
elements of the integral group ring Z[T*], where W is the Weyl group which acts naturally on
the group of characters T* of a split maximal torus T" of G. In particular, one of the key objects
of the paper, the ideal (I"V) generated by augmented W-invariant elements in Z[A] where A is
the respective weight lattice, can be identified with the ideal generated by classes of augmented
(i.e. virtual of dimension 0) representations of the simply connected cover of G.

We relate all these ingredients with each other by introducing a subgroup of semidecomposable
invariants, Inv®(G, 2)sqec, Which consists of invariants a € Inv®(G, 2)porm such that there exist
b; € Inv?(G, 1)norm and, for every field extension L/F and every G-torsor Y over L, ¢; = ¢;(Y) €
L* with

a(Y) =Y (¢:) Ubi(Y). (1)
4 finite
Observe that, by definition, we have Inv3(G, 2)gec € Inv3(G, 2)sdec € Inv3 (G, 2)norm.
Our main result then says the following.

THEOREM. Let G be a split semisimple linear algebraic group over a field F', and let X" denote
the associated versal flag. Then there is a short exact sequence

Inv? (G, 2)sdec

— — 1 3G,21n —>CH2 X ors_>07
IHV?’(G, 2)dec w ( ) ¢ ( )t

together with a group isomorphism Inv®(G, 2)sgec/Inv? (G, 2)dee ~ co(IW) N Z[T*]) /ea(Z[T*]V),
where ¢y is the second Chern class map (see e.g. [Merl3a, § 3c|).

In addition, if G is simple, then Inv3(G,2)sqec = Inv3(G,2)dec, 50 there is an isomorphism
Inv3(G, 2)ing =~ CH? (X&) 4.
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If G is not simple, then Inv?(G, 2)sqec does not necessarily coincide with Inv?(G, 2)gec (see
Example 3.1).

The nature of our result suggests that it should have applications in several directions, such
as to cohomological invariants and algebraic cycles on twisted flag varieties. Later in this paper
we will discuss a few of these appplications.

For instance, since the group Inv3(G,2)inq has been computed for all simple split groups
in [Mer13a, BR13], it immediately gives computation of the torsion part of CH?(X8&"), thus
extending previous results by [Kar98, Pey98]. As another straightforward consequence, using
the equality Invg(G, 2)sdec = Invg(G7 2)d4ec We can construct nontrivial cohomological classes for
indecomposable central simple algebras, hence answering questions posed in [GPT09, Bar14].

The paper is organized as follows. In § 2 we construct an exact sequence relating the groups of
invariants with the torsion part of the Chow group, proving the first part of the main theorem.
In §3 we compute this exact sequence case by case for all simple groups (the PGOg case is
treated separately in Appendix A), hence proving the second part of the theorem. In the final
section we discuss some applications.

2. Semidecomposable invariants and the Chow group

Let G be a split semisimple linear algebraic group over a field F'. We fix a split maximal torus
T of G and a Borel subgroup B containing T. We consider the T-equivariant structure map
U — Spec F' = pt where U is the open G-invariant subset from the introduction.

Characteristic maps and classes. By [EG98], the induced pullback on T-equivariant Chow
groups CHp(pt) — CHp(U) is an isomorphism. Since CH7(U) ~ CH(U/T) ~ CH(U/B) and
CHyp(pt) can be identified with the symmetric algebra Sym(7™) of the group of characters of T,
this gives an isomorphism

¢°" : Sym(T*) = CH(U/B). (2)

Similarly, by the homotopy invariance and localization property of the equivariant K-theory
[Mer05, Theorems 8 and 11], the induced pullback on T-equivariant K-groups gives a surjection

K0 Z[T*] — Ko(U/B),

where the group ring Z[T*| can be identified with Kp(pt) and Ko(U/B) ~ Ko(U/T) ~ K¢ (U).
Let 7¢(X) denote the ith term of the topological filtration on Ky of a smooth variety X, and

let 7%/7*1 (i > 0) denote its ith subsequent quotient. Let I denote the augmentation ideal of
Z[T™].

LEMMA 2.1. The map ¢*0 induces isomorphisms on subsequent quotients
')+t =S 7/ U/B) for 0<i <2,
and its restriction ¢ : I? — 72(U/B) is surjective.

~

Proof. By [Ful98, Example 15.3.6], the Chern class maps induce isomorphisms ¢; : 7t/ HlX) >
CHY(X) for 0 < i < 2. Since the Chern classes commute with pullbacks and Sym®(T*) ~ I’ /T*+1,
the isomorphisms follow from (2). Finally, since I/I? ~ 7'/2(U/B), ¢*o(x) € 72(U/B) implies
that = € I2. O

1418

https://doi.org/10.1112/50010437X14008057 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X14008057

INVARIANTS AND TORSION IN THE CHOW GROUP OF A VERSAL FLAG

Consider the natural inclusion of the versal flag + : X" = U2" /B — U/B. Since 7 is a limit
of open embeddings, by the localization property of Chow groups, the induced pullback gives
surjections

“": CHY(U/B) - CHY(X gon)
Moreover, the induced pullback in K-theory restricted to 7¢ also gives surjections
T(U/B) — 7' (X&™).

Indeed, by definition 7¢/(X&°") is generated by the classes [Oy] for closed subvarieties Z of X&™
with codim Z > i and each [Oy] is the pullback of the element [O] in 7/(U/B), where Z is the
closure of Z inside U/B.

