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1. Let Ω be a finite set of arbitrary elements and let (G, Ω) be a permuta-

tion group on Ω. (This is also simply denoted by G). Two permutation groups

(G, Ω) and (G, Γ) are called isomorphic if there exist an isomorphism a of G

onto H and a one to one mapping r of Ω onto Γ such that (g(i)Γ -=g°(f) for

g&G and i<=Ω. For a subset Δ of #, those elements of G which leave each

point of Δ individually fixed form a subgroup GΔ of G which is called a stabilizer

of Δ. A subset Γ oί Ω is called an orbit of GΔ if Γ is a minimal set on which

each element of G induces a permutation. A permutation group (G, Ω) is

called a group of rank n if G is transitive on i2 and the number of orbits of

a stabilizer Ga of β e £, is w. A group of rank 2 is nothing but a doubly

transitive group and there exist a few results on structure of groups of rank

3 (cf. H. Wielandt [6], D. G. Higman M ) .

Now we introduce the following definition:

Definition. A permutation group (G, Ω) is an extension of rank n of a

permutation group (H, Γ) if (G, Ω) is a group of rank n and there exists an

orbit Δ of a stabilizer GΛ, a^Ω, such that G* is faithful on J, i.e., only the

identity element of Ga induces the identity permutation on J, and (Ga> Δ) is

isomorphic to (Ht Γ). Moreover, if (G, Ω) is primitive (or imprimitive), it is

called a primitive (or imprimitive, resp.) extension of rank n.

In this note we will prove the following theorem.

THEOREM. Let Sn be the symmetric group of degree n.

If Sn has a primitive extension of rank 3, then n = 1, 2, 3, 5, or 7.

2. We use the following notations *
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Sn: The symmetric group of degree n (on a set Γ).

An: The alternating group of degree n.

G: A primitive extension of rank 3 of Sn on a set Ω = {0, 1, 2, . . . , w,l» 2,

. . . , ra} which consists of 1 + n+ m letters.

H: The stabilizer Go of a letter, say 0, of Ω.

The orbits of H are denoted by Jo = {0}, Ji = {1, 2, . . . , n) and J2 = {Ί, 2, . . . ,

m) and the group (H, Λx) is isomorphic to (S«, Γ).

Z: The stabilizer of the subset {0, 1} of Ω.

Ψ- The character of G induced by the principal character of H which is

called the character of the permutation representation of (G, Ω). By a well

known theorem (cf. Proposition 29.2 in [6]) Ψ is decomposed into three ir-

reducible characters ψot ψi and <p2 and one of these, say ψOt is the principal

character. We denote the degree of ψi by /,-. If n^3, then n^mby Theorem

17.7 in [6] and so /i =*F/2 by Theorem 30.3 in Π6] and we assume /Ί </2.

HΨ- The restriction to H of Ψ. By the structure of G, HΨ is equal to

1H + lsn-i + liw where lx is the principal character of a group X and l l is the

character of Y induced by lx, that is, the permutation representation of a

permutation group (Y, Y/X).

' fl'fϊ

[: The order of a group X.

We use the following propositions '•

PROPOSITION 1. (W. A. Manning, Theorem 17.7 in [6]). If n>2, then

- 1 ) and m divides n(n — l).

PROPOSITION 2. (/. S. Frame [2]). (i) q is an integery and {it) if

then q is a square.

PROPOSITION 3. (D. G. Higman [4J). If 1 + n + m = n2 + 1, then n = 2,3,7

or 57.

Let V be a matrix (vΛP), a, /3ei?, of degree 1 + n+m where

I I if there exists an element g of G such that 0g = /? and α G Jf

0 otherwise.
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Obviously, all diagonal elements of V are zero and all diagonal elements of

VtV are n. By calculating the traces of V and VtV we have the following

relations among flt /2, m, n and the eigenvalues of V which are introduced by

H. Wielandt (Chapter V in [6]):

PROPOSITION 4.

n+fιs+f2t = 0

n2 +/is2 -h/2f
2 = (m + n + l)n

where s and t are eigenvalues of V which have the multiplicities f\ and /2

respectively.

