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Abstract

In this paper, for an arbitrary £!-Munn algebra 2 over a Banach algebra A with a sandwich matrix P, we
characterise all homomorphisms from 2 to a commutative Banach algebra B. Especially, we study the
character space of this algebra. Then, as an application, its character amenability is investigated. Finally,
we apply these results to certain semigroups, which are called Rees matrix semigroups.
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1. Introduction

Munn algebras were first introduced by Munn in [9] and the algebraic properties of
these algebras were studied there. This concept was generalised in [5] to characterise
amenability of semigroup algebras. Then some aspects of these algebras were
investigated in [4]. Munn algebras present a new category of Banach algebras which
can be used in the study of semigroup algebras of completely o-simple semigroups
with finitely many idempotents. These applications give a strong motivation to study
these algebras as abstract objects (see for example [4, 5]). In [11], the author studied
the ultrapowers of these algebras. Also, in [12], by using these algebras, weighted
Rees matrix semigroup algebras were investigated.

The first goal of this paper is to study all homomorphisms from a Munn algebra
A= M(A, P 1,J) to a commutative Banach algebra B in terms of homomorphisms
from A to B. Especially, the character space of Munn algebras is investigated. Then
we show that character amenability of U implies character amenability of A. We also
give some examples to show that the converse of this result is not true in general. We
recall that for a Banach algebra A and a character ¢ on A, A is called right ¢-amenable
if there exists a right ¢-mean on A*; that is, a bounded linear functional m on A*
satisfying a - m = ¢(a)m and m(¢) = 1. The ‘left’ version is defined in a similar way
(see [7, 8]). In harmonic analysis, the interest in character amenability arises from the
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fact that left character amenability of both the group algebra L'(G) and the Fourier
algebra A(G) are characterised by amenability of G (see [10]). Here we characterise
the character space of Rees matrix semigroup algebras and present a relation between
character amenability of Rees semigroup algebras and amenability of their maximal
subgroups.

2. Main results

Let A be a unital Banach algebra, let I and J be nonempty sets and let P = (pj;) €
My ;(A) be such that sup{||p;ill : i €1, j € J} < 1. Then the set A = M, ;(A) of all
I X J matrices (a;;);j over A with £'-norm I(aip)ll = Xier jes llaijll < oo and product
aob=aPb,forall a,b € U, is a Banach algebra, which is called the £ !-Munn algebra
over A with sandwich matrix P and it will be denoted by M(A, P, 1, J). If the index sets
I and J are finite with |I| = m and |J| = n, then we use the notation M(A, P, m, n) rather
than M(A, P, 1,J).

Throughout, we adopt the notation as above. Also, the identity of A is denoted by e
and, fori € I and j € J, we follow the terminology of [4] and denote by &;; the element
of A with e in the (i, j)th place and 0 elsewhere. Thus, [|E;;l| = |le|| = 1. This notation
enables us to represent an element N = (N;;);; € Wby N = }ic; jej NijEij.

Let A and B be two Banach algebras. The space of all linear maps 7 : A — B
is denoted by £(A, B). If for an element 7 € £(A, B) and for all a,b € A we have
T(ab) = T(a)T(b), then T is called a homomorphism. We firstly consider the existence
of a homomorphism in £(M(A, P, 1, J), B), where B is a commutative Banach algebra.

Tureorem 2.1. Let = M(A, P,1,J) be the £'-Munn algebra over A with sandwich
matrix P = (pj;) such that {pj;; :i€l,je J}NInv(A) # 0. Let B be a commutative
Banach algebra and let T € &, B). Then T is a nonzero homomorphism if and only
if there exists a unique nonzero homomorphism L in L(A, B) such that

L(pjipw) = Lpppi) (. leikel) 2.1
and
T(N) = Z L(nij)L(pj;) (N = (n;;) € N). (2.2)
iel, jeJ

Proor. Suppose that T € &(2, B) is a nonzero homomorphism. By our hypothesis,
there exist ig € I and jo € J with pj;, € Inv(A). We define L € £(A, B) by

L(a) = T(ap;;,Eirjy) (2.3)

for all a € A. Since T is nonzero, there exists N = (N;;);; such that T(N) # 0. Now
we may use the representation N = },c; jc; Ni;&;; to obtain 1 € I, j € J such that
T(N,E,)) # 0. So,