Let L be a splitting field of the versal torsor U8". According to [GZ12, Theorem 4.5], the

compositions
res

Sym(T*) “—> CH(U/B) ‘> CH(X*") ™% CH(XE")

and
res

ZIT*) <5 Ko(U/B) > Ko(X5™) " Ko(XE)

give the classical characteristic maps for the Chow groups and the K-groups, respectively (here
we identify the rightmost groups with, respectively, the Chow group and the K-group of the
split flag G/B). Restricting the latter to I? and 72, we obtain the map

K K res on
c: 1225 22(U/B) L5 72(XE) IS 22(XE) = 72(G/B).

From this point on, we denote by ¢¥, 1", ¢Xo and ¢*0 the restrictions to Sym?, CH2, I? and
72, respectively. _
Let A be the weight lattice. Consider the integral group ring Z[A]. Let I denote its

augmentation ideal. The Weyl group W acts naturally on Z[A]. Let (I) denote the ideal
generated by W-invariant elements in I.

K K o~
LEMMA 2.2. The kernel of the composition I> = 72(U/B) > 72(X&™) is (IW) N I2.

Proof. By the results of Panin [Pan94], Ky(X&") is the direct sum of Ky(A4;) for some central
simple algebras A; over K. So Ky(X8&") is a free abelian group, and hence the restriction
T2(X8M) — 72(X%") is injective. Therefore, ker(:¥0 o ¢®0) coincides with the kernel of the
characteristic map ¢ : I — 72(G/B).

By considering the inclusion Z[T*] C Z[A], we see that the kernel of ¢ : I? — 72(G/B) equals
the intersection of I? with the kernel of the characteristic map ¢ : Z[A] — Ko(G/B) = Ko(G/B),
where G is the simply connected cover of G and B is the corresponding Borel subgroup of G.
By Steinberg’s theorem [Ste75], the kernel of the map ¢ is equal to I IV. Hence we get that
ker(150 o ¢¥o) = (1) N I2. O

Consider the second Chern class map ¢z : 72(U/B) — CH*(U/B).
LEMMA 2.3. We have ca(ker*0) = ker ¢

Proof. Consider the following diagram.

(U/B) — 12(U/B) —=~ CH*(U/B) — 0

Ko |T3 l lZKO lZCH

73 (Xgen) 72 (Xgen) c2 CH? (Xgen) 0
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Its vertical maps are surjective and the rows are exact by [Ful98, Example 15.3.6]. The result
then follows by the diagram chase. O

K C
Consider the composition ¢ : I2 <> 72(U/B) =% CH?(U/B). Observe that it coincides with
the Chern class map defined in [Mer13a, § 3c|.
LEMMA 2.4. We have ker 1" = ¢o(IV) N 12).

Proof. Since ¢¥o is surjective by Lemma 2.1, from Lemmas 2.2 and 2.3 we obtain
co(I™) N I?) = ca(ker (450 o ¢0)) = ¢y(ker 10) = ker 1M, ]
Following [Merl13a], we write
Dec(G) := (¢“™) Lo co(Z[T*]V)

and set

SDec(G) = (¢ o oo (I") N Z[T*)).
Since A" = 0, we have (TW) C I2. Therefore, for any z € (I~W) we have z = 2/ mod I® and
hence ¢o(x) = ca(z’) for some 2’ € Z[A]W, where Z[A]" is the subring of W-invariants. So there

are inclusions

Dec(G) C SDec(G) € Sym?(T*)W. (3)
LEMMA 2.5. We have CH?(X8") ~ Sym?(T*)/SDec(G).
Proof. By (2) and Lemma 2.4,
CH?(X8) ~ CH2(U/B)/co((I) N I?) ~ Sym?(T™*) /SDec(G). 0
COROLLARY 2.6. We have CH?( X&), ~ Sym?(T*)" /SDec(G).
Proof. By Lemma 2.5 it remains to show that
(Sym?(T™)/SDec(G))tors = Sym?(T*)W /SDec(G).

Indeed, suppose that z € Sym?(T*) and na € SDec(G). Then nz lies in Sym?(7*)" by (3). So
for every w € W we have n(wz — x) = 0. Since Sym?(T™) has no torsion, x € Sym?(T*)".

Conversely, let z € Sym?(T*)". Since the second Chern class map ¢y : I? —>~Sym2(T*) is
surjective, there is a preimage y € I? of . Take y/ = > .y w -y € Z[T* )V C (I) N Z[T*].
Since ¢ is W-equivariant and coincides with the composition (¢“")~! o ¢o, we obtain

() oea(y) = [W| -z € SDec(G). 0

Cohomological invariants. For a smooth F-scheme X, let H3(2) denote the Zariski sheaf
on X associated to a presheaf W — H3(W,Q/Z(2)). The Bloch-Ogus-Gabber theorem
(see [CHK97, GS88]) implies that its group of global sections HY, (X,H3(2)) is a subgroup
in H3(F(X),2).

Consider the versal G-torsor U™ over the quotient field K of the classifying space U/G.
By [BM13, Theorem A] the map © : Inv3(G,2) — H?(K, 2) defined by O(a) := a(UE™) gives an
inclusion

Inv?(G,2) — HY, (U/G,H(2)).
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LEMMA 2.7. We have a(U8™) € ker[H?(K,2) — H?(K(X&™),2)] for any a € Inv®(G, 2)norm-

Proof. Consider the composition ¢ : Spec K(U8™") — U™ — U/G. Observe that the pullback
q* factors as
q" 1 Hpo(U/G,H(2)) — HP(K(X5),2) — HP(K(US™),2).

Since Ug™"™ — X8 is a B-torsor, K (U8™") is purely transcendental over K (X&), so the last
map of the composition is injective. Since U8 becomes trivial over K(U8™"), we have

¢ (a(UE™)) = a(US™ x g K(U™)) = 0.
Therefore, a(U8") € ker[H3(K,2) — H3(K(X8&™),2)]. O

LEMMA 2.8. Let Y — SpecL be a G-torsor and let X = Y/B. Denote by L*P the separable
closure of L and I'y, its Galois group, and let X5P = X x L5P. Then the I';, action on Pic X5°P
is trivial.

