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Abstract

The purpose of this article is to prove a ‘Newton over Hodge’ result for finite characters on curves. Let X be a
smooth proper curve over a finite field F; of characteristic p > 3 and let V C X be an affine curve. Consider a
nontrivial finite character p : 7¢ (V) — C*. In this article, we prove a lower bound on the Newton polygon of
the L-function L(p, s). The estimate depends on monodromy invariants of p: the Swan conductor and the local
exponents. Under certain nondegeneracy assumptions, this lower bound agrees with the irregular Hodge filtration
introduced by Deligne. In particular, our result further demonstrates Deligne’s prediction that the irregular Hodge
filtration would force p-adic bounds on L-functions. As a corollary, we obtain estimates on the Newton polygon of
a curve with a cyclic action in terms of monodromy invariants.
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1. Introduction

Let p be a prime with p > 3 and let ¢ = p“. Let X be a smooth proper curve of genus g defined over F,
with function field K (X). We define Gx to be the absolute Galois group of K(X). Let p : Gx — C*
be a nontrivial continuous character. The L-function associated to p is defined by

1
L) =] [ = S Frob s 6))

with the product taken over all closed points x € X where p is unramified. By the Weil conjectures for
curves [31], we know that

d
L(p,s) = H(l —a;s) € Z[s].
i=1

It is then natural to ask what we can say about the algebraic integers ;. The Riemann hypothesis for
curves tell us that |a;|. = /g for each Archimedean place. Furthermore, we know that the ¢; are ¢-adic
units for any prime £ # p. This leaves us with the question: What are the p-adic valuations of the «;?
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The purpose of this article is to study the p-adic properties of L(p, s). We prove a ‘Newton over Hodge’
result. This is in the vein of a celebrated theorem of Mazur [20], which compares the Newton and Hodge
polygons of an algebraic variety over F,. Our result differs from Mazur’s in that we study cohomology
with coefficients in a local system. Our Hodge bound is defined using two monodromy invariants: the
Swan conductor and the tame exponents. The representation p is analogous to a rank 1 differential equa-
tion on a Riemann surface with regular singularities twisted by an exponential differential equation (i.e.,
a weight 0 twisted Hodge module in the language of Esnault, Sabbah and Yu [9]). In this context one may
define an irregular Hodge polygon [8, 9]. The irregular Hodge polygon agrees with the Hodge polygon
we define under certain nondegeneracy hypotheses. Our result thus gives further credence to the philoso-
phy that characteristic 0 Hodge-type phenomena force p-adic bounds on lisse sheaves in characteristic p.

1.1. Statement of main results

To state our main result, we first introduce some monodromy invariants. The character p factors uniquely
as p = p"4 ® y, where |[Im (p"!9)| = p™ and [Im(x)| = N with ged(N, p) = 1.

1. (Local) Let Q € X be a closed point. After increasing g we may assume that Q is an F,-point. Let

ug be a local parameter at Q. Then p restricts to a local representation pg : Gg — C*, where G

is the absolute Galois group of F, ((up)). We let pgild (resp., xo) denote the restriction of p" 4

(resp., x) to Go.

(a) (Swan conductors) Let Ip C G be the inertia subgroup at Q. There is a decreasing filtration of
subgroups I 22 on /g, indexed by real numbers s > 0. The Swan conductor at Q is the infimum
of all s such that I SQ C ker(pp) [13, Chapter 1]. We denote the Swan conductor by s¢. Note that
so = 0if and only if pgild is unramified.

(b) (Tame exponents) After increasingeq we may assume that y is totally ramified at Q. There exists
eg € ﬁz such that G actson ¢ QQ by xo. Note that e is unique up to addition by an integer.

o The exponent of y at Q is the equivalence class eg of eg in ﬁZ/Z.
o We define €g to be the unique integer between 0 and g — 2 such that % € eg.

o Write €p = ego+eg1p+ - +eg.a1p* ', where 0 < ep,; < p—1. We define wg = Y eg i,
the sum of the p-adic digits of €p. Note that wp = 0 if and only if y ¢ is unramified.
We refer to the tuple Rp = (sg, €g. €0, W) as a ramification datum and Tp = (eg, €p, wp) as a
tame ramification datum. We define the sets

0 SQZO,
1 so-1 _
So=1{{& St so # 0and wp =0,
1 wQ SQ w,

g—m,...,g—m}, SQ;&Oande;tO.

2. (Global) Let 1y, ..., Tm be the points at which p ramifies and let n < m be such that 7y, ..., m, are
the points at which y ramifies. We define

1 n
Q=—Y w,.
g a(p—l);

This is a global invariant built up from the p-adic properties of the local exponents. One can show
that Q, € Z( (see Section 5.3.2).

Using these invariants, we define the Hodge polygon HP(p) to be the polygon whose slopes are
m
{0,...,0yu{ 1,....1 }u L|S7i :
N—— N———r i=1
g—1+m-Q, g—1+m-n+Q,
where LI denotes a disjoint union. We can now state our main result:
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Theorem 1.1. The g-adic Newton polygon NP,(L(p, s)) lies above the Hodge polygon HP(p).

Remark 1.2. It is worth mentioning that HP(p) and NP, (L(p, s)) have the same endpoints. To see this,
first note that the x-coordinates of the endpoints of both polygons are g —1+m+3; so. For NP, (L(p, s))
this follows from the Euler—Poincaré formula [13, Section 2.3.1], and for HP(p) it is clear from the
definition. Next let (s}, e}, €;,,w’ ) be the ramification datum associated to p~! at 7;. Then we have
s, = S, and €, = —e,,. From this we see that w}, = a(p — 1) — w,, for 1 <7 < mand w7, = 0 for
i > n, which implies Q,-1 = n - Q,. Thus, for every slope @ of HP(p), there is a corresponding slope
l-aof HP (p‘1 ). Similarly, by Poincaré duality we know that for every slope & of NP, (L(p, s)), there
is a corresponding slope 1 — @ of NP, (L (p~',s)). It follows that the y-coordinates of the endpoints
of HP(p) UHP (p~') and NP, (L(p,s)) UNP, (L (p~',s)) agree. By applying Theorem 1.1 to p and

p~!, we see that the endpoints of HP(p) and NP, (L(p,s)) are the same.

Remark 1.3. When p factors through an Artin—Schreier cover, Theorem 1.1 is due to previous work of
the author [15].

Remark 1.4. The only other case where parts of Theorem 1.1 were previously known is when X = P!
and p is unramified outside of G,,. Work of Adolphson and Sperber [2, 3] studies the case when
|[Im(p)| = pN and ged(p, N) = 1. We note that the work of Adolphson and Sperber treats the case
of higher-dimensional tori as well. These groundbreaking methods were applied to the case when p
is totally wild by Liu and Wei in [18], introducing ideas from Artin—Schreier—Witt theory. For p with
arbitrary image there are some results by Liu [17], under strict conditions on the wild part of p (this
case corresponds to Heilbronn sums).

To the best of our knowledge, Theorem 1.1 was completely unknown outside of the situations
described in Remarks 1.3 and 1.4.

Example 1.5. Let X = IP’]; and let 7y, ..., 74 be the points where p ramifies. Assume |Im(p)| = 2p"
q

and that p is totally ramified at each 7; (i.e., the inertia group at 7; is equal to Im(p)). Let f : E —» X
be the genus 1 curve over which y trivialises and let v; = f~!(1;). Consider the restriction pg = p|Gy.
Let (s;, €;, €, w;) be the ramification datum of p at 7; and let (slf, e €, w;) be the ramification datum
of pg atv;. By Theorem 1.1 we know that NP, (L(pEg, 5)) lies above

(4 1 2s; — 1
HP(pg) ={0,0,0,0} L {1,1,1,1} U |_|{ —} .

2 T2

This follows by recognising that 57 = 2s; and w/ = 0. The factorisation L(pg, s) = L(p, s)L (0™'?, )
corresponds to a ‘decomposition’ of HP(pg) into two Hodge polygons, one giving a lower bound for
NP, (L(p,s)) and the other for NP, (L (0™, 5)). We have w; = “2=1 for each i and Q, = 2. This
allows us to compute the Hodge polygons as

4
1 3 2s; — 1
HP(p)={0,1}u(U{g,g,..., o })

i=1

HP (pwild) ={0,0,0} u{1,1,1} (Iil {%,.,_’ Si; 1})

=1+t

so that HP(pg) = HP(p) U HP (p"). More generally, we will obtain similar decompositions of the
Hodge bounds as long as Im(y) | p — 1.

1.1.1. Newton polygons of abelian covers of curves
Theorem 1.1 also has interesting consequences for Newton polygons of cyclic covers of curves.
Let G = Z/Np"Z, where N is coprime to p. Let f : C — X be a G-cover rami-
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fied over Tq,...,Tm. We let Hi,”.s(X) (resp.,Hé
(resp., C). For a character p of G, we let H!

cris
action of G on H é”. ((C). Let NPc (resp. NPyx and NP‘Z) denote the g-adic Newton polygon of

det(1—sF|H! . (C)) (resp., det(1—sF|H! . (X)) and det(l1—sF|H.  (C)?)). We are inter-
ested in the following question: To what extent can we determine NPc from NPx and the ram-
ification invariants of f? The most basic result is the Riemann—-Hurwitz formula, which deter-
mines the dimension of HLI,H.S(C) from H é”.s(X) and the ramification invariants. When N = 1,
there is also the Deuring—Shafarevich formula [7], which determines the number of slope O seg-
ments in NPc. In general, however, a precise formula for the slopes of NPc seems impossible. In-
stead, the best we may hope for are estimates. To connect this problem to Theorem 1.1, recall the

decomposition

”.S(C)) be the crystalline cohomology of X
(C)? be the p-isotypical subspace for the

cris

det (1 _§F| Hcl.m(C)) — det (1 _§F| Hcl.m(X)) [ et (1 _sF|H (C)p) : 2)
p

where p varies over the nontrivial characters Z/Np"Z — C*. By the Lefschetz trace formula we
know L(p,s) = det(1 - sF | Hcl,rl.S(C)p). Thus, Theorem 1.1 gives lower bounds for NP¢ using
equation (2).