T(Nljal]) = T(Nlj81j0 © P,_'Ol,'ogiojo o pj_'olioaioj) = T(NIJSIjU)T(p_l Siojo)T(pj_'Olio‘gio.))-

Joio
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This shows that L(e) = T(pj‘.oll.o&o o) # 0 and hence L is nonzero. Furthermore, for all
a,beA,

L(ab) = T(abpy,; Eiyjy) = T(ap7s Einjo © P71, Eivis)
= T(ap;,;,Eui)T (b7 Einy)
= L(a)L(D).
Therefore, L is a homomorphism.
Now we show that L satisfies the equality (2.1). For j,/ € Jand i,k € I,
L(pjipn) = L(pj)L(pu) = L(pwpji) = T (pup jiP}oliOSiO jo)
= T(&iyi © Exj o pis,Eiin)
=T(&Eiy 0 pj_-olio& jo © Exj)  (since B is commutative)
= T(&iyi © P, Eiio) T (Exj)
= T(pip 1, Eivio) T (Exj)
= L(pi) T (P, Exjo © Ein)
= L(pi)T(E;yj 0 P}Oliogkjo)
= L(pi)T(p jkpj_'olio‘sio o) = L(piip ji)-
It remains to show that L satisfies the equality (2.2). Suppose that N = (n;;) € U. By
using the representation N = ¢/ icj 1i;Eij,
T(N) = Z T(n;;&;)) = Z T(”ijpj_'(,lioaijo 0 &y j)
iel,jeJ il jeJ

Z T(&jyjo nijpj_-ol,-o&ju)

iel,jeJ

-1
Z T(pjinijp i, Siojo)
iel el

Z L(pjinij)

i€l jeJ

Z L(p;i)L(n;;).

iel,jeJ

The uniqueness of L is easily verified by (2.3). Indeed, if there exists a
homomorphism L’ in £(A, B) which satisfies (2.1) and (2.2), we can choose iy € /
and jo € J such that p;;, € Inv(A). For a given a € A, by (2.2), we obtain L'(a) =
T(ap}olioéli0 i»)» which is equal to L(a) by (2.3). This implies that L = L’, as required.

Conversely, suppose that T € £(, B) and there exists a nonzero homomorphism L
in £(A, B) such that (2.1) and (2.2) hold. Again using the fact that {P;; :i€ 1, je J}N
Inv(A) # 0, we may obtain i € [ and j € J with L(pj;) # 0. Hence, T(&;;) = L(p;;) # 0
and therefore T is nonzero.
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Now we claim that T is a homomorphism. Indeed, for a = (a;;) and b = (b;;) in ¥,

T(aob) = T( Z aikpkzsz&j)
kel.lel

Z L(aixpubijpji)

Jkedjilel

Z L(aiybijpupji) (since B is commutative)

Jkedjilel
= L(aybijpripji) (since (2.1) holds)
Jkedilel
= Z L(aypri) Z L(b;jpj)) (again, since B is commutative)
keJ,iel led, jel
=T(a)T(b),
which completes the proof. O

CoroLLARY 2.2. Let W = M(A, P,1,J) be the t'-Munn algebra over A with sandwich
matrix P = (pj;) such that {pj; : i € 1, j € J} N Inv(A) # 0 and let ® € W*. Then @ is a
character on W if and only if there exists a unique character ¢ on A such that

d(pjip) = d(pixpi) (1€ J,i,kel) (2.4)
and
O(N) = Z d(nid(pji) (N = (n;;) € N). (2.5)
il jeJ

Prookr. Since a character on a Banach algebra A is a homomorphism from A onto the
commutative complex field C, the result follows from Theorem 2.1. |

Remark 2.3. For a Banach algebra A, the character space of A is denoted by A(A). By
Corollary 2.2, we obtain a bijection between a certain subset of A(A) and the character
space of 2. Indeed, we may write A(W) € A(A). By choosing an appropriate sandwich
matrix P, one may obtain a Munn algebra U for which, up to a bijection, we have
A = A(A).