Proof. This follows from [MT95, Proposition 2.2]. O
The Tits map. Consider a short exact sequence of F-group schemes
1-C—>G5G6->1.
Given a character x € C* of the center and a field extension L/F, consider the Tits map
s H(L,G) S HX(L,C) X5 H2(L,Gy,)

(see [Tit71, §§4 and 5]), where O is the connecting homomorphism (if C' is non-smooth, we
replace it by Gy, and replace G by the respective push-out as in [GMS03, p. 106, Example 2.1]).
This gives rise to a cohomological invariant 3, of degree 2,

By:Y s a1 (Y) for every G-torsor Y € HY(L,G).

By [BM13, Theorem 2.4], the assignment y — () provides an isomorphism C* — Inv?(G, 1).
For a G-torsor Y over L, there is the following exact sequence studied in [Mer95], [Pey98]
and [GMS03, p. 126, Theorem 8.9]:

AY(Y/B)*?, K2)' 5 ker[H?(L,2) — H?(L(Y/B),2)] v, CH%*(Y/B).

The multiplication map L*P @ CHY(Y/B)*® — A'((Y/B)*P,K,) is an isomorphism. By
Lemma 2.8 we obtain an exact sequence

Lo A ker[H3(L,2) — H3(L(Y/B),2)] 2 CHX(Y/B). (4)
According to [Mer95], the map py acts as follows:

py (9 @A) = ¢ UBx(Y),

where ¢ € L, A € A and ) denotes the image of \ in A/T* = C*.
Recall that, by definition (1) of the group of semidecomposable invariants,

a € Inv3(G,2)sqec  if and only if  a(Y) € im(py) = ker(dy) for every torsor Y.

1421

https://doi.org/10.1112/50010437X14008057 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X14008057

A. MERKURJEV, A. NESHITOV AND K. ZAINOULLINE

LEMMA 2.9. We have a € Inv3(G, 2)sqec if and only if a(U8™) € ker(Speen).

Proof. If a is a semidecomposable invariant, then a(US™) = > . ccn ¢y U By (UB™") lies in the
image of ppeen; hence dpsen (a(UB")) = 0. On the other hand, let a be a degree-3 invariant such
that dpsen (a(Us")) = 0, and let Y be a G-torsor over a field extension L/F. We show that
dy (a(Y)) =0.

We may assume that L is infinite (replacing L by L(t) if needed). Choose a rational point
y € (U/G)r, such that Y is isomorphic to the fiber of U — U/G over y. Let R be the completion
of the regular local ring Oy/q), 4 and let K be its quotient field. The ring R is a regular local
ring with residue field L. By a theorem of Grothendieck, Y is a pullback of Y via the projection
Spec R — Spec L(y). Then the G-torsors Yy and U ?{e " over K are isomorphic. We have

K

Oy (a(Y)) g =0y, (a(Y)) = 5U§(en(a(U§(en)) = Syeen (a(UB™")) i = 0.

The restriction CH*(Y/B) — CH?*((Y/B)y) is injective, since it is split by the specialization
map with respect to a system of local parameters of R. Therefore dy (a(Y)) = 0 for every Y, and
hence «a is semidecomposable. |

Now we are ready to prove the first part of the main theorem.
THEOREM 2.10. The map dyeen Induces a short exact sequence

Inv (G, 2)sdec

— IHV3 G,2 ind = CH2 Xee — 0,
I 3(G, 2) B ( ) d ( )tors
and there is a group isomorphism

v (G, 2sdee  c2((IV) NZ[T™))
v (G, 2)aee C2(Z[T*]W)

Proof. Consider the following diagram, where the rows are exact sequences given by [Kah96,
Theorem 1.1] and the vertical arrows are pullbacks.

0 —— CH(U/G) — H, (U/G, 7(2)) —> HY,,(U/G, H3(2)) —0

| | |

0 —— CH*(U/B) —H}(U/B,Z(2)) — HY, (U/B,H3(2)) —=0

Zar

0 —— CH?(X#") —— Hj (X5, Z(2)) — Hy, (X5, #3(2)) —0
Since F(U/B) = K(X#&™"), Lemma 2.7 implies that the composition

Inv? (G, 2)norm — Hy(U/G,H?(2)) — HY, . (U/B,H?(2))
is zero. By the diagram chase, there is a homomorphism

Inv*(G, 2)norm — CH2(U/B)/ CH2(U/G).

The map X&" — U/B — U/G factors as X&" — Spec K — U/G; hence the composition
’LCH
of pullbacks CH?*(U/G) — CH?(U/B) — CH?(X%") coincides with the composition
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CH?*(U/G) — CH?*(Spec K) — CH?(X&"), which is zero. This gives a homomorphism
g : Inv3(G, 2)norm — CH?(U/B)/ CH*(U/G) — CH?(X#"), which by the proof of B. Kahn’s
theorem [GMS03, §8, pp. 124-125] factors through the map dyeen of (4). By [Merl3a, 3.9], the
map g also factors through the isomorphism Inv?(G, 2)inq — Sym?(T*)W /Dec(G). So there is a
commutative diagram as follows.

IHVg(G, 2)n0rm 49) CH2 (Xgen)tors

J{ ~Tcor. 2.6 (5)

Sym?(T*)W Sym?(T*)W
Dec(G) SDec(G)

The bottom row of (5) gives a short exact sequence
SDec(G) N Sym?(T*)W
Dec(G) Dec(G)
Lemma 2.9 and the composition (4) give an exact sequence

0 = Inv*(G, 2)sdec = Inv? (G, 2)norm - CHZ(XE) 0.
Upon combining these and factoring modulo Inv3(G, 2)gec, We obtain an isomorphism

Inv3(G, 2)sdec . SDec(G)
Inv3(G,2)qee ~ Dec(G)

0— — CH?(X®")pps — 0.