Consider the case when N = 1, so that G = Z/p"Z. Let r; be the ramification index of a point of C
above 7; and define

m

Q= Z pr (P - 1).

i=1

For j =1,...,n,let C; be the cover of X corresponding to the subgroup p"JZ/p"Z C G. Fix a point
xi(j) € C; above 7;; this gives a local field extension of F, ((,)). We let s-,(j) denote the largest
upper numbering ramification break of this extension.

Corollary 1.6. The Newton polygon N Pc lies above the polygon whose slopes are the multiset

m n
NPxu{ 0,....,0 , 1,...,1 }u U pf-'(p—l)x{
=1

N’ N’ =1 j

1 ST[ (.]) - 1 }
s,() s () )
(p"-1)(g-D+Q (p"-1)(g-1)+Q

1 St; (j)_l
Sri(j)’ Tt Sri(j)

where we take { } to be the empty set when s, (j) = 0.

Remark 1.7. When N > 1, we can obtain a complicated bound for N P¢ from Theorem 1.1 and equation
(2). Alternatively, we can replace X with the intermediate curve X'#™¢ satisfying Gal (C/X"4™¢) =
Z/p"Z and then apply Corollary 1.6 to the cover C — X' to obtain a bound. Both bounds are the
same.

1.2. Outline of proof

The classical approaches to studying p-adic properties of exponential sums on tori no longer work when
one considers more general curves. Instead, we have to expand on the methods developed in earlier
work of the author on exponential sums on curves [15]. We use the Monsky trace formula (see Section
7.1). This trace formula allows us to compute L(p, s) by studying Fredholm determinants of certain
operators. More precisely, let V = X — {7q,...,Tm} and let B be the coordinate ring of V. Let L be a
finite extension of Q,, whose residue field is F, such that the image of p is contained in L*. Let Bf
be the ring of integral overconvergent functions on a formal lifting of B over Oy, (see Section 3). For
example, if V = A!, then Bf = O ()" (ie., BT is the ring of power series with integral coefficients that
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converge beyond the closed unit disc). Choose an endomorphism o : BY — B that lifts the g-power
Frobenius of B. Using o, we define an operator U, : BT — BY, which is the composition of a trace map
Tr: BY — o (B") with éa"l.

The Galois representation p corresponds to a unit-root overconvergent F-crystal of rank 1. This is
a B'-module M = Bfeq and a B'-linear isomorphism ¢ : M ®, B' — M. Note that this F-crystal is
determined entirely by @ € BT satisfying ¢(eq ® 1) = aeg. We refer to @ as the Frobenius structure of
M. In our specific setup (see Section 3), the Monsky trace formula can be written as

det (1 - sU, o a | BY)
det (1 - sqU, o | BY)’

L(p,s) =

where we regard « as the ‘multiplication by @’ map on B'. Thus, we need to understand the operator
U, o a. Let us outline how we study this operator.

1.2.1. Lifting the Frobenius endomorphism

Both U, and « depend on the choice of Frobenius endomorphism o~. When V = Gy, the ring BT is
Op(t)", and the natural choice for o sends  to 9. However, no such natural choice exists for higher-genus
curves. Our approach is to pick a convenient mapping n : X — P! and then pull back the Frobenius
t — t9 along n7. We take 1 to be a tamely ramified map that is étale outside of {0, 1, co}. We may further
assume that 7(7;) € {0, co} and the ramification index of every point in 7! (1) is p — 1 (see Lemma
3.1). This leaves us with two types of local Frobenius endomorphlsms For Q € X with n(Q) € {0, o},

we may take the local parameter at Q to look like ug = £ "Q , where e is the ramification index at Q.
In particular, the Frobenius endomorphism sends ug +— uq If n(Q) = 1, we take the local parameter

[( pe P
to look like ugp = P3ft — 1. Thus, the Frobenius endomorphism sends ug — Pl (ug 'y 1) —1.In

Section 4 we study U, for both types of local Frobenius endomorphisms, and in Section 5.2 we study
the local versions of the Frobenius structure «.

1.2.2. The problem of ath roots of U, o «

To obtain the correct estimates of det (1 —sUg o | BT), it is necessary to work with an ath root of
U, o a. That is, we need an element ap € B and a U,, operator (this is analogous to the U, operator,
but for liftings of the p-power endomorphism) such that (U, o a9)® = U, o . However, this ath root
is only guaranteed to exist if the order of Im(y) divides p — 1 (see Section 5.1). This presents a major

a-1 .
technical obstacle. The solution is to consider p* ® b x®P’, which is a restriction of scalars of
Jj=0
p. The L-functions of each summand are Galois conjugate, and thus have the same Newton polygon.
We can then study an operator U, o N, where N is the Frobenius structure of the F-crystal associated

a-1 .
to p"ild ® b x®P'. This is similar to the idea used in Adolphson and Sperber’s study of twisted
j=0
exponential sums on tori [2]. They present it in an ad hoc manner, but the underlying idea is to study
a-1 )
" ® P x®P' in lieu of p.
j=0

1.2.3. Global to local computations ,
When V is Gy, or Al the ring B' is just Op (r)" or Oy (1,£7')". In both cases, it is relatively easy to
study operators on B'. The situation is more complex for higher-genus curves. Our approach to make

sense of BT is to ‘expand’ each function around the 7; (and some other auxiliary points). Namely, let
t; € B be a function whose reduction in B has a simple zero at 7;. We let O+ be the ring of formal

Laurent series in ¢; that converge on an annulus r < [t;|, < 1 (i.e., the bounded Robba ring). Any
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f € B" has a Laurent expansion in ¢;, and our overconvergence condition implies this expansion lies in
O,i. We obtain an injection
i

m
BJr —> @082 (3)
i=1

The operator U, o N extends to an operator on each summand. By carefully keeping track of the image
of BT, we are able to compute on each summand (see Section 7.2). This lets us compute U poN on
the bounded Robba ring, which ostensibly looks like a ring of functions on G,,. We are thus able to
compute U, o N by studying local Frobenius structures and local U, operators.

1.2.4. Comparing Frobenius structures and Q,,

In Section 5.2 we study the shape of the unit-root F'-crystal associated to p when we localise at a ramified
point 7;. We show that the localised unit-root F-crystal has a particularly nice Frobenius structure, which
depends on the ramification datum. However, these well-behaved local Frobenius structures do not patch
together to give a well-behaved global Frobenius structure. This is a major technical obstacle. When
comparing local and global Frobenius structures, we end up having to ‘twist’ the image of formula
(3). This process explains the invariant €, occurring in Theorem 1.1 — it arises by ‘averaging’ the
local exponents for each p*¢ ® »®P". This invariant is essentially absent in the work of Adolphson
and Sperber, since , = 1if V = G,,. It is also absent in the author’s previous work, where the local
exponents were all zero.

1.3. Further remarks

Pinning down the exact Newton polygon of a covering of a curve, as well as the Newton polygon of
the isotypical constituents, is a fascinating question. A general answer seems impossible, but one can
certainly hope for results that hold generically. If the genus of X and the monodromy invariants from
Section 1.1 are specified, what is the Newton polygon for a generic character? We believe the bound
from Theorem 1.1 should only be generically attained if N | p — 1 and there are some congruence
relations between p and the Swan conductors. When p factors through an Artin—Schreier cover, this is
known by combining work of the author [15] with work of Booher and Pries [5]. The next step would
be to study the case arising from a cyclic cover whose degree divides p(p — 1) (or even allowing higher
powers of p). When N 1 p — 1, the bound from Theorem 1.1 has too many slope 0 segments. The issue
is that a generic tame cyclic cover of degree N is not ordinary, even if X is ordinary [6]. Even when
X = P!, the study of Newton polygons for tame cyclic covers is already a complicated topic (e.g., [16]).
The author plans to return to these questions at a later time. It would also be interesting to prove Hodge
bounds for representations with positive weight. In recent work, Fresdn, Sabbah and Yu use irregular
Hodge theory to study the p-adic slopes of symmetric powers of Kloosterman sums [10]. Not much is
known beyond this case.

2. Notation
2.1. Conventions

The following conventions will be used throughout the article. We let F, be an extension of F,, with
a= [Fq :F p] . Itis enough to prove Theorem 1.1 after replacing g with a larger power of p. In particular,
we increase ¢ throughout the article if it simplifies arguments. We will frequently have families of things
indexed by i =0,...,a -1 (e.g., the p-adic digits eg ; of € from Section 1.1). It will be convenient to
have the indices ‘wrap around’ modulo a. That is, we take e , tobe e 0, €0, a+1 to be e 1 and so forth.