PROPOSITION 5. (G. Frobenius [3]). Let X be a subgroup of S«. Then

(i) If X is S2 x S»-2, then

0..-0 O O

where X° and X00 are irreducible characters of Sn {corresponding to Young

diagrams ° and 00 respectively) whose degrees are n — 1 and 9

respectively).

(it) If X is Si x Si x AM-2, then
o o

o o 0 o o
ηSn -j 1 n yO 1 yθ 7OO

o o 0 00 000 00
0 : : : :o

where 7° , #°, Z°, Z° and *f are irreducible characters of Sn of degrees

2 !» w - 1 , g ^Wfi? 2 respectively.

3. Proo/ 0/ Theorem. In the following we assume that n # 1, 2, 3, 5 and 7.

According to Proposition 1, ( n - 1 ) ! > | £ | > ( Λ - 2 ) ! .

7. 77*£ cαs£ | L | > ( w - 2 ) / ΛWJ L is transitive on Δx.

If L is a primitive subgroup of (H, Ji), then, by a theorem of A. Bochert

(Theorem 14.2, [6]), the index of L in H is not less than [-^y^-j!, that is,

n{n-l)>\^L~2— j ! and so we have w = 8, 6 or 4. For those values of n we

know some properties of primitive subgroups of Sn (cf. [1], § 166). The orders
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of primitive groups of degree 8, not containing As, are not divisible by 5, but

the order of L is divisible by 5. This is impossible. The orders of primitive

subgroups of S6 (or S4) are divisible by 5 (or 3 resp.) and so, by Proposition

1, the order of L is divisible by 5! (or 3! resp.). This is a contradiction because

(fi — D! >|Z,|. Hence L is imprimitive on Δx and so there exists a non-trivial

block Γ of (L, Δx). Let r be the length of Γ. Then the order of L must divide

(rD^Π — )l. Therefore, by Proposition 1, we have

From this formula we have that n = 4 or 6. If w = 4 then, by the assumption

(w - 2)! < IZ, I < (n - 1)!, | L | = 4 and so the degree of (G, J) is equal to 11 and

q = . * * . This is a contradiction because q can not be a square for positive
yi /2

integers /i, /2 satisfying /i-f/2= 10. In the similar way, for the case n =6, we

have a = —^—4— or * =— which also show us contradictions.
/lV2 /l /2

77. 77z£ c<3S£ |L |>(w —2V ΛMJ L /S intransitive on Δ\.

Since L is a subgroup of SrxSn-r with a positive integer r, we have the

relation (n — 2)l^rl(n — r)\ Hence we have the following cases (we assume

r£n- r ) : r = l or 2.

(i) r = l : SinceL^SjXSn-iand(w-l) !> |L |>(w-2)!,LmustbeSixA r t -i .

Now we take up an element σ0 of H which is a cycle of length 3 as an element

of (H, Δi). Then we see that, as an element of (Ht J2), tfo is the product of

disjoint two cycles of length 3. Therefore σ0 is the product of disjoint three

cycles of length 3 and Ψ(a) =3 n-8. Let a be an element of H which is the

product of disjoint r cycles of length 3 as an element of (H, Δi). Then, in the

similar manner, a is the product of exactly disjoint 3r cycles of length 3.