3. Semidecomposable invariants versus decomposable invariants

In this section, we prove case by case that the groups of decomposable Inv3(G, 2)dec and
semidecomposable Inv3 (G, 2)sdec invariants coincide for all split simple G, hence establishing
the second part of our main theorem. More precisely, we show that

Dec(G) = co(Z[T]Y) = ¢o(IV) N Z[T*]) = SDec(G) in Sym?*(T*)"
(here we denote (¢“™)~! o ¢y simply by c3). Observe that in the simply connected case we have
Sym?(A)W = Zq, where ¢ corresponds to the normalized Killing form from [GZ14, § 1B], and

Dec(G) C SDec(G) C SDec(G) = Dec(G)
for any G' (not necessarily simply connected).

Ezample 3.1. If G is not simple, then Dec(G) # SDec(G) in general.

Indeed, consider a quadratic form ¢ of degree 4 with trivial discriminant (it corresponds
to a SOy-torsor). According to [GMS03, p. 46, Example 20.3], there is an invariant given by
q — aUpBU~, where « is represented by ¢ and ((3,7)) = (a)q is the 2-Pfister form. By definition,
this invariant is semidecomposable (this fact was pointed out to us by Vladimir Chernousov).
Since it is nontrivial over an algebraic closure of F', it is not decomposable.

3a. Adjoint groups of type A, (n >1), B,(n>2),C,(n>3,4tn), D,(n>5,41n),
Eg, E; and special orthogonal groups of type D,, (n > 4)

For classical adjoint types, we have Inv?(G,2)norm = Inv3(G,2)gec by [Merl3a, §4b], so we

immediately obtain Inv?(G,2)gec = IHV?’(G,NQ)SdeC. For exceptional types, by [GMS03, p. 135]

and [Merl3a, §4b] we have Dec(G) = Dec(G) = 6Zq for Eg and Dec(G) = Dec(G) = 12Zq for

E;. For special orthogonal groups G = SOs,, by [GMS03, p. 145, §15] we have Dec(SOq,) =

Dec(Spin,,,) = 2Zq (here G = Spin,,,) and hence Dec(G) = SDec(G).
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3b. Non-adjoint groups of type A,,_1 (n > 4)

Let p be a prime integer and let G = SLys /,upr for some integers s > r > 0. If p is odd, we set
k = min{r,s—r}; and if p = 2, we assume that s > r+1 and set k = min{r, s—r—1}. It is shown
in [BR13, §4] that the group Inv3(G, 2)inq is cyclic of order p*. On the other hand, by [Kar98s,
Example 4.15], if X is the Severi-Brauer variety of a generic algebra A% then CHZ?(X)ors
is also a cyclic group of order p*. The canonical morphism X&" — X is an iterated projective
bundle, hence CH?(X &™) ops ~ CH?(X )tors is a cyclic group of order p*. It follows from the exact
sequence of Theorem 2.10 that Inv?(G, 2)sgec = Inv3(G, 2) dec.

More generally, let G = SL,, /u,,, where m | n. Let p® and p” be the highest powers of a prime
integer p dividing n and m, respectively. Consider the homomorphism H = SL,s / By —> G
(cf. §4b). We claim that it induces an isomorphism between the p-primary component of Inv?(G,
2)ing and the group Inv?(H, 2)inq.

Indeed, let H' = SL;/p, . It follows from [BR13, Theorem 4.1] that the natural
homomorphism Inv3(H’, 2)inq — Inv®(H,2)inq is an isomorphism. Thus, it suffices to show that
the pullback map for the canonical surjective homomorphism H' — G with kernel u,, where
t := m/p" is relatively prime to p, induces an isomorphism between the p-primary component
of Inv3(G7 2)ina and Inv3(H ’.2)ina. Let A C A’ be the character groups of maximal tori of G
and H', respectively. The factor group A’/A is isomorphic to p; = Z/tZ. Since the functor
A — Sym?(A)"/Dec(A) is quadratic in A, the kernel and cokernel of the homomorphism

2 w 20 AN\W
Sym“(A)™  Sym“(A)

Inv®(G, 2)ing =
BV, 2)in Dec(A) Dec(A)

= Inv3(H',2)ina

are killed by t2. As t is relatively prime to p, the claim follows.

Since the p-primary component of CH(X8" ), and the group CH(X %™ )¢ors are isomorphic
by [Kar98, Proposition 1.3] (here X% denotes the versal flag for H), we obtain that Inv?(G,
2)ina =~ CH(X8&"),s and therefore, by the exact sequence of Theorem 2.10, Inv?(G, 2)sqec =
Inv3(G, 2) gec-

3c. Adjoint groups of type Cyp, (m > 1)
By [Merl3a, §4b] we have Sym?(T*)W = Zq and Dec(G) = c2(Z[T*]"V) = 2Zq. We want to show
that co(x) € 2Zq for every element = € (I) N Z[T*].

Given a weight x € A, we denote by W (x) its W-orbit and set eX := 2orew(p(l — e ).

By definition, the ideal (TW) is generated by elements {e/\wi}i:l,mAm corresponding to the
fundamental weights w;. An element x can be written as

im
T = ane/@ + 8;¢9i  where n; € Z and §; € 1. (6)
i=1

Similar to [Zail2, §3|, we consider a ring homomorphism f : Z[A] — Z[A/T*| induced by
taking the quotient A — A/T* = C*. We have A/T* ~ Z /27 and Z[A/T*| = Z[y]/(y* — 2y),
where y = f(e“* —1). Observe that W acts trivially on C*.

