L))

Check for
updates

Forum of Mathematics, Sigma (2026), Vol. 14:¢74 1-87
doi:10.1017/fms.2026.10220 CAMBRIDGE
UNIVERSITY PRESS

RESEARCH ARTICLE

Hierarchy of KPZ limits arising from directed random walk
models in random media

Shalin Parekh

University of Maine, USA; E-mail: shalin.parekh @maine.edu.
Received: 11 December 2024; Revised: 30 November 2025; Accepted: 1 April 2026
2020 Mathematical Subject Classification: Primary — 60K37, 82B21; Secondary — 60G70

Abstract

We consider a generalized model of random walk in dynamical random environment, and we show that the
multiplicative-noise stochastic heat equation (SHE) describes the fluctuations of the quenched density at a certain
precise spatial location in the tail called the critical scale. The distribution of transition kernels is fixed rather than
changing under the diffusive rescaling of space-time, that is, there is no tuning of the model parameters needed to
observe the stochastic PDE limit. The proof is done by pushing the methods developed in [DDP24a, DDP24b] to
their maximum, substantially weakening the assumptions and obtaining fairly sharp conditions under which one
expects to see the SHE arise in a wide variety of random walk models in random media. In particular we are able
to get rid of conditions such as nearest-neighbor interaction as well as spatial independence of quenched transition
kernels. Moreover, we observe an entire hierarchy of moderate deviation exponents at which the SHE can be found,
confirming a physics prediction of [Has25] and mirroring a result from [HQ18] in the context of this model.
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1. Introduction

The (1+1) dimensional Kardar-Parisi-Zhang (KPZ) equation [KPZ86] is a stochastic partial differential
equation (SPDE) given by

0 H = 10, H(t,x) + L(0:H(1,x))* + 7 - £(1,x), t>0,xeR, (KPZ)

where y > 0 and £(¢, x) is a standard Gaussian space-time white noise on R, X R. As an SPDE, (KPZ) is
ill-posed due to the presence of the nonlinear term (9, H)?. One way to make sense of the equation is to
consider U := e which formally solves the stochastic heat equation (SHE) with multiplicative noise:

O U(t,x) = %axxu(t,x) +y - U(t,x)&(t, x), t>0,xeR. (SHE)

The SHE is known to be well-posed and has a well-developed solution theory based on the Itd integral
and chaos expansions [Wal86, BC95, Quall, Corl2]. In this paper, we will consider the solution to
(SHE) started with Dirac delta initial data ¢/ (0, x) = do(x). For this initial data, [Flo14] established that
U(t,x) > 0forallt > 0and x € R almost surely (see also [Mue91]). Thus H = log/ is well-defined and
is called the Hopf-Cole solution of the KPZ equation. This is the notion of solution that we will work
with in this paper, and it coincides with other existing notions of solutions using regularity structures
[Hail3, Hail4], energy solutions [GJ13, GJ14, GP18], paracontrolled products [GIP15, GP17, PR19],
and the Polchinski flow [KM17, Duc25, CF24].

The KPZ equation has been studied intensively over the past three decades in both the mathematics
and physics literature. It first gained attention in the physics community in [KPZ86], and since then a
precise mathematical understanding of the equation and its well-posedness theory has gradually evolved.
In the mathematical physics literature, the relevance of the equation is that it appears as the fluctuation
of a number of physically complex systems such as interacting particle systems [BG97] and directed
polymers [AKQ14]. We refer to [FS10, Quall, Corl2, QS15, CW17, CS20] for some surveys of the
mathematical studies of the KPZ equation, and some of the models in which it arises.

The present work will be concerned with how the KPZ equation arises in a family of probabilistic
models called stochastic flows of kernels. Roughly speaking, a discrete-time stochastic flow of kernels is
a family of random probability measures indexed by each site of space-time (N X Z or N X R depending
on the desired model), where spatial correlations between the randomized transitions are allowed but
temporal correlations are not. The notion of stochastic flows initially gained importance for their relation
to geometry and PDEs with random coefficients, see the monograph [Kun97]. A resurgence of interest
and a broadening of the scope of stochastic flow theory was introduced by work of Tsirelson-Vershik on
continuous products of probability spaces [TV98, Tsi04], and further work of Le Jan-Raimond on their
relation to projective families of Markov chains [LLJR02, LJR04b, LLJR04a].

In a recent work [DDP24b], we were able to show that (SHE) arises as a continuum limit in the
following discrete stochastic flow model. Consider a family of IID [0, 1]-valued random variables w, ,,
withr € Zp and y € Z, drawn from a common law v. A random walk (R(r)), >0 in the environment w
starts from (r, y) = (0,0) and at each time step goes from (7, y) — (r + 1, y + 1) with probability w, ,
and from (r,y) — (r + 1,y — 1) with probability 1 — w, ,. Consider the (quenched) random transition
probabilities

P(r,y) = PY(R(r) = y).

A series of physics papers [TLD16, LDT17, BLD20] conjectured that the fluctuations of the random
field P (r, y) should be described by the KPZ equation at some point within the tail of that probability
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measure at spatial distance of order /4, when r is very large. We thus define for > 0 and x € R and
N € N the random field

Un (1,x) = N HHN PN logeosh(NUOE . po (g N34 4 NV2y),

The main results of [DDP24b] proved the conjecture of [TLD16, LDT17, BLD20], by showing that
the random field % (¢, x) converges in law (in some topology of tempered distributions) to the solution

of (SHE) with y? = %, where o2 = Var(w; ). It turns out that the spatial distance of order N 3/4
is the unique location within the tail of P“(Nt,-) where one expects to see (SHE) appear: at smaller
exponents one observes a Gaussian limit and at larger exponents one sees Tracy-Widom limits (see
Section 1.2 below). This established a “KPZ crossover” at spatial location N 3/4 when time is of order N,
with a somewhat unexpected value for the noise coefficient in the limiting SPDE. Thus we say that the
crossover exponent for this model is 3/4.

A number of follow-up questions may then be asked, such as whether the methods of proving the
convergence to (SHE) could be generalized to more complex models in which there is non-nearest-
neighbor random walk in a random environment, or correlations between the transition kernels at
each lattice site. Numerical work of J. Hass and coauthors in the physics community [HCGCC23,
HCC23, HDCC24, Has25] observed that there are non-nearest-neighbor models where one should
observe KPZ fluctuations at spatial location N7/8 rather than N3/, More precisely, at each lattice site
(r,y) € Zso X Z sample IID Uniform[0,1] random variables. Then impose that the random walker goes
from (r,y) — (r+1, y+1) with probability (1-U, ,)/2, from (r,y) — (r+1, y) with probability U, ,,
and from (r,y) — (r + 1,y — 1) with probability (1 — U, ,)/2. The physicists observed that imposing
this “first-order symmetry” of the transition kernels changes the crossover exponent from 3/4 to 7/8,
but the KPZ equation is still expected to arise at the new exponent.

A completely different type of model posed to us by I. Corwin is the following. Let (w, x)ren xez
be an IID collection of random variables. Let b : Z — [0, 1] be any deterministic function, nonzero on
at least two sites, such that 3} .7 b(x) = 1. Define the kernels

bly - x)evr>
Dyezb(y —x)e“ry .

K (x,y) :=

Consider the “random landscape model” of random walk in a random environment on Z>o X Z in which
one goes from site (r,x) — (r + 1, y) with probability K, (x, y). This model is substantially different
from the random walk models considered above, since the transitions of nearby particles can be strongly
correlated via depending on the same weights. A natural question is to investigate whether or not one
also finds the KPZ equation at location of order N3/4 away from the expected displacement, if one
probes the quenched transition density of the random walker at time of order N.

All of these questions then led to the desire to prove a “super-universality theorem” or “generalized
invariance principle” for the equation (SHE) arising in stochastic flows of kernels, that is, a minimal set
of conditions for determining when and where (SHE) is expected to arise in any family of stochastic
kernels, and moreover to test the robustness of the methods developed in [DDP24a, DDP24b]. This
is exactly the subject of the present work. Our main result will be Theorem 1.5 below, where we find
a collection of reasonably sharp conditions under which one expects to see (SHE) arise in a family
of stochastic kernels. Moreover this theorem will give the precise location where (SHE) can be found

(analogous to N3/# above), as well as identify the noise coefficient of the limiting equation (analogous
2
a

8
to 1-402

above).

1.1. Generalized model and main results

Definition 1.1. Let / = R or I = ¢Z where ¢ > 0 is fixed henceforth. Let B(7) denote the Borel
o-algebra on I. A Markov kernel on I is a continuous function from I — P(I), where P () is the space
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of probability measures on (I, B(1)), equipped with the topology of weak convergence of probability
measures.

Any Markov kernel K on [ is written as K(x, A), which is identified with the continuous function
from I — P(I) given by x — K(x,-). We denote by M (I) the space of all Markov kernels on /.

We equip M (/) with the weakest topology under which the maps Ty , : M (/) — R given by

Ty
= ,d
K /, F() K(x.dy)

are continuous, where one varies over all x € I and all bounded continuous functions f : I — R. This
topology endows M (1) with a Borel o-algebra which allows us to talk about random variables taking
values in the space of Markov kernels. For a € I define the translation operator 7, : M (I) — M(I) by
(14K)(x,A) := K(x +a, A + a) which is a Borel-measurable map on this space.

Assumption 1.2 (Assumptions for the main result). Assume we have a family {K,},>; of random
variables in the space M (1), defined on some probability space (Q, F, P) such that the following hold
true.

1. (Stochastic flow increments) K, K>, K3, ... are independent and identically distributed under P.

2. (Spatial translational invariance) K| has the same law as 7,K for all a € I, under P.

3. (Exponential moments for the annealed law) Letting u(A) := E[K; (0, A)], we have that the moment
generating function exists, that is, fl e*ly(dx) < oo for some > 0. Letting my := fI xF p(dx)
denote the sequence of moments of i, we also impose that the variance of u is 1, that is, m; — m% =1.

4. (The first p — 1 moments are deterministic) Define the k-point correlation kernel

PO (1 ey xi), (dyt, oo dyi)) = E[Ky (x1,dy1) - - Ko (X, dyi) ]

There exists some p € N such that fl ykK1(0,dy) = myP-almost surely for 1 < k < p — 1, or
equivalently

/z(x =x0)“(y =0)" p?((x0,0), (dx, dy) =, xo.y0€l, 1<k<p-1.
1

Furthermore p — 1 is the largest such value, that is, fl yP K (0, dy) is nondeterministic.

5. (Strong decay of correlations up to (4p)"" joint moments) Consider a bounded function Fecay :
[0, 00) — [0, 00) such that x > xFgecay (x) is decreasing for large x, and fooo XFgecay (x)dx < co. Then
assume that the following spatial decay of correlations holds for the moments of the Markov kernel
Ki:forall k € {2p,...,4p} and all x1, ..., x; € I we have

k k
—x)p®(x,d _/ "I 1® (dy)
/Ikg(y, )7t (x.dy) Ikgy,ﬂ (dy

where X := (x1,...,x¢) and y = (y1, ..., Y).
6. (Nondegeneracy) Define the Markov kernel pgi(x,A) = /1 l{y]_yzeA}p(z)((x, 0), (dy1, dy2))
indexed by x € I and A € B(I). We impose:
o (Regularity) The family of transition laws x > pg;¢(x, ®) are continuous in total variation norm.
o (Irreducibility) For any two points x,y € I and any & > O there exists m € N such that
) 4 (x,(y =&,y +&)) >0, where D gi¢ is the m'" power of this Markov kernel.

max
0<ry,..., re<4p-1
2p <ri+...4r <4p

xi—xj|)

< Fdecay( 1<112]]n< X

Condition (4) says that the model exhibits “symmetry up to order p.” This integer p will play an
extremely important role in all of the theorems and calculations throughout the rest of the paper.

To clarify an important detail about condition (1), we are not assuming that K;(x,-), K;(x’, ) are
independent for distinct x, x’. Rather we are assuming that the family {K;(x, ‘) }x¢s is independent of
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{K3(x,-)}xer and has the same distribution as that family, and so on. But this says nothing about how
K;i(x,-),K;(x’,-) might be correlated for different x,x’. There are many interesting examples where
there are indeed spatial correlations. This question of correlation of distinct spatial locations is covered
by condition (5).

Indeed, condition (5) is the most important part of the assumption, whereas the other parts are more
definitional. Notice that if r; + ... + rx < 2p then the left side in Item (5) vanishes identically thanks
to Item (4), thus the maximum is really over all 0 < r; + ... + rpx < 4p. We remark that the finite-
range models, in which Fgecay is compactly supported, already constitute many interesting examples.
Additionally, note that all bounds in (5) are automatically satisfied if there exists Cjep, > O so that for all
X1, ...,X4p € I, one has the total variation bound

(k) ( o — minjgi<j<k |Xi—x;
9

(X15..0sXK), ® )”TV < Clene_cllen 1 <k<d4p.

(1.1

|® (@ —(x1,.sx8)) - p

Here the first measure denotes the translate of u®k by the vector (x1, ..., xx). Indeed if (1.1) holds, then
one may verify using a coupling argument that the inequality of Item (5) holds with Fgecay (x) being

some multiple of ¢ Tia . The constant Clen can be thought of as the correlation length of the microscopic
model of stochastic kernels. In most specific models of interest, it is not difficult to show (1.1) for any
fixed k € N (see Section 6). Nonetheless, we have stated the more general condition (5) above for
interest, as it only requires control on a finite number of observables (which is much weaker than total
variation bounds).

Condition (6) is just irreducibility of the Markov kernel pg4; in the usual sense when I = c¢Z. In

particular there is no loss of generality as long as the chain is merely recurrent, because one can always
replace I by the communicating class of 0 throughout all of the assumptions and results. For / = R, (6)
is a technical condition that ensures that the Markov kernel pg; is sufficiently regularizing. In models
of interest, both conditions in Item (6) will be quite easy to check. Thanks to Assumption (6), we will
prove the following, see Theorem 3.5 and Proposition 3.8.
Proposition 1.3. Let (Xi )i >0 denote the Markov chain on I associated to the Markov kernel p g from
Assumption 1.2 Item (6). There exists an invariant measure 1™ for p g, unique up to scalar multiple.
This measure m™ necessarily has full support. For all measurable functions f : I — R such that
|f(x)| < F(|x]) for some decreasing F : [0,00) — [0, 00) such that 3, F(k) < oo, one has that
fl | £ldn'™ < oo. Furthermore for all f,g € L' (7'™) such that fl g dm™ # 0, we have that

Sieo f(Xp) _ fy /™
r—o 30 &(Xk) f] g dninv

almost surely starting from any point X € I.

The measure 7™ will always be infinite under Assumption 1.2, typically resembling Lebesgue or
counting measure on / but with extra mass near the origin. With these preliminaries in place, we can
state our main result. For r € N one may define the probability measure

P (r,-) =K;---K.(0,), (1.2)

where the product of two Markov kernels is another Markov kernel that is defined by K| K>(x, A) :=
fI K>(y, A)K,(x,dy), and onward by associativity. Intuitively, P (r, -) is the quenched transition prob-
ability at time r of a random walker starting from the origin, such that the walker at position x at time
n— 1 uses the kernel K, (x, -) to determine what the position will be at time n, for everyn > O and x € I.
With these definitions and notations in place, we now define the drift constants

__ 1 _1
dn :=N/xexN P -logM(N *) 1y (dy), where M) :=/e’lxy(dx). (1.3)
1 1
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i K, d) s

. - : ‘K5~(k$4,d$)
L2 K5, dv o
3(.»’1?2_7‘_9‘5) 4 N
RN
r=20 r=1 r=2 r=3 r=4 r=>5

Figure 1. An illustration of our generalized model of random walk in random environment. Throughout
the paper, r € Zsq will be used to denote the microscopic time variable. The random walker starts at
position x = 0 at time r = 0, then samples x| from the random probability measure K, (0, dx). After
landing at position x| at time r = 1, the random walker then samples x, from the probability measure
K> (x1,dx), and continues in this fashion. Each vertical line represents a copy of the underlying lattice
I =7ZorI =R, and the Markov kernel K; should be thought of as the entire collection of probability
measures {K;(x,)}xer which lives on the vertical line r = i — 1. The random environment is then the
whole collection of Markov kernels {K;}*, which in this paper are assumed to be independent of one
another for distinct values of i, translationally invariant in law, and sampled from the same distribution
on Markov kernels on 1. The dotted arrows in the above picture represent any one of many possible
Jjumps that were not actually executed by the random walker in this random environment, while the solid
arrows represent the jumps that were executed.

Then define the family of deterministic space-time functions
2p-l _L _L
Dy x:=exp(N % x+ [N *dy - NlogM(N #)]t).

Definition 1.4. Let P“(r,-) be as in (1.2) and let dy be as in (1.3). Let Dy be the deterministic
sequence of space-time functions defined just above. For r € N~'Z we define the rescaled density field

SV (1, ¢) = /I Dy N2 (xedyny®(N 2 (x —dy )P (Nt,dx), ¢ € CT(R). (1.4

Thus for each t € N™'Zso we note that $7 (z,-) is a nonnegative Borel measure on R, which
is informally equal to the function given by x +> N'2Dy , .P“(Nt,dnt + N'/?x). The definition of
9N (t,-)isextended to ¢ € R, by linearly interpolating, that is, taking an appropriate convex combination
of the two measures at the two nearest points of N™'Z,.
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Theorem 1.5 (Main result). Let {K,, },>1 denote an environment satisfying Assumption 1.2, fix T > 0,
and let $N be as in (1.4). There is an explicit Banach space X of distributions on R, which is contin-
uously embedded in S’(R), such that the collection {$™ }n 1 is tight with respect to the topology of
C([0,T], X). Furthermore any limit point as N — oo lies in C((0,T], C(R)) and coincides with the
law of the It6 solution of the SPDE

OU(t,x) = %éﬁb[(t,x) + Vext - U1, X)E(1, %), (1.5)

started with initial data U(0, x) = 6o (x). Here ¢ is a standard space-time white noise on Ry X R, and

(_l)p+1
p)! /I

[ = 0P u(dx)u(dy) = [, (a = 2)* pgie(z, da)]ﬂi‘“(dZ)

Vext =

/ [— |zl + [, lal paie(z. da)}”inv(dZ)

The explicit Banach space X is given by a weighted Holder space with negative exponent and
polynomial weight (neither will be optimized). See Section 5 for more details.

The identification of the coefficient ygxt for this general context is one of the main technical challenges
and novelties of this work. As remarked earlier, identifying this constant was a challenge even for very
simple examples of models driven by IID weights. We remark that (by using that the first p — 1 moments
are deterministic, and the binomial formula to expand the (2p)'* power) another way to write the
integrand in the numerator is

(-1PH!
(2p)!

[ / (x = )P u(d)p(dy) — / (a -2 pa(z, da)]
12 1
= —(p!)z[mf, - / (x = x0)P (y = yo)? p<2>(<xo,yo),<dx,dy>>]
12
= (P!)ZCOV(/(X — x0)? K1 (x0, dx), /(y - y0)PK; (yo,dy)), where xo — yo = z.
1 1

In the second line, we use the fact that all terms except the middle terms are zero by the deterministic
moments in Assumption 1.2 Item (4). We will give for each p € N a nontrivial example of a model
where Theorem 1.5 is applicable. In [DDP24b]2 we had coined the term “environmental variance
li‘i-o'2
In the expression for ygxt, one may show from Assumption 1.2 that the integrand in both the numerator
and denominator are exponentially decaying functions of the variable z, thus by Proposition 1.3 they
are both finite quantities. Jensen’s inequality and the full support of 71" imply that the denominator is
nonvanishing, thus 73)“ is always a finite value. It will be an artifact of the proof of the above theorem
that the numerator of the expression for y2,, cannot be a negative value (hence there is no contradiction);
see, for example, Proposition 5.18(4) below. With this said, we are not sure if yZ can be zero under the
above assumptions, though one may directly show 7gxt > 0 for many models of interest.

coeflicient” for ey, which in that paper was

for the specific choice of model discussed earlier.

1.2. Context and discussion about the result

Besides the fact that the limit is given by the multiplicative-noise stochastic heat equation (1.5), there
are two other aspects of the above result that are worth noting.

1. As (1.4) suggests, these KPZ fluctuations are obtained by probing the tail of the probability distri-
bution P (r,dy) near spatial location y = dyt + N'/?x at time r = Nt, where N is very large. It is
not so surprising that the spatial variable x needs a factor N'/? at time of order N, since this scal-
ing respects the parabolic structure of the limiting equation. However the factor dy in front of ¢ is
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more mysterious and eluded a rigorous understanding until recently. This drift term of course begs
the question of whether or not there are other locations in the tail of P“(Nt,-) where nontrivial
fluctuation behavior can be observed.

It is now known that dt is the unique spatial location at which one expects the KPZ equation to
arise. If one were to probe the tail of P’ (Nt, -) at a spatial location of order that is strictly smaller than
dnt, one will instead obtain a Gaussian field as the limit, as evidenced by works [BRAS06, Yul6,
JRAS19]. These Gaussian fluctuations can be proved for the present model using similar techniques
to the ones developed in the present work, see [DP25].

On the other hand, when dy ¢ is replaced by a larger quantity (i.e., probing even deeper into the tail
of P“(Nt,-)) it was shown in [BC17, BR20] that under certain exactly solvable stochastic kernels
K;, one obtains the Tracy-Widom GUE distribution as the one-point fluctuations. The Tracy-Widom
GUE distribution is the one-point marginal of a space-time process called the directed landscape
[MQR21, DOV22], a recently constructed universal scaling limit of models in the KPZ universality
class. We expect that for all models of stochastic kernels as above and all locations in the tail of
P®(Nt,-) that are strictly larger than dyt, we have the directed landscape as the scaling limit.
However, this is still a difficult open problem and far beyond the scope of the present work.

Consequently, the spatial location dy is where one observes the “crossover” from Gaussian to
non-Gaussian fluctuation behavior, and the Hopf-Cole solution of the KPZ equation describes this
CrOSSOVer.

2. There is a nontrivial environmental variance coefficient y.x¢ appearing in front of the noise, which
depends on the weights only through their two point motions p(»'. We shall see later in our proofs
that this coefficient arises through interaction of the two particles of the two-point motion generated
by the stochastic kernels. Theorem 1.5 thus implies that under the scaling (1.4), the information
about the kernels that survives in the limit is only up to the two point motion. Even then, only certain
specific observables of the two-point motion are detected by the limiting equation (1.5). But any finer
information about higher-order particle interactions will vanish in the limit. This question is related
to physics literature of extreme diffusion theory [LDT17, TLD16, BLD20, HCGCC23, HKLD23,
HCC23, LD23, HDCC24, Has25].

Works such as [BW22, HDCC24, DDP24b] suggest that for particular models the Markov chain p g;¢
is reversible with respect to 71"V, and that the coefficient ygxt can be simplified further into nicer forms.
For example, for the model of [DDP24b] explained earlier, the Markov chain p 4; just evolves as simple
symmetric random walk on Z except that the origin is more attractive, hence 7'" is counting measure
on Z with some extra mass at the origin which can be calculated explicitly by solving the detailed
balance equations. In the present work we do not explore the general question of trying to massage the
expression for 'ygxt into alternative forms.

One of the novel aspects of our result is that we have not assumed very strong spatial mixing
conditions on the kernel K, only the much weaker condition (5) in Assumption 1.2, which states that
fast spatial mixing holds only up to the first 4p joint moments. In particular, we allow the model to
have “infinite range of interaction.” As we will see in Section 6, Theorem 1.5 includes as special cases
our main results from [DDP24b, DDP24a], with the caveat that we could prove additional interesting
results in those papers thanks to the specific structure (see Remark 1.8 below). As noted above, these
generalized stochastic kernel models may see a nontrivial interaction among nearby particles, which
would include models such as the transport SPDE from [BW22]. The main purpose of the present work
is to illustrate the scope and generality of our methods from [DDP24a, DDP24b], showing that they
can still be applied in the above setting. It would be difficult to implement, for example, a polynomial
chaos in this setting because we do not assume spatial independence, only fast decay of correlations up
to (4p)'"-order joint moments of K (x, -), as in Assumption 1.2 Item (5). But even more crucially, it is
unclear what the chaos variables would be under the minimal nature of Assumption 1.2.

Next, we give some further remarks about how to understand the result, and further problems about
the quenched density that still remain open.
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Remark 1.6. (Drift term and crossover exponents) Let us comment on the drift term dp from (1.3). By
Taylor expansion at the origin of the function A — fl xeX 102 M (D) (dx) we see that to leading order,

1

4p- 4p-2 4p3 4p—4
dy =mN+N % + %(m3 —3mymy + Zm?)N i+ %(m4 —4mymsz + 6mymy — 3m‘11 —3)N 4 +O(N 4 ).
The terms in the expansion are just the cumulants of y. In Theorem 1.5 it is actually allowable to
replace dy by dx, where the latter is given by truncating the above expansion once it reaches scales
smaller than N'/2, as that is the spatial fluctuation scale in Theorem 1.5. If p = 1 and m; = 0, then
dy = N3*+ %m3N 112 because these are the only terms of order N'/? and higher, and subleading order
terms may thus be disregarded. However if p = 2 and m; = 0 the leading order term is N7/ but there
are still additional relevant terms of order N/* and then N>/ which cannot be disregarded as these
surpass the spatial scaling of order N'/2. Likewise, for larger values of p, there will be increasingly
many subleading terms that contribute to the correct drift term. For instance when p = 20 there may be
as many as 39 terms of subleading order beyond the leading order term N7%/80 that are still relevant in
the recentering, and the coefficients of these terms would depend in some complicated way on the first
41 moments of u. This is why we have simply chosen to write the simpler nonexpanded form of dp, as
opposed to previous special cases [DDP24a, DDP24b]. This idea of going out to larger scales to see the
KPZ equation arising is very much reminiscent of [HQ18, Theorem 1.1], where the authors observed
a similar hierarchy of nonequivalent scalings leading to the KPZ equation, albeit in a very different
context than stochastic flow models. It is also reminiscent of [HS 1 7], where the authors similarly observe
cumulant-based techniques for certain models of non-Gaussian polymers to obtain the KPZ equation as
the scaling limit.

In this sense, Theorem 1.5 shows that 4‘:—_1 is the crossover exponent of this model, that is, the
unique exponent where one observes the crossover from Gaussian to non-Gaussian behavior (since

dy —mN is given by N & to leading order). The question of calculating these crossover exponents is
physically interesting, and Theorem 1.5 thus provides a fairly complete picture of finding the crossover
exponent in one-dimensional random walks in random media, as well as the question of calculating
the environmental variance coefficient in full generality. Interestingly, the possible crossover exponents
form a discrete set {3/4,7/8,11/12,15/16, ...}. While discussing the subject of the drift term and the
crossover exponents, let us now acknowledge two concurrent physics works that are strongly related to
this work, and provided much of the motivation for it.

While we were initially only aware of the case p = 1, it was observed by J. Hass [Has25] that for
certain types of models satisfying “symmetry up to order p” one expects different locations than N3/4
at which the KPZ equation appears in the tail, for instance N7/® or N'!/12_ That paper observes that the
fluctuations would approach the deterministic heat equation if, for instance, p = 2 but one probes into
location N3/# within the tail of the quenched density P¢’ (N, -) rather than N7/® as in Theorem 1.5. That
paper furthermore establishes the conjecture of super-universality of KPZ arising for different values
of p, based on a more physical argument (in the spirit of earlier work of [LDT17, BLD20] on the 3/4
case). For the 7/8 case, [Has25] is also able to numerically validate his predictions and show they hold
to reasonable size of V. This paper of Hass provided the inspiration for us to consider the p > 1 case in
the present work.

Another physics paper [HDCC24] argues based on convergence of second moments to those of the
SHE for the convergence to the KPZ equation just in the 3/4 exponent case (p = 1). That paper also
includes a very nice interpretation for the coefficient y., translates the convergence result into the
language of extreme diffusion theory, and numerically validates the asymptotic predictions down to
rather small values of N.

Remark 1.7 (Optimality questions). In Condition (3) the normalization condition m, — m% =1 is not
crucial, one can always change the lattice spacing to make this condition true (e.g., replace I = Z by
I = aZ for the appropriate value of a > 0, and rescale the kernels accordingly). For the limiting equation,
this rescaling just corresponds to changing the diffusion coefficient % to some other value in (1.5).
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On the other hand, we are not sure if the exponential moments condition on u can be relaxed without
changing the outcome of Theorem 1.5, for example, in polymers just six moments is enough [AKQ14,
DZ16]. However in our model we rely on the moment generating function more crucially and we are
unsure if there are more optimal conditions. Certainly at least 4p moments is necessary since this many
moments appear in all of the cumulant expansions and the statement of Theorem 1.5, but we have no
conjecture about optimality.

Another question is whether it is possible to upgrade the convergence in Theorem 1.5 to this topology,
since the law of the limiting SPDE is supported on C((0, 7], C(R)). We showed in [DDP24b] that this is
impossible. This is intimately related to the failure of the chaos expansion technique for this model and
the failure of the noise coefficient of the limiting SPDE to match the noise coefficient of the prelimiting
model (both of which were also explained there). See the end of Subsection 6.3 for more discussion on
this. Thus, we conclude that weak convergence in a topology of tempered distributions is the best that
one may hope for in Theorem 1.5.

Another interesting question is if the decay of Fyecay in Assumption 1.2 Item (5) can be replaced by a
weaker decay such as just being decreasing and integrable, for example, /Ooo Fiecay (x)dx < co. Although
we have not tried to optimize this assumption, we believe that the latter condition is the truly optimal
one. The only place we use the stronger condition is the proof of Proposition 4.9, where it is needed to
control one of the error terms coming from the martingale equation.

An even more interesting question would be to introduce some weak temporal correlation between
the stochastic kernels K, rather than assuming they are independent as we do here. This would require
a completely different proof than the one given here, as the k-point motion would lose the Markov
property which is crucial in all of our calculations. This may be explored in future work.

Remark 1.8 (Quenched tail field). While we have defined the rescaled field (1.4) as a distribution-
valued field (i.e., only well-defined when integrated against spatial test functions), one might ask about
function-valued counterparts. This leads us to define the quenched tail field. Fort € N"'Zspand x € R
we define the quenched tail field by

2p-1
Fn(t,x) = N Dy, xP®(Nt, [dyt + N'2x, o)),

with P as in (1.2). Then we may prove the following result.
Fix m € N, and ¢1,...,¢, € CZ(R). Consider sequences fn . 1,...,IN.m € N~1Z¢ such that
tyi—t;>0forall 1 <i <masN — co. Then
m d m
(/(bi(x)FN (tN,i,X)dx) - (/¢i(x)uti (X)dx) :
R i=1 R i=1
Here (2, x) — U;(x) is the solution of (1.5).

The proof of this follows using the same exact arguments used in Sections 7 of [DDP24a] and
[DDP24b], first proving that E[Fy (f,x)] < 4(zt)~'/? and then proceeding exactly as we did in those
papers using the result of Theorem 1.5 and integrating by parts.