This concludes that if an element a of H is conjugate to σ0 in G then they are

conjugate in H already. Hence the number of elements which are conjugate

to σo is

[_G : Eβ the number of elements of H which are conjugate to σo/Ψ{σ)

3(3 Λ - 8 )
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Since this number is an integer, 3 ^ - 8 must divide 8 5 2 and this concludes

n = 16, 8, 6 or 4. If n = 16, then, in the similar manner, the number of elements

of G which are conjugate to an elements ai of H which is a cycle of length 5

as an element of (H, Jι) is equal to -oT-^yr and> since this number is not an

integer, we have a contradiction. If w=8, then the number of elements of G

which are conjugate to an element σ2 of H which is the product of disjoint

two cycles of length 2 as an elements of (H, Δi) is equal to - ^ * ' . - and,

since this number is not an integer, we have a contradiction. If n is either 6

or 4, the degree of (G, Ω) is a prime number and so, by theorems of Galois

(Theorem 11.6 in [6]) and Burnside (Theorem 11.7 in [6]), (G, Ω) is a Frobenius

group. This is a contradiction.

(ii) r = 2 Since L is a subgroup of S2 χS r t-2 and (# — 1)! > \L\ > (n - 2 ) ! ,
o o o . o

L must be S2 x Sw-2. Then # ψ = 3 lsn + 2 7° + Z00 and so we have the following

possibilities

fx = n 2/1-1

or

, w(w-l) ( w - l ) ( w - 2 )
Λ - 2 2

In the first case, according to Proposition 3, we have

1)
= 0

and so w= " 2 —t2 * ^ a t ^s> n ι% ^ o r ^ w ^ ^ c ^ ̂ a s ^ e e n excluded. In the second

case we have

x n2(n-l) wt(

1)- ( ^ - 1 ) ( ^ " " 2 ) 2(2«- l ) (Λ-2) f

but this is not a square for any integer n. This is a contradiction, by Pro-

position 2.

///. 77*έ? <?tfS£ | Z | = ( Λ - 2 ) ! . Then m^n(n-l) and so the degree of (G,

β) is w2 + 1. By Proposition 3, n = 57. m = 57-56 = 3192 and so q = 3 2 D 0 ' 5 7 * 3 1 9 -
/iV2

must be a square. Then we have the following possibilities:
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A = 624 1520

or

/a = 2625 1729.

On the other hand, since L is intransitive and since | L | = 5 5 ! , £ =

or L = S2χΛ55 or L = the group which consists of even permutations in S2χSδs

In any of those cases, since 1S"X8IXAH = l£67 + a sum of characters of S67 and since

1 + lsZ + ls%sιxAn is decomposed into 13 irreducible characters which have degrees

1, 1, 1, 1, 56, 56, 56, 56, 56, 57-27, 57-27, 28-55 and 28-55 respectively, A and ft

must be partial sums of these integers, but it is impossible.

Thus we complete the proof of Theorem.

4. There exist primitive extensions of rank 3 of Sn for n = 1, 2, 3, 5 and 7.

(i) The cyclic group of order 3 is the unique primitive extension of Si.

(ii) The dihedral group of order 10 is the unique primitive extension of

S2

(iii) The alternating group A5 of degree 5 is the unique primitive extension

of S8.

(iv) Let N be the elementary abelian group of order 16 and let αu #2, αSf

04, be a minimal set of generators of N. For any element σ of S5 a permuta-

tion on the set {αly α2, αz, α^ α5 = αiαiαzαύ defined by ( u 2> 3 ί 4>

\<Zσ(l), tfσ(2), <3σ(3), #σ(4)>

ύ5 ) induces an automorphism α of N. Thus S5 is identified with an automor-

phism group H of N. Then we can see easily that the semidirect product S»N

is the unique primitive extension of rank 3 of S5.

(v) Let F be the finite filed consisting of 52 elements and let α be the

involutive automorphism of F and let Z73( F) be the projective special unitary

group over F of dimension 3. Then σ induces an automorphism α of Uz(F).

Ua(F) contains a α invariant subgroup H which is isomorphic to Λ7 and the

semidirect product ζσyH of groups <#>, which is generated by α, and H is iso-

morphic to Si (H. H. Mitchell; Theorem 25, [5]). Us(F) is a primitive exten-

sion of rank 3 of ΛΊ (D. G. Higman [4]). Then the semidirect product

is a primitive extension of rank 3 of
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