By definition, f(I) =0, so f(x) = 0. Since w; € T™ for all even i, f(e/W\Z) =y for all odd 7 and
f(6:) € f(I) = (y), we get

0=flx)= > midiy+midiy> = > (n; +2m;)diy,
i is odd 4 is odd
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where m; € Z and d; = 2¢ (4;”) is the cardinality of W (w;); this implies that

Z (nl + 2mi)di =0.
1 is odd
Dividing this sum by the greatest common divisor of all the d; and taking the result modulo 2
(here one uses the fact that (n/ged(n,k))|(})), we obtain that the coefficient ny in the
expression (6) has to be even.
We now compute ca(z). Let A =Zey & - - - & Zeay,. Then T = {>  ase; | > a; is even} and

wp=e), Wy=e€e+ey, w3==e€e +e+e3 ..., Wyp==E€1+" "+ Ean.

By [GZ14, §2] we have co(x) = Zfﬂ nica(e) and cp(e¥i) = N(e¥)q, where

1
N (Z aje/\J) =3 ZajO\j, a¥)?  for a fixed long root a.

If we set o = 2e4y, then (X, ") = (), eqn) and

NE@) =1 Y e =1 Y (en?=2" (42”__11)7

AEW (w;) AEW (w;)

which is even for ¢ > 2 (here we have used the fact that the Weyl group acts by permutations
and sign changes on {e1,...,e4,}). Since n; is even, we obtain that ca(x) € 2Zq.

3d. Half-spin and adjoint groups of type Dy,, (m > 1)
We first treat the half-spin group G = HSping,,,. As in the C), case, all even fundamental weights
are in 7™ and all odd fundamental weights correspond to a generator of A/T* ~ 7Z/27. Therefore,
the map f : Z[A] — Z[A/T*] applied to the element z = fo’l nie¥i +8;6% gives the same equality
Y iis odd (M +2my)d; = 0, where m; € Z, d; = 2t (4;.") for i < 4m — 2 and dgym—1 = 2*™1. Upon
dividing by the greatest common divisor of the d; and taking modulo 2, we obtain that n; is
even if m > 1 and ni + ng is even if m = 1.

We now compute cy(z). Take a long root a = e4p—1 + €4m. Then (o, ) = 2 and (\, ") =
(A, eam—1) + (A, eam). For i < 4m — 2 we have

N@) =3 3 MaP= 3 (e + (eam) O\ amo).

AEW (w;) AEW (wi)
Since > (A eam)(\, eam—1) = 0, we get that

AGW(wi)
NE) = 3 (en) =2 < P >
AGW(wi)
and N(e¥tm—1) = N(e¥tm) = 24m=3 (here we have used the fact that W acts by permutations
and even sign changes).

Finally, if m > 1, we obtain cy(z) = >, n;N(e¥i)q € 4Zq, where 4Zq = Dec(HSping,,)
by [BR13, §5]. If m = 1, then N(e¥s) = 2; hence ca(x) € 2Zq, where 2Zq = Dec(HSping) again
by [BR13, §5].

If m > 1, for the adjoint group G = PGOsg,,, by [Merl3a, §4] and the corresponding half-spin
case we obtain that

47.q = Dec(PGOsg;,) C SDec(PGOsg,,) € SDec(HSping,,) = 4Zq.

If G = PGOg, direct computations (see Appendix A) show that Dec(G) = SDec(G).
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4. Applications

Observe that H3(F,Z/nZ(2)) is the nth torsion part of H3(F,2) for every n and that
H3(F,Z/n7(2)) = H3(F, u®?) if char(F) does not divide n.

4a. Type C,,

Let G = PGSp,,, be the split projective symplectic group. For a field extension L/F, the set
HY(L,Q) is identified with the set of isomorphism classes of central simple L-algebras A of
degree 2n with a symplectic involution o (see [KMRT98, §29]). A decomposable invariant of G
takes an algebra with involution (A, o) to the cup product ¢ U [A] for a fixed element ¢ € F*.
In particular, decomposable invariants of G' are independent of the involution.

Suppose that 4 |n. It is shown in [Merl3a, Theorem 4.6] that the group of indecomposable
invariants Inv®(G, 2)iq is cyclic of order 2. If char(F) # 2, Garibaldi et al. constructed in [GPT09,
Theorem A] a degree-3 cohomological invariant Ag, of the group G with coefficients in Z/27Z.
They showed that if a € A is a o-symmetric element of A* and ¢’ = Int(a) o o, then

A2n(A7 OJ) = A2n(Av U) + Nrp(a) U [A]7 (7)

where Nrp is the pfaffian norm. In particular, As,, does depend on the involution and therefore
the invariant Ao, is not decomposable. Hence the class of Ay, in IHV3(G, 2)inq is nontrivial.

It follows from (7) that the class Ao, (A) € H3(L,Z/27Z)/L* U [A] of Ag,(A, o) depends only
on the L-algebra A of degree 2n and exponent 2 but not on the involution. Since Agy, (A, o)
is not decomposable, it is not semidecomposable by our main theorem. The latter implies that
Aoy (A) is nontrivial generically, i.e. that there is a central simple algebra A of degree 2n over
a field extension of F' with exponent 2 such that Ag,(A) # 0. This answers a question raised in
[GPTO09]. (See [Barl4, Remark 4.10] for the n =4 case.)

4b. Type A, _1
Let G = SL,, /u,,,, where n and m are positive integers such that n and m have the same prime
divisors and m | n. Given a field extension L/F, the natural surjection G — PGL,, yields a map

o:HYL,G) - HY(L,PGL,) C Br(L)

taking a G-torsor Y over L to the class of a central simple algebra A(Y) of degree n and exponent
dividing m. By definition, a decomposable invariant of G is of the form Y — ¢ U [A(Y)] for a
fixed ¢ € F*.