While proving convergence with test functions is interesting, one might ask about multi-point con-
vergence in law of Fy at some finite collection of individual points {(¢n;,xn :)}[2, converging as
N — oo to {(#;,x;)}!",. This remains an open problem, as we do not have the estimates necessary to
prove this result in the present generalized context. In [DDP24a, DDP24b] we were actually able to
prove this multi-point convergence from the above test function result by using additional structure of
those specific models. This is because we were able to exploit the exact solvability of the 2-point mo-
tion of those models, which is a very powerful tool when used in conjunction with the more analytic
ideas here. This illustrates the payoff of the generality of our result. We can obtain Theorem 1.5 but the
additional interesting results proved in [DDP24a, DDP24b] (e.g., extremal particle limit theorems and
creation of independent noise) remain out of reach at this level of generality.
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1.3. Main ideas of the proof

Previous results about the fluctuations of P were proved either using cluster expansion techniques or
by using the environment seen from the particle [BMP97, BPO1, BRAS06, Yul6]. The method of the
present work will be different, instead capitalizing on the discrete SPDE technique. More specifically, we
show that the prelimiting model (1.4) satisfies a discretized version of the martingale problem for (1.5).
This discretized martingale problem is in turn based on Girsanov’s formula. This Girsanov technique
was first discovered independently in the papers [BW22, DDP24a], but in the present work we have
numerous additional difficulties coming from the general assumptions.

We now explain the discrete Girsanov formula. We illustrate this idea by computing the first moment
of $" as defined in (1.4) and showing that it converges to the first moment of the SHE. This computation
contains the core idea that will be used in many of the later proofs. Recall the measure y from Assumption
1.2 Ttem (3) and its moment generating function M (A) from (1.3). For a random walk (R, ),>o on
starting from the origin with increment distribution y, the process

e/er
e/er —rlog M () —
E[etRr]

is a martingale in the variable r > 0, simply because it is a product of r IID strictly positive mean-
one random variables e¢ /E[e?4] where the &; are the increments of the process (R, ),so. Given
this fact, let us now fix some Schwartz function ¢ and compute the first moment of the pairing
OV (1,4, 2wy = $N (¢, ¢). Note that for t € N™'Z5

SN (t,¢) = E“’[DN,,,N—I/z(RN,de,)¢(N_1/2(RNz —dnt))],

where E“ denotes a quenched expectation operator given the realization of the environment kernels w =
(Kr);2,- Thus after taking the annealed expectation (that is, averaging over all possible environments
w) we have

B[SV (1,8)] = E[Dy ; n-112Ry,-anny 8 (N (Ry: = dn1)) ],

where now the expectation on the right is with respect to a random walk path on I with increment
distribution p. Notice that

1 1
_ N 3 Ryn;—NtlogM (N %P)
DN,I,N’I/Z(RNz—dNI) =e ' :

1 1
We already know that ¢V 7 Rvi=NtlogM(N %7) j5 3 martingale in the Nt variable and thus has mean
1, so it can be interpreted as a change of measure where the annealed law of the increments of R, has
1 1 1

changed from the usual law y to the new law given by u™ * (dx) = ¢V 7 x-logM(N *) /;(dx). This
new law has mean equal to N-ldy with dy defined by (1.3). Consequently, under the new law the
process N™'/2(Ry, — dnt) is centered, and by Donsker’s principle will converge in law to a standard
Brownian motion. Denoting E as the tilted expectation on the path space of the random walk, we have
that

—_— _ N —o0
E[$Y (1,¢)] =E[p(N""*(Ry, — dn1))] — Esml¢(B:)] = /R P (x)¢(x)dx
where Epgy denotes expectation with respect to a standard Brownian motion B. Here p,(x) =
2nt)~Y 2¢=x*/2t ig the standard heat kernel. The right-hand side equals E[ /RL{, (x)¢(x)dx], where
(t,x) — U, (x) solves (1.5) with initial condition &y. This shows that the first moment of $% (¢, -) con-

verges to the first moment of the SHE as desired. While the calculation for higher moments is more
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complicated and involves analyzing the so-called k-point motion, the core idea of using a “discrete
Girsanov transform” is rather similar, and these higher moments will be computed in Section 3.

This k-point motion will play an extremely important role in the analysis, that is, the Markov chain
on I* with transition kernel p®) from Assumption 1.2. One of the key observations of the paper is that
even after applying the Girsanov transform to this Markov chain, the tilted process ql(gk) is still a time-
homogeneous Markov chain, see Corollary 2.7. This was not observed in our previous works [DDP24a,
DDP24b], which instead used a workaround method. Thus, much of the bulk of the paper consists of
fairly standard estimates for these tilted Markov chains, extracting information and estimates from the
associated Dynkin martingales.

Once the moments are computed using this method, in Section 4 we derive a discrete martingale-
driven SPDE for the field in (1.4). The martingale observables arising from this SPDE can also be
analyzed using the aforementioned Girsanov-type transforms. In particular, this Girsanov trick yields
moments and regularity estimates for our observables which eventually lead to tightness estimates for our
field. Sufficiently strong estimates using this method will eventually lead us to the proof of Theorem 1.5,
by showing that any limit point must satisfy the martingale problem for (1.5). Remarkably, this model
has the property that the error terms appearing in the discrete martingale equation behave very nicely
in relation to the original object itself, which is rare among KPZ-related models where martingale
characterizations have been used, see, for example, [BG97, DT16, GJ14, Yan23] where an extremely
careful analysis was needed to show vanishing of error terms for exclusion-type models.

Let us briefly comment on similarities and differences of this paper with previous works [DDP24a,
DDP24b] in this area. Both of those papers were concerned with a particular special case of a model
satisfying Assumption 1.2 with p = 1. In the case p = 1, there is a trick to control the tilted processes
arising from the Girsanov transform, in which one can write the tilted measure in terms of an auxiliary
process that is very easy to control, modulo a Radon-Nikodym derivative that stays tight in C[0, T] as
N — oo. This trick simplifies many calculations. For p > 2 this trick fails completely as the Radon-
Nikodym derivatives with respect to any candidate of an auxiliary process will simply fail to be tight.
Consequently we cannot apply this trick, and instead we need to directly study the tilted processes
arising from the k-point motion, using the fact that they are Markovian as mentioned above. This will be
done in Sections 2 and 3 and is one of the main technical novelties in the paper. These sections are also
the places where the identification of this coefficient 7§xt will be done. Once this is done, the remainder
of the proof of convergence will follow the approach of [DDP24a, DDP24b], although finding a discrete
martingale-driven SPDE for the general model is of course more involved than for any particular model.
Many of the arguments need to be adapted to the case of general p-values which sometimes leads
to additional calculations necessary in the proofs. As we already explained in Remark 1.8, a further
difference with those papers is that the specific models studied there had nice properties that often led to
additional interesting results that we do not pursue here. One key difference of the present model with
those of [DDP24a, DDP24b] is the lack of exact solvability of the two-point motion, which is enjoyed
by the specific models of those works.

Outline: In Section 2 we will define the k-point motion, a Markov chain on / k associated to the kernels
(K;)r 0 that is instrumental in proving Theorem 1.5. In Section 3 we will continue to study the k-point
motion and in particular prove convergence theorems about it under diffusive scaling. In Section 4 we
will begin studying the field (1.4) and in particular show that it satisfies a discrete version of (1.5).
Section 5 will then use the results of Section 4 to complete the proof of Theorem 1.5. In Section 6 we
will introduce a number of models, both discrete and continuous, and verify Assumption 1.2 for these
models.

Notations: We use several different notions for probability and expectation in this paper. We will use E
for annealed expectations with respect to the environment kernels K; of Assumption 1.2. We will use
E (“,’() for quenched expectation of k independent random walkers, each of which uses the kernels K; to
transition to the next step. Thus these are random measures that are a function of the kernels K;. We
will use a boldface E for expectations with respect to stochastic processes on the path space (75)%=0.
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Typically these measures will arise from annealed expectations over the quenched path measures, for
example, Epy 0 = EE (“,i) in the notation of Section 2 below. These will be deterministic measures.

2. The k-point motion and its Girsanov tilts

In this section, we introduce and study the k-point motion of the stochastic flow introduced in Assump-
tion 1.2, and we prove various properties about it under certain exponential Girsanov transforms that
are relevant for the proof of Theorem 1.5.

Definition 2.1 (k-point motion). Fix k € N. We define the path measure Py, on the canonical space
(I*)%20 to be the annealed law of k independent walks (all started from the origin) sampled from kernels
K, satisfying Assumption 1.2.

We remark that the canonical process R = (R,),s¢ is a Markov chain on (/%)%= under Prwo
whose one-step transition probabilities are precisely p® (x, A) := /A p 9 (x, dy) where the latter was
defined in Assumption 1.2 Item (4). This Markov chain is called the k-point motion. The most basic
property of the k-point motion is that it is projective: the temporal evolution of any deterministic subset
consisting of £ < k coordinates behaves as the {-point motion, which is immediate from the definition.
In particular, each coordinate R/ of the k-point motion is marginally distributed as a random walk on
I (i.e., has independent increments) with increment distribution u as defined in Assumption 1.2(3).
However, the marginal law of a pair (Ri JRJ ) of distinct coordinates will not be as simple, for instance,
it may not have independent increments. Nonetheless, one can say the following.

Lemma 2.2. Forany 1 <i,j < k withi # j, the process R — RV under Prwvo is a Markov chain with
transition kernel p gi¢ as defined in Assumption 1.2 Item (6).

The proof is straightforward from the definitions.

Definition 2.3. Let m, k e Nand j = (ji, ..., jm) € {1,..., k}"™. For x,y € I¥ define the joint cumulants

m

k
. 9
(k) (3. o) (k)
KM x) = log/ eXP( § ﬂ(y-—x-))p (x,dy) ’ ,
OBji 0B, J G (Brovresfi) =(0,....0)

where the vertical bar denotes evaluation of the function at the origin.

When taking the above partial derivatives, we remark for clarity that the indices j; may be repeated
as many times as desired.

Lemma 2.4. Suppose that m,k > 2 and j = (j1, ..., jm) € {1,...,k}'™ such that all j; are not the
same index, that is, (ji, ..., jm) is not of the form (j, j, ..., j) for some j =1, ..., k. Let p € N be as in
Assumption 1.2 Item (4).

1. If m < 2p then k"0 (j;x) = 0

2. Ifm = 2p then k"0 (j;x) = 0, unless the set of indices {ji, ..., jm} = {a, b} has cardinality exactly
two where exactly p of the indices j; are equal to a (and thus the other p indices are equal to b).

3. If 2p < m < 4p, then there exists C > 0 such that

|K<m;k) x| =<C- Fdecay( lgririijr'lsk |x; —le).

Proof. For any multi-index j, note that x "% (j, x) is actually just a finite linear combination of products
of quantities of the form /Ik Hf.:] (yj —x;)"p® (x,dy), where 0 < ry + ... +rg < m.

Moreover, it is a very special linear combination' with the following property: if the random variables
yi —x;(1 <i < k) were independent under p %) (x, dy) then in fact this linear combination would vanish

1Explicitly one has « "5%) (j;x) = ¥ . (|7| = DI(=D" [T ger /Ik Mics (vj; —x;)p® (x, dy), where the sum runs over
all partitions 7 of {1, ..., m}, though we do not need this explicit representation.
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identically, simply by the definition of the cumulants and the condition that all indices are not the same
(i.e., joint cumulants of independent variables are always zero).

But for m < 2p the moments /Ik Hj?:] (yj— xj)’fp(k) (x, dy), agree precisely with those of the inde-
pendent ones given by /Ik Hle u;f 1®*(du), by the deterministic moments in Item (4) of Assumption
1.2. Therefore we immediately conclude Item (1). The proof of Item (2) is similar, noting that the mo-
ments agree precisely with those of the independent family unless the given condition on the indices is
satisfied.

For 2p < m < 4p, the m™" order joint moments of y; — x; under p9) (x, dy) will not necessarily
agree precisely with the independent version under ®¥, hence they may not vanish outright. However
the moment bound in Item (5) of Assumption 1.2 guarantees that all of the moments are close to those
of the independent ones as measured by the function Fyecay, therefore we can immediately conclude
Item (3). O

Note that if (X,), >0 is any sequence of random variables with finite exponential moments, defined
on some probability space (Q, F, P) and adapted to a filtration (F;.), ¢ on this space, then the process

E(X) :=exp (X - Z log E[¢*Xs~%s-1 |]-"sl]) 2.1)

s=1

is a martingale in » > 0, with respect to the same filtration. Henceforth, our probability space will

always be Q = (I¥)%0, equipped with its canonical filtration. For 8 € [-n/k,n/k] with n defined in
Assumption 1.2 Ttem (3), if we apply (2.1) to the process X := B(R! + - - - + R¥), we see that

MP(R) := exp (,BZR’ Z ) (2.2)

j=1 =0

is a Py 0 -martingale for the k-point motion where ff K= PR RY), and the latter function
Pk is given by

k k J j
PRGN k) = log B i [P Hn (7)) = log / e Zia 00 p M) (x, dy).
Ik
k
Here El({);v’('k';’x ) denotes expectation of the Markov chain when started from (x!, ..., x¥).

We then use the martingale (2.2) to define the following measure.

Definition 2.5. For g € [-n/k,n/k] with n defined in Assumption 1.2 Item (3), define the tilted path
measure P(5-%) on the canonical space (1¥)%= to be given by

dp(B:k)

R) = MP(R),
T f,( ) (R)

where F, is the o-algebra on (I%)%=0 generated by the first  coordinate maps, and ﬂ/[,ﬁ (R) is the
martingale given by (2.2). We will denote by E#-¥) the expectation operator associated to PU-%).

An obvious but important fact is that P(%-K) = Py which will implicitly be used many times below.

Lemma 2.6. Let HV (1,-) be as defined in (1.4) in the introduction. For t € N™'Z, the annealed
expectation E[HN (¢, ¢)¥] is given by

Nt k
{logEme [N o (n O|Fea] - klog M(NT) })ﬂ¢(N‘l/2(R?§[—dNt))

EN w k) [exp (
j=1

s=1
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where we recall from (1.3) that M is the moment generating function of the measure u from Assumption
1.2 Item (3).

Proof. Since P“(Nt,-) as defined in (1.2) is a probability measure we can write
k .
QN (t, ¢)k = E(al)C) [ l_[ DN,t,N*‘/z(R{v:—dNt)¢(N_1/2(R§Vt - dNt)) > (2.3)

Jj=1

where the latter is a quenched expectation of k independent particles (R', ..., R¥) started at 0 and
sampled from a fixed realization of the environment kernels w = {K, },>1. Therefore the claim just
follows by taking the annealed expectation over (2.3) and using the definitions of the measures. O

2.1. Studying the tilted measures P#-)

Proposition 2.7. Take |B| < n/k where n is as in Assumption 1.2 Item (3) and k € N. The canonical
process (R,.)ys0 on (IX)2=0 under the tilted measure PP-%) of Definition 2.5 is a Markov chain on I,
with one-step transition law given by

B imxi) p (0 (x dy)
f]k B ok, (ai—Xi)p(k) (x,da)

qék) (x,dy) := 2.4)

Proof. Take any Borel set A C I¥. By the definition of the measures P%3-X) | we have

Epw® [IA(RrH)-W[ﬁ_]
ME (R)
Egw® [IA(RHI)@'BZ’{(:‘(Ri”_Ri)l}—r]
Epwo [eﬁ T (Rpy =) |]:r]
) /Aeﬁzf:]@i—Ri)p(k)(R,,dy)
[ eBLELGi=R) p (k) (R, dy)

k
=g, (R,, A),

(R)| |

PR (R,,| € A|F,) =

thus proving the claim. In the third line we applied the Markov property of Py« . The condition
|B] < n/k ensures that all moment generating functions actually exist, that is, the integrals are convergent

for all x € I*, for example, by Holder’s inequality which says that flk B Ziti (ai=xi) pP(x,da) <

Hl]le (/Ik ekBlai=xi) p(k) (x, da))l/k = M(Bk), where M as always denotes the moment generating
function of the annealed one-step law as in (1.3). ]

Given the explicit expression (2.4), we thus make the following definition of the tilted k-point Markov
chain, generalized to start from arbitrary points. These Markov chains will be of fundamental importance.

Definition 2.8. Define the measure P,(iﬁ ") {0 be the law on the canonical space (I%)Z=0 of the Markov
chain associated to (2.4) started from x € IX. We also let E,ﬁ'g **) be the associated expectation operator.

Immediately from Proposition 2.7 we see that the path measures P%-X) from Definition 2.5 are a

..... 0
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Lemma 2.9. Fix k € N. Let n be as in Assumption 1.2 Item (3). With q[gk) defined in (2.4), we have

sup sup max/ e?\yi—xilq(k)(x,dy)<oo.
1Bl<n/(2k) xerk 1<i<k Jik B

In particular, we have that

sup sup / et Zi |y"_"“|ql(gk> (x,dy) < oo.
IBl<n/(2k) xeIk JI¥

Proof. The second bound follows immediately from the first, since by Holder’s inequality we have that
Koyt (k x| (K 1/k
flk eAZizt i xz\qé )(x,dy) < Ik, (fzk ekalyi xllq[g ) (x, dy)) Ik

Thus we will prove the first bound. We find for 4 > O and 8 € [-n/(2k),n/2k] and 1 < i < k that
K (g

Alyi=xi| - (k) ) = f]k e/l|)’i—x1‘|e,32j:1(y‘/ xj)p(k)(x,dy)

¢ 95 (%-dy) = BIX (vi=x))
Ik ‘/I’*' P &=V p(k) (X, dy)

R~ 1/2 R~ 1/(2k

. (/Ik 2=l (k) (x, dy)) / Hle (flk 2k 1Bl =xj1 p (0 (x, dy)) 1(2k)
a ok BEj- (3j=x)p® (x.dy)

) (/1 eza|a|ﬂ(da))l/2(/1 eZk\,Blla\#(da))l/z
- e.Bkml :

In the first line we simply applied the definition of the measures qgk) . In the second line we used Holder’s
inequality for the numerator and Jensen for the denominator. In the last line we used the fact that the
marginal law of each y; — x; under p9) (x,dy) is just 4, and m; := /1 au(da).

By Assumption 1.2 Item (3) the last expression is clearly finite if A = /2 and 8 € [-n/(2k),n/(2k)],
thus completing the proof. O

Corollary 2.10. Let  be as in Assumption 1.2 Item (3), and let B € [-n/(2k),n/(2k)]. For any

f: I* = R such that | f(x)| < Cek Zia il define @ff(x) = /I" f(y)q/(jk)(x, dy). Then the process

r—1
MEPR) = f(Re) = ) (@) - 1d) f(Ry)

s=0

pU-o)

isa -martingale in the canonical filtration (F; )0, for every X € [ k

Proof. The proof of martingality is immediate from the fact that E,(f ) [fR)|Fr] = @f f(R;) by
Proposition 2.7. The growth condition on f ensures that all integrals and expectations are finite, for
example, by Lemma 2.9. O

Definition 2.11. Henceforth we define the function { : I/ — R by

2
{On—y2) = (p)7 /, - y,~)P(p<2>(<y1,y2>, (dx1,dx2)) = pr(dxy = yp)p(drz = y2) .
j=1

The fact that the expression on the right side defines a function of y; — y; follows from the translation
invariance in Assumption 1.2 Item (2). This function ¢ will play a crucial role throughout the remainder
of the paper, as it is precisely the function appearing in the numerator of the noise coefficient yex in
Theorem 1.5. We remark that { decays to 0 quite fast at infinity thanks to Assumption 1.2 Item (5).

https://doi.org/10.1017/fms.2026.10220 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10220

Forum of Mathematics, Sigma 17
Note that the relevant observable inside Lemma 2.6 is given by the cumulant generating function of a

L
certain sum minus the sum of individual cumulant generating functions (latter being the k log M (N~ %)

term). The natural thing to do here is to Taylor expand everything in the variable N _ﬁ, thus a study of
joint cumulants will be necessary going forward.

Proposition 2.12. Fix k € N. There exists C > 0 such that the following bounds hold uniformly over
Bl Bm € [-11/(2k),n/(2k)] and x € I* and multi-indices j = (j1, .- jm) € Umsotl, s k}™

o & Bilai—x; \
’m(log /Ik eZizi Bi ) p®) (x, da) — Z log M (B;) — Z ﬁl{’ﬁfg(xi —xj))'

i=1 1<i<j<k
k
<c
i=1

Here Fyecay is the function from Assumption 1.2 Item (5).

2p+l-m

Fdecay( min |'_xj

4p+1—m
1<i<j<k )

Proof. Let us define
. k
K(x,B) = log/ eZi=i ﬁf(“f_x")p(k) (x,da) - Z log M (B;), 2.5)
1% i1

so that by Definition 2.3 the (4p)'"* order Taylor expansion of K in the j; variables is given by

Kap(x,B) := Z ( Z Biro Bk ™P G = > By B, k™R (x)
m=1 Jlsees ]m—l lsjl ----- jmﬁk
Ji all same
4p 1
=2 > BBV
m=1"" 1<ji,.c.,jm <k

Ji not all same

4p

= D BBk

m=2p 1<j15eeesjm sk
Ji not all same

In the first equality, the terms with all j; being the same comes from the log M (8;) contribution to /C,
and uses the fact that the marginal law of a; — x; under p ) (x, da) is precisely u for every x € I¥. In the
third line, we used Item (1) in Lemma 2.4 which guarantees that all of the joint cuamulants up to order
2p — 1 vanish.

By Taylor’s theorem and the uniform exponential moment bounds in Lemma 2.9, for any fixed indices
1, ..., {m, the difference K — K4, satisfies the bound

m 4p+1-m

sup <C

xerk |OBe -+ 0B,

s

k
D 18]
i=1

(]C(X’ ﬂ) - ’C4p (X’ ﬂ))
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uniformly over By, ..., Bm € [—1/(2k),n/(2k)]. Furthermore by Item (3) in Lemma 2.4 we have that

om 4p 1 ke
‘9ﬁé’1"'3ﬁt’m( Z — Z Bji - Bj.K (J,X))

m.
m=2p+1 1<)1,.0s Jm<k
Ji not all same

k
> 18]
i=1

uniformly over By, ...,8n € [-n/(2k),n/(2k)]. On the other hand, since the joint cumulant of two
random variables is just their covariance, the second bullet point in Lemma 2.4 (together with Definition
2.11) implies that when m = 2p we have that

sup
xelk

2p+l-m

Fdecay( lsl;gilnsk |xi - xj|),

<C

1
— 3 B Bk ™G = Y BB ),

m!
1<j1se s jm <k I<i<j<k
Ji not all same

which is enough to complete the proof. O

Corollary 2.13. Define functions F, G : [-n/(2k),n/(2k)] — R, by

F(B) = /, xePr e M B)(d), G(B) = /, X2PEEMB) (),

Here y is as defined in Assumption 1.2 Item (3). There exists C > O such that the following bounds hold
uniformly over B € [-n/(2k),n/(2k)] andx € I* and 1 <i < j < k:

‘ /, (@i = xi)qy (x.da) = F(B)| < CIBIPP Fuceay (| min_ xi = x;1) + CIBI*"

n
1<i<j<k

‘ / (ai = x1)’qy" (x,da) = G(B)| < CIBIPP *Faeeay (| min_ |x; = x;]) + C|BI*~"
I* ¥

1<i<j<k

' / (ai = xi)(ay = x;)qy” (%, da) = F(B)?| < CIBI"P Foccay (| min_|x; —x;]) + C|BI*7~"!
Ik

1<i<j<k
Proof. Let K(x, B) be as defined in (2.5) so that
aiﬁi’C(X, B,....B) = /Ik(ai —xi)ql(gk) (x,da) — 7(B).

Proposition 2.12 with m = 1 clearly implies that this quantity is bounded above by

2p-1 . 4
C|ﬁ| P chca\y(1 min klxi _le) +C|ﬁ| p’

<i<j<

thus proving the first bound (actually Proposition 2.12 seems to give a better bound with factor |3|>? as
opposed to |3]?P~!, but this would ignore the term of order 2p that had already been subtracted there,
which we must take into account here). Next, note that

62
opiop;

K(x, (B, ....B))

=/Ik(a,--x,~)(aj—x,)q[g“(x,da)—(/Ik(ai—x,-)qg“(x,da))(/lk(a,-—x,)q,(;")(x,da)
—(6(B) = F(B)*) 1 (i=jy-

https://doi.org/10.1017/fms.2026.10220 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10220

Forum of Mathematics, Sigma 19

Proposition 2.12 with m = 2 clearly implies that this quantity is bounded above by

Clﬁlzp Fdecay( mln<k |xi _xj|) + C|:8|4p_1-

But the first bound readily implies that

‘( /1 i = x)g) (x da))( /1 e —xag) (x da)) (B

2p-1 4
< ClIB| P Fdec‘:ly(1 mljn <k |x; _xj|) +ClB| P

with C independent of x € I* and 8 € [-1/(2k), n/(2k)]. Together with the previous expression, this
is enough to imply the second and third bounds. O

2.2. Tightness estimates for the tilted processes

Here we prove tightness under diffusive scaling of various processes related to the path measures from
Definition 2.8. These will be crucial for the remainder of the paper.

Definition 2.14. Let k ¢ Nand 1 <i # j < k. Let F : [0,00) — R, be any decreasing function such

th:;t ZZZO:l F (k) < co. We define a process (V/(F;r)),=o on the underlying canonical probability space
(I%)== by

r—1
VI(F;r) = > F(IRL = RI)). (2.6)
s=0

Note that the processes V'/ (F; o) are predictable with respect to the canonical filtration on (I%)%=0.

These processes V/ will play a crucial role going forward. The main results of this subsection will
be to control the g’ moments of the additive functional processes V¥/ and the difference processes
R’ — R/ under the tilted measures PY***) of Definition 2.8. This will be done in Theorem 2.18 and the
subsequent corollaries, but first we will need three lemmas.

Lemma 2.15. Fixk e Nand 1 <i,j < k. Let uf‘j(y) =lyi—y;j = (xi —x;)|, forx,y € I, Then there
exists C > 0 such that uniformly over all B € [-1/(2k),n/(2k)] and x,y € I* one has

~CIBI*P = CIB*P Faecay (. min |y —y;|) < (€ —1d)u (y) < C,

1<i'<j’ <k

where Fyecay was defined in Assumption 1.2 Item (5), and @’f is the Markov operator from Corollary
2.10. Here @f acts in the 'y variable.

Proof. For the upper bound, we have that

(@ ~ 10 (y)—/ (|al~—aj—<xi—x,~>|—|y,~—yj—( —)l)a (v, day
S/Ik jai —a; — (v = y)lg P (v. da).

From here the uniform bound follows from the uniform exponential moment bounds on the increments,
see Lemma 2.9.

https://doi.org/10.1017/fms.2026.10220 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10220

20 S. Parekh

For the lower bound, use Jensen’s inequality to say

&fuy) = [ lai=a; = = laf 3. da)

>

[ (= apaflvda) = 3 -y

k
2|y —y; = (xi —x;)| - 'yi -y - /k(ai - aj)q[(; ) (y, da)
m

= ux(Y) -

(k)
Yi=Yj —/Ik(ai —aj)q; (y.da)
Thus we just need to show that

< CIBI*” + CIBI*P "Faecay( min |y —yj1). 2.7)

1<i'<j’ <k

(k)
‘yi —yj- /Ik(ai —aj)qg (y.da)

For this, first note that y; — y; = /I" (a; — aj)p(k) (y, da) where we recall that p%) = q((]k). Thus use

the definition (2.4) of q’g{) and Taylor expand the exponentials to order 4p — 1 around 8 = 0, and
note that all terms of order less than 2p — 1 vanish identically thanks to the deterministic moments
condition in Assumption 1.2 Ttem (4), and the fact that 4®* is a permutation-invariant measure. Then
note that all terms of order between 2p — 1 and 4p — 1 contribute (at worst) a term of the form
Fdecay( ming << j<k |Xi —X; |) thanks to the moment mixing condition in Assumption 1.2 Item (5). Finally
note that the remainder in the Taylor expansion is at worst of order C|3|*?, which when combined with
the exponential moment bounds of Lemma 2.9 completes the proof of (2.7). O

Lemma 2.16. Recall p g;¢ from Assumption 1.2. For x € I, we have that

‘2 - (./Ia2pdif(x,da) —x2)

inf /()’ - a)?pgig(y.da) > 0.
yel 1

< 2Fdecay(|x|)~ (2.8)

Moreover, we have that

Proof. Note by the definition of p4;¢ that
[ patr.da)=r = [(a=n*patr.da
= [L=r =22 (.0, (@ dy)
= 2my=2 [ (r=)y p (00 (0 ).

therefore we have that

‘2(’”2 -mj) - ([a2pdif(x’ da) _xz)

= 2‘ /Iz(x -r)y p(2)((r,0), (dx,dy)) — m% < 2Fgecay (1)),

where we used Assumption 1.2 Item (5). But m, — m% = 1 by Assumption 1.2 Item (3), thus proving
(2.8). To prove the second statement, note by the first bullet point of Assumption 1.2 Item (6) and the
uniform exponential moment bounds of Lemma 2.9 that y +— fl (y — a)?pgi¢(v,da) is a continuous
function of y. In particular it achieves its minimum on any compact interval. If the minimum was 0, then
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/I(yg —a)? pgit(yo.da) = 0 for some y € I. Thus using the fact that p g (vo, -) has mean yy, it would
follow that yg is an absorbing state for the chain. But this would contradict the second bullet point of
Assumption 1.2 Item (6). m]

Lemma 2.17. Consider a martingale M defined on any filtered probability space (2, F, P), and suppose
that the increments of M satisfy a uniform q'" moment bound under the probability measure P:

S¢(M; P) := sup E[|Xp41 — Xp|?] < o0,

n>1

where g > 2. Then E[|M, — M|?] < C4(r - s)%Sq (M; P), for some absolute constant C, that is
uniform over all martingales M and probability spaces (Q, F, P).

Proof. We may apply Burkholder-Davis-Gundy, then Jensen, then the definition of S, (M; P) in that
order to obtain uniformly over r > s > 0

r—1 q/2
E“Mr _Mslq] < CqE[(Z(Mn+1 _Mn)z) ]

n=s

r—1
< CqE[(r — )% Z M1 — Mn|q]

n=s
< Cyr—9)28,(M; P).
Since the constant C,; in Burkholder-Davis-Gundy is known to be univeral, the claim follows. O
The above bound will be quite useful in showing tightness of all of the relevant processes in the
topology of C[0, T]. The following estimate is the main result of this section.

Theorem 2.18. Fix k € N and q > 2 and a decreasing function F : [0,00) — [0, c0) such that
w0 F(k) < co. There exists some C = C(k, F,q) > 0 and By = Bo(k, F,q) > 0 such that uniformly
over all B € [—Bo, Bol, and all integersr > r’ > 0and 1 < i, j < k we have the bounds

sup ELP[(RD - R = (RL - R < C(r =) 2+ CIBI*P (r = ). (2.9)
xel®
sup ELD (VI (F;r) = Vi)' < Cor =) 2+ CIBIYP (r = 7). (2.10)
xel

Before proving the theorem, let us give some intuition as to how the proof proceeds. Both processes
will be shown to be martingales modulo some drift terms that will be controlled using Lemma 2.15.
Establishing this martingality will use a sort of discrete-time version of the It6-Tanaka formula.

Proof. By the Markov property and the fact that there is a supremum over X, it suffices to prove the
claim when r’ = 0, so that Ri, - Ri, = x; — x; where X = (xi,...,x¢) in coordinates. We can also
assume without any loss of generality that F' > Fgecay because otherwise one may replace F with
F := max{F, Fyecay }, note that F is still decreasing (for large x) and summable, then prove the claim for
F, and note that VY (F;r) = VY (F;r’) > VY (F;r) — VY (F;r’) to immediately obtain the claim for F.

We now break the proof into five steps.