Let Ly be the unramified extension of Q, whose residue field is F,. Let E be a finite totally ramified
extension of Q,, of degree e and set L = E ®q, Lo. Define Oy, (resp., OFp) to be the ring of integers
of L (resp., E) and let m be the maximal ideal of Or. We let 7, be a uniformising element of E. Fix
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m=(- p)l’%l, and for any positive rational number s we set 1y = 7. We will assume that E is large
enough to contain 7y for each i = 1,...,m. We also assume that E is large enough to contain the
image of p"/4 (i.e., E contains enough pth-power roots of unity). Define v to be the endomorphism
id ® Frob of L, where Frob is the p-Frobenius automorphism of L. For any E-algebra R and x € R, we
obtain an operator R — R sending r +— xr. By abuse of notation, we will refer to this operator as x.
Finally, for any ring R with valuation v : R — R and any x € R with v(x) > 0, we let v, (-) denote the
normalisation of v satisfying v, (x) = 1.

2.2. Frobenius endomorphisms

Let A be an F,-algebra, let A be an O -algebra with A ®¢, F,, = A and let A = A®p, L. A p-Frobenius
endomorphism (resp., g-Frobenius endomorphism) of A is a ring endomorphism v : A — A (resp.,
o : A — A) that extends the map v (resp., v¢ = id) on Oy, defined in Section 2.1 and reduces to the
pth-power map (resp., gth-power map) of A. Note that v (resp., o) extends to a map v : A — A (resp.,
o : A — A), which we refer to as a p-Frobenius endomorphism (resp., g-Frobenius endomorphism) of
A. For a square matrix M = (m;_;) with entries in A, we take M”" to mean the matrix (ml"i) and we

a-1

define M¥“ '+ by MY MY M.
2.3. Definitions of local rings

We begin by defining some rings and modules which will be used throughout this article. Define the
L-algebras

& = {i ant”
&= {i ant" € €

—00

We have a, € L, lim v,(a,) = oo,}
n——oco

and v, (a,) is bounded below.

vp(an) = —mn forn < 0.

There exists m > 0 such that }

We refer to & (resp., 5:) as the Amice ring (resp., the bounded Robba ring) over L with parameter .

We will often omit the 7 in the subscript if there is no ambiguity. Note that £ and & are local fields
with residue field I, ((¢)). The valuation v, on L extends to the Gauss valuation on each of these fields.

We define O¢ (resp., Oi) to be the subring of £ (resp., fﬁ) consisting of formal Laurent series with
coeflicients in Op.. Let u € O be such that the reduction of u in F,((¢)) is a uniformising element.
Then we have &, = & (resp., £ = ET). In particular, we see that u is a different parameter of £. Note

that if v : £ — & is any p-Frobenius endomorphism, we have &= = E. For m € Z, we define the
L-vector space of truncated Laurent series

&M = {i ant" € €

—00

an:Oforalln>m}.

The space £<° is a ring, and £ is an £<°-module. There is a natural projection & — £<™ given by
truncating the Laurent series. Finally, we define the following Oy -algebra:

Oc¢0,r] = {Z apt" € Og

—00

lim v,(a,)+rn= 00} .
n——00
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Set £(0,7] = Ogo,r] ®0, L. Note that £(0, r] is the ring of bounded functions on the closed annulus
0 < vp,(¢) < r.In particular, we have E = U &O,r].

r>0
2.4. Matrix notation
For any ¢, ..., c4-1 € &, we define the following a X a matrices:
co
diag(Co,...,Ca_l)Z R
Ca-1
co
cyc (C05"'7Ca—1) = ’ )
Ca-2
Ca-1
T
teye (co, ..., Ca-1) =c€yc (co,...,Ca-1) .

3. Global setup

We now introduce the global setup, which closely follows [15, Section 3]. We adopt the notation from
Section 1.1. Our main goal is to choose a Frobenius endomorphism on a lift of an affine subspace of
X. We require two things from this Frobenius endomorphism. First, we want an endomorphism that
behaves reasonably with respect to certain local parameters. Second, it should make the Monsky trace
formula satisfy a certain form (see Section 7.1). We find this Frobenius endomorphism by bootstrapping
from the standard Frobenius endomorphism on the projective line.

3.1. Mapping to P!

Lemma 3.1. After increasing q, there exists a tamely ramified morphism n : X — PL | ramified only
q

above 0, 1, and oo, such that 1y, . . ., T € 771 ({0, 00}) and each P € n~' (1) has ramification index p—1.

Proof. Thisis [15, Lemma 3.1]. O

3.2. Basic setup

Write P]'Fq = Proj (Fy [x1,x2]) and let 7 = 3! be a parameter at 0. Fix a morphism 7 as in Lemma 3.1. For

x € {0,1,00}, welet {P.1,...,Psr.} =17 (x) and set W = 7' ({0, 1, o0}). Again, we will increase ¢
so that each P, ; is defined over F,. Fix Q = P, ; € W. We define eg to be the ramification index of Q
over *. From Lemma 3.1, if * = l we have egp = p — 1 for 1 <i < ry,so that ri(p — 1) = deg(n). Also,
by the Riemann—Hurwitz formula,

(g=1D+(ro+r +re) =deg(n) —g+1, )

where g denotes the genus of X. Let U = PIqu - {0,1,c0} and V. = X = W. Thenn : V - U
is a finite étale map of degree deg(yy). Let B (resp.,Z) be the F,-algebra such that V =
Spec (E) (resp., U = Spec (Z))

Let ]P’}DL be the projective line over Spec(Or) and let P}QL be the formal projective line over
Spf(OL). Let t be a global parameter of P}QL lifting z. By the deformation theory of tame coverings
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[11, Theorem 4.3.2], there exists a tame cover X — PégL whose special fibre is 77, and by formal GAGA

[26, Tag 09ZT] there exists a morphism of smooth curves X — P}DL whose formal completion is
X — P}Q .
L

Define the functions ty = ¢, te = % and t; =t — 1. Let [*] denote the O -point of ]Pé,)L given by

t. = 0.For Q = P, ;, let [Q] be a point of 7! ([*]) that reduces to Q in the special fibre. Note that such
a point exists because Q € 7! (), but it is not necessarily unique. Let U = ]P’}QL —{[0], [1], [eo]} and

V =X —{[R]}rew. We define U = P}QL —{0,1,00} and V = X — {R}gew. Then U (resp., V) is the
formal completion of U (resp., V). We let '8 (resp., V''¢ ) be the rigid analytic fibre of U (resp., V).
Let A (resp., .:Zl) be the ring of functions Oy (U) (resp., O, pic (U is )) and let B (resp., E) be the ring
of functions Oy (V) (resp., Oyric (V'€)).

3.3. Local parameters and overconvergent rings

For Q = P, ;, let wo be a rational function on X that has a simple zero at Q. Let &, (resp., £g) be the
Amice ring over L with parameter ¢, (resp., wQ). By expanding functions in terms of the 7, and wg,
we obtain the following diagrams:

E _ @ OgQ B’ _ @ SQ
Qew Qew
T T T T )
A—s D 0, A—s D &
x€{0,1,00} %€{0,1,00}

We let AT (resp., BT) be the subring of A (resp., E) consisting of functions that are overconvergent in

the tube | * [ for each * € {0, 1, co} (resp., |Q[ for all Q € W). In particular, B' fits into the following
Cartesian diagram:

Bt —— @ O}

oew @
l l (6)

E—) @ OgQ.
Qew

Note that AT (resp., BT) is the weak completion of A (resp., B) in the sense of [23, Section 2]. In particular,

, T 3
we have AT = OL<t, L, $> and B is a finite étale A¥-algebra. Finally, we define A" (resp., Bi) to

be A" ® Q, (resp., B' ® Q). Then A" (resp., BT) is equal to the functions in A (resp., 23) that are
overconvergent in the tube | * [ for each * € {0, 1, oo} (resp., |R[ for all R € W).
The extension c‘fo / 51 is an unramified extension of local fields and thus completely determined by

the residual extension. By our assumption on the tameness of 7, we know that this residual extension is
1

tame and can be written as ((tf e )) / Fg((#:)). Since O is Henselian [19, Proposition 3.2], there
e

exists a parameter ug of ETQ such that ueQQ = t.. We remark that up will be defined on an annulus inside
the disc |Q[, and in general it will not extend to a function on the whole disc.
We will need to consider functions in B with a precise radius of overconvergence in terms of the

parameters ug. Let r = (rp) 0w be a tuple of positive rational numbers. We define B(0, r] to be the
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subring of functions in B' that overconverge in the annulus 0 < v » (ug) < ro." More precisely, B(0, r]
fits into the following Cartesian diagram:

BO.r] — P &o (0.70]

QeWw
l l (7)

By @ <o

Qew

Note that B' is the union over all B(0, r].

3.4. Global Frobenius and U,, operators

Let v : A" — AT be the p-Frobenius endomorphism that restricts to v on L and sends 7 to 7. Let
o = v%. For x € {0, 1, 00}, we may extend v to a p-Frobenius endomorphism of £, which we refer to
as v.. In terms of the parameters 7., these endomorphisms are given as follows:

o1y, totl, e (L +1)P -1

Since the map A — B is étale and both rings are p-adically complete, we may extend both o and
v to maps o,V : B — B. This extends to a p-Frobenius endomorphism vg of £p, which makes the
diagrams (5) p-Frobenius equivariant. Furthermore, since v extends v., we know that vy induces a
p-Frobenius endomorphism of ETQ. It follows from diagram (6) that o~ and v restrict to endomorphisms
o,v : B" — B'. The p-Frobenius endomorphisms vo can be described as follows:

1. When = is 0 or co, have uQ ’Q’, since ) = t” and uz)Q =t,.

Vv, _ — 14 -
2. When % = 1, we have MQQ = ”H(u'é Ly 1) — 1, since #}" = (¢; + 1)? — 1 and u’é —

Following [28, Section 3], there is a trace map Tro : Bf — v (BT) (resp., Tr:B - o (BT)>. We may
define the U, operator on B':

U, :B" — B

x> lwl(rro(x)).
p

Similarly, we define U, = éo"l o Tr, so that Uy, = U,. Note that U, is E-linear and U, is L-linear.
Both U, and U, extend to operators on é'TQ.