The map SL;, — SL,, taking a matrix M to the tensor product M ® I,,/,, with the identity
matrix gives rise to a group homomorphism PGL,, — G. The induced homomorphism

¢ : Inv3(G, 2)norm = IV (PGLyy,, 2)norm = FX/FX™
(see [Merl13a, Theorem 4.4]) is a splitting of the inclusion homomorphism
FXJF*™ = Inv3(G, 2) gee = Inv3 (G, 2)norm.-
Collecting descriptions of p-primary components of Inv3(G, 2)inq (see § 3b), we get

ged (ﬁ,m) it s odd,

Inv? (G, 2)ing =~ % Zq/mZq where k = 17;; ZL (8)
ged <—, m) if — is even.
2m m
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Let A, be a (unique) invariant in Inv3(G, 2)norm such that its class in Inv3(G,2)ing
corresponds to (m/k)q + mZq and ¢(A, ;) = 0. Note that the order of A, ,, in Inv3(G, 2)norm
is equal to k. Therefore A, ,, takes values in H3(—,Z/kZ(2)) C H3(—,?2).

Fix a G-torsor Y over F and consider the twists YG and SL1(A(Y)) by Y of the groups G
and SL,,, respectively. The group F'* acts transitively on the fiber over A(Y') of the map «. If
¢ € F*, we write ?Y for the corresponding element in the fiber. By (8), the image of A,, ,,, under
the natural composition

Inv3(G, 2)norm =~ Inv3(YG, 2)norm —> Inv3(SL1(A(Y)), 2)norm

is a m/k-multiple of the Rost invariant. Recall that the Rost invariant takes the class of ¢ in
F*/Nrd(A(Y)*) = HY(F,SL1(A(Y))) to the cup product ¢ U [A(Y)] € H3(F,2). So we get
¢ xym
Given a central simple L-algebra A of degree n and exponent dividing m, we define an
element
H3(L,7Z/k7(2))
LX U (m/k)[A]

as follows. Choose a G-torsor Y over L with A(Y) ~ A and set A, ,,(A) to be the class of
Apm(Y) in the factor group. It follows from (9) that A, ,,(A) is independent of the choice of Y.

A,m(A) €

PROPOSITION 4.1. Let A be a central simple L-algebra of degree n and exponent dividing m.
Then the order of A, ,(A) divides k. If A is a generic algebra, then the order of A, ,,(A) is
equal to k.

Proof. If k' is a proper divisor of k, then the multiple k¥'A,, ,,, is not decomposable. By our
theorem, k'A,, ,,, is not semidecomposable and hence k'A,, ,,(A) # 0. O

Ezample 4.2. Let A be a central simple F-algebra of degree 2n divisible by 8 and exponent 2.
Choose a symplectic involution o on A. The group PGSp,,, is a subgroup of SLa, /u,; hence,
if char(F') # 2, the restriction of the invariant Ag, 2 on PGSp,, is the invariant As, (A, 0)
considered in §4a. It follows that Aoy, 2(A) = Ao, (A) € H3(F,Z/2Z)/(F* U [A]).

The class Ay, ,, is trivial on decomposable algebras.

PROPOSITION 4.3. Let ni,ns and m be positive integers such that m divides ny and ns. Let Ay

and Ay be two central simple algebras over F' of degree ni and no, respectively, and of exponent
dividing m. Then Ay, py m(A1 ®@F As) = 0.

Proof. The tensor product homomorphism SL,, x SL,,, — SL;,,, yields a homomorphism
Sym®(T},,) — Sym*(Ty,,) @ Sym*(T;,),

where T},,, T, and T},,,, are maximal tori of the respective groups. The image of the canonical
Weyl-invariant generator gp,n, of Sym?(T} ,,) is equal to n2gy, + 11n,. Since nq and ny are

divisible by m, the pullback of the invariant Ay, » under the homomorphism (SL,, /u,,) %
(SLy, /tt,,) = SLniny /1y, is trivial. O
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Appendix A

Our aim in this appendix is to verify that the groups of decomposable and semidecomposable
cohomological invariants of the group PGOg coincide. Following the notation of [Merl3al, we
have that:

— A=7Ze1 D - ® Zey + Ze where e = %(61+€2+€3+e4);

— T consists of all Y a;e; with ) a; even;

~ S2(A)W = Zqg where g = 1(e} + €3 + €3 + €3);

— the fundamental weights are w; = e1, wy = €1 + €2, wg = e — e4 and wy = €;

— the simple roots are Ay = e1 —eg, Ao = €2 —e3, A\3 = ez — eq and Ay = e3 + ey;

— the Weyl group W = S; £ (C3)? consists of permutations of e; and sign changes of an even
number of variables;

— the W-orbits of the fundamental weights are given by
W(wl) = {:I:el, :|:62, :|:€3, :|:e4},
W(L«Jg) = {:I:(61 -+ 62), e :|:(63 -+ 64), :|:(61 — 62), RN :|:(63 — 64)},
W(ws) ={t(e—e1),£(e —e2),=(e —e3), t(e —eq)},
W(ws) ={e,—e,e —e1 —ea,e —e1 —e3,e —e] —eq,e —eg —e3,€ — €2 — €4, — €3 — €4}
Let ¥ denote the sum Z)\EW(wi) e*—1. Then the ideal 1" is generated by ewifori=1,...,4.
Note that Z[A] is the Laurent polynomial ring Z[e*®, ... e*¢, €]
quotient of the polynomial ring