Step 1. In this step we show that the Markov kernels ql(gk) satisfy a certain coercivity condition on
test functions given by absolute values of differences of coordinates, specifically (2.11) below. This will
be extremely useful later. For x,y € [ k let

ux(¥) = lyi = yj = (i —xp)| and V= @fux — ux,
so by Lemma 2.15 we have that vf(y) > —C|B|* - C|ﬂ|21"1Fdecay(minlskjfsk lyir = yjl).
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We now show thatinfge[_5/(2k), 7/ (2k)] infxesx @fux (x) > 0. To prove this, first note that the measure
q;(;k) (x,dy) is never supported on the set {y € I* : y; —y ;= Xx; — X}, because this would then imply
by mutual absolute continuity that p %) (x, dy) is also supported on that set. By Lemma 2.2, this would
mean that pg;(x; — x;, -) would be a Dirac mass. But pg;;(x, -) is never a Dirac mass, simply because
it has mean x and Assumption 1.2 Item (6) implies that there cannot be absorbing states. Furthermore
@f ux(x) is a continuous function of x, simply by the assumption of weak continuity of all of the
kernels in the paper. So far, this argument shows that infge[_,/(2k), 5/ (2k)] infxerrnk @fux(x) > 0 for

all compact K c I*. Now if we had that @f" ux, (x,) — 0 for some sequence of values |x,| — oo and
Bn € [-n/(2k),n/(2k)], this would imply (by mutual absolute continuity and the uniform moment
bounds of Lemma 2.9) that the measures p g (X!, — x;, x!, — x;, + -) would be converging weakly to a
Dirac mass at 0. But the exponential moments of these measures are uniformly bounded by Lemma
2.9 (applied with 8 = 0). Thus the variances of pg;(x, — X7, ) would be converging to zero, which is
impossible since Lemma 2.16 shows that they converge to 2 > 0 if |x!, — x| — oo. Thus we have shown
that indeed infﬁg[,,l/(zk),,]/(Zk)] infy e qux(x) > 0.

We now claim that there exists § > 0 so that for all X,y € I* and 8 € [-5/(2k), n/(2k)] one has that

VE(y) > 61(s,5)(yi = ¥; — (xi = x;)) = CIBI*Y = CIBIPPFecay( min  |yw —yprl).  (2.11)

1<i’<j’ <k

To prove this, note that

@ ux(y) - uy(y)] = ‘ [ 0= a; = imxplag v = [ Jai=a; = i pla (v,
< [ Nlai=a; = =1 = has = a; = (=l (v, )

< [ =ty = vpla (v.da) =i =y = (= )l
.

Recall that ¢ := infge[_;/(2k),5/(2k)] infxegk @'If ux(x) has already been shown to be strictly positive.
Thus for all X,y € I* we have @f uy(y) = c, and from the above bound it then follows that @f ux(y) >
2¢/3if |x; —x; = (yi = yj)| < c¢/3. Thus we see that vf(y) = @fux(y) —|xi—xj = (i=y)l>c/3if
|x;i —xj = (yi = y;)| < ¢/3. Together with Lemma 2.15, this implies (2.11) with § := ¢/3.

Step 2. In this step we are going to find a useful family of martingales and derive a discrete “Tanaka’s
formula,” see (2.13) below. That formula will be instrumental in the later analysis. We will also derive
bounds related to these martingales, specifically (2.12), (2.14), and (2.15) below.

If I = ¢Z we will henceforth assume without loss of generality that § = ¢ in (2.11), otherwise it may
be a smaller value. Let e; denote the standard basis of R¥. Equation (2.11) easily implies that for all
X = (x1,...,xx) € I¥ one has

F(lxi —x;]) < inf 5-1§F5 P +C|B[*P
(e =x;) Bel-n/(2k).n/ (k)] et (81D [V ¢,y (¥) + CIA
2p-1 .
+C|ﬁ| P Fdecay(lsi/nll}}sk |xir _xj’l)]- (2.12)

For every x, y € IX, note that uy (R, — Z;;& vf (Ry)isa P§,B ’k)—martingale by Corollary 2.10. Defining

fp,glg,p . [k —)Rby

fr=67 Y FolmDusme-eys  gor =67 Y F@lmhvi

mez mez
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we see that the process

r—1

Mg r(r) = =(fr(R) = fr(¥) + ) gp.r (Ry) (2.13)
s=0
isa P;,’B ’k)-martingale (for all y € I¥) with M 5. (0) = 0. Note that f is globally Lipschitz, in fact

IfF(x) = fr(y)] < ((5—1 Z F(5|m|))|xi =x; = i—y)I < Clxi —x; = (yi =yl (2.14)

mez

where we absorbed all constants in the last bound. We also claim that gg r is a globally bounded function.
Indeed, Lemma 2.15 gives that I" := supgc(_,/(2k),/(2k)] SUPx,yer* vf(y) < oo, thus we see that

sup sup |gg,F(X)| < ((5‘1 Z F(6|m|)) T < oo. (2.15)
Bel-n/(2k),n/(2k)] xeI* mez

From here and (2.14) one sees that the increments of the martingales Mg r have ¢ " moments bounded
uniformly over 8 € [-n/(2k),n/(2k)] and all times r € Zs(, thus by Lemma 2.17 one obtains that

sup ELP [ Mg p ()91 < 12, (2.16)
Bel-n/(2k),n/(2k)]

where C does not depend on g.

Step 3. In this step we will show an a priori bound that the left side of (2.10) can actually be bounded
above by some multiple of the left side of (2.9) plus C(r —r")'/2+C|B|*”r, which will effectively reduce
the problem to showing the first bound. This bound is (2.18) below.

In (2.12), note that Fyecay (miny < <jr<k [¥ir = xj71) < ¥ <ir<jr<k Fdecay([xir = xj]). Furthermore,
recall from the beginning of the proof our assumption (without loss of generality) that F' > Fyecay, thus
Fyecay (|7 — xj|) < F(|x; — x;:|). Thus from (2.12) we have the preliminary bound

BV (F; )11t

r—1
<EFD [(Zgﬂ,p(ks))q

s=0

1/q
sCipfrrecipPrt N BFO VI (Frye)te

1<i'<j' <k

2.17)

Using (2.13), (2.14), (2.15), and (2.16), we furthermore have

r—1 1/
B [(Zgﬁ,F(Rs))q] © SB[y )11+ BV () - £ 0017
s=0

< Cr'P 4 CEPPIRL = R - (xi = x)11] 4.

Combining the last two expressions and summing over all indices (7, j) with 1 < i < j < k, then
moving all instances of E,(f ) [V (F;r)9]"4 to the left side of the inequality, yields

(1= CIBPP= 3k =1)) > ELO V(R

1<i<j<k

<cr'Paciplrr+c Y BPVIR - R - (6 —xp)19]'.

1<i<j<k
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Now choose By small enough so that C 2711 p(k — 1) < L. Then after absorbing all constants into
g 0o 2 2 g

some larger one, the last expression yields for |3] < By that

2, EBEVVIEnT scrtPrciptrrec Y BPVIRL <RI - (- x|t
1<i<j<k 1<i<j<k

(2.18)

This bound will be a key step in proving the theorem shortly.
Step 4. In this step we will obtain a bound that is in a sense converse to (2.18). Recall from (2.7) that

< CIBPP ' Fecay (| min  |xir —x;]) + |BI*7 (2.19)

1<i'<j' <k

/1' (vi =y) = (5 = x7)) g (x, dy)

uniformly over 8 € [-1/(2k),n/(2k)] and x € I*. Let 7; : I*¥ — I be the coordinate function x > x;,
and define the process

r—1

M7 = RE = RE = (v = xp) = D\ ((@F - 1d) (i - 7)) (Ry).
s=0

By Corollary 2.10, this is a P,((B ’k)—martingale for all x € I*, which should not be confused with the
Tanaka martingales appearing in (2.13), as they are unrelated. Now we can use Lemma 2.17, because
(2.19) and Lemma 2.9 show that the increments of this martingale have uniformly bounded ¢’ moments.
Thus we see that E,((ﬁ’k) [|M£’j’ﬁ|q] 4 < Cr'/2, where C does not depend on integers » > 0. Thus we
find that

|
—_

r

) q1l/q
EP PR - R - (x; —xj)|9]7 < Cr'/2+E,§ﬁ”‘>[( ((@f—ld)(ni—nj))(Rs)) ] . (2.20)

1l
(=]

s

Equation (2.19) precisely says |(@€ —1d)(m; — 7j))(Ry)| < C|ﬂ|2p’1Fdecay(minlgiqgk |RL — R£|) +
|B|*P ,which can be further bounded above by C|BI*P™" 31 i< i <i Faecay (IRY - R§/|) +|B|*P because
Fdecay is nonincreasing. Using the definition (2.6) of the processes ViJ | this precisely means that

r—1
D@ 1) (i - 7)) RY)| < CrIpl*? + CIBPP™ > VI (Faceays 7).
s=0 1<i'<j’ <k

Plugging that bound into (2.20), and recalling F' > Fyecay, We obtain

ESONIR, - R - (i —x )l < cr'PwclplPr+cipe™ Y7 BEOVIT (R 9,
1<i’<j’ <k

2.21)

uniformly over 8 € [-1/(2k),5/(2k)] and x € I*.
Step 5. In this step, we will establish the theorem. Apply (2.21) and then (2.18) in that order, and one
finds that

k j i _ & y o
EPONR - R = (v —xI9]"7 < cr'P v clprr+clpPr™ Y BPOIR - R - (xi - xj)19]"4,

1<i'<j’ <k
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Now sum the left side over all indices (i, j) with | <i < j < k, and move all instances of E,(‘B &) [|RL -
R} — (xi —x;)|7] 174 to the left side of the expression, and we obtain

(1= k(e =1ClpPr™) > BEYUR - R - (x - x)1]Y9 < Cr' 2+ ClBI*Pr.
I<i<j<k

Now make By > 0 smaller (if needed) so that C - ﬁ(z)p L %k(k —1) < 1/2. Then for || < Bp one obtains

from the previous expression (after absorbing constants on the right side into some larger constant) that

>, EEVURL R - (i —xp1e < cr'P+ clplrr.

1<i<j<k
This proves (2.9), and then (2.10) follows immediately from (2.9) and (2.18). O

Remark 2.19. Note that (2.15) and (2.14) actually imply a stronger bound. Specifically if F : [0, c0) —
[0, c0) is decreasing and satisfies ), F (k) < oo, then uniformly over all 0 < f < F with f decreasing,
and uniformly over r > 0 and B € [—f, Bo], one has that

sup X [ViJ (f:r)9]"7 < c(Zf(k))(r‘/2 +1B*7r). (2.22)

xelk n=0

The proof of this can be copied almost verbatim from Step 2 above, noting that for decreasing f one has

Smez f(8m]) <2671 Z5 o f(m).

Corollary 2.20. Fix k € N, T > 0, and q > 1, and any decreasing function F : [0, c0) — [0, 00) with
1

e F(k) < oo. Consider any sequence By in [-n/(2k),n/(2k)] such that |Bn| < MN 3¢ for some

M > 0. There exists some C = C(T,k,q,F,M) > 0 such that for all N > 1 and 0 < s <t < T with

s, 1 € N_IZZ() one has

sup BV 4[N3Rl — R, ~ (Rly, ~ RL))[*] " < VP,

xelk

sup ESPN 0[N3 (VU (F; Nty - Vi (F; Ns)) 7] < cvi=s.

xelk

Proof. This is immediate from (2.9) and (2.10). The extra term of the form C|8|*P (r — r’) on the right
side of (2.9) and (2.10) will contribute C|r — s| which can be bounded above by Cr |t — s|'/2 on the
bounded time interval [0, T]. O

Corollary 2.21. Fix arbitrary A,t > 0 and any decreasing function F : [0,00) — [0, 00) with
1
2ee F(k) < oo. Consider any sequence By in [-n/(2k),n/(2k)] such that |Bn| < MN 3¢ for some

M > 0. Then
sup sup E)((,BNJC)[e/IN’l/ZVi-"(F;Nt)] .
N2>1xerk
Proof. Note that (2.10) easily implies the bound that
sup EPN O [ViI(F, )] < or'l?, (2.23)

xelk

uniformly over N > 1 and r < Nt. Since V¥ is an additive functional, one may iteratively apply the
Markov property to automatically obtain higher moment bounds just from this first moment bound,

https://doi.org/10.1017/fms.2026.10220 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10220

26 S. Parekh

specifically we will show that

sup EPN-R Vil (Fyrym) < €™Vl - 72, (2.24)

xelk

where C is independent of m € N and r < Nt. If we can prove (2.24), the claim will follow immediately
simply by Taylor expanding the exponential, and setting r = Nt.

The proof of (2.24) follows from a straightforward induction on m. The m = 1 case is simply (2.23).
For the inductive step, let us define €, to be the optimal constant so that the left side of (2.24) is
bounded above by €,,7"/2 uniformly over all » > 0. We then have

r—1

h(rix) = E,iﬁ””[]—[FuR;j—R{,D]
Jj=1

S1:825--2,8m=0

m
.k i j
= Eiﬁ)[]_[F(le,—M,D

0<81,52,e0r S <F Jj=1

m
.k i j
DY Eiﬁ)[ﬂF(le_,—Rijl)]
|

0<81,52,.e0r S <F J

no repeated index repeated index
m
2k i j
<m!-Ef >[ > F(IRL, = RLD| + IFllchmo1 (%)
1

0<s|<...<Syp<r j=

r—1
=m!-EFP [ DTF(RL - R - + || Flloohm-1(r:x)

S]:O

hm—l(r - Sl;Rsl)]

(m—-1)!

r—1
< mQy B [ DUFARL = RLD - (r = s0) "™ D2 4 | Flloohmo1 (%)

S1=0

We used the Markov property in the fourth line. Now for the first term on the right side, use summation
by parts and we obtain that

r—1 r—1 s—1
D FOR, = R (=)D = 3 (=)D 1= )] (3 (R - RID).
s=0 s=0 =0

Now note that (r — s)"=D/2 — (r — 1 — 5)"=D/2 can be bounded above by C(’"T’l)(r —5)(m=3/2 then
apply the expectation E,(('B %) over the last expression, then use the m = 1 case once again, and we see that
the expectation is bounded above by C(252) - 31720 (r — 5) "=3/251/2 which is equal to /> multiplied
by a Riemann sum approximation for fol (1 — u)m=3/2y12 gy Notice that the latter is O(m=>/?) as
m — oo. This whole discussion yields

r—1
ES [ D (R, = RLD - (r=s) " V2| < o 2pmi2
s1:0

for some absolute constant C.

As for the second term || F||oo/n-1(7; X), we can absorb || F||« into some absolute constant C since
F is just a fixed function. By the inductive hypothesis, ||F||lc/m-1(7;X) may be bounded above by
Cgm_lr(m—l)ﬂ < CQm_lrm/z.

The entire above discussion yields the relation Q,, < Cm'’2Q,,_; for some absolute constant C
independent of m € N, which easily implies (2.24). O

The next corollary will allow us to control exponential terms of the form appearing in Lemma 2.6,
and will be useful in Section 4.
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Corollary 2.22. Let R = (R,),»0 denote the canonical process on (I**)?=0. For x € I**, B €
[-n/(2k),n/(2k)], and r € Z define

r

HK (B x,R, 7) = exp ( > { log B2 [A T4 R-RLD| 7 1] — 2k log M(ﬂ)}).

s=1

Then for all ¢ > 1 and t > 0 we have the bound

1
N3 2k -
sup sup E,(( ’ >[ sup H** (N7 x,R, r)?] < oo.
Nzl xer r<Nt

12k

Furthermore, let T > 0. There exists C > 0 such that uniformly over N > 1, x € ,and s,t €

[0,T] N (N~'Z) we have that

__ L
E(Y 20 (122K (N%, x, R, Ni) - H2 (N, x, R, Ns)[]/9 < Cvi—s.

Proof. Let us use the bound

Nt 1 . .
sup HZk(N_ﬁ,x, R,r)? < exp (qz log E,(KO’Zk) [eN 5 (Rﬁ_R£*1)|}'S_1] —2klog M(N_ﬁ)
r<Nt =1
Nt

enfs

s=1

|
)

where we applied the Markov property in the second line. Using Proposition 2.12 with m = 0 and all

__1 .
log / N 0RL) p (R dy) — 2k log M(N ™)
Ik

Bi=N ~a will show that the expression inside the absolute value can be bounded above by

CN™2 3" Faeeay(IRL = RI|) + CN™'73, (2.25)

1<i<j<k

where C is a large constant independent of N. An application of Corollary 2.21 will then immediately
prove the first bound. The second bound can then be proved by first using the elementary bound
le* —1] < |ule!!, then applying Cauchy-Schwarz, and then applying the first bound in conjunction with
Corollary 2.20 (noting the termwise bound (2.25) of each summand). m]

3. Convergence theorems for the tilted processes

In this section, we will prove various convergence theorems for the tilted Markov processes introduced
in Definition 2.8. These convergence results (specifically Theorem 3.11 below) will build upon the
estimates of the previous section, and they will be crucial to proving Theorem 1.5 in later sections. Due
to many additional subtleties not present in the previous works [DDP24a, DDP24b], we will deviate
completely from the methods of those papers and derive a new method of studying the tilted measures
which leverages the Markov property of the tilted processes proved in Proposition 2.7 (whereas those
papers did not use the Markov property).

Proposition 3.1. Fix k e Nand T > 0and 1 < i < j < k. Recall the measure P,(f )

Definition 2.8. Consider any pair of sequences By € [-n/(2k),n/(2k)] andxy € I¥, such that NﬁﬁN
remains bounded and N‘l_/ Xy — x € RK as N — co. Then the rescaled and linearly interpolated
processes (N’l/z(Rfvt - R{Vz))te(N‘IZZQ)ﬁ[O,T]’ viewed as random variables under P,((ff,N’k) , converge in
law as N — oo to a Brownian motion of rate 2 started from x; — x j where x = (x1, ..., xi). Convergence
occurs with respect to the topology of C[0,T].

as given in
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We remark that a Brownian motion of rate 2 is defined as a process distributed as V2. B for a standard
Brownian motion B.

Proof. The tightness of this family of processes has already been established in Corollary 2.20. Thus
we need to identify the limit points. For this we will use Levy’s criterion.

Let 7; : I* — I be the coordinate function X — x;, and define the P,((B N ’k)-martingales
o ) r—1
My = Ry = RY = (i =) = ) (@] = 1d) (i = 7)) (Ry).
s=0

Recall from (2.7) that one has the pathwise bound

Nt
sup |MPP — (RE = R = (v = x;)| < )" |((@F - 1d)(x; - 7)) (Ry)]
s=0

r<Nt

Nt
2p-1 . j ] 4
< CIBPP™ Y Paceay( | min R = RI|) +|BI*7,
= 1<i<j<k

Nt
<CIBPPTT Y Fueaay (IR = RY1) + 117

1<i'<j’ <k s=0

Specialize to the case where 8 = B with |By| < CN _ﬁ, and where and x = x,y, then multiply both
sides by N~'/2. Then using the result of Corollary 2.20, one finds that the processes

~1/2 (pqi:J:B j ' N_ N
NV (MILVJI M- (R§Vt - R;\It - (xi - X )))te[O,T]
converge in probability to O in the topology of C[0,T] as N — oo, under the measures P,((f,’v ) 1n fact
one has for all ¢ > 1 that

. k - i, i A
lim E,(f]"’ ) sup (N 2\ My F - (R, = R/ — (x; _xj))|)q =0.

N —eo r<Nt

Consequently, it suffices to show that the family of processes (N -1/ 2M;\’,JI’B M) refo.) converge in law
to a Brownian motion of rate 2 in R started from the origin, as N — oo viewed under the measures
P,(('f,N ®)_ Since martingality is preserved by limit points as long as one has uniform integrability, it is
clear from the ¢'" moment bounds in the last expression and from Corollary 2.20 that any limit point in
C[0,T] of the family (M;\’,JI’B M) refo,r] Must be a martingale under the canonical filtration of C[0, 7.
Thus we only need to show that the quadratic variation is 2¢.

Define the process

r—1
PP = Myt Py = Y BEO LM - My TP
s=0
which is also a P,(KB ) martingale. Notice just from the definition of these martingales that
r=1 r—1 5
20 = 3 BFOMILE - MIPP R < or - Y BEO(RL, - R, - (RE - RD)|F]
s=0 s=0

r—1
23 B [IR§+1 ~ R, = (R = R])|-|((@} - 1) (mi - 7)) (Ry)|

s+1
s=0

-

r—1
+ Y B [\((@f —1d)(m; — 7)) (Ry)[
s=0

%]
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We claim that all three terms on the right side can be bounded above by

r—1

C|ﬁ|r +C Z Fdecay I/Illl}<k |R§, - R{ |),
s=0

where the constant C is uniform over r > 0 and 8 € [-n/(2k),n/(2k)]. Indeed, the first term on the
right side is given by the absolute value of Z;;é gp(Ry), where the function g : / k _ R is given by

g0 =2 [ (@=a; = (=3P (x. o)

We expand the square as (a; — x;)% + (aj - xj)2 —2(a; — x;)(aj — x;), and from Corollary 2.13 one
obtains that
18091 < [2=2(7()* = G(B))|+ CFuscay (|_min_ b =) + I
< C|ﬂ| + CFdecay( | min |Xi' —Xj/|).

<i'<j’ <k

For the second term on the right hand side, note that |((Qf —Id)(m; — m j))(RS)| is actually Fj-
measurable, thus it can be pulled out of the conditional expectation. By Lemma 2.9, the remaining part

) A (IR, - m—(R’ —R})||Fs] is deterministically bounded uniformly over 8 € [~n/(2k), 1/ (2k)]
and x € I¥, while the term \ (@f - 1d)(n; — 7})) (RS)| itself can be bounded from above using (2.7),
obtaining an upper bound of C|8|*” + CFecay (ming <j7< <k |RY — R£,|). The third term can also be
bounded from above by can be bounded from above using (2.7), obtaining the same upper bound of
C|BI*P + CFyecay (miny i< jr<i R = RY ).

Summarizing and specializing to the case where r = Nt and 8 = B, we see that

Nit-1 Nt
-1 (BN k) i.J.B 0,82 -1 -1 . N
2-N ZOE” (M = My T PRIF | < N (N ) + N ;)Fdecay(lggy,gkm;—& )-

The latter tends to O in probability under P,((fiN *)in the topology of C[0,T]. Indeed from Corollary
2.20 and the elementary bound e~ ™ uc < 3, ¢~ we can immediately deduce that

Nt Nt
N_] z:Fdecay(1 l!nin |R;’ - Ri |) < N_] Z Z Fdecay(|Rf«/ - R,{ |) N:;)o 0

<i'<j'<k
J =0 1<i'<j' <k

in probability in the topology of C[0, T] under P,E’i” *©) This is because the multiplying factor N~! here
is converging to 0 faster than the fluctuation exponent N~'/? appearing in Corollary 2.20.

We claim that (N‘IY LJBN )r>0 is a tight family of processes in C[0,7] as N — oo. Indeed, one
easily verifies that (N~ (MJ B )2 ) (>0 1s tight and satisfies the same L7 estimates as the processes
(N~ 1/ ZMIJVf N ) ;>0 On any compact time interval ¢ € [0, T], simply because it is the square of a process
satisfying such bounds as shown in Steps 2 and 3. On the other hand, by Minkowski’s inequality, we
also have that

Nt
i P .
HN | Z EBY O (5N _ i
r=Ns

”MtJﬁN_ l/BN||1/2
Bnd), r+l L2a (pPNR)y
LL’(PxNNY ) r=Ns XN

< ( sup Sy (M’.’j’BN;P,(f,’\”k))l/2 [t —s].
Nzl
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Summarizing these bounds, we have that for each ¢ > 1 we have EPNK) (N_1 |Y1{,’tﬁN —Y;}{;’BN )q] Ve <

XN
C|t — s|'/? for all s, in a compact interval, thus completing the proof that (N_IYI{J"IB NY)rs0 is a tight
family of processes in C[0,T] as N — oo. o o

Thus if we take a joint limit point (X, ))) as N — oo of the processes (N‘l/zMI’\}/t’BN, N1 Y;\’,jt’BN )00
then it must hold that ), = th — 2t and moreover both processes are continuous martingales, since
martingality is preserved by limit points as long as uniform integrability holds. By Levy’s criterion, we
conclude that X must be a Brownian motion of rate 2 starting at x; — x; since the starting values of
N~12Xyx, converge to x, that is, N"'/>xy — x. o

While the convergence of the process itself has been established in Proposition 3.1, it is much more
subtle to prove convergence of additive functionals of the process to the local time of the Brownian
motion. This will be needed to prove the main results, and this will be the main focus going forward.

3.1. Analysis of the annealed difference process

In this subsection we will prove some results for the annealed difference process, that is, the Markov
chain on 7 with transition density p g;¢ as defined in Assumption 1.2 Item (6). By Lemma 2.2 this Markov
chain equals the averaged law of the difference of two particles in the random environment, that is, the

law of the process R’ — R/ under P,({ﬁ %) with B = 0 (the untilted case). These untilted results will be
crucial in deriving the generalizations to the tilted case later.

Definition 3.2. Recall the Markov kernel pg(x, A) := fﬂ 1ia-peayp? ((x,0), (da,db)) from As-
sumption 1.2 Item (6). We also define the associated Markov operator

(Paf)(x) = /, £(a) pase(x. da),

for all measurable functions f : I — R for which the integral is absolutely convergent.

Definition 3.3. Throughout this subsection, we will let (X, ),>o denote the canonical process on the
space 1720, We will let P,, denote the probability measure on /720 given by the law of the Markov chain
associated to p g started from x € /.

Thus by Lemma 2.2, the canonical process (X, ),>o under Py is distributed the same as the process
R — R/ under P#® with 8 = 0 and x; —x; =x.

Proposition 3.4 (Existence of a Foster-Lyapunov drift function). There exists a function V : I — Ry
with compact sublevel sets such that PayV (x) < V(x) for all x outside some compact interval.

We remark that in some references such as [MT93], any function V as above would be said to satisfy
the (V1) drift condition (as opposed to (V2) or (V3) which will not be relevant in this paper).

Proof. We set V(x) := +/|x| + 1. We will show that PgiV(x) < V(x) for all positive and sufficiently
large x, and the proof for negative x would be completely symmetric.
For x > 2 and a € (x/2,3x/2) we can write

V(a) - V(x) =V'(x)(a—x) + %V”(x)(a —x)? +R(a,x)
=1+ a-x) - %(x +1)7%(a - x)? + R(a,x),

where by Taylor’s remainder theorem one has uniformly over all x > 2 and a € (x/2, 3x/2) the bound

1 3
IR(a,x)| < —la—x]* sup  [V"(b)| < —(x/2)*|a - x|’.
6 be[x/2,3%/2] 43
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Now recall that fl (@ — x) pgi(x,da) = 0 for all x € I, which is immediate from the definitions, see, for
example, Lemma 2.2. Consequently we can disregard the first-order term when calculating PgifV and
we find that

PV (x) — V(x) = / (V@) = V() pais (x. da)
3
< —‘l‘(x +1)732 /I(a —x)*paig(x,da) + E(x/z)*S/2 /I la — x| pgir(x, da)
+/|V(a) = V() 1{jx=a|>x/2} Pait (X, da). (3.1
1

Let i7 be as in Assumption 1.2 Item (3), and let us define constants

n

PR— - |la—

wexp-—sup/e4' Y pgie (v, da),
yel JI

= sup / (a - ) par(y- da),

= sup / 1~ yP Paie (. da),
yel

= inf /(a - ¥)?Pair(y. da).
yEI I

The first three constants are all finite, for example, by Lemma 2.9, and the last constant is strictly positive
as noted in Lemma 2.16. Notice that V is a globally Lipschitz function on I with Lipschitz constant 1/2,
that is, |V(x) — V(a)| < %lx — a|, thus using Cauchy-Schwarz and Markov’s inequality we see that

/, V(@) = VOOIL xmafon/2) Pair (+. da)

1/2

12
< ( /] (V(a) - V() P . da)) ( /, Leator /o) Pt (5 da))

1/2 1 |x—al 1/2
1 ) Jye# " paip(x, da)
(4_1 /(a—x) Pai (X, da)) ( TG

IA

1 PRVCIRV
5 2 a)exp.e 16

IA

Plugging this bound back into (3.1), we find that for x > 2 one has

6 3 1 nx
PairV(x) = V(x) < —Zz(x + 1) 4 4183@/2)_5/2 + zw;/zwg{zp e T .

The right side is clearly negative for sufficiently large x > 2, thus proving the claim. O

Theorem 3.5. Let pgir be the Markov kernel from Assumption 1.2 Item (6), and Pair its associated
Markov operator as in Definition 3.2. Then there exists a unique (up to scalar multiple) invariant
measure 1™ on I, in other words a measure such that Pgig f € L' (™) whenever f € L'(x™), and

moreover fI(Pdiff — f)dn™ =0 for all f € L'(n'™). Furthermore,

o ™W(K) < oo for all compact subsets K C I.
o '™ has full support on I.
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o Forall f,g € L' (x™) such that fl g dn'™ # 0 we have that

i S FO00) _Jy f dn
o S (X)) [ g den

P.as. forallxel.

Proof. By the first bullet point in Assumption 1.2 Item (6), the Markov kernel p 4;¢ is Strong Feller, that
is, the operator Pgjr sends bounded measurable functions to bounded continuous functions. In particular
D gir is a “T-chain” in the sense of [MT93, Definition 6.0.0 (iii)].

Furthermore p ;¢ is “open-set irreducible” in the sense of [MT93, Section 6.1.2] by the second bullet
point of Assumption 1.2 Item (6). In particular, by [MT93, Proposition 6.1.5] the chain is “y-irreducible”
where the maximal irreduciblilty measure ¢ has full support due to the open-set irreducibility and the
Strong Feller property.

Furthermore, by Proposition 3.4 and [MT93, Theorem 9.4.1], for all x € I, there exists a compact set
K c I such that the Markov chain (X,), > visits K infinitely often P-a.s.. In other words, the Markov
kernel pg;r is “nonevanescent” in the sense of [MT93, Section 9.2.1]. Now by [MT93, Theorem 9.2.2
(ii)] any nonevanescent y-irreducible T-chain is automatically Harris recurrent.

By [MT93, Theorem 17.3.2], Harris recurrent chains can be characterized as exactly those chains for
which a unique invariant measure 7™ exists (up to scalar multiple) and satisfies the ratio limit theorem
as in the third bullet point of the theorem statement. By [MT93, Theorem 10.4.9], the measure ainv
is equivalent to the maximal irreducibility measure ¢, which has already been explained to have full
support. By [MT93, Theorem 12.3.3], the invariant measure 7™ is finite on compact sets as long as the
Foster-Lyapunov drift criterion is satisfied as we have already shown in Proposition 3.4. O

Lemma 3.6. Let 7 be as in Assumption 1.2 Item (3) and let C > 0. There exists C’ > 0 such that
uniformly overall f : 1 - Rand b,x €  and 0 € [0, %] the following bound holds true.

o If|f(x) = |x = b|| < Ce =l then |(Paicf — f)(x)| < C'07 et where C’ is a larger constant
depending on C but not f,x, b, 6.

Proof. For simplicity of notation we will prove the claim with » = 0 but the proof for general b is
similar, recentering around b rather than O everywhere in the argument below.
By the triangle inequality, we can write

|Pait f (x) = f(x)] = I/I(f(a) = f (X)) pie(x, da)|

< /Ilf(a) — lall p it (x, da) + + x| = 1 ()]l

/I (a] - |x]) paie (v, da)

+Ce M,

<c /I ¢4l p e (. da) + /1 (a] - x]) pase(x. da)

Let us call these terms E, E», E5. Note that E3 already satisfies the required bound. Since —|a| <
|x — a| — |x|, we can bound E; by

C( sup  sup /eelx’_all’dif(x/,da))'e_alxl,
x'el H’E[O,LZI] 1

and the supremum is finite by the assumption 6 < /2. This is indeed a bound of the desired form after
replacing C by a larger constant.