10ur definition of B(0, r] is somewhat nonstandard. Typically one measures ‘overconvergence’ with global functions. However,
if the ro are small enough, the spaces of functions we obtain are essentially the same. For example, consider the modular-

curve case (i.e., X = Xo(N) and V is the ordinary locus). One typically looks at affinoid spaces Xy(N )r' of the form
0<vp (Ep,l) < r’, where E,_ is the weight p — 1 Eisenstein series (i.e., a lift of the Hasse invariant). If r’ is sufficiently

small, we have O x; (n) (Xo (N)" /) = B(0, r’], where r’ is the tuple with r” in each coordinate. This follows from the following
two facts. First, note that £,y is a parameter of 5TQ for each supersingular point Q € X, since the Hasse invariant has

simple zeros at supersingular points. Second, if u € 5': is a parameter and u € & (0, r], then we have £, (0,ry] = & (0, 19]
forany ry < r.
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4. Local U, operators
Let v be a p-Frobenius endomorphism of £ (see Section 2.2). We define U p to be the map

[
—v o Trgi e 1 € — £
. £/ (e)

Note that U,, is v~ !-semilinear (i.e., Up(yx) = yUp(x) forall y € £"). In this section we will study U,
for the p-Frobenius endomorphisms of £ appearing in Section 3.4.

4.1. Type 1: t — tP

First consider the p-Frobenius endomorphism v : £& — &' sending  to t”. We see that U » (1) = 0if
ptiand U, () = t7 if p | i. Thus, for s > 0 we have

Up (03) c 0 and U, (0 [z} < O [[=2r]]. @)
4.1.1. Local estimates

Let R = (s, e, €, w) be a ramification datum and let e, .. ., e,—1 be the p-adic digits of € as in Section
I.1.For j =0,...,a -1, we define

a-1
q(e,j) ==Y i+ e,
i=0
Note that
q(e,j)—q(e,j+1)=ae; - w. 9)
a-1
Let 1! € B & denote the element that has ¢" in the ith coordinate and zero in the other coordinates.
Jj=0

We then define the spaces

Df(b,js) = ﬂz‘ge’j)ﬂ'fl;l(')[‘ [I:ﬂfl‘j_]]] o O [[tj]] s

a—1 a—1
Dey = @Dé{s) c @ST.
=0 7=0

We know —g(e, i) < a(p — 1), which implies 72/ 2? € O . In particular,

a-1
P e Doe
Jj=0

Proposition 4.1. Let v be the p-Frobenius endomorphism that sends t +— tP. Set a € O, [[nst‘l]] and
set A = teye (at™, ..., at ). Then

Up oA (De,s) C De.s, (10)
U,oA (nq(e"")n"pt_") c "D -op (11)
y2 as N J N as €e,s
forn>1land0<j<a-1
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—n—e€j41

Proof. Forn > 1 we have A (tj‘”) =at;,; . Then from equation (9) we have

q(e.j) _pn.—n\ _ _q(ej) pn —n—eji
A(n’as Tt )—nas Tty @

_ ~q(ej+l) _n(p-1)_-w ntejil ~N—ej
= Mgy pi Mo+ | tj+1 al.

n+eji —n—eji|

Note that g iy @€ Or [[nst;i]”. Then formula (11) follows from formula (8). To prove

formula (10), we need to make sure U, o A (t;’) € De,s for n > 0, which can be done by a similar
argument. m]

4.2. Type 2: t — (P~ 1+ 1)P = 1

Next, consider the p-Frobenius endomorphism v : & — &' that sends 7 to *3/(tP~1 + 1) — 1. Define
the following sequence of numbers:

We then define the space

D=||p"0L, (12)

nez
which we regard as a sub- Or-module of O;.
Proposition 4.2. Let v be the p-Frobenius endomorphism of £ that sends t to 3/ (P~ + 1) — 1. For
alln € Zsoand 0 < k < p — 1, we have
U, (pb(—k—np)t—k—np) € p"D,
U,(D) cD.

Proof. See [15, Proposition 4.4]. m]

5. Unit-root F-crystals

5.1. F-crystals and p-adic representations

For this subsection, we let S be either Spec (F,, ((¢))) or a smooth, irreducible affine F,-scheme Spec (E) .

Welet S = Spec(R) be a flat O -scheme whose special fibre is S and assume that R is p-adically complete
— for example, if S = Spec (F,((7))), then we may take R = Og. Fix a p-Frobenius endomorphism v on
R (as in Section 2.2). Then o = v“ is a g-Frobenius endomorphism.

Definition 5.1. A g-module for o over R is a locally free R-module M equipped with a o-semilinear
endomorphism ¢ : M — M. That is, we have ¢(cm) = o(c)¢(m) for ¢ € R.

Definition 5.2. A unit-root F-crystal M over S is a ¢-module such that c*¢ : R ®, M — M is an
isomorphism. The rank of M is defined as the rank of the underlying R-module.
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Theorem 5.3 (Katz [12, Section 4].). There is an equivalence of categories

{rank d unit-root F-crystals over §} — {continuous representations i : nt§’ (E) - GLd(OL)} .

Let us describe a certain case of this correspondence. Let S1 — S be a finite étale cover and assume
that  comes from a map ¢ : Gal (31 / §) — GL4(Og). This cover deforms into a finite étale map
of affine schemes S| = Spec(R;) — S. Both v and o extend to R; and commute with the action of
Gal (El /E) (see, e.g., [27, Section 2.6]). Let V; be a free Og-module of rank d on which Gal (51 /E)

acts viayg andletV = Vy®p, Oy.. The unit-root F-crystal associated to y is My, = (R1 ®o, V)Gal(s1 /S)
with ¢ = 0 ®p, id. There is a map

(S] 0y Vo) — (S] ®0, V) R

which is Galois equivariant. In particular, the map ¢ has an ath root g = v ®¢,, id.

Now make the additional assumption that M, is free as an R-module. Let ey, . . ., e4 be a basis of My,
as an R-module and lete = [ey, ..., e4]. Then ¢(e) = ae (resp., pp(e) = ape), where a, @y € GL4(R).
We refer to the matrix « (resp., ao) as a Frobenius structure (resp., p-Frobenius structure) of M and to the
matrix T (resp., ag ) as adual Frobenius structure (resp., dual p-Frobenius structure) of M. We have the

a-1 a-1
g)v +-+v+1 v v+ _ ( g)v . (a,g*)vag.
If ¢ = be and p(e’) = a’e’ (resp., p(e1) = ajer) with a’,a, b € GL4(R), then we have (a)T =
(b)) a™ (b)" (resp., (@)" = (") al (b‘l)T). In particular, a dual Frobenius structure (resp., dual
p-Frobenius structure) of M is unique up to o-skew conjugation (resp., v-skew conjugation) by elements
of GL4(R). We remark that if My, has rank 1, then p-Frobenius structures (resp., Frobenius structures)
are also dual p-Frobenius structures (resp., dual Frobenius structures).

a-1

relation o = (a — recall from Section 2.2 that (ag)

5.2. Local Frobenius structures

We now restrict ourselves to the case when S = Spec (F4((2))). In particular, unit-root F-crystals over

S correspond to representations of G, ((1)) the absolute Galois group of F, ((7)). Note that since O is
a local ring, all locally free modules are free.

5.2.1. Unramified Artin—Schreier—Witt characters

Proposition 5.4. Let v be any p-Frobenius endomorphism of Og and let o = v¥. Let§ : Gy, ((1r)) — o5
be a continuous character and let My, be the corresponding unit-root F-crystal. Assume that Im(y) =
Z[p"Z and that y is unramified. Then there exists a p-Frobenius structure ag of My with ag € 1 +m
(recall that mt is the maximal ideal of Oy,). Furthermore, if c € 1+mQg¢ is another p-Frobenius structure

of My, there exists b € 1 + mOg with ap = %Vc.

Proof. This is essentially the same as [15, Proposition 5.4]. O

5.2.2. Wild Artin-Schreier-Witt characters

A global version over G, of the following result is commonplace in the literature (see, e.g., [30, Section
4.1] for the exponential-sum situation or [18]). However, to the best of our knowledge, the local version
presented here does not appear anywhere.

Proposition 5.5. Let v be the p-Frobenius endomorphism of Og sending t to tP and let o = v®. Let
¥ G () — O7 be a continuous character and let My, be the corresponding unit-root F-crystal.
Assume that Im(y) = Z/p"Z. Let K be the fixed field of ker () and let s be the Swan conductor of . We
assume that tg € Op. Then there exists a p-Frobenius structure E, of y such that E, € Of [[ﬂst_l ]] and
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E, = 1 mod m. Furthermore, if c € 1 +mQOg is another p-Frobenius structure, there exists b € 1+mQOg
. v
with E, = %c.