ExampLE 2.4. Let A be a Banach algebra, I and J be nonempty sets and {a; : j € J} be
a set of nonzero elements of the unit ball of A. For every i € I, j € J, define the J X
matrix P by pj;; = a;. It W= M(A, P, 1, J), then, for each character ¢ € A, (2.4) holds.
Therefore, up to a bijection, we obtain A(U) = A(A).

Now we are ready to present an application of our result.

TueOrREM 2.5. Let W = M(A, P,m, n) be the ' -Munn algebra over A with sandwich
matrix P = (pj;)suchthat{p;;: 1 <i<m,1 < j<n}NInv(A) # 0. Let © be a character
on Wwith ¢(pjipu) = ¢(pupu) forall 1 < j,1 <n,1 <i,k <mand

DO(N) = i Zn: d(ni))d(pji)

=1 j=1
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for all N = (n;;) € W. If W is right (respectively left) ®-amenable, then A is right
(respectively left) ¢-amenable.

Proor. Suppose that U is right ®-amenable. Then A has a right ®-mean in A**, say
M, such that M(®) =1 and N - M = ®(N)M for all N € A. By [6, Lemma 3.2], we
have A ~ M(A™, P,m,n). (Note that both A™ and A** are equipped with the first
or the second Arens product; see [1, 2] for more details.) Hence, we may suppose
that M = (m;;);; with m;; € A™ for all i, j. Also, we may extend the equality (2.5) to
A** by Goldstine’s theorem to obtain M(®) = 37", ;le m;j(P)p(pji). Since M(D) = 1,
there exist 1 < iy <mand 1 < jo < nsuch that ¢(pj;,) # 0. For N = &; j,, by applying
formula (1) of [6],

0= (8iyjy - M = O(&Eiyjo)M)iy jo, = Z Piok * Mjy = PP joig My jy- (2.6)
k=1
On the other hand, for eacha € A,

m

0 = (a&iyj, - M — ©(a&;j)M)iyjo = ) apjok * Myj, — ¢(Pjoig)P(@miy . (2.7)

k=1
By (2.6) and (2.7),
d(pjoig)a - miyj, — Playm;yj,) = (¢(P Joio )AL Migjy — Z apjok - mkjo)
k=1
+ (Z ap jok - Mjy — ¢(a)¢(1?joio)miojo) =0.
k=1

Set m = m;, ;,/mjj,(¢). Then m(¢) = 1 and a - m — ¢(a)m = 0O for all a € A. This means
that A is right ¢-amenable. The ‘left’ part of the result holds analogously. O

By [5], A = M(A, P, m, n) is amenable if and only if A is amenable, m = n and P
is invertible in M, (A). Unexpectedly, this result does not hold in terms of character
amenability. Indeed, if P is invertible in M,(A), then the Munn algebra is isomorphic
to the matrix algebra M,(A) via a — P~'a and M, (A) does not have any characters
when 1 > 1. Also, there are some ¢'-Munn algebras A = M(A, P, m, n) such that the
character amenability of A implies the character amenability of 2, but m # n, as the
following example shows.

ExampLE 2.6. Let n € N and choose a right (respectively left) ¢-amenable Banach
algebra A with ¢ € A(A). Then A = M(A, P, 1,n) is right (respectively left) ®-
amenable, even if n # 1. Indeed, if m € A*™ is a right (respectively left) ¢-mean for
A, then, by [6, Lemma 3.2], we may consider M = (m,;) withm;; =m (1 < j<n) as
an element of A**. It is easily seen that M is a right (respectively left) ®-mean for 2.

Next we give an example which shows that the converse of Theorem 2.5 is not
necessarily true.
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Exampe 2.7. Let A = C, P = (39) and A = M(A, P, 2,2). It is easy to see that ¢ = idc
is the only character on A and A is right ¢-amenable, but 2 is not right ®-amenable.
Indeed, if it was, then there would exist m = (i} 1,2) € A** such that A - m = ®(A)m and
m(®) = 1 for all A € A and we may suppose that for each i € {1, 2, 3,4}, m; € A**. For
each A = (ﬁ; jj) e,

A- _ /11 /12 0 0 mp nyp\ /121’)13 /lzn’l4
"= /13 /14 0 1 nms Ny - /l4l713 /14”14 )
On the other hand, by Corollary 2.2, ®(A) = 44 and so we obtain

/l4m1 /l4l112)

q)(A)m - (/14}113 /147114

Since D(A)ym = A - m,

/l4m1 /l4m2 _ /lzﬂ’lg, /12m4
/l4m3 /l4l’l’l4 - /l4l’l’l3 /l4m4 ’

But A is arbitrary, so we see that m; = m, = m3 = my = 0, in contradiction to m(®) =
my = 1.