Finally we need to bound E,. Without loss of generality we assume x > 0, because the case x < 0
is symmetric. Then we have |x| = x = fI a pas(x,da), since every pg;(x’,-) is centered at x” by
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construction. Thus we have that

E, =

/, (la] - @) paig(x. da)| = 2 /1 |10 <0} Paic (6. da)

Note that for @ < 0 and x > 0 one has
|a|1{a30} < 971\/}7676‘1 — gflefe(afx)efex — Qflef)lafx\ef(ilxl.

We can thus bound E; by

C( sup sup /eglx’_“‘pfl;f(x',da) ol 0IxI,
x’'el 9/5[0%] 1

which is again finite by the previous lemma, as explained before. This proves the lemma. |

Proposition 3.7. let x be any sequence of values in I such that N""’xy — x € Ras N — oo.

Consider the rescaled process (N_l/szl)re(Nflzm)m[o T viewed as random variables in C[0,T]
under the measure Py, . This is a tight sequence of processes in C[0,T| and any limit point is given by
the law of a Brownian motion of rate 2 starting at x.

Proof. Take By = 0 in Proposition 3.1. )

Proposition 3.8. Let m'™ be the invariant measure constructed in Theorem 3.5, with any fixed scalar
multiple. For all decreasing functions F : [0, 00) — [0, 00) satisfying 3.7 F (k) < oo, one has

[Fapam@ <y Fuo.
! k=0

where C is some absolute constant that does not depend on F .

Proof. We break the proof into several steps.

Step 1. Let up (y) := |y — b|, and vj, := Pgirup — up. In this step we will prove that for every fixed
x, b € I, the process N -1/2 f’: ’0 vp (X, ) converges in law under P, to the process LY | where the latter
denotes the local time at zero of a Brownian motion W of rate 2 started from 0.

FixT > 0and g > 1 and b € I. We claim that there exists some C > 0 such that for N > 1 and

0<s<t<Twiths,t € N'Zspand ¢ > 1 one has

1/q

< C(b)Vt-s.

Nt q
supE, HN‘I/2 Z vy (X;)

xel r=Ns

Indeed, this is immediate from applying Corollary 2.20 with 8 = 0, since we have exponential decay
of v, by Lemma 3.6 with 8 = 1/2. The tightness of the pair of processes is thus immediate from this
bound. Therefore we just need to show how to identify the limit points. To do this we will use martingale
problems. We already know from Proposition 3.7 that (N~'/2Xp;);s0 is converging to a Brownian
motion.

Using Corollary 2.10 with 8 = 0, one sees that the process Z, = up(X,) — Z;& vp(Xy) is a Py-
martingale for every x € I. Consider any joint limit point (X, U, V) of the 3-tuple of processes

Nit-1

(N2 X N7 (X ) NS v (X)) 0
s=0

Tightness of the first and third coordinates has already been explained, and the second coordinate is tight

by Lemma 3.6 and Corollary 2.20, since Lemma 3.6 with 6 = 1/2 guarantees that |v(x)| < C el
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We have already shown that X must be distributed as W for a Brownian motion W. For fixed b € I, the
functions x — N~'/2u;, (N'/2x) are converging uniformly on compacts as N — co to absolute value,
thus we must have U = |X| = |W/|. Again using the fact that martingality is preserved by limit points, we
see that U —V = |W| =V must be a martingale for the limit point (with respect to the canonical filtration
on the space of 3-tuples of continuous paths), which by Tanaka’s formula forces V = LY, where L(‘))V is
the local time.

Step 2. In this step we show that v;, € L' (7™™) for every b € I, and moreover fl vy dr'™ does not
depend on b.

We first show that vo € L' (7'™), that is, the case b = 0. Suppose it was not the case, we will now
derive a contradiction. By convexity of ug and Jensen’s inequality, we know that v( is nonnegative,
thus /1 vop dr™ = +co. On the other hand by the first bullet point of Theorem 3.5 we have that
157 € L'(7'™) for all J > 0. Then by the third bullet point of Theorem 3.5 one easily shows that for
all J > 0O that

SN o1-r. (X _0

N—eo Z,{V:() vo(Xr)

P,-a.s. for all x € 1. By the result of Step 1, this means that for all / > 0 we have that

-1/2 3 Ziol[flsl](xr) -1/2 & N—oo w
NN g (X) = ZEE N2 N g (X,) S 04 LY (1) =0,
—0 =0 vo(X;) r=0

in distribution (hence in probability) under every P,. On the other hand by Corollary 2.20 with 8 = 0
and g = 2 we know that for all (fixed) J > 0

N 2
(N_1/2ZI[—J,J](Xr)) ] < 00,
r=0

thus by uniform integrability and the previous convergence statement, for all x € I one has

sup sup E,
N=1 xel

N
lim E, [N‘/Z Z 1[_,,,]()(,)] =0, forall J>D0.
r=0

N —c0

Define gy (J) := Eg [N‘l/2 Zflzo 1.0 (Xr)] , so we have shown that limy o, gn (J) = Oforall J > 0.
For any 6 > 0 note that 1;_;_j1(x) < e?//2¢=1xI/2 consequently we find that

N 21 N >1

N
sup gn (J) < e?7/% sup Ey [N‘l/z Z e—9|Xr|/2] = C(0)e?
=0

where we know that the second supremum is finite by Corollary 2.20. Thus by Fubini’s theorem and the
Dominated Convergence Theorem we see that for all fixed 6 > 0

N 00 oo o0
lim Eq [N‘” Z;) (; e”’lu,mxr))] = Nliglm; e gn () = ; e lim gy (J) =0.

On the other hand, we know that v decays exponentially fast at infinity thanks to Lemma 3.6, which
means that there exists some C,6 > 0 such that vo < C Y5, Pl 1[-;.s7. Thus the last expression
implies that N~1/2 f’: o Vo(X;-) converges to zero in L'(Py), contradicting the result of Step 1 and thus

completing the proof that vo € L' (7™™).
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It remains to show that v, € L'(7™) and fI vy driv = fI vo dr'™, for all b € I. First note that

/I vo dr™ # 0. Indeed vo > 0 and 7™ has full support by Theorem 3.5. So if the integral vanishes,
then vg = 0 which would imply that | X,.| is a nonnegative martingale, thus convergent, contradicting the
result of Proposition 3.7. From the result of Step 1 we know that for every b €

Ziv:o v (Xr) N:)OO L(‘))V(l) _
Zi\]:() vo(X,) L(‘;V(l)

in distribution (hence in probability) under every P,. Using the third bullet point of Theorem 3.5, it is
clear that this would be impossible unless fI vp dri™ < oo and fI vp dri™ = fI vo dr'™, forall b € I.

Step 3. In this step we will finally prove the claim being made in the proposition statement. Let F
be as in the theorem statement. The argument will proceed very similarly to the proof of (2.10), but we
repeat the details in the present context for additional clarity.

We first show that infy,¢; Pairup (b) > 0. To prove this, note that pg;(b, -) is never a Dirac mass,
simply because it has mean x and Assumption 1.2 Item (6) implies that there cannot be absorbing
states. Consequently Pgirutp (D) = /I |b — a|pgig(b,da) > 0 for all b € I. Furthermore Pgiup (D) is a
continuous function of b, simply by the assumption of weak continuity of all of the kernels in the paper.
If we had that u, (b,) — O for some |b,| — oo, this would mean that the measures pgi¢(bn, b + -)
would be converging weakly to a Dirac mass at 0. But the exponential moments of these measures are
uniformly bounded by Lemma 2.9. Thus the variances of p ;¢ (x,, -) would be converging to zero, which
is impossible since we have already observed in (2.8) that they converge to 2 > 0.

We now claim that there exists ¢ > 0 so that for all b € I one has that v, > 61(p_s p+5). To prove
this, note that

\Patits (¥) - Pagity ()] = ‘ /, la bl pe(y. da) - /, la = ylpair (. da)
s/1||a—b|—|a—y||pdif(y,da>
< /I|b—y|pdif<y,da) — by,

Recall that ¢ := inf ¢; Pgifu, (y) has already been shown to be strictly positive. Thus for all b, y € I we
have Pgituy (y) > ¢, and from the above bound it then follows that Pairup(y) > 2¢/3 it |b — y| < ¢/3.
Thus we see that vy (y) = Paisuup (y)—|b—y| > ¢/3if |b—y| < ¢/3, thus proving the claim with § := ¢/3.

If I = cZ we will henceforth assume that 6 = ¢, otherwise it may be a smaller value. Using the fact
that vy, > 61(-5,p+5), We obtain

F<o! Z F(8m|)v sm.
mezZ

Integrating both sides with respect to 7"

hdr™ < ¢! F(élml)/v dni‘“:((s-' F(6|m|))/v dri™,
/, 3 v 3 K

mez mez

and then using the result of Step 2, we find that

and the sum is bounded above by 26! Yo F (k). O

3.2. Analysis and convergence results for nonzero 3

With all of the necessary prerequisites established for the untilted § = 0 case, we will now move on
to the case where the tilting coefficient S will be nonzero, as will be needed to prove convergence to
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the KPZ equation. The following lemma will be a crucial step in proving convergence of the additive
functional process to Brownian local time under a varying tilt.

Lemma 3.9. Fixk e Nandt > 0and 1 <i < j < k. Recall the tilted path measures Pf(ﬁ’k) as given in

Definition 2.8. Consider any sequences Bn € [—n/(2k),n/(2k)] andxy € I* such that |By| < CN_ﬁ
and N"'?xy — x € R as N — oo. Take any continuous function f : I — R such that | f(x)| < F(|x|)
for some decreasing F : [0, c0) — [0, 00) such that 3}, F (k) < co. Then we have that

Nt-1
lim E{&NY [N"/Z D, SR —Ri)] =Y (NEgy " [Ly ()]
=0

N —o

where the latter denotes expectation with respect to a Brownian motion of rate 2 started from x; — x;
where x = (x1, ..., xi). Furthermore L(‘)}V is its local time at zero, and

./I f(x)ﬂ.i[lv(dx)
i [} lalpair(x, da) — |x[] ™ (dx)

y(f) =

L
Note by Lemma 2.6 that we are ultimately interested in the case S8y = N~ ¢, but there is no additional
L
difficulty in considering |8y | < CN™ % at the moment.

Proof. Step 1. We first establish the claim in the very special case that f = (Pgir —Id)u where u(x) = |x]|.
In this case it is clear that y(f) = 1. Letting u(x) := |x; — x;| and fz(x) := (@f — Id)u, both of which
are functions on I*, we claim that

|f (xi = x) = Fp®) < IBPPTUF(_min  |xy —xp0) + CIBIP. (3.2)

1<i'<j’ <k

for some large enough constant C > 0 and some decreasing function F : [0, ) — [0, c0) satisfying
Z;":O F (k) < oo. To prove (3.2), we first prove an intermediate claim that

k . k [ ATV
‘ / i = yjlgg” (x.dy) - sign(x; ~ x;) / Oi—yay (xdy)| < CemEhYl T (33)
1 1

To prove the latter bound, it suffices by symmetry to consider the case x; — x; > 0. In this case, the

integral appearing on the left is bounded above by fl w 1vi =Yl y-y, So}q!(gk) (x, dy), which by Cauchy-

Schwarz can be bounded from above by (/Ik (vi — yj)zqék) (x, dy))l/z( flk Ly, -y, Sg}qék) (x, dy))l/z.

Using Lemma 2.9, the first term can be bounded above by (C + C(x; — x;)?)!/2, with C uniform over
B and x. For the second term, note that the distance of the point x to the set {y : y; —y; < 0}
is x; — x;, thus by the uniform exponential moment bounds of Lemma 2.9 and Markov’s inequality
we have an upper bound of C e 3 il Finally note that by making the constant larger, one has
(C+C(x; - xj)z)l/ze_ﬁ“"_xf‘ < Ce~sk =il thus establishing (3.3).

Note that (3.3) reduces proving (3.2) to showing that

[0 aosan = [ 0r= 30 0w < CIBPP Fas(_puin_ v = x71) +CIBI™.

1<i'<j’ <k

(k)

But this is clear simply by performing a Taylor expansion of ¢ 5

variable 3, then applying Items (4) and (5) of Assumption 1.2.

from (2.4) of order 4p — 1 in the
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With (3.2) established, use the bound F(min; <;/<j <k [x7 —x;/|) < 2 <ir<jr<k F(|xir —=x]), and we
find that

Nt-1
e v S e - ) - Ty
r=0

Nt-1

<ESNY [N“/Z D D UBNIPPTIE(RL - RID + BN 1) |

1<i'<j'<k r=0

Using |By| < CN _ﬁ, we may use the second bound in Corollary 2.20 to immediately conclude that
the above expectation tends to zero. Thus (recalling y(f) = 1) in order to complete this step, it suffices
to prove that

Nt—1
Jm BN Y T | B 1LY () (3.4)
=0

But by Corollary 2.10 we know that | R’ — R{ |- Zg;& 7;; (Ry)isa P,((B 0 -martingale, thus the expectation
on the left side is precisely

B | VR~ Rl NPl -

where Xy := (x}v, ...,xl’i,) in coordinates. By Proposition 3.1 and the uniform L4 bounds in Corollary
2.20, we immediately have that the last expectation converges to

Egyy [IWel] = xi = x1.
By Tanaka’s formula, this is precisely EE‘JW [L(‘;V (7)], thus establishing (3.4) and proving the claim for
this special case.
Step 2. Now we consider the case of general f. For this we use a Krylov-Bogoliubov type of trick.
Fixing ¢ > 0 henceforth, consider the sequence of measures yy on I given by

Nt-1

_ Jk i j
[ am = w2 Y B LR - RD).
s=0

We will show that any subsequence yy, of this sequence of measures has a further subsequence
YN, converging as N — oo to an invariant measure y for the Markov kernel pg4;. By convergence, we

mean that for all continuous f : I — R of exponential decay, we have fI fdyn — /1 f dy along this
subsequence YNy, -

If we can prove this, then the lemma would be proved for all functions f of exponential decay, because
by the uniqueness in Theorem 3.5, this would mean that the subsequential limit y must be a constant
multiple of 7", But the result of Step 1 uniquely identifies the constant as the one appearing in the
lemma statement (the expectation of the Brownian local time). If every subsequence of yn has a further
subsequence converging to some fixed measure, then the sequence y must itself converge to that fixed
measure, thus completing the proof.

Thus consider a subsequence 7y, . There is a further convergent subsequence YNk, simply by the
second bound in Corollary 2.20 (with ¢ = 1) combined with, for example, Banach-Alaoglu (to extract
subsequential limits on every compact set, then applying a diagonal argument). Let us call this subse-
quential limit y. We need to show that for all continuous f : I — R of exponential decay at infinity, one
has fl Pgie f dy = fl f dy. To prove this, consider such £, say | f(x)| < e~?"* where 6 < 1/(2k), and

https://doi.org/10.1017/fms.2026.10220 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10220

38 S. Parekh

define f : I* — R by f(x) = f(x; — x;). To show that /I Pgie f dy = fI f dy, it suffices to show that

Nit-1
Jim N2 EEY (@) - 0N R =0, (3.5)
where @ denotes the operator @ﬁ with B = 0 (these operators were defined in Corol-

lary 2.10). Indeed, it suffices to show this because @°f J(Ry) = Paief (Ri - R{:) so that
N~1/2 ZNI 1E(ﬁN b [@Of(RS)] converge_s to fl Pgirf dy along the subsequence Ni;, and more-
over because N~!/2 ZM IE(BN k)[@fo(Rs)] by the Markov property is equal to flfdyN +
N-1/2 (Eiﬁ” ) [f(RY, —RL )] = f(xN —x}v)), which converges to [, f dy along the subsequence N
To prove (3.5), we claim by the exponential decay assumption on f and from the definition (2.4) of
the measures qg{), one has the bound

(@) - @) F(x)| < Cmin{|B], e 5P} < || /e il (3.6)

The second inequality is immediate from the first one using min{u, v} < u'/2v'/2. To prove the first
inequality, the upper bound of C|B| is clear simply from differentiability of the kernels q;k) in the

variable 8 near = 0, see their explicit expression (2.4). For the upper bound of Ce 3 lxi=x; |, we can
show that both of the terms @f f(x) and @2) f(x) are bounded above by such a quantity. To show
this, write the definition @f?(x) = flk flyi—y j)q;k) (x, dy), then split the integral into two parts:
{y:ly—-x| < %lxi —xj|}and {y : |y — x| > %|xl~ - x|}, where |x| = Z']‘-:l |x;|. On the first set, use
the exponential decay bound on f to bound |f(y)| < C e~ 21%i=xi|_On the second set, use the uniform
moment bounds of Lemma 2.9 and Markov’s inequality (and |f| < 1) to obtain an upper bound of
Ce— it 1xi=xj| < Ce™51xi—xj1

With (3.6) proved, the claim (3.5) follows immediately from the second bound of Corollary 2.20.
While this proves the claim for all f of exponential decay, the general claim for all f as in the theorem
statement can be proved using the uniform bound (2.22) (only g = 1 is needed there) and an approxi-
mation argument of f by some sequence f,, with |f,| < | f| with each |f;| decaying exponentially. O

Proposition 3.10. Fix k e Nand T > 0 and 1 < i < j < k. Recall the tilted path measure P,?B )

as given in Definition 2.8. Consider any sequences By € [-n/(2k),n/(2k)] and Xy € I* such that
1

IBN| < CN™% and N™'?xy — x € RF as N — oo. Take any continuous function f : I — R such

that | f(x)| < F(|x]) for some decreasing F : [0, o) — [0, o) such that 3y, F (k) < co. Consider the

pair of processes

Nt-1
NV(RY, Ry )N Y F(RE - RY) ,

)te(N'Zw)ﬂ[O’T]

viewed as C ([0, T, R?)-valued random variables under the measures P,(le ©) This sequence converges
in law to the pair (W, )/(f)L(‘)'v (1)), where W is a Brownian motion of rate 2 starting at x; — x; and
x = (x1,...,xr). Furthermore L(‘))V is its local time at zero, and

[ foxi™ (dx)
[ [Ixl = [} lal pai(x, da) | zin (dx)

Proof. Convergence of the first coordinate was already established in Proposition 3.1. Tightness of the
second coordinate is immediate from the second bound in Corollary 2.20. We will thus show how to

y(f) =
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jointly identify the limit of the second coordinate. Without loss of generality we can assume f > O,
since we can always write f = fi — f_ with fi, f= > 0, both of which still satisfy the same exponential
bounds, and the result respects the linearity in the function variable.

Consider any joint limit point Py, which is a probability measure on the canonical space
C([0,T],R?). Let (W, L) denote the canonical process on that space, and let (Fjim (7)), >0 be the canoni-
cal filtration on that space. On one hand |W, | —|x; —x | - L(‘))V (t) = /Ot sign(Wy)dWs is a Py,-martingale,
because W is a Py, -Brownian motion as we already verified in Proposition 3. 1. In particular this implies
that fort > s > 0,

Eim[LY (£) = LY ()| Fiim(s)] = g(t — 5, Wy), (3.7)

where g(t,x) = E])QM[L(I)9 (1)], and the expectation is with respect to a Brownian motion B of rate 2
started from x € R. So far we have only studied the first part W of the joint limit. Now we study the other
part £. Immediately from the Markov property of the prelimiting processes and the result of Lemma 3.9,
we find that fort > s > 0

Eiim [£(2) = L()|Fiim($)] = ¥ (f) - g1 = 5, Wy). (3-8)

Combining (3.7) and (3.8), we see that L — y(f )Lg" is a continuous Pjj,-martingale starting from 0.
But it is also a difference of two increasing processes, thus of bounded variation Py, -almost surely. We
conclude that £ —y(f )L(‘;V = 0, proving the theorem. O

We now come to the result that will be most crucial in proving convergence of the quenched density
field to the KPZ equation, namely the invariance principle for the tilted Markov chains qu.

Theorem 3.11. Fix any k € N and constants C,T > 0. Take any sequence Xy € I* such that
N~12xy — x € R¥. Recall the drift constant dy that was defined in Equation (1.3) of the introduction.
Fix any continuous function f : I — R such that |f(x)| < F(|x|) for some decreasing F : [0, 0) —
[0, ) such that 337, F(k) < co. Let R = (R(7)),»0 be the canonical process on (I*)?=0, and define
the rescaled processes

R(Nt) —dnt
—\/ﬁ )

where these expressions are valid for t € N™'Zsq, and understood to be linearly interpolated for
t ¢ N™'Z-o. Now recall the measure P,(fg ©) as given in Definition 2.8. Then the processes (Xn, 7N )

M f(RE = R])

%\i,j(f;t) = N ,

XN (t) =

el
under P,((I;]’ ) converge in law with respect to the topology of C([0, T], Rk x RK(=D12) 1o (U, (y(f) -
Lij)lskjsk) where

o U=(U L U k ) is a standard k-dimensional Brownian motion starting from x.
o LY = L(Z)]'_UJ denotes the pairwise local time of the i'" and j'* coordinates.
o y(f) is a real number given by

y(f) = /1 £ (dx)
. fI [ﬂ |a| pdif(x, da) — |x|]ﬂinv(dx) '

Before the proof, we remark that the tilting strength of N i can be replaced by any sequence Sy

satisfying |Bn| < CN‘# but then the constants dy need to be replaced by N F(B8y) where F was
defined in Corollary 2.13. This will be clear from the proof.
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Proof. We break the proof into several steps. Throughout the proof we will set Sy := N _Tlr’.

Step 1. In this step we find a useful family of martingales, associated to each of the coordinates of
the process. Define the j* coordinate function v i IF — R by (x1,...,x¢) —> X - Note by Corollary
2.10 that for each 1 < j < k that the process

r—1
MIP =Rl - Z(@f ~1d)v;(Ry)
s=0

isa P,((B’k)-martingale for all x € I* and 8 € [-n/(2k),n/(2k)]. Explicitly we have that
(@ ~1d)v;(x) = /1 (=27 (x.dy). (3.9

with q[gk) as defined in (2.4).
Step 2. Fix j € {1, ..., k}, and let R/ as usual denote the j*" coordinate of the canonical process R on
(I*)%=0, Recall the quantity S4(M, P) from Lemma 2.17. In this step we will show that for each ¢ > 1,

sup Sy (MIPN PEVK)Y ¢ oo, (3.10)
N=>1

First note by (3.9) and Lemma 2.9 that

k
sup sup |(@f —Id)v;(x)] < sup sup ly; —xj|q[(3 )(X, dy) < oo.
Bel-n/(2k),n/(2k)] xeI* Bel-n/(2k),n/(2k)] xerk JI*
G.11)

Then note by the Markov property and another application of Lemma 2.9 that

(k)

5 (x’,dy) < co.

sup sup sup E,(‘B’k) [|R{ - Ri_] |9] < sup sup ly; —xjlq
rxlxerk pe[-n/(2k),n/(2k)] xelk Be[-n/(2k),n/(2k)] JI*
(3.12)

Combining (3.11) and (3.12), we immediately obtain (3.10).
Step 3. In this step we study the processes given by

Nt-1
By (1) = N"Pdyt = N7 )" (@Y ~1d)v;(R,).
r=0

In particular we will show that if ¢ > 1 then E,(f,’\”k) [|1Bn (1) = B (s)|7]V9 < cN~ G |t —s]'/2, so
that By converges to the zero process in the topology of C[0, T']. To prove this, notice that in the notation
of Corollary 2.13, we have dy = N (B ). Consequently by that corollary we have that for r € N™'Z ¢

B (e + N7 = By (0] = N1 7 (Bw) - /I (vj = RDay (R, dy)|

-1/2 2p—1 . i’ i 4
< N7V2|IBN 1P Faecay (. min  |RE — R]|) + BN [*7|
1<i’<j’ <k

1 . -
= N Fyeeay (. min  [RY = R]|) + N7/

1<i'<j’ <k

where ¢t = Nr and we used the fact that By = N_ﬁ in the last equality. Thus using the bound
Fiecay(ming ug) < 3 Faecay (tt¢) we find that
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By -By()l< > By(u+NT) =By

uels,t|NN-1Zsq

el . ~
St Y S RueGR -RID) NG

re[Ns,Nt1NZso 1<i’<j’ <k

Thus taking expectation and applying the second estimate of Corollary 2.20 we find that
ELY OBy (1) = By (5)]9]V9 < CNG778) [t — 512 4 N7V2)r — ). (3.13)

Step 4. Combining the results of (3.10) and (3.13) and Lemma 2.17, we immediately obtain tightness of
the rescaled process Xy in the space C[0, T]. It remains to identify the limit point as Brownian motion.
In this step, we will begin by showing that any limit point U = (U", ..., U¥) is necessarily a martingale
in the joint filtration of all coordinates, and moreover each coordinate U T is individually distributed as
a standard Brownian motion started from x; where x = (x1, ..., xx) is as in the theorem statement.

Write Xy = (Xy, ..., X3,) in coordinates. By (3.13), the difference X7, (1) — N‘l/zM)’V’fN converges
in probability to zero in the topology of C[0, 7], thus it suffices to show that if U is any limit point
of the processes (N “12pm ]J\If M)i<j<k,r>0 then U is a martingale and each coordinate is individually a
Brownian motion. The martingality of the limit point is clear, since martingality is preserved by limit
points as long as one has uniform integrability as guaranteed by the L¢ bounds (3.10).

Now we will show that each coordinate of the limit point U is a standard Brownian motion. To do
this, we need to study the quadratic variations of the martingales (N~ 2M‘1’V’f M) s0 for each fixed j.
More precisely, note that the process

r—1
v/F = (Ml Py = Y BEN (Ml - MIP)F
s=0
isa P,((ﬁ ) -martingale. We claim that (N ‘1Yl{,’f3 N)rs0 is a tight family of processes in C[0,T] as N — oo.

Indeed, one easily verifies that (N~ (M]J;f M)?),50 is tight and satisfies the same L9 estimates as the

processes (N‘l/ 2M‘1’\',’f M) ¢>0 On any compact time interval 7 € [0, T], simply because it is the square
of a process satisfying such bounds as shown in Steps 2 and 3. On the other hand, by Minkowski’s
inequality, we also have that

Nt Nt
i (BN ) [ (g8 J B2 q B B
HN STEENO (I B - P oy SN S |lmZE — wa Nt
F=Ns La(Py, ") r=Ns N

< ( Sup Sag (MIA PEN) |1 — g
N=>1

where the supremum is finite by (3.10). Summarizing these bounds, we have that for each ¢ > 1 we have
E,((f,”’k) [(N! |Y/V’f’\’ - YI{,’SBN )] Ve C|t — s]'/? for all s, in a compact interval, thus completing the
proof that (N_IYIJV"ZBN ) >0 is a tight family of processes in C[0,T] as N — oo.

(BN k)
XN

We will now study the joint limit as N — oo under the measures P. of the pair of processes

(N~Y 2M)<,’f N N-ly 1{15 ™)>0. Consider any joint limit point (U, V). Then the pair are martingales in
their joint filtration, since martingality is preserved by limit points as long as one has the L4 bounds as
shown above. Let us study how U, V must be related. Corollary 2.13 easily implies that

sup
xelk

/Ik (v —x]-)q},f‘> (x,dy) - F(B)| < C|B|

where C is independent of 8 € [-n/(2k),n/(2k)]. From this inequality and (3.9), it is immediate that
E,((f,’v ) [((@f’v —Id)v;(R,)— T(ﬂN))z] < C|Bn|?, which implies from the definition of the martingales
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M7 that
Nt-1
. k - Jk B j
Jim B )[N‘ > [BEN [ - w2 - <Rr+l—Ri—ﬂﬂN>>2|fr]|]=0, (3.14)
s=0

see proof of Proposition 3.1 for a very similar calculation in more detail. Letting G be as in Corollary
2.13, we also have from that corollary that

Nt-1

Effv”’“[ Z [EEN ORI~ R = F(Bn))2|F] - (6(BN) = F(Br)?))

Nt—-1

- B v / (v - R = F(Bx)Yq ) (R,.y) ~ (G(BN) — F(BY?)

Nt—

<EENH [N" Z

1
5=0 (l<i’<j’<k

Faecay ([RY = R]'[) + B |4P”)]

N—>

— 0. (3.15)

where we applied Corollary 2.20 and |8 | — 0 in the last line. Combining (3.14) and (3.15), and noting
from Assumption 1.2 that G(Bn) — F(BN)? — my —m? =1 as By — 0, we find that

Nt-1
-1 Z E(BN k) MJ BN M,{"ﬁN )2|fr]’:| =0. (3.16)

r+l

; (BN k)
dm 5

Using (3.16), one may immediately conclude that the joint limit point (U, V) of the pair of processes
(N_I/ZMIJV’fN, N_IYIJV"tBN )r>0 must satisfy V; = Ut2 — t. Since both are continuous martingales as ex-
plained above, it must be true that U is a standard Brownian motion.

Step 5. In this step we will complete the proof of the theorem. The tightness of X has been proved
in previous steps. The tightness of the processes ‘WI\’,’ (f;e) is immediate from Corollary 2.20 and the
fact that f is assumed to have exponential decay.

Consider any joint limit point (U, (£¥/), <i<j<k) inthe space C([0,T], R* xRK(*=1)/2) On one hand,
the result of Step 5 shows that U is a martingale in the joint filtration of all processes, with Uy = x, and
each coordinate has quadratic variation ¢, that is, (Uj ): = t. On the other hand, the result of Proposition
3.1 shows that (U’ — U/); = 2t whenever i < j. This forces (U, U’); = 0 for i # j. We conclude by
Levy’s criterion that U is a standard k-dimensional Brownian motion. Now the result of Proposition 3.10
forces that for each i < j the marginal law of the pair (U’ — U/, £'V) must satisfy £V = y(f) - LY 7V
This uniquely identifies the joint limit point (U, (£/);<;<;<k) in the space C([0,T], Rk x RK(k=D/2),
completing the proof of the theorem. O

As a corollary of the above convergence theorem, we will now prove that moments of the field (1.4)
converge to the moments of (1.5). While the moment convergence is not enough to prove the weak
convergence of Theorem 1.5, it gives a strong indication of it, and more importantly it implies some
useful estimates that will be used later.

Corollary 3.12 (Convergence of moments of the rescaled field to those of the KPZ equation). Let
9N (t,-) be as defined in (1.4) in the introduction. Then for each k € N, t > 0, and ¢ € S(R),

L k
Jim ELSN (1, 9)*] = Egyer | 7€) Ziscsac 5O [T (0
i=1

where the expectation on the right side is with respect to a standard k-dimensional Brownian motion
(U',...,U%), where Lé( denotes local time at zero of the process X, where { is the function in Defini-
tion 2.11, and y(f) is the coefficient defined in Theorem 3.11.
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1
Proof. This is immediate from Lemma 2.6, Proposition 2.12 (with all 8; = N™ % and m = 0), and
Theorem 3.11, noting that Corollary 2.21 guarantees uniform integrability of all relevant quantities up
to exponential scales (hence convergence in law implies convergence of the respective expectations). O

The following corollary of Theorem 3.11 will be useful in later sections.