Proof. The extension of K/F,((r)) corresponds to an equivalence class of W, (F,(()))/(Fr —
DW,, (F4((1))); here W, (F,4((2))) is the nth truncated Witt vectors and Fr is the Frobenius map.
Following [14, Proposition 3.3], we may represent this equivalence class with

r(t) = [I’i,jl_j] pi, Tis; # 0,

where 7; ; € Fy. Since r(t) € W, (F, [t7']), the extension K /F,(()) extends to finite étale Fy [¢~']-
algebra B that fits into a commutative diagram

Spec(K) > Spec(B)

| l

Spec (Fq((1))) — P' = {0} = Spec (F, [t7']) .

In particular, ¥ extends to a representation *' : Gal (B/F, [t7'|) — OF. This extension is uniquely

defined by the following property: For k > 1 and x € P! (]Fqk) — {0}, we have

Tr., (F k)/W @ )(r([X]))
n ¢ n{fp
Y (Froby) = ¢ ' ° ; (13)

where [x] denotes the Teichmiiller lift of x in W, (Fqk) and {p» is a primitive p"th root of unity.

Let Or (t7') ¢ Og¢ be the Tate algebra in #~' with coefficients in Oy. Note that v restricts to a p-
Frobenius endomorphism of O, (t‘l ) All projective modules over Or, <t‘1> are free, so that Myex is
isomorphic to O (t‘1> as an O, <t‘1>-m0dule. We see that My, = Myex ®(9L<r'> Og¢. In particular,
any p-Frobenius structure of M ex: is a p-Frobenius structure of M.

A series ag € Of, <t‘1> is a p-Frobenius structure for M e~ if for every x € P! (Fqk) — {0} we have

ak-1

[ ] eo(lx])”" =y (Froby).

i=0

We let E(x) denote the Artin-Hasse exponential and let y; be an element of Z,, [§ pn] with E(y,) =

pnfi N _ 1 .
{pn - Note that v, (y;) = PPt Thus from equation (13) we see that
n—1 s; )
Er = E([ri,j] t_]Yn—i)
i=0 j=0
is a p-Frobenius structure of Myex:. Since E(x) € Z, [[x]], it is clear that E, € Oy, [[ﬂsl_l]]. O

5.2.3. Tame characters
Let ¢ : Gg, (1)) — O be a totally ramified tame character and let 7' = (e, €, w) be the corresponding

tame ramification datum (see Section 1.1). Write € = eg + - - - + ea,lp“_1 and define €; = Zfz_ol e,-+jp".
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Proposition 5.6. The following hold:

1. The matrix C = diag (1™, ...,t 1) (resp., Cyp = teye (17, ..., ¢t %)) is a dual Frobenius
a-1 . _
structure (resp., dual p-Frobenius structure) of EB() Yw®P and C = C(‘)’a vl
j=
2. Let A = diag (xo, ...,Xxq-1) (resp., Ay = teyc (o, ..., Ya-1)) be another dual Frobenius structure
a— i —
(resp., dual p-Frobenius structure) of G%zp@’p' with A = Ag)’a vl Then v, (x7) = —€ +
J:
nj(q — 1) for some n; € Z (here Xxj is the image of x; in Fy((t))). Furthermore, there exists

B = diag (b, ..., ba_1) with v, (E) = n; such that B"AB™" = C (resp., BYAoB™! = Cp).

a-1 a-1 . 1
Proof. Let Gy, (() acton L = @ v;Op via @ ¢®’. Letu = 171 and let £ be the Amice ring over
J=0 j=0

a-1 .
L with parameter u. The F-crystal associated to (P WP is (Og ® £)%%a(@)  In particular, we see that
j=0
{u‘ff ®v j} is a basis of (Og ® £)%(®), The first part of the proposition follows from considering
the action of v and o on this basis. To deduce the second part of the proposition, observe what happens
when C and Cy are skew-conjugated by a diagonal matrix. O

5.3. The F-crystal associated to p

We now continue with p from Section 1.1 and the setup from Section 3.

5.3.1. The Frobenius structure of p*¢
Let £ be arank 1 O -module on which 71‘1” (V) acts through p*#¢ Let f : C — X be the Z/p"Z-cover

that trivialises p"?“. Let R be the B-algebra with C xx V = Spec (E) We may deform B — R to

- - - Gal(C/X)
a finite étale map B — R. The F-crystal corresponding to p is the B-module M = (R ® E) .

For each Q € W and P € f~!(Q), we obtain a finite extension 5; of ETQ; recall from Section 3.2 that

W= n‘l ({0, 1, 00}). As in Section 3.3, we may consider the ring of overconvergent functions RT, which
makes the following diagram Cartesian:

Rf — @ O,

l Pef-1(W)

E _ @ ng.
Pef~1(W)

Since the action of Gal(C/X) (resp., v) on (P p r-1(g) Oep Preserves (Ppe -1y Ogi » We see that
P

Gal(C/X) (resp., v) acts on R" (see, e.g., [27, Section 2]). This gives the following proposition:

Proposition 5.7. Let M™ = (RT® L) (C/X) The map M' ® B — M is a v-equivariant isomorphism.

Lemma 5.8. The module M (resp., M) is a free B -module (resp., E—module). Furthermore, M has a
p-Frobenius structure aq contained in 1 + mBT,

Proof. The proof of this is identical to [15, Lemma 5.9]. O
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a-1 .
5.3.2. The Frobenius structure of (P y "’
=0

By Kummer theory, there exists f € B” such that x factors through the étale Z/(q — 1)Z-cover
Spec (E [ﬁ]) — Spec (E), where h = qﬁ. Let f € B be a lift of f and set & = “3/f, so

that Spec (B [h]) — Spec (B") is an étale Z/(g — 1)Z-cover whose special fibre is Spec (E [E]) -

— 8
Spec (B) There exists 0 < I" < g — 1 such that y(g) = (};r) for all g € n{"(V). Write the p-adic

expansion I' = yg + - - - + y,_1 p*~! and define

—

- .
Lj=) vip".

i

I
(=}

. ri)®
Note that y®P' (g) = ( hr,_) for each j. This gives the following proposition:

Proposition 5.9. The matrix N = diag (f7'°,..., fTa1) (resp., No = teye (f7°,..., f 1)) is a
a-1
. s p) _ a-lp...41
dual Frobenius structure (resp., dual p-Frobenius structure) of e% X®P and N =N}~ *.
j:
Set Q € W. Recall from Section 1.1 that we associate a tame ramification datum T = (ep, €0, wo)
to Q and write eg = ), eQ,ipi. The exponent of y®P at Q € W is
€0.j

mod Z, where

a-1

GQ,j = Z EQ’ijl.
i=0

By definition we have

-Div (77) = 3" (~eo.s+ (g~ Dg,y) [€],

Qew

withng j € Z. Since 0 < €p j < g—2and Ypnp, j = Z‘f]_elg’j, we know
Z ng,j £M < rg+re, (14)
Ooew

where we recall that m is the number of points where p is ramified. We also have

a-1 1 a-1

Z Z nQ’j - ﬁ Z ZfQ,j (15)

j=0 Qew QeW j=0

=aQ,,
where €, is the monodromy invariant introduced in Section 1.1.
5.3.3. Comparing local and global Frobenius structures

a—1 .
We fix g asinLemma 5.8 andseta = [] a(‘)’ .Wealsolet N and Ny be as in Proposition 5.9. In particular,
i=0

a-1 )
aN (resp., agNy) is a dual Frobenius structure (resp., dual p-Frobenius structure) of pW’M ® @ )(‘X’PJ.
j=0
SetQ € W with Q = P, ;. There is amap B — F, ((ug)), where we expand each function on V in terms
of the parameter ug. This gives a point Spec (F, ((zg))) — V. By pulling back p along this point we
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obtain a local representation pg : G]Fq (1)) O3, where GFq((uQ)) is the absolute Galois group of
Fy ((ug)). We will compare agN to the local dual p-Frobenius structures from Section 5.2.

There are three cases we need to consider. The first case is when = = 1. In this case pg“d and xo
are both unramified. This is because p is only ramified at the points 7y, . .., Ty, and by Lemma 3.1 we
have n(t;) € {0,0}. The second case is when * € {0, o} and pg’ld is unramified. The last case is

wild

when * € {0, co} and Po

is ramified. In each case, we will describe a dual p-Frobenius structure Cg

a-1 i )
of ppy'd ® EBXZ”J, an element bg € O and a diagonal matrix Mg € GLq (Ogr) satisfying
J=0

(boMo)” aoNo (boMo) ™" = Co,

- i} (16)
(boMg)” aN (boMp)

The dual p-Frobenius structure Cp will be closely related to the dual p-Frobenius structures studied in
Section 5.2. It is helpful for us to introduce the following rings:

a-1 a-1
Ro =P Eo. Oro = P Oc,.
=0 =0
a-1
P t ot
RQ_E[?e : Or; =R N Or,.
J:

We define ug ; € R to have ug in the jth coordinate and zero in the other coordinates. For each Q we
will define a subspace O;{’Q" c RTQ of elements satisfying some precise convergence conditions.

[r P
I If « =1, then v sends ugp — Ly (u’é " 1) — 1 (see the end of Section 3.4).

(Wild) As pg is unramified, we know from Proposition 5.4 that there exists bg € 1 + mO;Q

such that the dual p-Frobenius structure cp = Z—gao of pg”d liesin 1 +m.