, SO we represent it as a

ZIA] = Z[uy,v1, .. ug, v, u5,05] /(wior — 1,00 usvs — 1, ug = UjuU3UY)

where u; = e and v; = e % for i =1,...,4, us = e® and v5 = e ¢ Let r; = ™ and s, = e~ M

for the simple roots A;. We have an exact sequence
™
0— Ji = Zug, ... U5, U1y .., V5, 1,y T4y S1,...,84] = Z[A] = 0,
where

Jl :(u1U1 — 1,...,U5’U5 — 1,7‘181 — 1,...,’/“484— 1,
2
1T — U1V2,7T2 — U2V3,T3 — U3V4,T4 — U3U4, UTU2UIU4 — Ug,),

and the preimage

AV = T4 (ug - Fug + oy vy — 8,
Uty + - + uzty + v1v9 4 -+ v3Vg A+ - -
+urvy + -+ ugvg +viug + - - - + vaug — 24,
usv1 + UsV2 + Usv3 + UsV4 + U Vs + UV + U3Vs + UgVs — 8,
us + Vs + Usv1V2 + UsV1U3 + UsV1V4 + UsU2U3 + UsV2V4 + UsU3V4 — 8).

Note that Z[T*] = n(Z[r1,...,74,81,...,84]) and
M NZ[T* = 7(x TV) N Zry, si)).
Now we use the software Maple to compute a basis of a bigger intersection,

W_l(jw+f4)ﬂZ[7‘i,Si].
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We will prove that for any x in the basis of this intersection (see [Merl3a, §4b, p. 19]),
co(m(z)) € 49Z = Dec(Q).

Since co(I%) = 0, it is enough to consider the generators that are not contained in 7—1(13). We
compute the basis of the intersection using the following code:

with(PolynomialIdeals):

#relations ideal: J1 := (ujv; — 1,ugvy — 1,ugvs — 1,uqvy — 1, usvs — 1,181 — 1,7989 — 1,
2

r3s3 — 1,r484 — 1, uqugusug — Uz, 1 — U1V, T2 — U3, T3 — U3V, T4 — U3U4)

#preimage of . J2 := <U1—I—UQ—I—U3+U4—|-U1—I—UQ+U3+U4—8,U5’U1—|—U5U2—I-U51)3+U5’U4—|—

UV5 + UVs + U3V5 + UgV5 — 8, Us + Vs + UsV1V2 + U5V1V3 + UsV1 V4 + UsV2U3 + UsV2V4 + UsV3V4 — 8,
—24 + uqv9 + uov3 + ugvy + uguy + uius + UIV3 + UTV4 + UsV4 + ViU + UTUZ + UTU4 + UsU3 +
Ugliy + V1V2 + V1U3 + V14 + VoV + VoV + V3V4 + V1U3 + ViUg + Voug + Vauy + U3Ug)

#preimage of the augmentation ideal:

augL := (u[l] —1,v[1] —1,u[2] —1,v[2] — L, u[3] — 1,v[3] — 1, u[4] — 1,v[4] — 1, u[5] — 1,v[5] — 1);
#preimages of the square,cube and fourth power of the augmentation ideal: squarL
:= Add(Multiply(augL, augl), J1);

cubL := Add(Multiply(augL, Multiply(augL, augl)), J1);

quadlL := Add(Multiply(augl, cublL), J1);

#preimage of IV 4 T4

J := Add(Add(J1, J2), quadl)

#intersection with the subring Z[r;,s;]:

K := EliminationIdeal(J, r[1], r[2], r[3], r[4], s[1], s[2], s[3], s[4]):

#basis of the intersection

Gen := Ideallnfo[Generators] (K): N

#print out the elements of the basis that do not lie in m !(I?%)

for x in Gen do

if not(IdealMembership(x, cubL)) then print(x) end if

end do

This gives a list of 18 polynomials:

o —34— 1184 — 21954 + 611 + 651 + 1070 + 1089 + 413 + 4s3 + 4rg + 4S54 — 25014 — S174 — 28973
— 8173 + 1413 — 28370 — 28179 — S3T1 — 282711 + S3S4;

o 38+ risq + 2r9sq + 1r384 — 611 — 651 — 1019 — 1089 — 673 — 653 — 614 — 654 + S374 + 28974
+ 8174 + 28913 + 8173 + 28372 + 28172 + 8371 + 282713

o —37—1184 — 21984 — 3r3S4 + 611 + 651 + 1070 + 1089 + Trg + Ds3 +4ry + 7s4 — 25914 — S174
— 28973 — T3 — 8173 + T4T3 — 28379 — 28172 — S3T1 — 28971 + T'384;

o 35+ risg + 2r9sq + 1384 — 611 — 651 — 1019 — 1089 — 3r3 — Hsg — 3ry — 654 + 25914 + S174
+ 25973 —~T§ + 5113 — 3ryrg + 28319 + 281719 + S371 +—252r1-+-T§T4;

o —118 — 671984 + 1471 + 9s1 + 74ro + 4659 + 14r3 + 9s3 + 14r4 4+ 9s4 + 7‘2 — 10s91r4 — 108973
%—r%ﬁ—r4r3——683r2——681r2——8r4T2——8r3r2#—T%——8r%——1032r1%—T4r1%—rgrl——8r2r1%—3rlr3r4;

o-4B+2&1+1&ﬁ+5%§+2&@+3@3+1%3—&4+%ﬁ—2@m—8@hyﬂ§—9am+2mm
——653r2——1251r24—2r4r2——16r3r2——r%——4r%——333rl——832T1%—2T4r1——4T3r1——10T2r14—6r2r33ﬁ