Corollary 3.13. Assume the same notations and assumptions of Theorem 3.11. Suppose k = 2m is even.
Fort > s > 0 define

Apls,t] = {(s1,82,...,5m) € [5,t]" | s <s1 <sp - <5 S} (3.17)

to be the set of all ordered m-tuples of points in [ s, t]. We define M (A ,[0, T)) to be the space of finite and
non-negative Borel measures on that simplex, equipped with the topology of weak convergence. Fix some
measurable function f : I — R such that | f(x)| < F(|x|) for some decreasing F : [0, 00) — [0, o)
such that 3, F (k) < co. Consider the following sequence of M(A,[0, T])-valued random variables

m
k 2 1
vk = N2 > FRY = R, )8t (3.18)
ulS---Sume(N_lZZO)n[OvT] J=1

where as usual (R, ..., R*™) is the canonical process on (I¥)%20. The random variables {vg’k N1 are
tight in the topology of /\/l (A1 [0,T]). Moreover, recalling the notations from Theorem 3.11, as N — oo

any limit point under P N k) of the triple of processes (Xy, (‘WI\IIJ (f.®) 1<i<j<k? v]{]’k) is of the form

U () L) e v [ ALY 0 )

J=1

where U, L' are as in Theorem 3.11, and dL(t) denotes the Lebesgue-Stiltjes measure induced by the
increasing function t — L(t).

Proof. Note that

r=0

m NT
vl @m0 < [ ] N2 DUrRY - RY)|-
j=1

From the second bound in Corollary 2.20, we know for all ¢ > 1 that the ¢’ moments of each of the

terms in the product are uniformly bounded as N — oo under the measures E,((f,N ) ,where Sy = N “a .
Thus for all ¢ > 1, we can deduce using, for example, Holder’s inequality that

sup sup EP LK (A0, T])] < . (3.19)
xelk Be[-n/(2Kk).n/(26)]

Hence the laws of {v{v’k} N >1 are tight as measures on M (A,,[0,T]), because the total mass of v{,’k
is a tight family of random variables by (3.19) and because A, [0, T] as defined in (3.17) is a compact

space (hence so is the unit ball of M(A,,[0,7]) in the weak topology). Let (U, (Kij)lsi<jsk, v)

be any limit point of the sequence (Xy, ( ¢4 (f.®) vl ’k) Note that the joint cumulative

1<i<j<k’
distribution function of the measure v is necessarlly given by a product of the K'/, since this is true in

the prelimit. Since we know that K%/ = y(f )LU' ~U’ by Theorem 3.11, this 1mmed1ately implies that
m 2, 772
v=y(f)™ jzldLg’ U (u;). m

This concludes our study of the k-point motion p¥) and its Girsanov tilts q(k), which was initiated
in Section 2. Subsequent sections will use the convergence results of this section to prove Theorem 1.5.
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4. The discrete stochastic heat equation

In this section, we are going to change topic to studying the rescaled field $ from (1.4). In particular,
we will derive a discrete stochastic heat equation for this rescaled field $. This discrete equation will
be crucial in proving Theorem 1.5, because it will eventually allow us to show that any limit point
satisfies the martingale problem characterization of the equation (1.5) [KS88, BG97].

First we establish some notations that will be used in this section. For a measure v on I we will
write fl f(x)v(dx + y) to mean the integral of f with respect to the measure v, (A) := v(A +y), where
A +y is the translate of the Borel set A by the real number y. More intuitively, one has the identity
“v(dx +y) = v(x+y)dx”

Let dy be as in (1.3), and define the discrete lattice

An ={(t,x) e NXR:x+tN'dy e NxI}.
Let u be the measure from Assumption 1.2 Item (3), and for 1 € R define the measures u?(dx) =
e1og M (D (dx). Note that ! makes sense for |1| < 57 where 7 is as in Assumption 1.2 Item (3).

Definition 4.1. Let Ay be as above, and suppose that f is a signed measure on Ay . We then define the
discrete heat operator

Lo f(tx) = f(+1x - N-dy) - /I Fltx -y 7 (dy).

Since convolution of measures is well-defined, this expression makes sense even if f(z,-) is a finite
measure for all # € N. The resultant object g = L f makes sense as a signed measure on N X /, such
that g(t, -) is a finitesigned measure for all # € N, which has exponential moments up to some value.

In particular if P“(r, -) is given by (1.2), then we can define for r € Zx

Zn(r,dx) = Dy y1, n1n PO (r,rN" dy + dx). .1

Then £ Zx makes sense as a signed measure on N x /. Furthermore Ly Zy (Nt,-) is a finite signed
measure on [ for all ¢, and still has exponential moments. Note that the main object of interest in Theorem
1.5 is essentially the diffusively rescaled field Zy (N, N'/?dx), and roughly speaking the main goal in
the remainder of the section will be to find and study a nice family of martingales for this rescaled family.

Lemma 4.2. Let N € N. For ¢ € C2(R) we define MN (¢) fort € N™'Zs by the formula Mév (9) =0,
and

MY (g) - M (9) = /, S(N""x) (L Zy) (N1, ). 2)

Then for all N € N and ¢ € CX(R), the process MN (¢) is a martingale indexed by N™'Z, with
respect to the filtration (Fy,);en-1z,, where F = o(K1,...,K;) for t € N (and w = (K;);2, are the
IID environment kernels as in Assumption 1.2).

Proof. First note by the convolution property of the kernels P of (1.2) that if » = Nt € N then

Zn(r+1,dx - N_ldN) = DN,N—I(r+1),N-1/2(x—N—1dN) ‘/ID;\II’N—IV’N—I/ZyKr+1(y’ dx)Zy (r, d)’)~

Now notice that
I (- NVdy-y)+N ™I diy-log M (N7
-1 _ N (x=N""dy—y)+N """ dy-log M (N
Dy N1 ey, N2 (x-Nan) Py -1, n-12y = €

__ 1 _ 1
_ N (x=y)-log M(N " #7)
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_1 _1 _1
On the other hand we also have by definition that uN * (dx — y) = ¢V 7 (x=¥)-logM(N *7) gy — y).
Therefore we can write

_1 1
(LnZn)(Nt,dx) = / eV P ) Tloe MIN ) [y L (v, dx) — p(dx — y)| Zw (N2, dy). (43)
1

From the last expression the martingality is clear because Zy (Nt,dy) is Fpy;—1-measurable, and
Kn¢+1(y, dx) is independent of Fp;—; with E[Ky 41 (y,dx)] = p(dx —y). m]

Next we will calculate the predictable quadratic variations of the above martingales. If ¢ € C2°(R)
define

2 1 L
]N¢(y1,y2) = [2 l—l eN 4p (xj-yj)-logM (N ip )¢(N71/2xj)

j=1

x| PP ((y1.y2). (dx1,dx2)) = pr(dvy = yr)pa(dra —)’2)].

By (4.3) we find that

Nt
(MY (9)), = D B[(MN . (#) - MY L (9)°|F2]
s=1
Nt
- ZE
s=1

Nt
= Z ‘/IZ(JNgb)()’l,Y2)ZN(s,dy1)ZN(s, dys). 4.4)
s=1

1 L 2
( /, /I BNV 2x)eN T oo MN ) [ ) (e - 1) ] 2w s, dy))

z2|

In the last line we again use the fact that Zy (s, e) is F -measurable. Now we let E (‘;) denote a

quenched expectation of two independent particles (R, R2 )n>0 sampled from a fixed realization of the
environment kernels {K}, },,>1. Then the last expression may be rewritten as

Z EG) [ l_[ N.N-1s,N-12(R}, ~sN-'dy) (/" ¢) (R5, RY) |

Unfortunately JV ¢ is not yet in a form that is amenable to asymptotic analysis and tightness arguments,
therefore we will need to perform Taylor expansions of some expressions therein, which will yield many
“error” terms that we will need to show are inconsequential in the limit.

First let us abbreviate

p((1,2), (dx1,dx2)) := p@ ((y1,¥2), (dx1, dxa)) — p(dxy = yi)p(dxz = y2). 4.5)

Define
2 _ L 1 2
P (xi—y:)—Io i _ _
Ay (8, y1.2) = /IzneN (oo M) [ TTo(N2x)) = 6(NT2y1)2]p (31, 72), (dv, dx)).
= jl

We can then write

2

_1 _1
INo(y1,y2) = A (¢, y1,¥2) + (NT2y )% - ./12 1—[ eV P myTloe MNP0 6 (), (duxy, dxy)).
j=1
4.6)
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L
Now we are going to expand the exponential in powers of N™ %, truncating after the (2p)"" term. To
this end, let us define

2p )Ck
Hyp(x) =" = )
k=0
so that |Ha, (x)| < |x|*P*1e!*]. Now write the integral appearing on the right side of (4.6) as

2 L L
/2 neN 4P (xj-yj)-log M (N 4”)p((y1,y2),(dx],dx2))
12

j=1

2log M (N3 ’ ! S Niﬁ(xj - )"

— P L

= ¢ 2logM( )«/IZH[HZP(N 4"(xj—)’j))+;}T]P((y1,)’2),(dx1,dxz))~
J: =

From the deterministic moments in Assumption 1.2 Item (4), note that we necessarily have

2
/12 l_[(xj )% p((r1,y2), (dx1,dx2)) =0, if ky<p or ky<p. 4.7)
j=l

Therefore we may write

2 1 2p N—% Y
/,2 1_[ [H2P(N—4”(xf =y)+ Z M]P(()’b)’z)’ (dxy, dxz))
j=1

!
— k!

=N -+ YL ARG =),

Jj=2,3,4

where

p
Ly —y2) = (p)7? /12 (xj = y)Pp((i.y2), (dx1, dxz))
=1

J

2
A=y = [ [ o (V75 35 = 30} ((01.32), (1)
j=1

2p .-k k
L N"% (x3 — y2)
A (y1 = y2) = 2/12 Hyp (N3 (x1 = y1)) Z TP((yl,yz),(dxl,dxz))
=0 :
N =y )R - )
1= Y1 2=y
AN (1 - y2) I=/ PRTS p((1,y2), (dx,dx2)).
I <k ka<2p e
k1+k2>2p

In the last expression we are using the fact that if k| + k5 < 2p then either (ky, k2) = (p, p) (whose
contribution is already measured by ) or at least one of k1, k, is less than p (hence the contribution
vanishes by (4.7)). Note that the above expressions appear to be functions of (yi,ys), but we have
implicitly used the translation invariance condition in Assumption 1.2 Item (2) to say that they are
actually only dependent on y; — y». _

We will ultimately show that { is important in the limit, while the terms Afv have vanishing
contribution. Since ¢ has a prefactor of N~/ and since A2, A, A* are of similar form but of order
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1ot
N"2" % and smaller, this is already somewhat intuitively clear. We therefore define

. 1 Nt-1 .
EX(1.¢) = ePEMN T /I BN y)P AL (1 = y2)Zn (s, dyD)Zn (s.dya). j=2.3.4.
s=0
(4.8)
We also define
Ni-1
En(t,¢) = Z /2 AN (6,91, 92)Zn (5, dy1) Zn (s, dy2). 4.9)
s=0 1

We then summarize our calculations as follows.

Lemma 4.3. Let MV be the martingale from (4.2). For all $ € CX(R), N € Nandt € N™'Zsq we
have that

L 4
(MY (9)), = 2N (162 + > € (1,9)
=1

J

where { is the function from Definition 2.1 1 and where for any bounded function f : I — R, the random
field QlfV is defined as

Nt 2
0% (1.9) =N Y EY [ [ 1Py n-tsv i mion-1ans - SN2 R = N7 ) f(RY = RD) |
s=1 j=1

(4.10)

and furthermore 511\, is defined in (4.9), where &2 ,(5']3\,,5’;4V are defined in (4.8), and E(“z’) denotes a

quenched expectation of two independent motions (R}, R?), €75 N a fixed realization of the environment
kernels w = (K;);2,.

The above expression (4.10) for the quadratic variation will be extremely useful when identifying the
limit points. In particular, it will help us to obtain the correct noise coefficient because the expression
for { is precisely the expression in the numerator of this coefficient .y in Theorem 1.5, up to a constant.

4.1. Analysis of the quadratic variation field

This subsection will heavily focus on obtaining crucial formulas and estimates for the quadratic variation
field (QVF) Qn defined in (4.10). Later, these formulas and estimates will allow us to show tightness of
(1.4) and also uniquely identify its limit points. The main idea of the proofs in this section is to use the
probabilistic interpretation (4.10) of the quadratic variation field together with the strong convergence
results of Section 3 to obtain very precise estimates. We first have two lemmas before stating the key
estimate of this section. At this point, one should also recall the path measures Ppy 0 = PEgZOS; from
Section 2, as well as their tilted generalizations from Definition 2.8. |

Lemma 4.4 (Moment formulas). Fix any bounded functions y,¢ on R and N > 1. Suppose that

(RY,...,R*) denotes the canonical process on (I?*)%20. Recall Ai[s,t] from (3.17), and define
AkN [s,7] := (N"'Z50)* N Ak [s,t]. We have the following moment formulas.
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1. Forallt € N_lzzo, all y > 0, and all bounded f : I — R, we have that

E

k
(QL(W)—% > 5N(s,¢>2)]

SE(N~1Z50)N[0,¢]

k

— -k f . pi-1 p2i

=kIN Z ERW(zk) [ l_l DN,s,-,N-‘/Z(R%;:—sti) . DNasisN_]/z(R%Si_dNSi)YN (Ns;; R¥1 RY)|,
(S12eenst) €AY [0,1] i=1

4.11)
where for two processes X = (X;)rez,, andY = (Y;)rez.y
YL (1 X, Y) = N2 (N7 (X, = N7V £(X, = Y,) = yd (NT2 (X, = NTVAR) g (N2 (Y, = N7,

2. For all 0 < s < t we have the following moment formula for the temporal increment of the QVF

k
E (QfN(mm -0} (s, w) l
k
-k/2
= N2k D ERWgzw[l—[DN,Si,N—1/2(R§Vi;;-dNSi>DN,Si,N—1/2<R3ViJi-st,» (4.12)

(sl,...,sk)eAkN [s,] i=1

W (NTVR(RY . —dns) F(RY = RN |-
Proof. Note by (1.4) and (1.2) that

55N (t, ¢)2 = ./12 DN,t,N’l/z(x—dNt)DN,t,N’l/z(y—dNt)
(NP (x = dn 1)) (N2 (y = dn 1)) P (Nt,dx) P (N1, dy)

=EQ (Dt N-12(Sns—dn ) DNt N-12 (Rags—ding 1)
SN2 (Sne = dn D) (N2 (R, — dnt))].

Here E Z‘;) denotes quenched expectation for two independent motions (R,, S, ), >0 in the fixed realization

of the IID environment kernels w = (K;);2,. Note that if we apply % 2ise(N-1Z.9)n[0,¢] tO the last
expression, then it is of a similar form to the definition (4.10) of O, hence we have that

0% (t,y) - % Z SN (s, )
s€(N~1Zs0)N[0,¢]

1 X
= — Z E(‘;) [DN,s,N"”(RNS—st)DN,s,N‘l/Z(SNS—st)Y{v(NS;R’ 9].

s€(N~1Z50)n[0,1]

From here one expands out the k' power of both sides of this equation, then uses the independence
of the quenched motions, and finally applies the annealed expectation over the quenched expectation to
deduce (4.11). The proof of (4.12) is similar. O
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Lemma 4.5. Fix any k € N. Let {y; le and {qﬁi}izzk1 be bounded continuous functions on R.
Recall Ay [s,t] from (3.17), and define AkN[s, t] = (N"'Zs0)* N Ag[s,1]. Let A be a subset of
{1,2,...,k}. Let B=1{1,2,...,k} N A€. For vectors 7= (t1, ..., tr) define

El (?) = 1_] DN,ti,N‘l/z(Rlz\j;l—dNt,»)¢2i—1 (N_I/Z(R?\;;l - dNti))
icA !
: I—[ DN,t,‘,N_lﬂ(R?\jt'—dNti)¢2i (N_I/Z(R%t,' - dNtl))’
icA !
Ex(7) = 1_] DN,ti,N‘I/z(Rzz\i?il—dNti)DN,ti,N"/z(Rzz\izi_dNti)wi(N_l/z(R%ti - dN[i))f(R%;il - Rlz\l}li,)'
ieB

Foreach0 < s <t <T < oo we have

1
]\}iinoo NIAl=3IBL Egqweo [ Z El(?)Ez(;)]

(t1,ee s ti) EAYY [5,1]

P B | [ 00D [y 0 0 [ a0t " )|
Ak [s,t] icA ieB
(4.13)

where the expectation on the right is with respect to a 2k-dimensional standard Brownian motion
(U',...,U%) starting at the origin, and

k
=,y L - L @), (4.14)

i=1 2i-1<p<q<2k

Here tyg = 0, and fot f (s)dL(l)J - (s) denotes the integration of the continuous function f : [0,t] - R
ui-u’

against the (random) Lebesgue-Stiltjes measure dL

LYY (1),

induced from the increasing function t —

We remark that A and B are allowed to be empty in the above lemma; these are important cases.
Proof. We are going to abbreviate Xziv (r) = N’I/Z(R;'W —dnt), and we will also abbreviate

Cn(t,x,y) =Dpn 1 xDn .1,y
Let us illustrate the proof when k =2 and A = {1}, B = {2}, as this will already illustrate all of the main
ideas of the general argument without becoming extremely notationally cumbersome. We will denote

(Fy)rez., the canonical filtration on (72K)%=0. In this case, for each (11, 2) € A [s,t] we can condition
on the smaller time Nt to write Eqy ) [E1(t1,12)E2 (21, 12)] as

2
B [Cn (X5 (1), X5 (10) | | @1 (X5 (0)Cv (X3, (12), X%y (12))a (X3 (22)) F (R, = R )]

i=1

2
= By |Cn (XN (1), X3 (D) [ [ o1 (X3 (11)
i=1

B [Cn (X3, (12), X3, (12) )2 (X} (1)) f (RY,, = Ry )| Fne ]| (4.15)
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Forx € I* and 8 € [-57/(2k),n/(2k)] let P,((B’k) be the “tilted” path measures from Definition 2.8, then
define for r € Zsg, x,y € I and B € [-n/(2k),n/(2k)]

L _ _
On(r,x,y) = EEY [%2(N ", (6,3),Ror) g (NTV2(RY = N7'dwr)) (R} - R%)},

where

r

HK (B, x,R,r) :=exp ( Z { log E;O‘zk) [eﬁ S (RI-RY) |}"S_1] —2klog M(ﬁ)}).

s=1

One sees from the Markov property of the k-point motion that the inner conditional expectation of (4.15)
can be rewritten in terms of the tilted measures as

Egyw o [Cn (X3, (12), Xy (12)) 02 (X3 (12)) f (R3y . = Rvi)) | Fva, |
=Cn (X3 (1), Xp (1)) - Gn (N(12 = 11), R?V,I,R?v,l),
where the exponential term H in the expression for &y appears completely analogously to Lemma
2.6. This has “reduced” all of the constants D ,  down to time 1, now if we apply another tilt we can

get rid of those constants as well. More precisely, from the preceding observations and Definition 2.8
we have that

Epwa [E1(t1,12)Ex (11, 12)]

2
= By [CN (XN (1), X3 (10) O (X3, (1), X3 (10) | | 1 (X& (00) N (N (12 = 1), R 15 Rivy)
i=1

a5 1 2 :
=E{ 00 [H“(N ,(0,0,0,0), R, Nt) - [ [ ¢1(Xi (1) (N (12 = 11), R%,I,R?wl)]-
i=1

Now to prove the lemma, we want to apply N3/ 2(t.m)e AN [5,0] 1O the last expression, then take the

limit and show that it approaches the correct quantity. To do this, define for ¢ € [s,¢] N (N~'Zs0)

Un (1)) = N7'/? Z GN (N(t2 = 11), Ry, Rivy,)-
nelt,t]N(N~12Z50)

Due to the presence of the term f(R! — R?) in the expression for € , one sees that the expression for %y
can be interpreted as an integral with respect to the measures y{\, of Corollary 3.13. Thus using (3.19) and

1
Corollary 2.22 the reader may convince herself that EEf)\,jO;p ) (%N (1)) = Un ()]9] V4 < Cl|ty - t |1/2
with C = C(q) independent of N, ,1].
1

By Theorem 3.11, we know that under the measures EE(I)V 0’2:0’)4) ,the 4-tuple (X1, ..., X?V) is converging
in law to a standard 4-dimensional Brownian motion (W', W2, W3, W*#). By applying Proposition 2.12
(with 8; = N"% andm = 0), one sees that to leading order, the expression for > (N_ﬁ ,(x,y),R,r)is
given by the exponential of N~1/2Z(R! — R?). Thus using Corollary 3.13 with k = 1 and using the fact
that the map from M (A [0,7T]) X C(Ax[0,T]) — R given by (f, u) — /Ak[O,T] f du is continuous,

L
(N %r.4)

one may show that under the measures E (0.0.0.0) *

the process % is converging in law jointly with the
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Xziv (with respect to the topology of C[0,T]) to the process

(tl

V() = y(f) By

t
B (s _
/ eV OLF (12 ’l)ng(Btz)dLg(tz) .

n

Here the expectation is with respect to a Brownian motion B of rate 2 that is independent of (W', ..., W#).
Uniform integrability of all quantities involved (hence convergence of the respective expectations) is
clear from the moment bounds in Corollary 2.20, Corollary 2.2 1, and Equation (3.19).

By again applying Proposition 2.12 (with 8; = N ~ip and m = 0), one sees that to leading order the
expression for H*(N" , (0,0,0,0), R, 7) is given by the exponential of N~'/2 Sicicj<a L(RL - R)).
Summarizing these facts and applying the convergence in law of the 5-tuple (X!, ...,X?\,,%N) to
(Wl, o WA V), we see that

N7 E gy [ Z Ei(n,)Ex(ny, tz)]

(t1,0) €AN [s,1]

2
ip _ _ 1L i
=E{, 0"0;” [N D HAWNT,(0,0,0,0), RN - [ | $1(X (1) Un (1)
n€ls,t]N(N~1Z5) i=1

t i_wi 2 .
N_;)o EBM®4[/ ¥ @) Ticicjza Ly W (1) 1_[¢1(Wl(t1)) 'V(ll)dh]

s i=1

where we used the fact that convergence in the topology of C [0, T'] is strong enough to imply convergence
in law of the Riemann sums of the prelimiting process to the integral of the limiting process (and the
uniform integrability guaranteed by Corollaries 2.20 and 2.22 guarantees convergence of the respective
expectations). It is now an exercise with the definition of the process V and the Markov property of
Brownian motion to simplify the last expression to the desired form as in the lemma statement.

While we have proved the claim in a special case when k = 2, the proof of the general case is
similar: one applies the Markov property repeatedly and proceeds inductively in the variable &, using
the convergence results of Sections 2 and 3 at each step (specifically Corollaries 2.20, 2.21, 2.22, 3.13,
and Theorem 3.11 exactly as we have done above). O

Proposition 4.6 (Key estimate for the QVF). Let a € R and let £(x) := \/L;e’xz, and let £4(x) :=

e 1¢(e7 N (x — a)). Let £ : I — R be the specific function from Definition 2.11. Then for all t > 0 and
a € R\ {0},

lim lim sup [(Qf (t,69) - 7](5) > eV ) ) } - (4.16)

e—0
N—eo se(N-1Z50)n[0,¢]

Furthermore, for all t > 0 we have the bound

sup limsup|l A
>0 N —o
a€R\{0}

2
fefnen -1 3 eV | <o @)

s€(N~1Z50)N[0,z]

|logal?

The above proposition is the key estimate that will allow us to identify limit points. We remark that
in the proposition statement ¢ and y({) can respectively be replaced by any f and y( f) for any function
f : I — R of exponential decay, though we will not need the more general version.
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Proof. Applying Lemma 4.4 1 with y = y({), and Proposition 4.5 with k = 2, then we obtain

2
lim B (QN(l,l//)—% >, 5N(s,¢>2)
s€(N~1Z50)n[0,¢]
2

=2y(¢)* - Epyer /A oy €O [T (0 3L 50) = oX (s
2(0.2 i=1

2
=27({)*Egypss / e @£200) [y (S (XL +72)) 3Ly ™ (s0) = p(XY(Ydsi) | (418)
A>(0,1) i=l

for all ¥, ¢ € S(R), where L, is defined in (4.14), and (X] L X2 Y Y2) is a standard Brownian motion
in R* under P ges. The second equality in the above equation follows by observing that X! = Y! for u in
the support of LY " (du).

We shall now write E instead of Eges for convenience. Let us now take

1
e—(x—u)z/sz’ ¢(x) = gz\/ﬁ(x) — e—(x—a)2/2£2

1
Vrg? 2re? ,
in (4.18). Using the identity fzﬁ(x)zfzﬁ(y) =& ((x+ y)/2)§gg(x —y), we may now write (4.18) as

U(x) =&a(x) =

2

2y(¢PE| [ e @etn [ (en(hoxs +¥i))-(hard (s - £,0¢, - ¥pasy) |- @19)
A>(0,1) i=l

Let us write U~ := X' — ¥’ and U’* := X' + Y'. Note that under Pges the four processes

U 1’_, UL, U%~, U are independent Brownian motions with diffusion coefficient 2. This enables us
to view (4.19) as

2
. ) 2(S|,S2) a(l i,+ (1 - N i,— X
R [Tleeon) - darg™ o0 - . wini)
= 2y(0)*[A1(e) — Aa(e) — As(e) + Aa(e)], (4.20)

where

Ai(e) ::E[/A . )eﬂmz(“’mfi(%U}f)fi(%Uf-f) %dLé’l’(sl)%dng’(sz)]
2(0,7
. _ 1-
Az (e) :=EUA o )ey@)‘:z(s“&z)gg(%Ui;+)§g(%Ufj)ggg(u%z’ ) SaLy (sl)dsz]
2(0,2
51 55" a a - 2=
A3(g) = ]E|:‘/'A o )e'}’({)ﬁz(slpZ)é‘:g(%U;1,+)§g(%U§£+)é«gg(U;], )%dL(l)/ (52) dS]]
2(0,2

Ay(e) ;:E[/A o )67(4)&(“’”)53(%U;;*)é-‘fé(%Uf;*)é-‘gs(Us‘;’)fgg(Uf{) dsldsz}.
2(0,1
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From here, the goal is to show that (4.20) vanishes as € — 0 as long as a # 0, as well as establish a
bound given by the right side of (4.17) for each of the four terms A;(&).

Formally, %de)] "*(s;) is the same as 6o (U"*)ds;, which suggests that each of the A; may be written
in terms of Brownian bridge expectations. This is indeed the case, and consequently the proofs of
the desired convergence statements and bounds for the terms A;(¢) rely purely on elementary (albeit
lengthy) disintegration formulas for Brownian motion at its endpoint, and these proofs can be copied
verbatim from [DDP24a, Proof of Proposition 5.3: Steps 2 and 3], replacing the coefficient o~ appearing
there with our coefficient y({) throughout the proof. For brevity, we will not reproduce the details
here. O

With the “key estimate” proved, next we focus on obtaining bounds that will be useful for proving
tightness of the rescaled field (1.4).
Proposition 4.7 (Estimates for moments of the increments of QVF). Fix k € N, T > 0, and F :
[0, 00) — [0, 00) decreasing such that 3.3 F (k) < co. Let f(x) := F(|x|). Then there exists a constant

C =C(k,T, F) > 0 such that for all bounded measurable functions ¢ on R and all0 < s <t < T with
s, t € N‘IZZ() one has that

sup E[(Q} (1, 9) = 0% (5,0)"] < Cllplfe ey (£ — )/, (4.21)

Furthermore fix g > 1 and & > 0. Then there exists C = C(q, &, k,T, F) > 0 such that for all functions
¢pe€LiI(R)andalle < s <t <T one has

dim E[(Q} (1.6) ~ 0 (5.6)*] < ClIglILy s (1 = 9) . (4.22)

Proof. We are going to use the same notation and the same family of martingales from the proof of
Lemma 4.5. Using (4.12) together with the trivial bound |¢(N~"/2(R/ (Nt;) — N3/*t)))| < ||l we
obtain that

E[(QL, (1, 8) - 0%, (s, 4))"]

k
—k/2 k 2j-1 2j
<SN*PRyglt. Y ERW<2k>[]_[ {f(RN’,j il DN,tj,N_l/z(R%’-f_dN,f)}].
i 1 J N

(t1eeesti) EAN [5,1] Jj=1 i=0,

Now we actually claim, more generally than (4.21), that one has

k
—k/2 (0,2k) 2j-1 2j k/2
SuIiN ! Z Ex [l—[ {f(Rth - Rth) l_[ DN,tj,N‘/Z(R,z(};f—dth)} <Clt-9) 2
Mol (1120atic) €AY [5.1] J=1 i=0,1 !

The main idea in proving this is to proceed inductively in the variable k, applying similar arguments as
in the proof of Lemma 4.5 to get rid of the constants by repeatedly applying the Markov property and
writing these expressions in terms of the tilted measures P,(fg ) of Definition 2.8.

For clarity, write some of the details of this inductive argument. The claim is vacuously true when
k =0, let us assume (4.21) has been proved up to k — 1 where k € N. By conditioning on time #;, using
the Markov property, and applying the inductive hypothesis for the conditioned expression on the time
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interval [Nt;, Nt] one will obtain uniformly over x € /X and N > 1 that

k
—k/2 (0,2k) 2j-1 _ 2j o
N Z EX [1_[ {f(R th) 1_:[1 DNJJVN_l/z(R?\;th_dNtJ—)}:I

(t1enti) EAN [5,2] J=1
-1/2 _ (k=1)/24(0,2k)
< N Z (t t ) E f Ntl Nll) 1—[{ 1—[ DN J,N~ l/z(sz I—de])}:|
= i=0,1

t1€[s.1]N(N~"Zx0)

In other words all of the renormalizing constants D ; , have been “reduced” to time #; and the inductive
hypothesis has yielded the factor (1 — 1) *~1/2 after summing out all other coordinates. Let us define
the adapted process

r

1 o
Hy (R, r) :=exp (Z {IOgERW(Zk) [eNAP byl (R§7R1-1)|]:s_1] —2klog M(N_“]P)}).

s=1

Then the previous expression can be rewritten in terms of the tilted measures P,(fg ) (see, e.g., Lemma
2.6) as

1
“dp _ -
E,((N P 2k) [N 1/2 Z (t_tl)(k 1)/234.[1\,(R,Ntl)f(R}\,t1 —R?\,tl)}.
t€[s,t]N(N~1Zs0)

If we brutally bound Hy (R, Nt1) < supge,<n; |HN (R, )| = ’HSNup(R, r), then an application of
1

Corollary 2.22 will show that T'(g) := supy 5, Supycs« gV 720 [HNT (R, r)7] < oo where g > 1 s
arbitrary. We can also use the bound (¢ — ;) *~1/2 by (1 — 5)(k=D/2 thus by Cauchy-Schwarz the last
expression can be bounded above

__1 __1L
(t — )& DPEN 20 g R Ny L ([5,1])| < (0 - 9)F PR BN 20 [V ([5,00)7]

f.k

where we recall that the measure v N

was introduced in (3.18). By Corollary 2.20 it is immediate that

1
SUPp »1 SUPyesk E(N 2k [vﬁ’l([s, 1)?] " <c vVt — s, which completes the inductive step and thus
finishes the proof of (4.21).
For (4.22), the proof is completely analogous to a similar proof given in [DDP24a, Eq. (5.43)] but we
rewrite some of the details here for completeness. Appealing to the moment formula for the increment
of QVF from (4.12) and the convergence from (4.13) we have

k
. k (7 i 2j-1_y72j
Jim E[(0f,(1.4) = 0% (5.0)" | = k7 (D)* - Eens /A [ ]ev@w”ﬂ«ﬁwg!)ﬂg’ Ui,
o Kk|s,t j=1 ’

(4.23)
Wherze lﬁkz(_?) is defined in (4.14). Now [DDP24a, Lemma A.2] formalizes the intuition that
dL([)J U@y = 60(U,2jj_1 - U,zjj). Thus by appealing to that lemma, we can write the above ex-

pectation in terms of a certain family of concatenated bridge processes whose law we will write as P,.
Specifically we have that

k k
right hand side of (4.23) = / E. [e”‘“‘m [ Tow )} [ 1p2, @ar - dne. @424
A [s.t] j=1 J i1 ’

https://doi.org/10.1017/fms.2026.10220 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10220

Forum of Mathematics, Sigma 55

where the expectation is taken over a collection of paths U/ such that

o (UH ' -UY, U1+ Uz")l.":1 are 2k many independent processes.

o U?%-1 4+ U?% is a Brownian motion of diffusion rate 2 fori = 1,2, ..., k.
o U%~! — U* is a Brownian bridge (from 0 to 0) of diffusion rate 2 from [0, #;] and an independent
Brownian motion of diffusion rate 2 from [¢;, ) fori =1,2,...,k.