(Tame) Since xo is unramified, the exponent is zero. By Proposition 5.6, there exists
Mo = diag(mg,,....mo,a-1) With vu, (g ;) = ng; such that MGNMy' =
diag (1,...,1) and MéNoMél =teye(1,...,1).

a-1 .
(Both) We see that Cg = teye (¢, . . ., ¢o) is adual p-Frobenius structure ofpg”d ® /G:% )(gp'/
a-1 .
and that equation (16) holds. Define O;{’S to be 6% D viewed as a subspace of ORL
j=

(see equation (12) for the definition of D). From Proposition 4.2 we have

b(k+pn), —(k+pn) nmcon
UpoCo (p (k+p )uQ’j pn ) Ep ORQ’
(17
Up o Co (0522) < 051,
II. Next, consider the case where * is 0 or co and p!i4
choose s € Q such that the following hold:

is unramified. Then v sends ug +— u,,. We

ﬂ-SQ € 0E9
i _ wQo >1 (18)
SO asQ(p - 1) -
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bV
(Wild) From Proposition 5.4 there exists bgp € 1 + m(’);Q such that cg = %ao el+misa

dual p-Frobenius structure of leld

(Tame) By Proposition 5.6 there exists Mg = diag (mg.,....mg.qa-1) With v,,, (7g_;) =

ng,; such that MgNMé1 = dlag( 0 ...,u;Q"H) and MéNoMél =
—€Q.,0 —€Q.,a-1
tcyc(uQ el )

(Both) We see that Cg = teye (cngQ’O, s cQu;Q‘“") is a dual p-Frobenius structure of
a—-1
p”Q”ld ® 690 XS " and that equation (16) holds. Define (’)CO" to be a copy of De,, s, i
=

ORT (recall the definition of Dg ¢ from Section 4.1.1). From Proposition 4.1 we have
fe]

q »J -1 cun
Up o Co (rilee N atiug,) e milr Vi 05
(19)
U o CQ ( con) c Ocon

III. Finally, we consider the case when * is O or co and pW”d is ramified. Then v sends ugp +— u’é.

bV
(Wild) By Proposition 5.5 there is bg € 1+ m(’);Q such that cg = iao e Op [[nSQuél ]] is
a dual p-Frobenius structure of pgild (recall that s¢ is the Swan conductor of p at Q).
Note that cg = 1 mod m.
(Tame) By Proposition 5.6 there exists Mo = diag (mg.,....mg.qa-1) With v,,, (7g ;) =

ngp,; such that MgNMé1 = dlag( 0 ...,qu"H) and MéNoMél =
teye (u_QeQ‘O, e, qu‘“’] )

(Both) We see that Cg = teye (CQMEQ’O, e cQu;Q‘“’l) is a dual p-Frobenius structure of
. a-1 ;i
p”Q”ld P )(Sp and that equation (16) holds. We define (9%’; to be a copy of De,, 5.,
j=0

in O, . From Proposition 4.1 we see that
o)

UpoCo (”ZS(QQ j)”anuQ J) € ”;lép ])”m Ow" 0)

Uy 0 Co (057 < 0321,

5.3.4. Comparing global and semilocal Frobenius structures
We define the following spaces:

R=PRo. R'=EPR],

Qew Qew

a-1

Bes'. nQ) =000

Rtrun _ j=0

Dy’ =1,

con __ con (
o= D oy e v

Qew Qew

Rtrun —

|
D3
X
o3
s
U
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Define O tobe @ Ogr,, and define Ogrun to be R"“" N Or. Note that O™ is contained in Og.
Qew

There is a projection map pr : R — R'™", which is the direct sum of the projection maps described
in Section 2.3. By the definition of each summand of O7" we see that

ker(pr) N Or Cc OF". 21)

a-1 __ a-1 |
We may view PB (resp., EBBT) as a subspace of R (resp., RT) using the maps (6).
j=0 J=0

Let C (resp., M and b) denote the endomorphism of R’ that acts on the Q-coordinate by
Co (resp., Mg and diag (b, ..., bo)). This gives an operator U, o C : R" — R'. From formulas
(17), (19) and (20), we have

UpoC (O™ c O™, (22)
Also, by equation (16) know
(bM)*aoNo(bM)™" = C,

(bM)TaN(bM)™ = v+ e, *)
For each Q, we have
bQ =1 mod m,
24)
My = diag (ug?g’go, e qu’;:;ga,]) mod m,

with gj € Fq [[uQ,j]]x.

6. Normed vector spaces and Newton polygons

For the convenience of the reader, we recall some definitions and facts about Newton polygons and
normed p-adic vector spaces. Most of what follows is well known (see, e.g., [25] or [22] for many
standard facts on p-adic functional analysis). However, we do find it necessary to introduce some
notation and definitions that are not standard. In particular, we introduce the notion of a formal basis,
which allows us to compute Fredholm determinants by estimating columns (in contrast to estimating
rows, which is the approach taken in [1]).

6.1. Normed vector spaces and Banach spaces

Let V be a vector space over L with a norm |-| compatible with the p-adic norm [-|, on L. We will
assume that for every x € V\{0}, the norm |x| lies in [L*|,, the norm group of L*. We say V is a Banach
space if it is also complete. Let Vj C V denote the subset consisting of x € V satisfying |x| < 1 and let
V=V /mVy. If W is a subspace of V, we automatically give W the subspace norm unless otherwise
specified.

Definition 6.1. Let I be a set. We let s(I) denote the set of families x = (x;);¢y, with x; € L such that

|x| = sup|x;|, < co. Then s(/) is a Banach space with the norm |-|. We let ¢(/) C s(/) be the subspace
iel
of families with 1ir§1xi = 0 (note that this agrees with ¢(/) defined in [25, Section I]).
LE

Definition 6.2. A formal basis of V is a subset G = {e;};e; C V with a norm-preserving embedding
V — s(I), where e; gets mapped to the element in s(/) with 1 in the i-coordinate and 0 otherwise.> We
regard V a subspace of s(I).

2In [15] we use the term integral basis.
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Definition 6.3. An orthonormal basis of V is a formal basis G = {e;};c; € V such that V c ¢([). This
inclusion is an equality if V is a Banach space. By [25, Proposition I], every Banach space over L has
an orthonormal basis. Thus, every Banach space is of the form ¢(7).

Example 6.4. Let V be the Banach space Oy, [[¢]] ® Qp,. Then {t"},,c7., is a formal basis of V and there
is an isomorphism V = s(Zy¢). By [25, Lemme I], any orthonormal basis of V reduces to an F,-basis
of V= F, [[#]] and thus must be uncountable. The Tate algebra L {t) C V is a Banach space, which we
may identify with ¢(Zx).

6.1.1. Restriction of scalars to E

Let I be a set. Assume that V C s(/) has G as a formal basis. We may regard V as a vector space
over E. Let {1 = 1,{5,...,{s € O be elements that reduce to a basis of F; over F,, mod r, and set
Igp =1x{l1,...,a}. We define

Ge = {(jei}(i’j)E[E :

Note that G is a formal basis of V over E.

6.2. Completely continuous operators and Fredholm determinants

6.2.1. Completely continuous operators

Let V be a vector space over L with norm |-|. Let G = {e;};¢; be a formal basis of V. We assume [ is a
countable set. Letu : V. — V (resp., v : V. — V) be an L-linear (resp., E-linear) operator. Let (ni, j) be
the matrix of u with respect to the basis G.

Definition 6.5. For i € /, we define row; (u, G) = inf v, (ni,;) and col;(u, G) = inf v, (nj,;). That is,
JE ’ JE X

row; (u, G) (resp., col;(u, G)) is the smallest p-adic valuation that occurs in the ith row (resp., column)
of the matrix of u. Note that col; (u, G) = log,,u(e;)|.

Definition 6.6. Assume that V = ¢(I). We say that u is completely continuous if it is the p-adic limit
of L-linear operators with finite-dimensional image. This is equivalent to 1411}1 row;(u,G) = oo [21,
LE

Theorem 6.2]. We make the analogous definition for v.

6.2.2. Fredholm determinants
We continue with the notation from Section 6.2.1. We define the Fredholm determinant of u with respect
to G to be the formal sum

det(1 —su | G) = icns",
n=0 )
an=(=0" Y > sen@) ] [ o =

Scl g eSym(S) ieS
|S|=n

We define the Fredholm determinant dgt(l —sv | Gg) in an analogous manner using the matrix of v
with respect to G . Note that there is no reason a priori for the sums ¢, to converge. We will say that
det(1 — su | G) is well defined if each c,, converges.

Lemma 6.7. Assume that V is a Banach space with orthonormal basis G and that u is completely
continuous. Then det(1 — su | G) is well defined and is an entire function in s. Furthermore, if G’ is
another orthonormal basis of V, we have det(1 —su | G) = det(1 —su | G’). The analogous result holds
for v.

Proof. See [25, Proposition 7]. m}
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Definition 6.8. Continue with the notation from Lemma 6.7. We let det(1—su | V) denote the Fredholm
determinant det(1 — su | G). By Lemma 6.7, this determinant does not depend on our choice of
orthonormal basis. We define dgt(l — sv | V) similarly.

6.2.3. Newton polygons of operators

Definition 6.9. Let = be either p or ¢. Let () = > a,t" € L{z)* be an entire function. We define the
x-adic Newton polygon NP, (f) to be the lower convex hull of the points (n, v.(a,)). For r > 0, we let
NP.(f)<r denote the ‘subpolygon’ of NP.(f) consisting of all segments whose slope is less than r.