3. Applications to semigroup algebras

In this section, we apply our results to some special semigroups, which are called
Rees matrix semigroups, mainly to characterise their character space.
For a group G and m, n € N, we consider the set

S ={(g)ij:8€G,1<i<m,1<j<n}Ul{o},

where (g);; denotes the element of M,,,(G’) with g in the (i, j)th place and o
elsewhere, o is the zero matrix and G° = G U {o}. Let P = (pj;) be an n X m matrix
over G°. Then the set S with the composition

(@ijoo=00(a)j=0 and (a)jo (b= (apyb)x ((@)ij,(D)€S)

is a semigroup, which is called a Rees matrix semigroup with a zero over G. We
denote it by S = M°(G, P,m,n). By [3, Lemma 2.46 and Theorem 3.5], G is a maximal
subgroup of G. Further, by [5, Proposition 5.6],

€'(8)/Cs, = M(L'(G), P,m,n),

where the zero of G° is identified with the zero of the ¢'-Munn algebra
M(€'(G), P,m, n) and P is considered as a matrix over £'(G) (for more details, see [5]).

TueoreM 3.1. Let G be a group and S = M°(G, P, m,n) be a Rees matrix semigroup
with a zero over G. Then ® € £(S)* is a character on €'(S) if and only if there is a
character ¢ on G° such that, for each f € €(S),

o= D F@iHep;) (3.1)

si=m,ls =
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and

¢(pjipu) = ¢(pupj) (1< jl<n1<ik<m). (3.2)

Proor. Suppose that @ is a character on £'(S). Since 6, is an idempotent of £!(S), two
cases may happen.

Case 1. Suppose that ®(6,) = 1. Then @ is the augmentation character, that is, ®(f) =
Sses f(s) for all £ € £1(S). Indeed, we have ®(5,)D(5,) = D(5,) and so ®(5,) = 1 for
all s €S, as required. Now it is sufficient to define a character ¢ on G° by ¢(s) = 1
for all s € G°. Then (3.1) and (3.2) hold.

Case 2. Suppose that ®(6,) = 0. The equality
€'(8)/Cs, = M(£(G), P,m, n)

shows that ® induces a character of the ¢'-Munn algebra M(¢'(G), P, m, n), which we
denote by ®. Since, for at least one (i, j) (1 <i<m,1 < j<n), pj; is a point mass
(that is, ¢, for some g € G), we have {p;;: 1 <i<m,1 < j<n}NnInv(A) #0. By
Corollary 2.2, there is a character ¢ on £'(G) such that (2.4) and (2.5) hold. Further,
there exists a character ¢ on G such that ¢(3 @ 0,) = ) @z¢(g) (see [4, Chs. 3
and 4]). So, ¢¢ can be extended to a character on G° if we define ¢g(0) = 0 and
this extension of ¢¢ satisfies (3.1) and (3.2) when @ is replaced by ®. The identity
®D(6p) = 0 ensures that @ satisfies (3.1).

The ‘only if” part holds immediately. O

CoroLLARY 3.2. Let G be a group and S = M°(G, P,m,n) be a Rees matrix semigroup
with a zero over G. If ® € A('(S)) is such that ®(S,) =0 and €'(S) is right
(respectively left) ®-amenable, then there exists a character ¢ € A(C'(G)) such that
G is right (respectively left) p-amenable.

Proor. Suppose that @ € A(£'(S)). Define @ : £'(S)/Cs, — C with O(f + 8,) = D(f).
Since ®(6,) = 0, @ is well defined. Further, e A(£'(S)/C6,) and Qorx= O, where 7 :

£'(S) — €'(S)/Cés, is a natural embedding. By [8, Proposition 3.5], £'(5)/C6, is right
(respectively left) ®-amenable. On the other hand, £!(S)/Cé, = M(L'(G), P, m, n).
Now Theorem 2.5 implies that £!(G) is right (respectively left) ¢-amenable and so
is G. O
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