We have used a different notation for the expectation operator E. in (4.24) (c for concatenation) just to
stress that the law is different from the standard Brownian motion. We claim that for all g > 1 we have

k
sup B[ @50 [ jow)| < € ol (425)
=1

7el0,T] j=

where the C > 0 depends on g, k, &, T. Let us assume (4.25) for the moment. By hypothesis, t; > & > 0.
Thus, p2;;(0) < C for some constant C > 0 depending on &. Thus, in view of (4.25), to get an upper
bound for the right-hand side of (4.24), we may take the supremum of the integrand in the right-hand
side of (4.24) and pull it outside of the integration. As the Lebesgue measure of Ay [s,t] is (t;:,')k , we
thus have the desired estimate in (4.22). '

Let us now establish (4.25). Fix g > 1 and take v > 1 so that (¢") ™' +¢~! = 1. Use Holder’s inequality

to write

Lok _ , e k o Ve
E. [ey(s“)ﬁk(t) n |¢(Uz2,f])|] <E. [e" 7(§)£k(t)] Ec[l_[ |¢(Ut2fl)|q} )
j=1 ' j=1 '

For the first expectation above, observe that by [DDP24a, Lemma A.6], E. [eq'y(g VLKD) | is uniformly

bounded over 7 € Ay (0, T). For the second expectation above, note that under E,., we have
2 1201 2j 1,72j-1 2\ 17201 2j
Utj _E(Utj +Utj)_§(Utj _Utj)_f(Utj +U[j)—0.
Thus under E.., Ufj J are independent Gaussian random variables with variance ¢; /2. Hence,

k 1/q

k ) 1/q k ) 1/q
Ec[]_[ |¢(U3/>|Q] = ]‘[EC[W(U,?)W] =] ( /R PupMlgMI?dy] < C-llglf,.
j=1 J=1

J=1

bound sup,, p;(y) < (27t)~'/2, and noting that the constant C is allowed to depend on . This establishes
(4.25) completing the proof of (4.22). ]

where the last inequality follows by again using the fact that 7; > & > 0, together with the uniform

Lemma 4.8. Fix k € N. Forall T > 0 and q > 0 we have that

14
NTUE D IR R)]

1<i<j<k

sup sup sup Egpyeo <

0<t| <...<tx <T NeNr<NT

k
. l—l DN,tj,N"/Z(R‘,’;],.—dth)
Jj=1 !

Proof. The proof is very similar to the proofs of Lemma 4.5 and Proposition 4.7, and we do not give
the full argument. The sketch is as follows. One inducts on k to show more generally that

q k
DN
=1

< oo.

. (0,k) )
sup sup sup sup E; [ ,t,-,N*‘/Z(R{W_—xj—dth)}
; J

N7 IRE =R = (xi - x))|
0<t1<...<tx <T NeNxe[k r<NT ’ .

l1<i<j<k j
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To perform the induction, one applies the Markov property and the inductive hypothesis to bound the
expression on the time interval [Nt;, NT], then one rewrites the remaining expectation in terms of
the tilted measures P,((ﬁ ¥ of Definition 2.8. On the remaining time interval [0, N¢;] this will yield an
exponential term which we called H (R, r) in the proof of Proposition 4.7. This exponential term has
uniform moment bounds as explained in that proof. The other term N~/ 3", <i<j<k |R. — R/| also has
uniform moment bounds using, for example, Corollaries 2.20 and 2.21. Using Holder’s inequality will
then yield finiteness of the supremum to complete the inductive step. O

Recall the martingale field M N from (4.2). The next few estimates will obtain a LP bound on its
predictable and optional quadratic variation, which will be the main tool in obtaining tightness for the
field (1.4). First we will need to control the error terms appearing in Lemma 4.3. For ¢ : R — R denote

by lIgllce = gl gy = X 169 | (), where 1) (x) = 2 6(x).

Proposition 4.9 (Controlling the error terms). Let SIJV( 1 <j<4)beasinLemma4.3. Let ¢ > 1 be an
even integer, and let T > 0. Then there exists C > 0 and a function f : I — R, such that | f(x)| < F(|x])
where F : [0, 00) — [0, 00) is decreasing and 3 F (k) < oo, such that uniformly over all N > 1 and
s,t € [0,T] N (N~'Z) we have

> BLIEL (1.8) - € (5. 0)|1]/4 < CN"WE[IQ) (1. 6%) = Of (5. 6)|9] /4 + N5 (|l ]t - s1.

J=2.3.4

Furthermore, if ¢ € CZ(R), say ¢ is supported on [—J, J] then
E[IEN (1. ¢) — En (s, 9)|9]'9 < C||¢>||22N’%E[|Q‘,’:, (t.1=y.0)) = O (5. 11—y gI1]V4 + C||¢||23N7% |t =sl.

Proof. As introduced earlier in this section, we let Hy (x) = e* — Zﬁzo ;‘(—f so that |Hy (x)] < |x|*+ el
forall x € R. 1
First let us deal with 512\]. In the expression for A?V preceding (4.8), use the fact that |H,, (N % (x; —

p+1) -
yi)l < N5 lxj — ;[P eN "7 1%i=vil and we obtain uniformly over N > 1 and y;,y» € I the

brutal bound that

“ p 2) p+2)

|AX (y1 = y2)| < N~ / l_[|x; yileN - illo((y1, 2), (dxy, dx2))| < CN™

where the integral can be bounded independently of N, y;, y» using the definition (4.5) of p and, for
example, Lemma 2.9. From the above bound on A%V it is immediate from (4.8) that

€3, 6) - €25, 9)] < CN~ 5 e 2o MN ) g2 Z / Zn (5.dy1) Zn (5. dy2).

r=Ns

Taking the L?*-norm and applying Minkowski’s inequality to the sum over r, we obtain that

E[(3 (1.6) - €% (s, 9))™]"

(ps2) 2k 1/(2k)
e~2log M (N 41’
<CN 4 eM( )||¢||L°° Z E RW (2K) [ HDN,Nlr,Nl/Z(RfNIdNr)}
r=Ns Jj=1

where we applied the definition of Zy as defined in (4.1). By Lemma 4.8 (with ¢ = 0) the summands
are bounded by some absolute constant independently of r, N € N, consequently since the number of

summands is N (¢ — s) the entire expression can be bounded above by CN % |I¢|Iim |t — s|. This is a
bound of the desired form for 512\,.
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Let us now deal with 5;4\,. In light of (4.8), it suffices to show that there exists a decreasing function

F : [0,00) — [0, c0) with 377, F(k) < oo such that supy 5, N IA‘}\, (7| < F(]y|)- Indeed, this would
then yield a pathwise bound of the form

1EL (1, 8) — (5, 9) < N"7 10 (1, 0%) — 0L (s, ¢7)]

where f(x) = F(|x|), which certainly implies the claim. But the fact that supy s, N ﬁlA‘}\, W <
Fyecay(|y]) is immediate from Assumption 1.2 Item (5) since the negative power of N in each of the
summands is (k; + k2)/(4p) > 1/2 (and 1/2 is the power in the definition of Q{,). This already gives
the desired bound for E?V.

Next let us deal with 513\]. By writing Hy), = (Ha, — Hsp) + Hyp, we may rewrite

1 2p *ﬁ _ k
A?V(yl _y2) =2/ H4p(N_E(X1 _yl))zwp((}’l,yz),(dxl,dn))
IE £ !
& N ey = v R\ (2B NI (xy — yy)K
+2/( Z ();1' y1) )(Z ();{2' y2) )p((y1,y2),(dx1,dx2)).
Ry ' =0 !

_1 _ (4p+D) —% .
The first term on the right side has |[Hsp, (N %7 (x;—y;))| < CN 4 |xj—yj|4P+IeN 7 1xj=¥il Since

the power of N is —1 — #, and since the number of summands is N(z — s) we can use brutal absolute

value bounds to obtain the desired estimate using arguments very similar to the bound for 5,2\, above. For

the second term on the right side, one will obtain a sum of polynomials (x| —y;)* (x2 — y2)*2 multiplied
by a factor N _% with k{ + k, > 2p. For those terms where k| + k» > 4p we can use brutal absolute
value bounds to obtain the desired bound using arguments very similar to the bound for 512\, above. For
the terms where 2p + 1 < k; + k» < 4p note that these are polynomials of a similar form to £%,, with
all negative powers of N being strictly larger than 1/2. Thus we can use an argument very similar to the
one obtained in bounding £%,, thus completing the argument for bounding 5]3\, by the desired quantity.

Finally let us bound & 11\/ To do this we will need to work with A}V (¢, y1,y2) as defined just before
(4.9). Let us perform a second-order Taylor expansion of ¢ centered at N~'/2y;. Then the expression
for A}\, (¢, y1,y2) can be written as a sum .A]l\}a((ﬁ, Y1, y2) + A}\’,b(¢, Y1, y2) where

1

T N—(kl+k2)/2¢(k|)(N—1/2y1)¢(k2)(N—1/2y1)

A}\}a((ﬁ,)’l,)’z) = Z

0<ky,ky<2
ki+ky >0

2 L 1
/ l_[ezv Py loe MNP (e y )R (0 — y1) R p (91, y2), (do, dxa))
12
j=1
and by Taylor’s theorem the other term A}\}b is a “remainder” satisfying
" o o
LAY (6. y1.32)| < N72||912, ./1’ Hezv Py e MINTEE) 1y — 1P = ya Pl (1, y2), (dxy, dx))|.

2 i

As in (4.9) we can write £ 11\1 =& Ilv‘a +& Il\;b corresponding respectively to the contributions of A]l\’,a and
A}\’,b respectively.

The bound for Ejlv’b is straightforward: since the power of N is —3/2, and since the number of
summands in the expression for £ ,1\,’[’ is N(z — s), we can use brutal absolute value bounds to obtain the
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desired estimate using arguments very similar to the bound for 512\, above. By Lemma 2.9, the integral
is bounded independently of yy, y», N.

Let us discuss the bound for £ Ilv’a. In the expression for A}\}a, each of the terms (x; — y;)* can
be further expanded out into a sum of terms of the form (x; — y2)'(y; — y2)*~ where 0 < i < ks.
Ultimately A}\}“ will be written as a sum of terms of the form

(v1 = yo)lem N~k 2 (k) (N=172y ) g (R (N =12y )

2 L -L .
: /, e T mes N (e y )M e = ) (312 32). (A, )

where 0 < k1 <2and 0 < i < ky < 2. Assuming that ¢ is supported on [—J, J] we can then take the
absolute value to bound the last expression by

ly1 = yal e I N R 2612 1y 5 (N7 2y1)

2 L L .
. 1_[ eN iy Tloe MIN ) () y )R (xy = 12) p((31, ¥2), (dxy, dxa)) |-
=1

All of this has accomplished the following: modulo the extra factor |y; — y, |k IN=(ki+k2)/2 " we now
have an expression that is very similar to the expression for ;5 3 4 Az]v which we already dealt with
when bounding £2, £3, £*. Consequently, the same arguments that were used to obtain the bounds for

1
£2,€%,&* may now be used to bound Ay“. More precisely, one expands [],-;,e™ i) as a
truncated Taylor expansion, where the degree of the (x; — y;) does not exceed 4p — k| and the degree of
(x2 — y2) does not exceed 4p — i. All of the polynomial terms of joint degree less than 2p vanish thanks
to Assumption 1.2 Item (4), only leavmg the polynomials of joint degree > 2p, and the remainder which
will contribute at worst an extra N~ @ . This will yield terms of the same form as those of £3, 2 and En 4,
albeit with the extra factor of |y, — y, |2~ I N~ (ki+k2)/2 jp the front.

By considering all of the different cases of (ki, k»,i), one verifies that the decay conditions on
the function Fyecay in Item (5) of Assumption (1.2) are strong enough so that one may find f as in
the proposition statement to bound 8]'\;“. For instance if k» = 2, then the term |y; — y»|® seems
problematic, but the power of N will be less than —1 in this case (thanks to the Taylor expansion

1

of [Tz eV *7(xj=¥j) contributing some factors of N_ﬁ), and since x > x*Fgecay(x) is bounded
on [0, 00) as can be verified from Item (5) of Assumption (1.2), a brutal absolute value bound will
suffice (similar to dealing with the terms of type 512\, above). The worst terms will actually occur
when k» = 1 and i = k; = 0, as the power of N is exactly —1 in this case, so that extracting an

extra factor of N 1 is not possible to obtain brutal absolute value bounds. Instead, the condition that
/Ooo XFyecay(x) < oo ensures that we can take f(x) := (1 + [x])Fecay(|x[), and all of the polynomials

L
terms in the Taylor expansion of [];_; » eN 7 (xj=¥j) will guarantee that we can obtain a bound of

the form N‘1/2|Q‘1fv (t,1=7.07) - Q‘va(s, 1;_;s1)|- By Assumption 1.2 Item (5), this f is eventually
decreasing and thus bounded above by some decreasing function F that is still integrable, as required
in the proposition statement. Meanwhile the remainder terms of the Taylor expansion ca be dealt with
using admit brutal absolute value bounds as we saw earlier, because they come with a factor of N 1w
in addition to the factor of |y, — y, |2~ IN~(ki+k2)/2 Using Lemma 4.8 with ¢ = 0, 1, or 2 (depending
on the value of k, — i), one may easily deal with such remainder terms, thus finishing the proof of the
required bound for £ Il\;a. o

Corollary 4.10 (Predictable quadratic variation bound). Let g > 1 be an even integer, and let T > 0. Let
MN (¢) be the martingale defined in (4.2), and let (M (¢)) denote its predictable quadratic variation
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asin(4.4). Then there exists C > 0 and exists C > 0 and a function f : I — R, suchthat |f(x)| < F(|x])
where F : [0, 00) — [0, 00) is decreasing and Y, F (k) < oo, such that we have the bound uniformly
overall N > 1, all s,t € [0,T] N (N7'Z), and all ¢ € CZ(R) supported on [—J,J]

B[N (@) — (™ ()71 < CllBIZSENQL 111y 1) = 0% (5. 1y s IV + ClIGIEN T |1 —

< ClIgllgsle - 51"/

Proof. The first bound is immediate from Lemma 4.3 and Proposition 4.9. The second inequality follows
from (4.21) and the fact that |t — s| < C|t — s|'/? for 5,1 € [0, T]. o

Proposition 4.11 (Martingale tightness bound). Fix ¢ > 1 and T > 0. For all s,t € (N"'Zs0) N [0,T]
and all ¢ € C(R) we have that

E[[MN (¢) - MY ()|"]"9 < Cllg )21 — s,

Here C is independent of N, ¢, s, t.

Proof. Tt suffices to prove the claim when p = 2k for some positive integer k. By [HH14, Theorem
2.11] and Corollary 4.10, we have the Burkholder-type bound

E[|MN () - MY (9)]7]"74 < C,E[((MN (9)): — (MM (6)))7?] "I +E[  sup  [Myyn-1(6) — Mu(9)]9]"

ueN-1Zn[s,t]
<Cldlles -1t =51 +E[  sup  [Mypn1(6) - Mu(e)]4]"?
ueN-1Zn[s,t]
1/q
< Clgllcs - |l—S|]/4+E[ Z M, n-1(9) — My ($)]7
ueN-'Zn[s,t]
We now claim that
1/q
E[ D My (9) - Mu(¢>|q] < Clt ], (4.26)

ueN-1zZn[s,t]

which is stronger than is necessary to prove the lemma. To prove this, recall from (4.3) that when » = Nt
we have

_ L L q
(MY - (9) - MY (9))7 = ( /I /1 G(N12x)elN )l MV (K (y dx) — p(dx — )| Z (7, dy)) :

For r € Z, define the signed (random) measure H,,1(y, dx) := K,41(y, dx) — u(dx — y). Then define
k _ 1 _1 2k

AN (D, Y15 ooy Yok) = / H ¢(N_1/2x,-)eN p (xj-yj)-log M (N 4P)]E|: H H, (yj,dxj)]- (4.27)
12k jil ’ j:]

Note by Assumption 1.2 Item (3) thatf,(y—x)er+1(y,dx) =0forall0 < j < p—1a.s..Since g = 2k,
we take expectation of this quantity and we obtain

Nt Nt 2k
DTEIMY L (9) - MY (@)1 = D Egyen [M, Ri,...,REk)]’[DN,N1,,N1/2(R¢-Nldm].
u=Ns r=Ns Jj=1
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We claim that there exists C > 0 such that uniformly over yi, ..., y2x € I, and ¢ € C°(R)

2kp
4p

1N (8, V1, - y2r)| < ClllIPAN"

2k 2%
/ ’ 1_[()’]' —Xj)pE[ l_lHr(yj,dxj)]
LS| j=1

2k
_ _2kp+l
+C||¢||é§(1+N 12 |ya—yb|) N~ (4.28)
1<a<b<2k
To prove this, we claim a decomposition of An (¢, y1, ..., Y2k) as the sum of three parts

- 2k 2k

_ _2kp dx
| |¢(N ]/zyJ)N ip ‘/I‘Zk | |(y]—x])pE[| |Hr(y]’ J):|
j=1 j=1 /=

1 2k
FA (vt y) + e OEMIVID S {n‘/ﬁ(f"')(N_l/zyj)

0<ly,...,0 <2 * j=1
_fmy 3y s
X Z N 4p 2 cml ..... M4k,1/q T - (r,YI,n-,)’Zk)
p<my,...,my <2p
Mgy <by,Yv=1,..., 2k-1

ma;_, are deterministic constants not depending on N, where

.....

2k-1

2k 2k
A (v k) 1= ] = )™ /[2 [ - y}')'"-"E[ [ Hr(yj’dxj)]’
J=1 J=1 J=1

and where the “remainder” term AF™ satisfies for any g > 1

2k
_k—-L _
E[IAF™ (8, y1, ey y2:) |91V < CN 4:7(1+N”2 > Iya—ybl) IBIIES -
1<a<b<2k

Indeed, this three-term decomposition follows using exactly the same arguments as in deriving the

1

error decomposition in Proposition 4.9. More precisely, in (4.27) one writes eV 7 (xj=¥;) as the sum
Hzp(N_ﬁ (xj—y;)+ Ziio %N_ﬁ (xj— yj)k, then Taylor expanding each copy of ¢ around N~'/2y,
exactly as we did in the proof of Proposition 4.9 while bounding £}, and then noting that the constants
Cmy,...,mq_, Can be obtained from combining all of the relevant Taylor coefficients of a given collection
of exponents my, ..., mag_1. If either of k| or k, is less than p the contribution in (4.27) would vanish
a.s. by Assumption 1.2 Item (3), hence why we have the summation over p < my, ..., my; < 2p rather
than 0 < my, ..., mog < 2p in the decomposition above. The remainder terms ,‘lersm will come from the
Taylor expansion’s remainder beyond the order-two terms. Then (4.28) follows immediately from the
three-term decomposition.

Henceforth assume k > 2, which we can assume without loss of generality since it suffices to prove
the lemma for large k. Given (4.28), the required bound (4.26) is then immediate from Lemma 4.8. This
is because for k > 2 the first term of (4.28) is O(N~!) and thus easily dealt with using Lemma 2.9 and
a brutal absolute value bound. The remaining terms are of even smaller order. O
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5. Tightness of the rescaled field and identification of the limit points

In this section we will finally prove Theorem 1.5 using the estimates of the previous section.

5.1. Weighted Holder spaces and Schauder estimates

We now introduce various natural topologies for our field % and its limit points. We then discuss how
the heat flow affects these topologies and record Kolmogorov-type lemmas that will be key in showing
tightness under these topologies. We begin by recalling many familiar and useful spaces of continuous
and differentiable functions that have natural metric structures. For d > 1, we denote by Cg"(Rd) the
space of all compactly supported smooth functions on R¥. For a smooth function on R?, we define its

C” norm as
Ifllcr == " sup [DF£(x)]
#k <r xeR?
where the sum is over all k = (ki,....kq) € Zio with #k := > k; <rand DF .= 6)'?1‘ ‘e a)lfj denotes the

mixed partial derivative.

We now recall the definition of weighted Holder spaces from [HL 15, Definitions 2.2 and 2.3]. For
the remainder of this paper, we shall work with elliptic and parabolic weighted Holder spaces with
polynomial weight function

w(x) = (1+xH)7

for some fixed 7 > 1. We introduce these weights because weighted spaces will be more convenient to
obtain tightness estimates. Since the solution of (1.5) started from Dirac initial condition is known to
be globally bounded away from (0, 0), we expect that it is possible to remove the weights throughout
this section, but this would require more precise moment estimates than the ones we derived in previous
sections, which take into account spatial decay of the fields.

Definition 5.1 (Elliptic Holder spaces). For a € (0, 1) we define the space C*™ (R) to be the completion
of C°(R) with respect to the norm given by

e G lf(x) = f(D)]
I fllcar ) = )sclig ) + |x—lyll\)g1 WO

For @ < 0 we let r = —| | and we define C** (R) to be the completion of C°(R) with respect to the
norm

0 —sup sup sup (f.Std)r2m)
C(YVT R = e
) xcR A€(0,1] peB,  W(X)A?

where the scaling operators S are defined by
Sep(y) = 7 (7 (x = y)), 5.1

and where B, is the set of all smooth functions of C” norm less than 1 with support contained in the
unit ball of R.

One may verify that these spaces embed continuously into S’ (R).

Definition 5.2 (Function spaces). Let C*7(R) be as in Definition 5.1. We define C([0,T], C*7(R))
to be the space of continuous maps g : [0,T] — C*7(R), equipped with the norm
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llgllcor.carm) == sup [lg(®)llcar(w).
t€l0,T]

Here and henceforth we will define W[, 5] := [a, ] X R and we will define W7 := W[y 1.

So far we have used ¢, i for test functions on R. To make the distinction clear between test functions
on R and R?, we shall use variant Greek letters such as ¢, 1%, o for test functions on R?. In many instances
below, we will explicitly write (f, ¢)z2 or (g, ¢)r when we want to be clear about the space in which
we are applying the L?-pairing.

Definition 5.3 (Parabolic Holder spaces). We define C.°(Wr) to be the set of functions on Wr that are
restrictions to W7 of some function in C2°(R?), in particular we do not impose that elements of C° (W7 )
vanish at the boundaries of ¥r.

For a € (0, 1) we define the space C.** (¥r) to be the completion of C2°(Wr) with respect to the

norm
|f (1, %)] |f(z,x) = f(s, )
Il fllcecwry = + su 7 —.
oerr W) ey < WE) (7= s+ |x = y])
For @ < 0 we let r = —| ] and we define C;"" (¥r) to be the completion of C°(¥r) with respect to
the norm
(f, S?t,x) )2 (wr)
||f||cg”7(\yr) ‘= Ssup sup  sup

(t,x)€¥r 1€(0,1] 9B, w(x)A®

where the scaling operators are defined by

St o@(s,y) =772t = 5), 47 (x - ), (5.2)

and where B, is the set of all smooth functions of C” norm less than 1 with support contained in the
unit ball of R2.

An important property of both the parabolic and elliptic spaces is that one has a continuous embedding
C%7 — CA7 whenever 8 < a. In fact this embedding is compact, though we will not use this. We
also have the following embedding of function spaces inside parabolic spaces.

Lemma 5.4. For a < 0,7 > 0 one has a continuous embedding C([0,T],C*"(R)) — C"(¥r)
given by identifying v = (v(t));c[o,r| With the tempered space-time distribution given by

T
(v P)pz = /0 (). (1, V.

The proof is straightforward from the definitions and is omitted.

Remark 5.5 (Derivatives of distributions). Let @ < 0. By definition, any element f € C;"* (¥r) admits
an L*-pairing with any smooth function ¢ : W7 — R of rapid decay (i.e., ¢ is a Schwartz function
restricted to Wr). We will write this pairing as (f, ¢)y,. Consequently there is a natural embedding
CO7(Pr) — S’(R?) which is defined by formally setting f to be zero outside of [0,T] x R. More
rigorously, this means that the L?(R?)-pairing of f with any ¢ € S(R?) is defined to be equal to
(f+ @lwr Y-

The image of this embedding consists of some specific collection of tempered distributions that are
necessarily supported on [0,7] x R. Thus we can sensibly define 8, f and 9, f as elements of S’(R?)
whenever f € C~"(¥r), by the formulas

(atf’ ‘p)\I’T = _(f’ at‘p)‘l‘T? (axf7 ‘p)‘I’T = _(f’ 6x‘;0)‘I‘T
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for all smooth ¢ : W7 — R of rapid decay. This convention on derivatives will be useful for certain
computations later. From the definitions, when @ < 0 one can check that for such f one necessarily has
8 f € CX2T(Wr) and Ay f € CI7 T ().

The latter statement fails for @ > 0. Indeed by our convention of derivatives, d; f may no longer be
a smooth function (or even a function) even if f € C2”(Wr). This is because such an f gets extended
to all of R? by setting it to be zero outside Wr. In particular, if f does not vanish on the boundary
of Wr, then it may become a discontinuous function under our convention of extension to RZ. Due to
these discontinuities, the distributional derivative d; f can be a tempered distribution with singular parts
along the boundaries. In our later computations, we never take derivatives of functions in C;"* (¥r)
with @ > 0. Sometimes we will write ds to mean the same thing as 9;.

Proposition 5.6 (Smoothing effect of the heat flow on elliptic spaces). For f € C°(R) and t > 0 define
P = [ pix= ),

where p,(x) = (Zﬂt)_l/ze_xz/” is the standard heat kernel. Then for all @ < 8 < 1 (possibly negative),
there exists C = C(a, 8,T) > 0 such that

||Ptf||cﬁ,T(R) S Ct_(ﬁ_a)/znfllca,‘r(R)

uniformly over f € C2 and t € [0,T]. In particular, P; extends to a globally defined linear operator
on C%7(R) which maps boundedly into CP™ (R).

A proof may be found in [HL15, Lemma 2.8] in the case of an exponential weight. The proof for
polynomial weights is very similar.

For the parabolic Holder spaces, the following lemma states that the heat flow improves the regularity
by a factor of 2 and provides a Schauder-type estimate.

Proposition 5.7 (Schauder estimate). For f € C(Wr) let us define

Kf(t,x) :=[P Pi-s(x = y) f(s,y)dsdy, (5.3)

where p, is the standard heat kernel fort > 0,x € R and p;(x) := 0 fort < 0. Then for all « < —1 with
a ¢ Z there exists C = C(a) > 0 independent of f such that

”Kf”Csa“fZ’T(\yT) <C- ”f”CS"’T(‘PT)'

In particular K extends to a globally defined linear operator on C** (¥r) that maps boundedly into
CI™>7(Pr). Furthermore, if f € C&"(Ar), then K (8, — 102) f = £.

It is important to note that the last statement is only true because of our convention on distributional
derivatives that we have explained in Remark 5.5. Without that convention, that statement would be
false even for a smooth function f that does not vanish on the line {¢ = 0}.

Proof. See [DDP24a, Proposition 6.6] for the proof. O
Corollary 5.8. Define J : C**(R) — C&7 (¥r) by

Jf(t’x) = (f’pl(x - -))R’

J is a bounded linear operator for any a < 1 and any v > 0. Consider the operator ﬁ, = JP; with P,
defined in Proposition 5.6. By the semigroup property of the heat kernel, we have that

Py f(t,x) = (Jf)(t +s,x). (5.4)
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Furthermore, we have the operator norm bound
1P fllep e g,y < € 1P fllcas v, (5.5

where C = C(a, 8,T) > 0 does not depend on t and f.

Proof. The first part follows by using the Schauder estimate in Proposition 5.7, noting that Jf =
K(60 ® f) where for f € C*7(R) the latter distribution is defined by (dp ® f, ¢)r2 = (f, ¢(0, ))r.
Directly from the definitions one can check that f + 6y ® f is bounded from C*7(R) — C G (7).
Finally, (5.5) follows from Proposition 5.6. O

We next define a space-time distribution that is supported on a single temporal cross-section:

Definition 5.9. Let @ < 0. Given some f € C*7(R) and b € [0,T] we define 6, ® f € CZ™>7(¥r)
by the formula (6, ® f, )2 := (f, @(b, -))r.

Directly from the definitions of the scaling operators in (5.1) and (5.2), it is clear that for fixed
b € [0,T], the linear map f — 65, ® f is bounded from C*7(R) — C&>7(¥r) as long as & < 0. It
is also clear that 6, ® f is necessarily supported on the line {b} X R.

We end this subsection by recording a Kolmogorov-type lemma for the three spaces introduced at
the beginning of this subsection. It will be crucial in proving tightness in those respective spaces.

Lemma 5.10 (Kolmogorov lemma). Let L>(Q, F,P) be the space of all random variables defined on a
probability space (Q, F,P) with finite second moment. We have the following:

1. (Function space) Let (t, ¢) — V(t, $) be a map from [0,T] x S(R) into L*>(Q, F,P) which is linear
and continuous in ¢. Fix a non-negative integer r. Assume there exists some k > 0,q > 1/x and
a < -rand C =C(k,a,q,T) > 0 such that one has

E[|V(1,$1¢)17]"4 < CA°,
E[|V(1,51¢) = V(s,S1$)|]"/9 < CA* |t = 5",

uniformly over all smooth functions ¢ on R supported on the unit ball of R with ||¢||lcr < 1, and
uniformly over 1 € (0,1] and 0 < s,t < T. Then for any T > 1 and any B < «a — « there exists a
random variable (7 (1)), . (0.7 taking values in C([0,T], CP-T(R)) such that (¥ (1), ¢) = V(t, )
almost surely for all ¢ and t Furthermore one has that

BT, 1,0 my] < €
where C’ depends on the choice of a, 8, q, k, and the constant C appearing in the moment bound
above but not on'V,Q, F,P.

2. (Parabolic Hélder Space) Let ¢ — V(¢) be a bounded linear map from S(R?) to L*>(Q, F,P).
Assume V(@) = 0 for all ¢ with support contained in the complement of Wr. Recall S?I,x) from (5.2).
Fix a non-negative integer r. Assume there exists some q > 1 and @ < 0 and C = C(a, q) > 0 such

that one has
E[IV(S, @)1 < ca®,

uniformly over all smooth functions ¢ on R? supported on the unit ball of R* with ||¢||lcr < 1, and
uniformly over A € (0,1] and (t,x) € Y. Then for any T > 1 and any B < a — 3/q there exists
a random variable 7" taking values in Cf’T(‘PT) such that (7", ¢) = V(@) almost surely for all ¢.
Furthermore one has that

E[|7 1=,

||C/3T(‘{, )
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where C’ depends on the choice of a, q, and the constant C appearing in the moment bound above
but notonV,Q, F,P.

A proof of the above results may be adapted from the proof of Lemma 9 in Section 5 of [MW 17]. We
remark that we do not actually need uniformity over a large class of test functions as we have written
above, just a single well-chosen test function would suffice (e.g., the Littlewood-Paley blocks as used in
[MW17] or the Daubechies wavelets in [HL15]).