Definition 6.10. Adopt the notation from Section 6.2.2. Assume that det(l—su|G)

resp., dbgt(l -sv| G E)) is well defined and an entire function in s. Then we define NP, (u | G) (resp.,

NP.(v | Gg))tobe NP.(det(1 —su | G)) [resp., NP, (dgt(l — sv | Gg) | |- Further assume that V is a

Banach space and u (resp., v) is completely continuous. Then by Lemma 6.7, the Fredholm determinant
does not depend on the choice of orthonormal basis, so we define NP, (u | V) (resp., NP.(v | V)) to be
NP.(u | G) (resp., NP.(v | Gg)).

Definition 6.11. Set d € Z>| U oo and let A = {cn};fZl be a nondecreasing sequence of real numbers.
If d = co we will make the assumption that lim ¢, = co. Let P4 be the ‘polygon’ of length d consisting

n—oo

of vertices (0,0), (1,c1), (2,¢1 + ¢2), . ... We write
NP.(f) = A

if the polygon NP.(f) lies above P4 at every x-coordinate where both are defined.

The following lemma allows us to bound NP, (v | Gg) by estimating the columns of the matrix
representing v.

1

Lemma 6.12. Assume that III}I col(; 1)(v,GE) = co. If v is v~ -semilinear, then the Fredholm determi-
[ASS

nant det(1 — sv | Gg) is well defined and we have
NPP(V | Gg) > {COl(i’l)(V,GE)}

Xa
iel”’

where the superscript ‘Xa’ means each slope is repeated a times.

Proof. Note that v ({je;) = g’}’flv(ei), which implies col(; (v, Gg) = col(; 1)(v, Gg) for each j. In
particular, (.li)ml col; j(v,Gg) = o0, so dbgt(l —sv | Gg) is well defined. By the definition of ¢, in
i.j)€lg

equation (25), we see that
NPp(V | Gg) = {COl(isj)(V’GE)}(i,j)EIE

= {COl(i,l)(V,GE)}ixea, . o

6.2.4. Computing Newton polygons using ath roots

When estimating the Newton polygon of an L-linear completely continuous operator u on V, it is
convenient to work with an E-linear operator v that is an ath root of u. The reason is that we can translate
p-adic bounds on dbgt(l — sv | V) to g-adic bounds on det(1 — su | V).

Lemma 6.13. Let V be a Banach space. Let v be a completely continuous E-linear operator on V and let
u = v Assume that u is L-linear. We further assume that det(1 — su | V) has coefficients in E (a priori,
its coefficients could lie in L). Let %N P, (v | V) denote the polygon where both the x-coordinates and y-

coordinates of the points in NP, (v | V) are scaled by a factor ofé. Then NPy(u | V) = éNPp(V | V).

Proof. Some version of this lemma is present in most papers proving ‘Hodge bounds’ for exponential
sums (see, e.g., [4] or [1]). The proof of [15, Lemma 6.25] is easily adapted to our situation. |
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7. Finishing the proof of Theorem 1.1
7.1. The Monsky trace formula

Let us recall the Monsky trace formula in the case of curves. For a complete treatment, see [22] or
[29, Section 10]. Let Q;gj. denote the space of i-forms of B [22, Section 4]. The map o induces

a map oj : Q;% - Qfgf sending xdy to x“d(y?). As in [28, Section 3], there exist trace maps
Tr; : % - 0o (Q;f). Let ©; denote the map a’i_1 o Tr;. For w € QIB+ and x € B, we have

0O (xw) =By (x)w. (26)
Consider the L-function

L(pv"ex® v.s) =[]

xXeV

1
1 — pwild @ y®p! (Frob,)sdee(x)’

27)

which is a slight modification of equation (1). Fix a tuple r = (rg) 0w of positive rational numbers.
Monsky shows that if the r¢ are sufficiently small (so B(0, r] consists of functions with sufficiently
small radius of overconvergence), the operator ®; o a f~'/ is completely continuous on Qg (0.r]" The
Monsky trace formula states

det (1- 50y 0 af 7|, )

det (1 - 5@ o af~17|B(0,1])

L(p" @y V. 5) = (28)

where a, f, and I'; are as in Sections 5.3.2 and 5.3.3. Thus, we may estimate L (pW”d ® X@p.f, v, s) by

estimating operators on the space of 1-forms and 0-forms.
In our situation we may simplify equation (28). The map A" — BT is étale, which implies Qpi =
7*Q 4+. Since Q 4+ = AT%, we see that Q= BT%. In particular, we have Qg9 ] = B(0,r] # Also,
o
since % = é (%) , we know by equation (26) that @, (x%) = é@o(x)%. Thus, we have ©; = U,
and ©¢ = qU,. Then equation (28) becomes
det (1 - sU, o af|B(0,r])

L(ovid g ®p-”v’ - . 29
(p X S) det (1 - sqUy o af~"3|B(0,1]) 29)

T 1 . .
As det (1 —sUg oaf™1 | B(0,r]) € 1+ 5O [[s]], we know that det(l—quqoaf_rf ‘B(O,r]) lies in 1 +
qsOr [[gs]]. This means each slope of NP, (det(lsqqu alf"'f ‘B(O,r])) is at least 1. In particular, we

have
NP, (L (pwild ® "V, s)) = NP, (Uq o af‘rf|3(0, r]) 1
< <

Note that p and p*¢ ® /\(‘X’P'i are Galois conjugates. Thus, L(p,V,s) and L (pW”d ® /\,/@Pj, v, s) are
Galois conjugates. This gives

a—1
NPy(L(p,V,5)<1 = =NPy | L p" " & 5 x*", V. s
Jj=0
<1 (30)
1 a—1
= —NPy|UgoaN | EPBO.1]|
J=0

<1

where N is the dual Frobenius structure from Proposition 5.9.
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a-1
7.2. Estimating NP, (U, o aN|P B(0, r])
j=0
a-1
In this subsection we estimate the g-adic Newton polygon of U, o @N acting on &P (0, r].
j=0
Proposition 7.1. We have
1 a-1 m
—NP,|U, caN BO,r]| ={ 0,...,0 } S|
a q q @ N u |l:_1| T

<1 g—14rp+r +ree—Qp

where S, is the slope set defined in Section 1.1 and r.. is the cardinality of 1~ (x) defined in Section 3.2.

We break the proof up into several steps.

7.2.1. The twisted space and the ath root

a-1__ a-1
We view P Band P B(0, r] as subspaces of R, as described in Section 5.3.4. Unfortunately, the global
j=0 j=0
Frobenius structure aN will not have nice growth properties like the local Frobenius structures studied
in Section 5.1. Instead, we have to ‘twist’ this subspace using the matrices bM defined in Section 5.3.4.

Define the spaces

—~

V=bM B,

V=bM B(O,r] |,

a-1
D
j=0
a-1
D
j=0
which we regard as subspaces of R. After decreasing r we may assume that

V:Vﬂ@éégQ(o,rQ]. 31)

QeW j=0

In fact, equation (31) holds as long as bM, viewed as a matrix with elements in @ STQ, has entries
QeWwW

contained in @ Eo (0, rQ]. From equation (23) we know that U, o Ccv 7+ and UpoCactonV.
Qew

Since U, o CveTle 2 (Up 0 C)“, Lemma 6.13 tells us that

a-1
NPy |UqoaN | @D BO.x]|= NP (U0 41| V)
5 (32)

lNPp (UpoC|V).
a

Proposition 7.2. The following hold:
1. We have pr (Vo) = Ogpirun, where pr is the projection map defined in Section 5.3.4.
2. Bothker (pr: V — R'"™") andker (pr Vo R’”‘") have dimensiona (g — 1 +ro+ri +re — Q,)

as vector spaces over L.
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To prove Proposition 7.2 we need the following lemma:

Lemma 7.3. Let f : R — S be a continuous map of Banach spaces such that f(Rg) C So. If7 ‘:R—S
is surjective, then f is surjective and f(Ro) = So. Furthermore,

W = ker (7) .

Proof. This is proven by approximating the image and kernel of f. For more details see [15, Lemma 7.3].

O
Proof of Proposition 7.2. Let us first consider V. Define a function u: W — N by
17 Q e 0’ (>o 9
uig) =" M0} (33)
p, n(Q) =1

Let M be the reduction of M mod m. By Lemma 7.3 and expression (24), we may prove the corre-
sponding result for the map

a-1 a-1
57 | DB |- R - D Pug =, || (34
j=0 Qew j=0

Define the divisor

D;= i(p— D [Pui] = ) no 10l
i=1

Qew
By expression (24), we know the kernel of equation (34) is

a-1

@HO (X,0x (D;)).

Jj=0

Since (p — 1)r; = deg(n), we know from formula (14) that deg(D;) = deg(n) — ro — reo.-
By equation (4) and the Riemann-Roch theorem, we see that H® (X,Ox (D;)) has dimension
g—1+ro+ri+re— 2 ng, ;. Then from equation (15) we know that the kernel of equation (34) has
dimension a (g — 1 +ro +r + reo — €,) as an F,-vector space. To prove the result for V, first note that

a-1
ker (pr: R = R"™") c @ @SQ (0,70],

QeW j=0

as the kernel consists of functions with finite-order poles. The proposition follows from equation (31). O

7.2.2. Choosing a basis
For the remainder of this section, we let v = U, o C, which we view as an operator on V. Then define
JCNxWxA{0,...,a—1}by

J={(n,Q,j)|n2,u(Q),jE{O,...,a—l}}, (35)

where u is the function defined in equation (33). The set {u‘Q"I.}( 0jres is an orthonormal basis for
’ n,Q,j)e
R over L (recall that ug ; is the element of R with ug in the (Q, j)-coordinate and zeros in the other

coordinates). Let K be a set with dimy (kery (pr|y)) elements and set I = J LU K. Fori = (n,Q, j) € J,
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choose an element e; € Vj with pr(e;) = ué”j. By the first part of Proposition 7.2 we know that such

an e; exists. We also choose an orthonormal basis {ei}iek € Vy of kerp (pr|y) indexed by K. Then

G = {ei}icr is an orthonormal basis of V over L. By formula (21) there exists ¢; € O" for each i € I
with

u ' +c;, i=0m,0,7) €],

ei:{Q,, i i=(0,)) G6)

Ci, ie€K.
Define the space
verr = (0" V) @z, Qp.