° ——92#—34r1%—12514—46T2+—3252#—34r34—1253——8T4%—2r2——252r4——1432T3——T%——lerg%—2r4r3
——653r2——651r2+—2r4r2——1Or3r2——r%——4r%——383r1——1452r14—2r4r1——10r3r1——10r2r14—6r1r38%
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o —92+434r)1 41251 +52ry + 2659 + 28713+ 1853 — 8ry + QTZ — 28914 — 85913 — r§ — 35173+ 21413
— 125319 — 68119 + 21479 — 1071379 —r% — 47“% —9s3711 — 88911 + 21411 — 41311 — 1671971 + 611 71253;
o —92 —9rysy — 12r984 + 3411 + 1251 + 52r9 4+ 2659 — 8rg + 28ry 4+ 18s4 — ri — 88914 — 35114
—282r3+27‘§+2r47“3—681r2—10T4T2+2r37‘2—r%—4r%—8527’1—4r4r1+27“37‘1—167“2r1 +67r17954;
o —92—3r154—067954+28r1+ 1851 +52r9+2659 —8r3+34ry+ 1254 — T‘Z — 88914 — 951714 — 28973
+ 2r§ 4+ 2ryr3 — 1281719 — 167479 + 213719 — r% — 47“% — 88911 —4rar1 + 21311 — 101971 4 671974571
o —92—-3ris4—06r984+34r1+1251 +4679+ 3250 —8r3+34rs+12s4 —ri — 148914 — 351714 — 28973
+ 27“% +2r4rg — 65179 — 107479 + 277379 — 7‘% — 47“% — 145911 — 1074711 4 2r37r1 — 1019711 + 6711 7459;
o 80 —22r1 — 1251 — 4019 — 2659 — 2213 — 1253 + 8ry — 2TZ + 28974 + 88913 + r% + 38173 — 21473
+ 653719 + 65170 — 27470 + 41rgro + r% + 47“% + 38311 + 85911 — 21411 — 21371 + 41rory + 6117973;
o 80 + 37184 + 61984 — 2211 — 1287 — 4019 — 2659 + 8rg — 221y — 1284 + 'ri + 885914 + 38174
+ 28913 — 27“?2) —2r41r3+ 68170+ 41470 — 21379 —1—7‘% —1—47“% 488911 — 21411 — 21371 +41ror1 + 671171974
o —34—3r184+26r1 +18s1 — 1079 +459 —4r3+ 653 — 4ry + 654 + ri + 28914 — 38174 + 28973 + r§
—3s11r3—21r413—65179+41479 —1—47“31"2—27“% —1—47“3—3537“1 —48911—2r411— 21311 — 219711 +67T27137T4;
o 22+43r154—261r1 —18s1 + 1619+ 259+ 1613 — 653+ 1674 — 654 — ri — 88914+ 35174 — 88913 — r§
+ 35173 — 1074713 + 651172 — 101470 — 107370 + 27“% — 47“% + 3s3r1 + 48911 + 2r411 + 213711
+ 2rary 4 613714825
o 112—3r184+67954—3r354—8r1—951 —Tdro—4659—8r3—9s3—11ry—6s4 —Ti +10s9r4+10s973
—r% —A4r r3+6s3r0+ 651710+ 871410 + 81319 — 7"% —1—87“3 4108911 — 41411 —Trar; +8rari +3r11384;
o 112+6r9sq4—11r1 —6s51 —74r9 — 4659 —8r3 —9s3 —8rgy —9s4 — ri +10s914 — 35174+ 108973 — r§
—3817‘3—77"47‘3+683T2+681T2+8T4T2+87’3T2—7"%4-87“%4—10827“1—47’4?“1—47“3?”1 +8ror1+3r3risy;
o 22 4 3rysy — 6rosy — 6rysy — 26ry — 18s1 + 22r9 — 4s9 + 1613 — 6s3 + 1014 — 7‘2 — 289714
+ 35114 — 28913 — r% + 3s1r3 — 4rars 4+ 6s1r9 — 10714719 — 167379 + 27“% — 47“% + 3s37r1 + 4591
+ 2ryr1 4 2r3ry + 2rary + 6121384.

Take the first element of the list,

y=—34 — 1184 — 21284 + 611 + 651 + 10ry + 1082 + 4r3 + 4s3 + 4ry + 454
— 28914 — 8174 — 28973 — S1T3 + r4r3 — 28379 — 25179 — S371 — 28971 + S3S4.

We compute c3(y) as the second term in the power series expansion of

1+ = 1)) A+ (e + 1)) 72X+ 1)1 — 1) (1 + 121) ™

X (1 — 1) (1 4+ 13)2 (1 — I3t)* (1 + 1) (1 — Lat)* (1 + (Io + 1y)t) 2

X (14 (=l + 1)) A+ (e + 13)) 21 4 (=1 + 13)t) 1A + (Ig + 13))

X (L4 (=3 + 1)) 2(1+ (=1 + L)) (1 + (=l + 1)) H (L4 (=l + 1)) 2(1 + (=3 + ly)t)

where [y = e; —eg, Iy = ey —e3, I3 = e3 — eq and Iy = e3 + e4, which gives
ca(y) = —2(ef + €3 + €5 + ¢i) = —4q.
As the last step, we show that for every generator z that does not lie in Wﬁl(f 3), we have
that either z —y, x + vy, z — 2y or = + 2y lies in 7= 1(I?). To do this, we use the following Maple
code:
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for x in Gen do

if not IdealMembership(x, cubL) and IdealMembership(x, squarLl) and
(IdealMembership(x-y, cubL) or IdealMembership(x+y, cubL) or
IdealMembership(x+2y, cublL) or IdealMembership(x-2y, cubL) )

then print(x) end if

end do

This returns the same list of 18 polynomials, so we see that for every generator x we have
ca(z) € 4¢9Z, and thus SDec(G) C Dec(G).
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