5.2. Tightness

Throughout this section, we are going to fix a terminal time 7" > 0. Let ¢ and 1 be as in Assumption 1.2
Item (3). As in the beginning of Section 4, we denote p(dx) := e™*~1°¢M (D ;(dx). We claim that for
any f € S’(R) and A € [-7, 7] the spatial convolution g := f * u? given by

(8.¢) = (f.¢+uY, ¢eSM®), (5.6)

is well-defined as another element of S’ (R). To prove this, we must show that ¢ > ¢+ u? is a well-defined
and continuous map from S(R) into itself. By taking the Fourier transform, it suffices to show that the

multiplication operator Ty (¢) = ut(&)y (&) is a continuous linear operator from S(R) — S(R). But

this is clear from the fact that the Fourier transform u? (i.e., the “characteristic function” of the measure

u?) is smooth with all derivatives bounded, since the measure u? has exponentially decaying tails.
Likewise if f € S’(R?) and one would like to define a tempered distribution g € S’(R?) such that

formally one has g(¢,x) = fR f(t,x — y)u*(dy), the procedure is completely analogous, defining it via

the Fourier transforms g(&1, &) = u’l(fz)f(fl &).
Definition 5.11. Define

Wy ={(t,x) € [0,T] xR : (N1, N'?x) e Zx I}.

Definition 5.12. For (s,y) € Z X I define py (s, dy) to be the transition density at time s and position
1

y of a random walker on Ay with increment distribution z~ " Define linear operators Dy, Ly, Ky
on S’(R?) by

Dy f(t,x) =N[f(t+ N x) - f(t,%)],

Lyf(t,x) =N|f(t+ N, x-N""'dy) - / f(t,x—N“/zy)yNﬁ (dy) |,

Knf0 =N Y[ s N ypa sy

se[0,T]N(N1Z)

These equalities should be understood by integration against smooth functions ¢ € S(R?), and the
convolutions need to be understood using the explanation after (5.6).

Intuitively it is clear that L is a diffusively rescaled version of the discrete heat operator £ from
Section 4, but which acts on tempered distributions rather than measures on Z x I. Indeed if ¢ € S(R?)
then a second-order Taylor expansion shows that Ly ¢ converges in S(R?) as N — oo to (9; — %6)%) fs
that is, Ly approaches the continuum heat operator. Then Ky is the inverse operator to Ly, in the
following sense.

Lemma 5.13. LNy Ky f = Kn Ly f = f whenever fis a tempered distribution supported on [a, b] X R
withb—a <T+1.

Proof. Note that for each N the operators K, Ly are continuous on S’(R?), as may be verified using
the Fourier transform as explained after (5.6). Therefore it suffices to prove the claim for all smooth
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functions f that have compact support contained in (a, b) X R, since these are dense in the subset of
distributions supported on [a, b] x R, with respect to the topology of S’(R?). The smooth analogue is
true by direct calculations, since py (s,dy) is the kernel for the inverse operator to the discrete heat
operator Ly introduced in Section 4. O

Definition 5.14. With the fields M and Q 5 as defined in (4 2)and (4.10) respectlvely, we will associate
random elements of C([0,7T + 1], S’(R)) by the formulas My (t,¢) =0fort € N~! and

My (t,4) = MY (¢), 120.

0N (t,9) = 0} (,)

for ¢ € S(R) and t € N™'Z. We define these fields by linear interpolation for t ¢ N™'Z.

For any T, note that C([0,T], S’(R)) embeds naturally into the linear subspace of S’(R?) consisting
of distributions supported on [0,7] X R, thus we can make sense of Dy f, Ly f, Ky f for all f €
C([0,T],S’(R)), and these will be elements of S”(R?) in general.

Definition 5.15. We will say that two tempered distributions f,g € S’(R?) agree on [0, T] if there
exists & > 0 such that (f, ¢) = (g, ¢) for all ¢ supported on [—-&,T + &] X R.

Definition 5.16. Then define the distribution py € C([0,T + 1], S’(R)) fort € N™'Z- by
o (e.0) = [ 60V P)px (V1,0

and linearly interpolated for t ¢ N~'Z,.
Since py is deterministic, its scaling limit will simply be the continuum heat kernel.

Lemma 5.17. Let MN be as in Definition 5.14. Furthermore, let §N be as defined in (1.4). Restrict 9N
t0 [0, T] thus viewed as an element of C([0,T],S"(R)). Then Ly (HN — pn) agrees with D My on
[0, T]. Consequently § agrees with py + KNDNMN on [0,T].

Proof. Firstly, notice that LypN (t,-) = 0 fort € N™'Zs¢. Let VN := Dy MN . Then it is clear from
(4.2) that

V¥ (1.) = N[M[ . (¢) - M ()] N/¢(N V20 (LN Zn) (N1, ),
forall0 <t e N™'Zs and ¢ € S(R?). Now, with Zy defined in (4.1), for t € N™'N we have

$V (1. 0) = / S(N"22) Zy (N1, d).
1

With Ly as defined in Section 4, we than apply the convolution defining Ly to both sides and it is then
clear that for t € N™'Z the expression for Ly $™ (¢, -) can be written as

N/¢(N_l/2x)(£NZN)(Nt,dx).
1

which is the same as the expression for VV (¢, ¢).

Now we need to show that equality holds even if ¢ ¢ N~'Z. Since linear operators respect linear
interpolation, and since all of the fields S§N , Vi, MY are defined via linear interpolation, this is actually
immediate.

Finally, if we view the restriction of VV to [0, T'] as an element of S’(R*!) supported on [0, 7] xR,
then we can apply Ky to both sides and we obtain that ($~ —p™)(z,) = Ky VN (t,-) = KyDyMN (1, )
for all r € [0, 7] by Lemma 5.13. O
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Lemma 5.1. Fix @ < 0,7 > 0. Let Ky, D be the operators from Definition 5.12. Recall the function
spaces from Definition 5.2. Then we have the operator norm bound

sup [IKn D llc(fo,r+11,cor R)—C([0,T],C07 (R)) < .
N>l

Proof. We will adapt the argument from the continuum version of this lemma proved in [DDP24a,
Proof of Theorem 1.4(b)].

Note that D y v is indeed a continuous path taking values in C ([0, T+1-N"'], C*7(R)), consequently
sois Ky Dy v.Let us now define four families of linear operators on S’ (R), indexed by N. For f € S’(R)
and s € N™'Z5 let

Pu ()1 = [ =N y)pn (s, dy),
S0 5= NPN (V) =170 = N [ (£ =N7125) = £ () (. )
B S0 i= N [ (7 N9) = £ ) pa (s, ),

P60 i= 10+ N1 1) = [ £ N Ey)py (s, d).

Then for f € S’(R) each of the four expressions Py (s)f,0n f,0y f, Py (s)f also make sense as
elements of S’ (R), see, for example, the discussion following (5.6). Note that § ; and &%, , both of which
approximate the spatial Laplacian 92, are adjoint to each other on L?(R). Therefore Py and P}, are
also adjoint to each other. Now let v = (v(#));e0,7+1] € C([0,T + 1], C*"(R)). For ¢ € C°(R) and
t € [0,T], if we apply summation by parts and use the fact that v vanishes on [0, N~'] we can write

(KnDnv(1),¢) = (N]

NPy (t=s)[v(s+ N =v(s)] , ¢)
s€[0,6]1N(N~1Zs0)

=(v(t+N_1)—O+ Z [PN(t=5)=Pn(t—s—N")|(v(s) . ¢)

s€[0,t]1N(N~1Zs¢)

SN Y GnPals- N, 9)

s€[0,]N(N~1Z50)

= (v(;+N*‘),¢)+% > (v(s), Py (t—s=N""oyo).

s€[0,6]n(N~Zs0)

Here we are using the L?(R)-pairing between distributions and smooth functions. By the definition
of the function spaces (Definition 5.2), we must replace ¢ by S{¢ (where the scaling operators are given
in Definition 5.1) in the last expression and then study the growth as A becomes close to 0.

The first term on the right side is completely straightforward to deal with: the growth is at worst
A%(1 + x%)7 uniformly over A, ¢, x,T, since we assumed v € C([0,T],C®7(R)). To deal with the
second term, we claim that one has

|(v(s), Py (t =5 = N D63 S2p) < (A2 A (1= 5) 2 ) (1 +x7)7 (5.7)
uniformly over s < ¢ € [0,T], as well as A, ¢,x, N and v with |[v|lc([o,7+1],co7(®)) < 1. Indeed the
bound of the form 122 follows by noting that when 7 — s is much smaller than A, P, (=) is essentially

the identity operator, so we can effectively disregard the heat kernel and note that 673, S4¢ paired with
v(s) satisfies a bound of order 192, uniformly over N, for example, by second-order Taylor expansion.
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Likewise the bound of the form (¢ — ) 71 is obtained by noting that when A is very small compared to
t—s, Py(t—s— N‘l)éj\, 5% behaves like S;/t:¢, giving a bound of order (V¢ — 5)®~2 after applying
07 and pairing with v(s). This proves the bound (5.7).

Now the fact that || Ky D yv|| can be controlled by ||v|| follows simply by noting that uniformly over
0 < 2> <t < T one has

2

t t—A t
/ (A72A(t-5)2"")ds = / (t—s)2"ds +/ A°72ds < C(a) - A%, o
0 0 t-A2

Proposition 5.18 (Tightness of all relevant processes). The following are true.

1. The fields My from Definition 5.14 may be realized as an element of C([0,T],C*"(R)) for any
a < =5 and T > 1. Moreover, they are tight with respect to that topology.

2. The fields N from (1.4) may be realized as an element of as an element of C([0,T], C*™(R)) for
any @ < =5 and T > 1. Moreover, they are tight with respect to that topology.

3. Forany f : I — R of exponential decay, the fields QfN from Definition 5.14 may be realized as an
element of C([0,T],CY""(R)) for any y < —1 and T > 1. Moreover, they are tight with respect to
that topology. _

4. Let a,y < 0 be as in the previous items. Let (M™,Q%, H®) be a joint limit point of(MN, Qg ,9N)
inthe space C([0,T],C*T(R)XCY-"(R)xC**(R)), where { is the specific function from Definition
2.11. For all ¢ € CZ(R) the process (M;°($));c[o,1] is a continuous martingale with respect to the
canonical filtration on that space, and moreover its quadratic variation is given by

(M= ($)); = 0 (7). (5.8)

Proof. Take any ¢ € CZ(R) with ||¢]lz~ < 1. Recall SEII 4 from (5.2). Using the first bound in
Proposition 4.7, we have

E[(Qn (1, S1¢) — On (5, 526)) ] < Clt — s|¥227F,

uniformly over x € R,A € (0,1],0 < s,¢ < T with 5,t € N™'Zs(. Since Qn (0, ¢) = 0 by definition,
the assumptions of Lemma 5.10 1 are therefore satisfied for any k < 1/4,any p > 1/, and any a < -1,
and we conclude the desired tightness for O = Q. This proves Item (3).

Now we address the tightness of the My. Using Proposition 4.11, we have that

E[(MY (¢) = MY (6))*]'® < C(t = )| llca gy (5.9)
where ¢ € C°(R), C = C(k) > Ois free of ¢, s, ¢, N. This gives

E[(MN (s1g) - MY (514))°]"®

<C(t-s)*a*

uniformly over x € R, € (0,1],0 < 5,7 < T, and ¢ € CZ(R) with ||¢||c3 < 1 with support contained
in the unit interval. Moreover M ~ (0, ¢) = 0 by definition, therefore the assumptions of Lemma 5.10 1
are satisfied with k = 1/4, ¢ = 8 > 1/«, and any @ < —4. Hence, we conclude the desired tightness for
MN. This proves Item (7).

Now tightness for the fields $” is immediate from Lemma 1, since we know from Lemma 5.17 that
SN =py + KnDn My where we view Ky Dy as a bounded operator from C([0,T + 1],C**(R)) —
C([0,T],C*7(R)) and the convergence of py in this topology is straightforward to deal with. This
proves Item (2).

We next show that the limit point M (¢) is a martingale indexed by t € N~'Z . Since MON (9) =0,
from (5.9), we see that for any g > 1 one has supy E[M} (#)7] < co. Thus M*®(¢) is a martingale
since martingality is preserved by limit points under the uniform integrability assumption. Continuity is
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guaranteed by the definition of the spaces in which we proved tightness. In the prelimit we know from
Lemma 4.3 that

L 4
M ()2 - MO (1 62) N € (1. 9)

J=1

is a martingale indexed by t € N ~1Z0, where the error terms 51{/ are defined in (4.9) and (4.8), and
satisfy the bounds in Proposition (4.9). By the latter proposition and the tightness estimates (4.2 1) of Qf ,
it follows that Zj-:] 51]\, (t, ¢) vanishes in probability (in the topology of C[0, T] for each ¢ € C°(R)), so

we conclude (again by uniform L” boundedness guaranteed by Proposition 4.7) that M, ( $)* - or (¢?)
is a martingale. This verifies (5.8) completing the proof of Item (4). O

5.3. Identification of limit points

Lemma 5.19 (Controlling the difference between the discrete and continuum time-derivatives). Fix
a < 0,7 > 1. The derivative operator 05 : C"" (¥7) — C:_Z’T(‘I’T) which was defined in Remark
5.5, is a bounded linear map. Furthermore, let D 5 be as in Definition 5.12. Then we have the operator
norm bounds

N IDN e wy ) coam owyy < 0

1

-1
||DN - as||C:’T(\P’1‘)—>C5‘1_4’T(\PT) < EN .
Proof. The proof is fairly immediate from the definitions, see [DDP24b, Lemma 6.21] for the complete

argument. O

Lemma 5.20 (Controlling the difference between the discrete and continuum heat operators). Fix
a < 0,7 > 1. Let Ky be as in Definition 5.12, and let K be as in (5.3). Then we have the operator norm
bound

IKn = Kllcar ) < CNT'A.

(¥r) =T (
Here C is independent of N.

The above bound is crude, we do not claim optimality of the Holder exponents here.
Proof. Define f}(1,x) := (f, S?t,x)(,o)Lz(lyT). It suffices to show that

|(Kn = K) f(2,2)] -

sup sup sup sup CN'4,

Nt ya-l
1S ey <1 (,2) €95 A€ (0,1] ¢ <8, (I+x%)7ae

where the scaling operators are defined by SE‘Z x)tp(s, y) = A173p(17%(t — 5),A7 ' (x — y)), and where B,

is the set of all smooth functions of C” norm less than 1 with support contained in the unit ball of R?.
We shall use a probabilistic interpretation of the kernels to prove this. Note that

Kn-K)fien=5 > Elf-sx-Wys)] - /0 E[£}(t = 5.x — W(s))]ds,

se[0,T]N(N-1Z)

where Wy (s) = N~'/2Ry (Ns) for the discrete-time random walk (Ry (r)),so with increment distri-
bution described in Definition 5.12, and W is a standard Brownian motion. Define Wy (s) by linear
interpolation for s ¢ N™'Z.
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By the KMT coupling [KMT76], we may assume that Wy and W are all coupled onto the same
probability space so that sup,co ] IWn (5) —=W(s)| < GNN ~1/4 where G  are random variable on that
same probability space such that supy E|Gx|P < oo for all p (note that —1/4 is the optimal exponent
here because, despite KMT giving a better exponent in principle, the increments of the original random
walk Ry are not centered but rather they have a nonzero mean of order N=3/%). Consequently, by the
definition of the parabolic spaces, we have uniformly over s, ¢ € [0, T] the bound

A = 5,0 = Wiy (5)) = [t = 5, = W(s)]

< ( sup |0 f2 (1 = s, u)l) W (s) = W(s)]
we[~Lx|=1W () [=[Wn ()|, [x[+IW () [+1Wn ()]

< (||f||csn,f(\l,ﬂﬂ—1 (1 +4x% +4W(s5)* +4Wy (s)z)f) -GyN7V4,

Here the factor || f IICSa.T(.yT)/l“‘l can be deduced using, for example, Remark 5.5 which says that d
boundedly reduces the parabolic regularity by 1 exponent. We also used the fact that (|x| + |y| + |z])?
4x? +4y% + 472,

We claim that

A

E[Gy - (1 +4x2 +4W(s)* +4Wn (5)?) | < C(1 +x%)7

for a constant C = C(a,T, ) independent of N, x,s. To prove this, one uses (a + b + ¢ + d)7 <
47(a™ + b + ¢T +d7), then one notes that supy E|Gy - supssT(|W(s)|27 + |[Wa (8)]?7)| < oo, for
example, by Cauchy-Schwarz.

Consequently the above expression for (Ky — K) f;}(t,x) can be bounded in absolute value by a

universal constant times || f [|ce- (w,.) A%~ N7/4, O

Since we expect to obtain a Dirac initial data in the limiting SPDE, there is an additional singularity
at the origin that we have not yet taken into account. To fix this issue, we now formulate a tightness
result taking into account this singularity, by starting the field (1.4) from some positive time £ (which
should be thought of as being close to 0).

Proposition 5.21 (Regularity of limit points). Fix & > 0, and consider the fields $N-°(t,-) = DN (1 +
g,-), fort > 0. Set §N-2(t,-) := 0 for t < 0. The fields HV ¢ may be realized as random variables
taking values in C([0,T], C*7(R)) for any T > 1 and a < —5. Furthermore, they are tight with respect
to that topology, and any limit point is necessarily supported on C; K+l 2’T(‘I‘T) for any k > 0.

In particular, since —«k + 1/2 > 0, the last statement implies that the limit point must be supported on
a space of continuous functions.

Proof. We already know from Item (2) of Proposition 5.18 that the §" are tight in C([0,T], C®7(R)).
We also know from Item (1) of Proposition 5.18 that My are tight in C([0,T + 1], C*7(R)), which
is embeds continuously into CJ"" (W7 ) by Lemma 5.4. Thus using the first bound in Lemma 5.19, we
have that DNMN are tight in C;’_Z(‘I’T).

Consider any joint limit point (H®, /) as N — oo of the pair ($V, Dy M ~) in the product space
C([0,T],C**(R)) x C&~>7(¥r). By Lemmas 5.17 and 5.20 we may conclude that

H® =p+ KM, (5.10)

where p(t,x) = (271)"1/2¢™**/211, 5, is the (deterministic) standard heat kernel, and K is the operator
defined in (5.3).

Fix £ > 0. Now we consider the e-translates of these statements. It is automatic from Item (2) of
Proposition 5.18 that $V-# are tight in C([0,T], C%7(R)). Likewise it is automatic from Item (1) that
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the famlly MN o= My (& + ) is tight in C([0,T],C*7(R)) so that from Lemma 5.19 we see that
DNMN,S are tight in CJ~ 2 *T(Wr). Let us now take a joint limit point (H®, #*, H® ¢, #*¢) of the
family (HV, Dy My, 9N-&, DNMN,S). On one hand we necessarily have H*%(¢) = H*(t + &) and
on the other hand we necessarily have that H* = p + K.#* . From the last statement in Proposition 5.7,
this then forces the relation

H®® = K(50® H (&, ")) + KM™®,

where the tensor product was defined in Definition 5.9. Now we notice K (5o @ H* (¢, -)) = J(H™ (¢, -)),
where J is defined in Remark 5.8. We thus have the Duhamel equation

H™® = J(H”(g,")) + KM™". (5.11)

For technical reasons that will be made clear below, we now replace e by /2 and T by T + 1.
We now claim that for g > 1

E[||l.a> 8/2||q ] < co. (5.12)

ST (W)
Let us now complete the proof of regularity assuming (5.12).

o Using (5.12) and Proposition 5.7, it follows that

0,g/2||9
E ||K_% £ ||CS,K+1/2,T(.PT+I)

This implies that the restriction of K.Z*¢/% to [£/2,T + £/2] x R lies in C;HI/Z’T(‘P[@/Z’TJ,S/Z]).

o Let h := $V(&/2,-). By Proposition 5.18 Item (2) we have 1 € C™>~%7 almost surely. So from
(5.5) with @ := =5 — k and B := 1 — «, it follows that ﬁg/zh € C;KH/Z’T(‘{‘TH) almost surely.
Since from (5.4), we know Jh(t + £/2,x) = ﬁg/zh(t,x), we thus have that the restriction of Jh to
[£/2,T +&/2] x R lies in C; /> 7 (W o ja.74.0/2))-

Thanks to the above two bullet points and the relation (5.11), we have showed that the restriction of
H**/2 t0 [¢/2,T +&/2] xR lies in C;KH/Z’T(‘I‘[g/Q,TJ,S/g]). This is equivalent to the fact that H>>¢
lies in C;“*'/>7 (7). This completes the proof modulo (5.12). o
Proof of (5.12). We shall show (5.12) with £/2 and T + 1 replaced by € and T respectively. For @ < 0,
the derivative operator d5 : C([0,T], C*7(R)) — Cc 2, ""(¥r) which is defined by sending (v¢);e[o,r]
to the distribution

T
(Osv, 92wy = vr (@(T,-)) —/0 vi (rg(t,-))dt = vo(¢(0,-)), (5.13)

whenever ¢ € C°(¥r), is a bounded linear map. Indeed this operator is just the composition of the
embeddlng map of Lemma 5.4 with the operator 0Js that was proved to be bounded in Lemma 5.19.

Let MN e = MN(s + ) - My (&) and QN e = Qg (e+:) - Qéw (g). Let us consider any
joint limit point (Q*-¢, M*¥, M *-¢) of (QN,E, MN,E,DNMN,E) in the space C([0,T], C*7(R)) x
C([0,T],C*7(R)) x C*>7(¥r), where y < —1. Then one may verify from the second bound in
Lemma 5.19 that one necessarily has £ *°¢ = d;,M*-®. Furthermore by Proposition 5.18 one has
martingality of M,>*(¢), with (M*-¢(¢)) = 0% (¢?).

Let us consider any smooth function ¢ supported on the unit ball of R? such that ||¢||c1 < 1. Recall

S/l

(.2 from (5.2), and notice that (O,S(t )go) < /1‘101[,_ﬂz’thlzlx[x_/l’xhl] . We will now estimate the g'"
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moments of 4> S(S(t x)<p) =0, M""’a(S’1 )90) By making & smaller and T larger we may simply ig-
nore the boundary terms in (5.13). Note that for fixed s, ¢, x, A the martingale u — M,>® ((%S(t x) o(s,)

is constant outside of the interval [t — A%, ¢ + A%]. Thus we may apply the Minkowski’s inequality and
then Burkholder-Davis-Gundy in (5.13) to obtain

E[|2%°(S{, o 9)111'/9 = B[10,M™°(S{, ,,¢)11]'/4

e 00, & q1l/a
</ . E[|M;™2(8:S7, (s, N|"] "ds
t_

t+22 q/211/q
< Cq[ E[(Q,Jr/lz((at (t, X)SD)Z(Sa )) - Qt /12(((9[ (t, X)‘P)Z(S’ ))) ]

Q2
3 q/211/q
< 2C A~ E[(Qt 2 (l[x—/l,x+/l]) - Q:i’;z (l[x—/l,x+/l])) ]

where C = C(g) > 0. For any 6 > 0, by the second bound in Proposition 4.7 we find that the last
expression may be bounded above by

_3_ S
2CA 3(2/12)1/2”1[)( Axd] ||L1+5(R) =C1 2 [2(1+5)]_

Given any « > 0, take § = §(«) close to 0 and g = g (k) large enough, then we may then apply Lemma
5.102 to conclude (5.12). O

Now we may finally identify the limit points as the solution of the stochastic heat equation (1.5) and
thereby prove our weak convergence theorem: Theorem 1.5.

Lemma 5.22. Let w be a random variable in S’ (R) such that for some smooth even (deterministic)
¢ € S(R) and some § > 0 one has

sup(1 A a'"®)E[(w, $9)?] < o

a, &

lirr})E[(w, $9)?] =0, forall a € R\{0},

where ¢%(x) := e ' ¢(e7(x — a)). Then (w, ) = 0 almost surely for all y € S(R).

Proof. Define w?(x) := w * ¢-(x) so that (w, ¢%) = w®(a). Given some smooth ¥ : R — R of
compact support note that (w®,¢) — (w,y) a.s. as € — 0. This is a purely deterministic statement.
Thus it suffices to show that (w#,1) — 0 in probability. To prove that, suppose that the support of ¥ is
contained in [—S, S| and note by Cauchy-Schwarz that

12
< [/ ws(a)zda] lellz2 )
[-S.S]

so that by taking expectation and applying Jensen we find

0, 0)] = '/Rwa(a)ma)da

172
E[l(w®, y)]] < IIIIIIILZ[/ [w®(a)?]d ] :

By assumption, E[w?(a)?] < Ca’®! and E[w?(a)?] — 0 as &£ — 0, therefore the dominated conver-
gence theorem now gives the result by letting € — 0 on the right side. This proves the claim for ¥ of
compact support. For general ¢ € S(R) we may find a sequence i,, —  in the topology of S(R), with
each ¢, compactly supported. Then 0 = (w,,,) — (w, ) a.s. asn — co. O
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Theorem 5.23 (Solving the martingale problem). Consider the triple of processes ($" My, va )t >0,

where HV, My, Q{, ,and { are defined in (1.4), Definition 5. 14, (4.10), and Definition 2.1 1 respectively.
Fix@x < =5,y < —1,and v > 1. These triples are jointly tight in the space

C([0,T], C*T(R) X C"T(R) x C*T(R) ).

Consider any joint limit point (H®, M, Q). Then for any s > 0, the process (t,x) — H,(x) is nec-
essarily supported on the space C; K+l 2’T(‘I’T). Furthermore, (M;°(9));»0 is a continuous martingale

fJorall ¢ € CZ(R), and moreover for all 0 < s <t < T one has the almost sure identities

0 ) _ 0 _ g™ _ 1 ! 0 ’”
V@) =M@ = [ (7 - E ) —5 [ [ Hzwer e s
(M ($)) = 0(47) (5.15)
0@ -0v0=vo [ [ T (020(x) dud. (5.16)

Before going into the proof, we remark that with some inspection it may be verified that all quantities
make sense given the spaces they lie in, as long as we choose « < 1/2 to ensure that H* is a continuous
function in space-time away from ¢ = 0.

Proof. Most parts of the following theorem are already established in previous propositions and lemmas.
The tightness of the triple was shown in Proposition 5.18. Consider any limit point (H*, M*°, 0*). The
fact that for any s > 0, the process (1, x) — HS, (x) is necessarily supported on the space C; “*'/% 7 (Wr)
was proved in Proposition 5.21. From Proposition 5.18 we have that for all ¢ € C(R) the process
(M(¢)): >0 is a martingale. (5.15) is already proven in Proposition 5.18 as (5.8). Now we just need to
show (5.14) and (5.16). ]

Proof of (5.14). In (5.10) we obtained that H* = p + K.//* where (just as we observed after (5.13))
one necessarily has #* = 9; M. Disregarding the boundary terms implies that

(O M, 9) = (8, - L0HH™, 9)

for all ¢ of compact support contained in [&,T — £] X R for some £ > 0. Since both M* and H* lie
in spaces with strong enough topologies (see Proposition 5.21), taking ¢(u, x) to approach the function
(u,x) = 15,1 (u)¢(x) in the above equation leads to (5.14). O

Proof of (5.16). Fix any O < t < T and let w be a §’(R)-valued random variable defined as

(#.8) = 0% () — ¥({) /R /0 HE ()% (x) ds d. (5.17)

We claim that (w, ¢) = 0 a.s. for all ¢ € S(R). This will validate (5.16). To verify this, let us define
£4(x) = e71é(e7 (x — a)) with &(x) = \/I—Ee‘xz. Using the “key estimate” (4.16) of Proposition 4.6,
one verifies that the assumptions of Lemma 5.22 hold true for w with this family of mollifiers.

To see why Lemma 5.22 is applicable, first note that for fixed ¢ € C°(R), the difference between the
sum appearing in (4.16) and integral over [0, ¢] of the same quantity tends to zero in probability with
respect to the topology of C[0,T], since we proved tightness of $~ in a topology given by the norm
of C([0,T],C%7(R)). Therefore that sum in (4.16) converges in law, jointly with §”, to the integral
appearing in (5.17). Then an application of (4.16) and (4.17) shows that (w, ¢) as defined by (5.17)
satisfies the conditions of Lemma 5.22 for any § € (0, 1), since (4.17) gives a polylogarithmic bound
which is less than Ca~? for arbitrary choice of § > 0. This is enough to complete the proof. O

We now complete the proof of our main theorem, Theorem 1.5.
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Proof of Theorem 1.5. We continue with the notation and setup of Theorem 5.23. We have already
established the tightness of $” in Proposition 5.18. Consider any limit point H* of $”. From the
previous theorem, we already know that (¢, x) — H;} _(x) is a continuous function in space and time.
From the three equations (5.14), (5.15), and (5.16) in Theorem 5.23 it follows that the martingale
problem for (1.5) is satisfied by any limit point H*. We refer the reader to [BG97, Proposition 4.11] for
the characterization of the law of (1.5) as the solution to this martingale problem.

The result there is only stated for continuous initial conditions, so what this really shows is that for
any & > 0 the law of the continuous field (#,x) — H;} . (x) is that of the solution of (1.5) with initial
condition H (-). Thus we still need to pin down the initial data as &y, by showing that we canlete — 0
and see that the limit of HY (+) is equal to d¢ in some sense.

In [Par18, Section 6] there is a general approach to doing this. Specifically, it suffices to show, as in

Lemma 6.6 of that paper, the two bounds

E[|H;*(x)|1]*9 < C- 17", (), (5.18)
E[|H; (x) = p:(0)[1]79 < C - p (), (5.19)
%2
where g > 1 is arbitrary, p,(x) = (27t)""/?¢™ 7 is the standard heat kernel, and C is independent of

t > 0 and x € R. Clearly, it suffices to show this when g is an even integer. The solution of (1.5) with dg
initial condition certainly satisfies this bound, and by the moment convergence result in Section 3, we
know any limit point H* must satisfy IE[(/R HP (x)¢(x)dx)*] = E[(/R U, (x)p(x)dx)*] for all k € N
and ¢ € C2°(R), where (t,x) — U;(x) solves (1.5) with d initial data. From here we can conclude by
letting ¢ — &, that E[H;°(x)X] = E[U; (x)*] for all k € N and all x € R. Then we may immediately
deduce (5.18) and (5.19) by the corresponding bounds for ¢/;. This completes the proof. O

Remark 5.24 (Extension to other initial data). Throughout this paper we have taken the convention
of Dirac initial data, where one starts $~ from a Dirac mass at zero, corresponding to all particles

starting from O in the quenched random walks. In fact, this may be generalized, where one assumes
2p-1

instead that w is a sequence of probability measures on I such that the measures e*™ 7 wn (N'2dx)
converge in the topology of C*7 (R) to some limiting bounded and continuous function Uy. Then define
P®(n,-) := wnK;--- K, and let §" be as in (1.4) with P« defined in this more general fashion. The
above methods can be generalized to show that $” as defined this way converge in law (in the same
sense as Theorem 1.5) to the solution of (1.5) started from 4. Indeed, this is because all of the bounds
and convergence theorems we derived in Sections 2 and 3 worked with varying initial starting point, and
this generality can be propagated into the remainder of the paper. Some aspects of the paper need an
appropriate modification, for instance Proposition 4.6 will no longer require the polylogarithmic factor
at the origin.

2p-1
xN 4p

Of course, this leads to the question of e wn (N'2dx) converging to a more singular limit in
the topology of C%* 7 (R), as opposed to a continuous function (e.g., a measure or tempered distribution).
For a reasonable limiting measure, we still expect to see (1.5) in the limit started from this singular
initial data, but it is beyond the scope of the present paper to determine how to generalize Proposition
4.6 and [BGY7, Proposition 4.11] to this setting.