Endow V¢ with a norm so that Vj°" = OZ" N V (recall that the subscript O denotes the subset of
elements of norm < 1). We now scale each element e¢; € G by an element x; in Oy, to obtain a formal
basis G°" of V<", We break up the definition of x; into four cases: The first case is when i € K, and the
other three cases correspond to the three types of points O € W described in Section 5.3.3. We define

1, ieK,
e ﬂZS(;Q’j) an", i=(n0,J)), n(Q) € {0,000} and pg”d is unramified, 37
= . .
ﬂgs(;Q’J)an", i=(n,0,)), n(Q) € {0,00} and pg’ld is ramified,
p", i=(n0,j)andn(Q) =1,

where b(n) is the function defined in Section 4.2. From the definition of O%", we see that G = {x;e;}
is a formal basis of V¢°". Indeed, we just selected the x; appropriately for each summand in the definition
of OP".

Proposition 7.4. We have
det (1-sUpoC|V) = det (1-sU, o ClGE™).

Proof. For Q € W, define a sequence bg.1,bg2,... € O; such that
{. o, uzQu}2 1, bQ,luél,bQ,zuéz, o } is a formal basis of £g (0, rQ]. Fori € K set y; = 1, and for
i=(n0,j)sety; =bg,. Then G" = {y;e;} is an orthonormal basis of V. In particular, we have

det (1 - sU, o clv) = det (1 - sU, o C|G%)
=det (1 - sU, o ClGE™).

The second equality follows from observing that the matrices of U}, o C for the bases G}; and G§°" are
similar. O

7.2.3. Estimating the column vectors
To estimate the column vectors we will need the following lemma:

Lemma 7.5. For any n > 0, we have n] O%" N V= oV

Proof. Set z € i OZ" N V. Then n;"z € OF", and since V is a vector space we have n;"z € V. It

follows that z € 77} (O%" "N V) The other direction is similar. O

We now estimate col(; 1y (v, G$") for each i € I. We break this up into the four cases used for
defining x;.
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For i € K, we have x;e; = ¢;. We know from equation (36) that ¢; € O%". By formula (22) we
know v (O%") € O™, which means v(e;) € VEor. Thus, col ;1) (v,G5?") = 0 and

{eoliy (v.GE")} e ={ 0.0,...,0  }.
N———

a (g—l+r0+r1 +rm—Qp)

The multiplicity of the zeros follows from Proposition 7.2.

Fix Q with n(Q) = 1 and let i = (n,Q,j) € J. By equation (35), we consider only tuples
(n,Q, j) with n > p. Recall from equation (37) that x; = pb () and from equation (36) that
e = u(:)"] +c; with ¢; € OFF". Write n = k + pm, where 0 < k < p. By formula (22) we have

v(xic;) € pb™ O%", and by formula (17) we have v (x, ugy'; ) C p™OP". From the definition of
b(n) in Section 4.2, we know b(n) > m, which implies v(x;e;) € p™OZ". Lemma 7.5 tells us
that v(x;e;) € p™ (VOC””). Thus, we have col; 1) (v, G¢") = m. This gives

Pg = {col(n,0..1) (v.GE")} n2p = {1,2.3,... 1P,

0<j<a

Fix Q € W such that (Q) € {0, 0} and pg”d is unramified. Consider i = (n,Q, j) € J. By
equation (35) we consider only tuples (n,Q, j) where n > 1. Recall from equation (37) that

a(eg.j) _pn

Xi = Maey  Mag and from equation (36) that ¢; = ué”] +¢; with ¢; € OF". Then by formulas

(19) and (22), we see that v(x;e;) € n;’Q(p D asQ (9"’" Again, by Lemma 7.5 we see that
v(x;e;) € ﬂ"(p D M asn (VCO”) This gives

Pg = {col((n,0.),1) (v, GE")} n21 =

0<j<a

{1 wo 2 wQ }Xa
so aso(p—-17s0 aso(p-1""""

Finally, fix Q € W such that n(Q) € {0, o} and pg”d is ramified. Repeating the argument from
case I1I but replacing sp with 5o gives

{ 1 wo 2 wQ }Xa
S

Po = {col i , GO > - , — — e
0] { ((n,Q.5).,1) (V E )} nzl 0 asQ(p—l) 50 asQ(p—l)

0<j<a

We put everything together to get

{eoliyy (v, G5}y = 0,0,...,0 | |
———

g—1+rp+r1+re—Qp

|| PQ).

QeWw

Then by Lemma 6.12 we see that det (1 — sv, G$") converges and that

NP, (v|GE") = { 0,0,...,0 P |
———

g—1+ro+ri+reo—Qp

|| Pg) :

Qew

Then from Proposition 7.4 we have

1
—NP,(U,oC |V 0,0,...,0 }*¢
p p( poCl| )Z{ } U

| 7o)
Qew
g—1+ro+ri+re—Qp
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When Q is from case Il, each slope in Pg is at least 1. Also, when Q is from case III, we know from
formula (18) that each slope in Pg is at least 1. This gives

1 m

—NP,(U,oC|V)_, = 0,...,0 xa Sxé

PR (UpoClV), ={ } |_| \E| i

g—l+ro+ri+re—Qp

Proposition 7.1 follows from (32).

7.3. Finishing the proof

We now finish the proof of Theorem 1.1. From equation (30) and Proposition 7.1, we know

N———
g—l4ro+ri+ro—Q,

NP, (L(p.V,5))<1 ={ 0,...,0 }|_| |_|Sfi
i=1

Comparing equation (1) with equation (27) gives

L(p,V,s) = L(p.s)- [ | (1=p (Frobg)s).

This product has ry + r| + roo — m terms, each accounting for a slope 0 segment. Thus,

NPy(L(p,s)<1 = {0,...,0}| | L1|S

g—1+m-Q,

From the Euler-Poincaré formula (see, e.g., [24]) we know that L(p, s) has degree 2(g — 1 + m) +
Y. (s7, — 1). This accounts for the remaining slope 1 segments. The proof is complete.

List of symbols

X A smooth proper curve over .

P An Artin character on X.

50 The Swan conductor of p at Q.

eo The exponent of p at Q.

€0 The natural number between 0 and g — 2 such that %
represents eg.

wQ The sum of the p -adic digits of €p.

Tlyeees Tm The points of X where p is ramified.

m The number of points in X where p is ramified.

Q, The sum QEZW ﬁ wQ.

HP(p) The Hodge polygon associated to p.

& The Amice ring with parameter z.

Sj The bounded Robba ring with parameter .

£(0,r] The ring of bounded functions that converge in the annulus
0<vp(t) <r.

n A morphism from X to P! with specific ramification properties.

w The points of X lying above {0, 1, co} —that is, 7771 ({0, 1, c0}).

eo The ramification index of 77 at Q € X.

v The affine curve 17! (P! - {0, 1, o0 }) contained in X.

v A formal lift of V.

Vris The rigid fibre of V.
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Bf The ring of ‘overconvergent’ functions on V.
B The ring of ‘overconvergent’ functions on V'8
r Atupler = (rp) QW of positive rational numbers, where each
ro represents a radius of convergence around the point Q.
B(0,r] The ring of functions on V converging on the annulus
0 <vp (ug) <rpforeachQ e W.
a-1
De,s A subspace of D O, ¢+ depending on a tame exponent e and a
j=0
Swan conductor s .
D A subspace of O+ used for studying U, for the second type of
Frobenius endomorphism.
Lo The p -Frobenius structure associated to o4
@ The g-Frobenius structure associated to p*<.

a-1
The g-Frobenius structure associated to &5 x®P’.

J=0
a-1 .
No The p -Frobenius structure associated to 5 x®r’.
Jj=0
Co The well-behaved p -Frobenius structure associated to pg.
bo The ‘change of basis’ element between the wild global and local
p -Frobenius structures at Q.
Mo The ‘change of basis’ matrix between the tame global and local
p -Frobenius structures at Q.
a-1
RTQ a copies of the bounded Robba ring with parameter ug: @) 8;.
a—] 1
OR; a copies of the integral Robba ring with parameter ug: € O el
j=0
Of,é’g The subspace of functions at Q with precise growth conditions
determined by 77(Q) and the ramification datum at Q.
R The direct sum over Q € W of each Rp.
R The direct sum over Q € W of each RTQ
RIun Truncated elements of R depending on 77(Q).
RITUn The direct sum over Q € W of each R’Q”"‘.
oR" The direct sum of (’)%Og overQ € W.
(& The endomorphism of R acting on the Q coordinate by Co.
M The endomorphism of R acting on the Q coordinate by M.
b The endomorphism of R acting on the Q coordinate by
diag (bgp).
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