6. Examples of models satisfying the hypotheses

In this section, we will introduce a number of different models, prove that Assumption 1.2 is satisfied
for all these models, and, if possible, calculate the coefficient yex; from Theorem 1.5 for these models.
As explained in Remark 1.7 of the introduction, if all other conditions of Assumption 1.2 hold true
but my — m% # 1, then the condition m, — m% = 1 can always be forced to be true by replacing I by
cI for some ¢ > 0, and modifying the kernels K; to reflect this rescaling. Therefore we will not verify
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this condition for the models below, and it should be implicitly understood that this would affect the
diffusion coefficient in (1.5).

6.1. A generalized model of random walk in random environment on Z

Here we consider a generalized non-nearest neighbor model of random walks in random environments
whose KPZ fluctuations were recently conjectured in the physics paper [HDCC24].

Define the set Q := {v € [0, 1]% : 3,z v(i) = 1}, and let P be any probability measure on Q (defined
on the o algebra generated by the coordinate maps v +— v (i) with i € Z). Assume the following four
conditions on the probability measure P:

o The increment measure ¢g(i) := E[v(i)] (i € Z) defines an aperiodic and irreducible random walk
onZ.

o E[v(i)] < Ce?ll for some constants C,d > 0.

o Y.z E[v(i)?] < 1, that is, v is not P-a.s. concentrated at a single point of Z.

o The first p — 1 moments of v sampled from P are deterministic but the p’ one is not, in other words
ez i“v(i) is deterministic for integers 0 < £ < p, but is genuinely random for £ = p.

It is clear that such P exists for every choice of p € N, for instance choose a probability distribution
on {~1,..., p— 1} so that the first p — 1 moments are deterministic but the p™ one may take, for example,
either of two possible distinct values with equal probability. Using linear algebra one may show that this
is possible.

With P as above, let us now sample {v, x}rez rez., according to the measure P®(Z20%XZ) o the
product space Q%>0*Z_Tn other words all of the v, ,(e) are IID Q-valued random variables sampled
from P for every lattice site (r,x) € Zso X Z. Now sample the random kernels

Ky (x,y) = vy x(y —x).
Proposition 6.1. K, as defined above satisfies all of the conditions of Assumption 1.2.

Proof. With the exception of Item (5), it is immediate from the above four bullet points that all of
the items of Assumption 1.2 are satisfied. To show Item (5), one may actually show that the stronger
condition (1.1) is satisfied. But this is fairly obvious since the total variation distance is zero as long as
no two x; are the same, simply by the assumption of independence (i.e., sampling the kernels from the
product measure P®(Z=0%2)), o

Theorem 1.5 thus gives convergence of the rescaled and recentered quenched density field (1.4) to
the solution of (1.5) for such a model of random walks in a random environment with such IID kernels
at every lattice site. This generalizes our result from [DDP24b, Theorem 1.1] and confirms a conjecture
from the physics work of [HDCC24].

Suppose the measure P has the following property: there exists some ¢ € [—1, 1] such that for all
i,j € Zwithi # j, one has E[v(i)v(j)] = cE[v(i)]E[v(j)]. Then one may show that the invariant
measure 7" of the annealed difference process is just counting measure on Z except at the origin
where it carries extra mass, specifically ¢~'. We see that the annealed difference process p g is actually
reversible in this case, that is, the detailed balance equations can be solved, and the amount of extra
mass 7™ has at the origin can be found fairly explicitly in terms of the parameters of the model. This
was first noted in the physics paper [HDCC24] which led to several interesting alternate forms of the
coefficient y.x. In the present work we do not explore questions such as massaging the coefficient into
other forms, determining when the 2-point motion is reversible, etc.

Remark 6.2. The aperiodicity condition in the first bullet point may seem overly restrictive, since it
omits many nearest-neighbor models. The point is that periodic kernels may not satisfy the irreducibility
condition in Assumption 1.2 (6), as the communicating class of the origin under the difference chain p g;
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can be a proper subgroup I c Z¢. For instance even in the simplest nearest-neighbor case the difference
chain would be supported on 2Z. However, this periodicity for nearest-neighbor models is not a fatal
flaw and can be remedied by considering the two-step chain in which the kernel K, is replaced with the
product K»,,1K>,, and I = Z is replaced with I = 27Z. In general, such periodicity issues can be fixed
by modifying the kernels similarly, taking into account multiple steps of the random walk at once.

6.2. A “random landscape model” with strongly mixing weight fields

Here we will study a particular type of stochastic flow model introduced to us by I. Corwin. We will
see that KPZ fluctuations arise in systems where there may be infinite range of particle interaction or
non-I1ID weights satisfying strong enough mixing conditions. This seems to be somewhat novel among
KPZ-type convergence results.

Let (wy x)ren, xez be a collection of random variables, and for each r € N denote w, = (W, x)xez.
Let b : Z — [0, 1] be any deterministic function, with »(0) > 0 and assume that the additive subgroup
of Z generated by {x : b(x) > 0} is all of Z. Define the kernels

b(y —x)e®ry
Krlxy) = Yyezb(y —x)e“r” .

In order to prove KPZ fluctuations for this type of model, we will need to verify Assumption 1.2, for
which we will need to assume that either one of the following two conditions holds:

(A) bis finitely supported, furthermore the w1, w3, w3, ... are independent families with each w, having
the same finite-dimensional marginals as w|, and moreover w; is strictly stationary and @-mixing
with a(n) < Ce=%" for some C, 6 > 0.

(B) |b(x)| < Ce= "I for some C, 6 > 0, and furthermore (w, ), ei. xez are IID with E[e'®1@10]] < co,

Except for Items (3) and (5), the remaining items of Assumption 1.2 are trivially satisfied from the
assumptions on the weights and the probabilities (taking p = 1 in Item (4)). Note that for x,y € I* we
have

“(xy) = HK ( E[ﬁ e T ]
p X,y 1\x; ’y ; AT
e Y e P

k b ) e @y
/J®k(y—X)=1—[E[K1(xj,yj HE[ (yj—xje wl)]

j:1 j: y EZb(y - X )e

Using these expressions, let us focus on verifying Items (3) and (5) in the conditions of Assumption 1.2.
This will be done separately for each of the two bulleted assumptions above.

Proposition 6.3. Under either Condition (A) or Condition (B), Assumption 1.2 is satisfied by the kernels
K, from (6.1), with p = 1.

Proof. Verification of Assumption 1.2 under Condition (A). Since b is finitely supported, Item (3) is
trivially satisfied, so we just need to verify Item (5). To do this, we will verify the stronger assumption

(1.1).
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Let us first recall the definition of exponential @-mixing for a strictly stationary sequence of random
variables. If w := (wy)xez is such a sequence, then we have a definition

a(n) = a(Fw,0, Fn,oo)

where F, p i= 0(wx : m < x < n) form < nand o(F,G) = sup{|P(ANB) —P(A)P(B)| : A €
F,B € G} for two sub o-algebras F, G. The sequence w is called a@-mixing if a(n) — 0 as n — oo,
and it is called exponentially a-mixing if @(n) — 0 exponentially fast (e.g. IID sequences are a-mixing
with a(n) = 1{,=0}.)

Suppose w is any a-mixing sequence with @(n) < Ce™%" where C, 8 > 0. Let [m;,n;](1 <i < k)
be disjoint intervals of Z such that n; + J < m;4; where J > 0 (large). By iteratively applying the a-
mixing property and using the triangle inequality, one may show that if f; are F,, ,,-measurable with
|fi| <1, then

k k
'E[l_[fi] —]_[E[f,-] < Ck-e™?, 6.2)

J=1 J=1

Let us apply this bound in our context. Suppose that our weight function b is supported on [—B, B]
where B > 0. Now if x = (xq,...,x¢) € I, letting 2J := min; <;< <k |X; — x| we see from (6.2) and the
above expressions for p®) (x,y) and u®* (y — x) that

1p® (x,y) = u®* (y - x)| < Cke 0P = 7% mimsizyar x|,

where C’ = Cke?B. Since b is finitely supported on [—B, B], it follows that the measures p (¥ (x, o)
and u®k have support contained on at most (2B)* sites. Thus the last expression is already enough to
imply the total variation bound (1.1), thus completing the proof.

Verification of Assumption 1.2 under Conditition (B). Using Jensen’s inequality on the denominator,
we have

b(y —x)e®r>y

Yy b X w,y - Wr,y=Yyrez b(Y'=x) Wy y
eZyez by =x)w, y b(y —x)e y v

K,(x,y) <

Taking expectation, we see that

E[K, (x,y)] < b(y = x)B[e(! 20Dy [ TE[e? 00w ] = C-b(x - y),
Y'#y
where the (possibly infinite) product is convergent since we know that the weights are IID and 3., b(y’—
x) < oo. Thus Item (3) of Assumption 1.2 is satisfied. More generally, the same arguments together with

Holder’s inequality can be used to show that as long as e!®0l has at least m finite moments, we have
for all k < m/4 that

k k
B[ [ K- Cejoypl < €] b -y, 6.3)
j=1 j=1

Let us verify Item (5) by verifying the stronger assumption (1.1). Notice that if X,Y, Z > 0O are three
random variables defined on any probability space (€2, F, P) then we have that
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291/2 271/2
Al IO e )
Y+Z Y Y+Z Y Y(Y +2)
2 1/2
211/2 Z 211/ oy b1 /4 —4q1/4
< E[X?]'E Tiz7 <E[X}'PE[ZVE[(Y + )74 (6.4)

Fix J > 0 (large) and x, y € Z¥ where 1 < k < 4. We will use this inequality with

X = ﬁewl,w, Y = ﬁ ( Z b(y' _xj)ewl.y’)’ 7 = Z ﬁ b(y} —Xj)ewl‘y';’

j=1 J=1 N yily =xjl<J y’:max \y}—xj|>.1 Jj=1

where the last sum is over vectors y’ = (y, ..., y;). By Minkowski’s inequality we have

4
wl,y_;]1/4 < Ce ¥,

k
IE',[Z4]1/4 < Z nb(y} - x;)E[e

y’:max |y}—)Cj |>J j=1

where we are using the exponential decay of the kernel b and the fact that the weights are IID. Now by
Jensen we also have

Y+2)"' = ﬁ (Db =xpe) ™ < ﬁ e~ Ly bb=xwLy,
j=1 yez j=
therefore by applying Holder’s inequality we have
: 4k Sz b (¥ -x;) 1/k : 4kb (y'~x;) 1/k
- y'ez DY —Xj) Wi,y = - Y mXj) Wiy
E[(Y + 7)™ FI]E ] gy]:]zla[e 1V,

and the latter is finite and bounded by an absolute constant since b(y’ — x) is summable over y’ and the
weights are IID satisfying E[e*|®10]] < co. Summarizing the last three expressions and applying (6.4),
we find uniformly over x,y € I* that

(k)( ) E ﬁ b(yj _xj)ewl‘yj <C -0J (6 5)
p X,y j=l Zy’;|y’7xj|§_] b(y/ _ Xj)ewl’y/ - e . .
The same argument with k = 1 also yields that
b(y; —xj)e“"i b(y; —xj)e®"i
‘E[ Oy ~xpe ,]—E[ Oy zxpe ,”sce—”, 1<) <k
Zy’EZb(y _xj)e Y Zy/:|y/—xj~|SJ b(y _xj)e Y
By taking products over j < k this will yield
H (y - x) - ﬁ blyy —xpe™™ <Ce® 6.6)
y—X Zy 1<t b(y —xp)e” || = e ", .

where the constant C may have grown. Using the independence of the weights we see that if x =
(x1,...,xx) € I* such that min; <;<j<k |x; — x;| =: 2J then the expectation of the product in (6.5) is
equal to the product of expectations in (6.6), thus supye;« \p(k) (x,y) — u®*(y - x)| < Ce %’ In other
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words, we have shown that

sup |p®) (x.y) = p®*(y = %)| < Cem 2 MMt b,
yelk

Using (6.3) we also have

k
PP xy) -1 (y =% < [pP xy)+ 1k (y-x] < ] [ bx; - ).

Jj=1

Combining the last two expressions and using min{u, v} < u'/?v!/? we thus find that

k
|p(k) (x,y) — u®(y - X)| < Ce™ § minisicjzk [xi=x;] l_[ b(xj - yl.)l/2 < Ce~ §mimsicjzk lxi=xj1 ,=% Zjy bej=yil
J=1

where we applied the assumption of exponential decay of b. Consequently we find that

o=~ pW o)y = D PP xy) ~ 4y - %)
yelk

. 0 vk
< Ce~§ mimizicjzk 1xi=x;] § e~ 2 Zj= 1=yl
yelk

0 .
Ce™ 7 Milicicj<k [Xi=x;
S e 4 <i<j< |t jl,

which proves (1.1) as desired. The conditions needed to make sure all expectations above are finite is
that E[e‘”"“”v()'] < oo. Since p = 1 in Assumption 1.2 Item (4), we need (1.1) to hold only up to k =4,
and it follows that 16 moments is all that is necessary. O

Remark 6.4. Note that Condition (A) does not require any moment conditions on the weights w, . We
also remark that the mixing rate could be weakened to z(n) < Cn™2"€, and thanks to the assumptions
on Fyecay in Item (5) of Assumption 1.2, this rate would still suffice, despite the exponential bound (1.1)
not holding.

Additionally, while we formulated the model on discrete space Z, there is also a continuous-space
analogue of the above a-mixing landscape model. Let (w(x))cer be any strictly stationary a-mixing
field with continuous sample paths. Let b : R — R be a bounded nonnegative measurable function of
compact support that is not Lebesgue-a.e. zero. Then we may define the kernel

b(y —x)e®®)
Ki(x,dy) = Ym0
F b7 —x)etdy’

Essentially the same arguments as those given above will verify the conditions of Assumption 1.2 for IID
samplings K1, K3, K3, ... of this kernel. An example of such a field (w(x))yer is an Ornstein-Uhlenbeck
process. In fact, it is known that any strictly stationary Markov process that is geometrically ergodic is
exponentially S-mixing and thus exponentially a-mixing, see [Bra05, Theorem 3.7]. Consequently we
can take w to be the stationary solution to the SDE dw(t) = =V’ (w(?))dt + dW (t) where, for example,
lim|x|_m % = 00,

Finally we remark that for the “landscape-type”” models considered above, we do not know if the
invariant measure 7™ can be explicitly described in terms of the parameters of the model, as was the
case for the Dirichlet-type models of the previous subsection. We are not sure if the annealed difference
process pg;¢ is reversible with respect to 7", though we see no reason for this to be the case given the
complex correlation structure between the particles.
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6.3. Transport-type SPDE model: diffusion in random environment

While Theorem 1.5 perhaps gives the impression that one can only consider discrete-time systems, this
is not at all the case. We now discuss a continuous-time stochastic PDE model that motivated much of the
discussion of KPZ fluctuations arising in stochastic flow models [BL.D20, LDT 17, BW22]. This model
was originally inspired by physics works of Kraichnan [Kra68, Kra94], see also [GK95, GK06, GHO4].

Let & be a standard Gaussian space-time white noise on R, X R, and consider any smooth even
compactly supported function ¢ : R — R. Consider the spatially mollified noise V := & * ¢ which is
smooth in space and white in time. Assume that [|¢||;2() < 1, thatis, ¢ = #(0) < 1 which implies that
SUp,.cp, @ * P(x) < 1.

Formally the covariance kernel of V is given by E[V(#,x)V(s,y)] = (¢ * d)(x —y) - 6(t — 5). As
explained in [BW22], one may sensibly construct the It solution to the stochastic PDE

du(t,x) = %agu(t,x) + 0y (u(t, )V (t,x)), u(0,x) = 5(x), 6.7)

where r > 0 and x € R. Note that, unlike (SHE), there is a derivative around the multiplicative term.
A pathwise solution « that is continuous in both variables (away from the origin) and adapted to the
filtration of the noise V is only possible due to the spatial smoothness of V, and it turns out that the
solution preserves mass of the initial data, that is, fR u(t,x)dx = 1forall r > 0 a.s., see [Kun94, Kun97,
LJRO2].

Fort > s > 0 and x,y € R we define the “propagators” uy ;(x, y) associated to the equation (6.7) as
follows: let (¢, y) + u, ;(x,y) be the solution of (6.7) started from &, (y) at time s. All of these solutions
are coupled to the same realization of the driving noise V. Then we have the semigroup property

/uS,,(x, Vurr(y,2)dy =usr(x,2), Vs<t<r a.s., (6.8)
R

and furthermore if {(s;,#;]}!", are disjoint intervals then {uy, ;,}!", are independent (because us, is
always measurable with respect to the restriction of V to [s, f] X R) [Kun94, Kun97, LJR02].
We may thus define the kernels

K, (x,y) i=ur re1(x,y),

and the preservation of mass implies that fR K, (x,y)dy =1forallx € Rand r € Z.

Proposition 6.5. With K, as defined above, all of the items of Assumption 1.2 are satisfied for these
kernels, with p = 1.

Proof. Since the driving noise V of (6.7) is spatially and temporally stationary, it follows that K; is
translation invariant and that the kernels K; all have the same distribution. The fact that the kernels
K1, K>, ... are independent was already explained above. Let us explicitly calculate the annealed one-
step law u as in Item (3) of Assumption 1.2. Letting 6 := 1 — (¢ = ¢)(0), [DG22, Proposition 2.1] proves
that (6.7) is the Kolmogorov forward equation associated to the SDE formally given by

dX (1) = =V (t,X(1))dt + 0'2dW (1), (6.9)

where W is a Brownian motion independent of the noise V.? It turns out that this formal SDE admits
a solution theory by construction of a stochastic integral fot V(s, X(s))ds, see, e.g., [BC95]. Moreover,

for each realization of V, one may prove that /B us;(x,y)dy = PV (X(t) € B|X(s) = x) where PV is
a quenched expectation given V [Kun94, Kun97, LJR02]. In the annealed sense the stochastic integral

2This SDE representation looks misleading because the Ito-Stratonovich correction in (6.7) is not a constant multiple of u, but
rather it is given by %(1 — 60)8%u(t, x), which explains why the viscosity in the Itd equation is % instead of %(9‘
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foz V (s, X(s))ds, is just a Brownian motion of rate (¢ * ¢)(0) = ||¢||? 12(R)’ consequently the annealed

path X is itself just a Brownian motion of rate 6 + (¢ * ¢)(0) = 1.

This discussion shows that the annealed one-step law y is a normal distribution of mean 0 and
variance 1, which is enough to verify Item (3) of Assumption 1.2. Let us now move onto the proof of
Item (6). If y1,y> : [0, f] — R are two deterministic paths then we have

t t 2 t
E[( /0 V(s.y1(s))ds - /0 v<s,yz(s))ds)]= /0 W (s) - ya(s))ds,  where
U(x) = 2(¢ % B(0) — ¢ * 6(x)).

Using this fact and the SDE interpretation (6.9) of (6.7), consider two independent particles X I x2
satisfying that SDE, with the same realization of V but independent driving Brownian motions W', W2.
One may verify that the annealed difference Y (¢) := X'(r) — X?(¢) of two particles is itself an Itd
diffusion (with deterministic coefficients) satisfying

dY (1) = (2-2(¢ = ) (Y (1)) *dB (1), (6.10)

where B is a standard Brownian motion on R. In other words, pg;(x, ®) is just the transition density
at time 1 of the Itd diffusion (6.10) started from Y (0) = x. This is an elliptic diffusion with generator
Lf(a) = %(2 —2(¢ = ¢)(a))f”(a). Since the diffusion matrix is bounded above and below by positive
constants, both bullets in Item (6) of Assumption 1.2 will be satisfied by standard existence theory
of smooth positive densities for uniformly elliptic diffusions [Str88]. Note in this case that we have
reversibility of p g with respect to 7™, that is, the generator L is self-adjoint on L?(x'™) as is easily
shown using integration by parts.

It remains to verify Item (5) of Assumption 1.2. To do this, we will again verify the stronger assumption
(1.1). As noted in [BW22, Eq. (1.10)] or [Warl5, Eq. (4)], the annealed law of k independent particles
X' (t)(1 < i < k) each satisfying (6.9) (with independent driving noises W' but the same realization of
V) is an Ito diffusion on R¥ with generator

2

0
5aga @

L™ f(a) =

l\J |

k
2(91{, jy+ (8% 9)(ai —ay)
52

where we recall that 6 := 1 — (¢ * ¢)(0). Let Z(a) be a positive square root of that diffusion matrix, so
that the eigenvalues of X (a) are bounded above and below independently of a € R¥. If ¢ * ¢ is supported
n [-B, B] then note that X(a) = o - Id outside of the set G := {a : min|<;<;j<x |a; —a;| > B}. Then
the diffusion with generator L has law given by the solution of dX (r) = 2()? (t))dW(t) for a standard
k-dimensional Brownian motion W. Thus p¥)(x, o) is just the transition density at time 1 of this elliptic
diffusion started from X (0) = x. Since X(a) = o - Id outside of the set G, the diffusion X simply evolves
as standard k-dimensional Brownian motion outside G. Consequently the total variation bound (1.1) can
be proved by a simple and explicit coupling construction. A simple union bound using the Gaussian tail
decay of the Brownian maximum on [0, 1] shows that, starting from x = (x1, ..., x¢ ), the probability of
the Brownian sample path (x + oW (#)),c[0,1 hitting G is bounded above by C Sicicjsk € 37 (ixp)? ,
where C is a large constant depending on the support value B. If X (0) = X, then the diffusion sample
path (X(t))te[o 1] agrees with (x + a'W(t)),E[o 17 on the event that (x + a'W(t))te[o 1] does not hit G,
which provides the explicit coupling of X (1) with the k-dimensional normal distribution x + o'W(l)

This shows that the total variation dlstance in (1.1) is bounded above by > ;cj<x e ~3,7 (i xf)

2
Using the brutal bound ;. ;<x € a7 (i) Tk(k - 1)e” 27 Mimsijsk (=" g noting that
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(xi —x j)2 > —1 + |x; — x| then implies the desired bound (1.1), thus completing the verification of
Assumption 1.2.3 O

Thus Assumption 1.2 has been verified (with p = 1 in Item (4)), which means that Theorem 1.5 will
hold for this family of stochastic kernels (K} ), >o. Using (6.10), the invariant measure is given explicitly
as

1
——da.
1—¢x*p(a)
Thanks to this explicit representation of 7', one may ask if the coeflicient ey in Theorem 1.5 could also
be calculated explicitly. The authors of [BW22] observe that this is indeed possible, and in fact one has

, [ (650
ycxt‘/Rl—w*@(a)d“'

Notice by the convolution property (6.8) that K| - - - K, (0, -) simply agrees with u(r,-) where u solves
(6.7). Consequently in this context, the statement of Theorem 1.5 is saying that the field

7" (da) =

inv

SV (t,¢) = N'/? /R Dy sx - u(Nt, N** + N'2x) - ¢(x)dx

is converging to the solution of (1.5). Of course this leads to a number of other questions, such as what
happens if we do not integrate against a test function ¢ but rather just consider the “un-coarsened”
or “pointwise” field 8V (¢,x) := N'/2Dy ; ,u(Nt, N*/*t + N'/2x). This question remains open, and
we expect a nontrivial answer, specifically we expect that there are additional nontrivial pointwise
fluctuations in the limit that vanish under the test function integrated formulation as in $” . It is not
difficult to show impossibility of convergence in a topology of continuous functions, and we do this
for the model considered in [DDP24b]. But specifically gauging the exact nature of these additional
pointwise fluctuations is more difficult and would require new ideas. This type of “local limit” question
was explored in [CG17] in a different regime; perhaps a similar idea could be used to gauge these
pointwise fluctuations.

A related question is that if we define the rescaled noise field VN (z,x) := N3*V(Nt, N3/t + N'/2x),
and we take a joint limit point of (V™, $V), say (£,1(), then is it true that the space-time white noise
¢ is simply the driving noise of ¢/? This question was answered recently in [DDP24b, Theorem 1.3] for
a related model, and the answer is that & will not be the driving noise of /. Rather the driving noise
of U will consist of & plus another independent space-time white noise. This is because, as pointed out
in [BW22], the rescaled field z (¢, x) := Nl/zDN,,,xu(Nt, N34t + N'/2x) satisfies the Itd SPDE given
for (t,x) € Ry X R by

dz(t,x) = %ﬁfz(t,x) +2(,)VN (1, %) + N"40, (z(1, x) VY (1, %)), v(0,x) = 6o(x).

Interestingly, the latter family of SPDEs is no longer “scaling subcritical” in the sense of regularity
structures [Hail4], but it is instead critical. Nonetheless, Theorem 1.5 clearly indicates that there is an
explicit SPDE limit for z,, and the final term causes the creation of additional multiplicative noise in
the SPDE. A recent result of Hairer [Hai25] on variance blowup of the tree diagrams may be relevant
in describing more explicitly where the extra noise comes from.

This phenomenon of “creating extra noise in the limit” is not explored in the generalized context of
the present work, as it is unclear to us how to define the prelimiting analogue of the driving noise V~
for the generalized model considered in Assumption 1.2.

3We remark that this argument would not work if ¢ is not compactly supported even if it decays rapidly; one would need to
be more clever to control the total variation distance in (1.1). One could instead use a perturbative approach to couple diffusions
with matrices that are close to one another, but for brevity we do not pursue the details here.
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6.4. Sticky Brownian motion

Here we discuss a continuum model of random walks in a random environment that has nice exact
solvability properties that were explored in [BW23, BR20, BLD20]. We already prove KPZ convergence
for this model in [DDP24b], but we now discuss how to recover that result in the present context.

In order to define the random kernels for this model, we first need to introduce the concept of
continuum stochastic flows of kernels. For s < t, a random probability kernel, denoted L, ;(x, A), is a
measurable function defined on some underlying probability space €2, such that it defines a probability
measure on R for each (x, w) € Rx Q. The quantity L ;(x, A) is interpreted as the (random) probability
of a particle to to arrive in A at time ¢ starting at x at time s.

A family of random probability kernels (Ls)s<; on R is called a (continuum) stochastic flow of
kernels if:

1. Forany s <t < u and x € R, almost surely one has that K ;(x, A) = §x(A) and

/ Lu(ys ALy 1 (5, dy) = Ly (x, A)
R

for all A in the Borel o--algebra of R.
2. Forany t| <t < -+ < 1y, the (L,,.,,l.“)ik:‘l1 are independent.
3. Forany s <uandt € R, Lg ,, and L4t 4+ have the same finite dimensional distributions.

For the continuum stochastic flow that we consider in this section, one can ensure that the set of
probability 1 on which 1 holds is independent of x € Rand s < ¢ < u, see [SSS14] and the more general
result of [RR24]. This allows us to interpret (L )s<; as bona fide transition kernels of a random motion
in a continuum random environment (using, e.g., Kolmogorov extension theorem). The annealed law of
such a motion is called the 1-point motion associated to (L ;)s<;. More generally, the k-point motion of
a continuum stochastic flow of kernels is defined as the R* valued stochastic process X = (X', ..., X¥)
with transition probabilities given by

k
1_[ Lo (xi,dy;)

i=1

Pt(i,dy) =E

We will be interested in a particular random motion in a continuum random environment originating
from the Howitt-Warren flow of kernels. Its corresponding k-point motion solves a well-posed martingale
problem that was first studied by Howitt and Warren in [HW09]. Below, we introduce the k-point motion
by stating the martingale problem as formulated in [SSS14].

Let v be a finite and nonnegative measure on [0, 1]. We say an R*-valued process X, = (X,1 et X,k)
solves the Howitt-Warren martingale problem with characteristic measure v if X is a continuous, square-
integrable martingale with the covariance process between X’ and X/ given by

t
<Xl’X]>l‘ = 1{xé:le}dsa
0

and furthermore it satisfies the following condition: consider any nonempty A c {1,2,...,k}. For
x € R*, let

Sa(X) :=max{x; : i € A}, and ga(x) = |{i eEA|x; = fA(x)}i.

Then the process fa (X;) — fot B+(ga(Xs))ds is a martingale with respect to the filtration generated by
X, where $.(1) := 0 and
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m=2
pemy =3 [ Y =0vian. m>2.
k=0

Howitt and Warren [HW09] proved existence and uniqueness in law for this martingale problem. From
the covariation formula above, we see that each X’ is marginally a Brownian motion. The k particles
X' can thus be interpreted as Brownian motions evolving independently of each other when apart, but
when they meet there is some “stickiness” or tendency to move as a single particle, and the intersection
set will have positive measure (albeit being nowhere dense). Consequently the process X is referred to
as k-point sticky Brownian motion with characteristic measure v in the literature.

By a remarkable result of Le Jan and Raimond [LLJR04a, Theorem 2.1], any consistent family of
Feller processes can be viewed as a k-point motion of some stochastic flow of kernels, unique in finite-
dimensional distributions. Thus, in particular, the solution of the Howitt-Warren martingale problem
can be viewed as the k-point motion of some stochastic flow of kernels. We call this stochastic flow of
kernels the Howitt-Warren flow. In other words, these kernels are not explicitly specified in terms of
some simpler object, but rather we are using the abstract result of [LJR04a] to say that there is a unique
family of stochastic kernels whose k-point motion is precisely k-point sticky Brownian motion for every
k € N. We refer to [SSS09, SSS14, SSS17] for a more concrete description in terms of the Brownian
web and net.

Proposition 6.6. Let L, ;(x,dy) denote the Howitt-Warren flow, with any choice of finite and nonzero
characteristic measure v, and let us define our kernels

K, (x,dy) := Ly 41 (x,dy).

Then Assumption 1.2 holds true for this family of kernels.

Proof. We note that the independence and stationarity in space-time is clear from the definitions. The
fact that i has exponential moments is clear from the fact that the 1-point motion is just Brownian motion,
hence p is Normal(0, 1). The verification of Item (5) can be done by noting that the k-point motion
behaves as Brownian motion away from the boundary of the Weyl chamber U ;< j<x{ai = a;} C R,
consequently the total variation distance in (1.1) can be controlled using a similar explicit coupling
construction that was used for the transport SPDE models of the previous subsection.

It remains to verify Item (6) of Assumption 1.2. To do this, we note that the annealed difference
process behaves as Brownian motion sticky at zero. This is a process with pregenerator Lf(a) =
% f”"(a) but with domain given by only those functions, smooth away from 0, satisfying the relation
f(0+) = f/(0-) = 21/[1—0,1] f"(0=x), see [EP14]. Alternatively it may be described as the unique-in-law
process (Y (t));>0 such that all three of the processes

t 1 t
Y(), Y@ -] 1 ds, |Y()|- ——— [ 1y.-0d
0 Y0P [ toads, 1= g [t

are continuous martingales. Since the characteristic measure v is assumed to be nonzero, the result
of [BW23, Theorem 1.2] implies that for every starting point x € I, this Markov process has an
absolutely continuous (and everywhere positive) part to its time ¢ = 1 transition kernel p g;¢(x, ®), thus
the irreducibility of Item (6) in Assumption 1.2 is satisfied. The total variation continuity can also
be deduced from the same result in [BW23], noting that both the singular part at the origin and the
absolutely continuous part appearing in the formula are continuous as a function of the starting value,
with the absolutely continuous part decaying like a Gaussian. O

Thus Assumption 1.2 has been verified (with p = 1 in Item (4)), which means that Theorem 1.5

will hold for this family of stochastic kernels (K, ),»o. We remark that the invariant measure 7™ is
explicit in this case, given by Lebesgue measure plus a Dirac mass of weight Tz)l] at the origin (and
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P ai is reversible with respect to 7). Thus, as we proved in [DDP24a], the coefficient yex is explicitly

computable in this case and satisfies ygxt = 21/[]—01]
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