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Let R be a Riemann surface. Let G be a domain in R with relative

boundary dG of positive capacity. Let U(z) be a positive superharmonic

function in G such that the Dirichlet integral D(min(M, U(z))) < oo for every

M. Let D be a compact domain in G. Let DUM(z) be the lower envelope

of superharmonic functions {Un{z)} such that Un(z) ^ min (Λf, U(z)) on D + dG

except a set of capacity zero, Un(z) is harmonic in G — D and Un{z) has

M.D.I. (minimal Dirichlet integral) < D(min (M, t/(z))) < oo over G —D with

the same value as Un(z) on dG + 3D. Then DUM(z) is uniquely determined.

Put DU(z) = lim DUM(z). The mapping from ί/(z) to ^ ( s ) is clearly linear.

Hence there exists a positive measure λ(ξ, zj1^ such that DU(z) = \ί/(?)̂ (<?>2)

for 2 e G — Zλ If for any compact domain D, z?£/(2) = i/(z) or DU(z) < U{z),

we call U(z) a jfa/Z harmonic {F.H.) or /a/Z superharmonic (F.S.H.) function in G

respectively. If U{z) is an F.S.H. in G and U{z) = 0 on dG except at most

a set of capacity zero, U(z) is called an F0.S.H. in G. Let t/(z) be an F.S.H.

in G. Then DU{z)^ as D t Put z>£/(z) = lim Dr]GnU{z) for a non compact
n

domain D, where {Gn} is an exhaustion of G with compact relative bound-

ary dGn(n = 0,1, . . .).

Functiontheoretic mass W{U{z)) of an Fϋ.S.H. in G. Let U{z) be an F 0 .S.H.

in G. Then gM = £[2 : £/(«) > M] is open. Let ω{gM, z, G) be a function in

G such that ω{gM,z,G) is harmonic in G — gM, = 1 in #M and has M.D.I, over

G — gM and further ω(gM, z, G) = 0 on dG, = 1 on 3 ^ except a set of cap.

zero. Clearly such a function exists by Z)(min (U{z), M))) < 00 and

min (Λf, ί7(js)) = Λf on d#M, = 0 on dG except a set of cap. zero. It is easily

seen, ωn[z) -> ω{gM, z, G) in mean as n -> 00 , where ωn(z) is a harmonic function

in Rn Π (G — flrjf) such that 6)̂ (2;) = 0 on dG, ωn(z) = 1 on dgM except a set of
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42 ZENJIRO KURAMOCHI

capacity zero and -~— ωn{z) = 0 on (G — gM) Π 5i?Λ, where {Rn} is an ex-

haustion of R with compact relative boundary dRn. We call oKfe z, G)

C.P. (capacitary potential) of gM relative to G and define Cap {gM) by

D(ω{gM, z, G)). Then there exists a regular niveau^ Cδ such that

D{ω(gM, z, G)) = J - ^ -

for almost d with 0 ̂  3 ̂  1.

Since U(z) is an F 0.S.H. in G, £/(z) 2> 9M U{Z), whence

E [z : βMU(z) > M2] = g<M2 a gM2 = E [z : U(z) > M2] for M2<M,. (1)

By the definition gMU{z) = Mω{gM, z, G) in CgM. On the other hand, δω{gd, z, G)

= ω(gM, z, G) in Cgδ, where ^ = E[z : ω(fo, 2, Gf3 )̂ > 5] and

Z)(fii(ffo, z, G)) = - ] - ̂ (ωίto, z, G)) for any 5 < 1. (2)

Let M1>M2. Then by (1) and (2)

D U 2 £/(«)) = MID (ω(gM2, z, G)) ̂  MlD{ω{g'M2, z, G)). (3)

Put 5 = M- . Then

V 2, G)) = M | X - ^ 1 - Dίωίflr^, 2, G)) = M ^ Z ) (ω (gMl, z, G)) =

ί/(e)). Hence by (3) ( ^ ) Z) (g.vJJ(z)) ^ ( 4 - ) >̂ (»-,£/(«)) for
\ M2 /cgM2 \ Mi 'cgMχ

and (Λ-λ D{gJJ(z)) increases as M-+0. Put Ttf{U(z)) =

- ^ - lim ^-4^") D {gMU{z)) and call SDl^t/te)) functiontheoretic mass of £/(«).
Zπ M->Q\ M / cgM

Then we have the following

LEMMA 1. 1) Let U^z) and U2{z) be two F0.S.H.s in G and Ux(z) ^ U2{z).

Then SK'ίϊ/iOO) ^ ^ / ( ^ 2 ( ^ ) ) .

2) Let Um{z) be FQ.S.H.s and Ujz)ϊ U{z) as m-+oo. Then

lim Wlf(Um(z)) = Tlf(U(z)). (4)
m = oo

(1) is clear by E[z : U1{z)> M] ^> E[z : U2{z) > M]. At first we suppose

ffllf(U{z)) < oo . For any given e > 0 , there exists a const. M such that
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D (,JU{z)) = ^~MD (<o(gM, z, G)) ̂  W{U{z)) - ε . Since E[z : UJz) >M] =
ΔTZcgu

9M,* t 9M = E[z : U(z) > Λf] as m -> oo , D{ω(gM,m, z, G)) -> D{ω{gM, z, G))M as

w -* oo . Hence lim Wlf{Un{z)) ^ - ί - lim MD-{ω{gM>m, z, G)) ^ Wlf(U(z)) - e .
w = oo JiTΐ m β oo

Let ε->0. Then lim Stt'(17m(2)) ̂  SK t̂/CO).
W i •= oo

Next by Lemma 1.1) lim Ttf(Un(z)) < Wj(U{z)). If W(U{z)) = oo , we
m •= oo

have similarly lim ^ ( t / ^ z ) ) = oo .
m — oo

mf(U{z)) of an F.S.H. U{z) in G. For a compact domain D in G,

suppose that we can define functions {77n(z)} such that Un(z) is superharmonic

in G, £/n(z) is harmonic in G — D, Un{z) ^ min (M, ί/(s)) on A ί/Λ(«) = 0 on

dG except a set of cap. zero and Un(z) has M.D.I, over G ~ D. Let %UM{z)

be the lower envelope of {Un{z)}. Put S£/(2) = lim °DUM{z) (clearly gt/(ίδ) < DU{z)).
M — oo

Since dZ) is compact, Si/(2) = 0 on dG except a set of cap. zero. For non

compact domain, VJ(z) is defined as DU{z). For U(z), put Wlf(U(z)) =

lim ^(c^t/^^)), where {G^} is an exhaustion of G with compact relative
M = oo

boundary.

N-Greerfs functions of G. Let Nn{z, p) be a positive harmonic function

in {G — p) Π Rn : p <Ξ G such that Nn{z,p) = 0 on dG except a set of capacity

zero, Nn{z,p) has a logarithmic singularity at p and -j—Nn{z,p) = 0 on

5i?Λ Π G. Then Nn{z,p)-±N{z,p) in mean as «->oo and N(z,p) has M.D.I.

(in this case the Dirichlet integral of iV(z, p) is taken with respect to N{z, p)

+ log|2 — p\ in a neighbourhood of p). If dG is composed of a finite

number of analytic curves in G, we say that dG is completely regular. Then

as case that dG is completely regular we see easily^

1). N(z9 p) = 0 on dG except at most a set of cap. zero.

2). D(min(M, N{z, p))) = 2πM.

3). For any domain D DN(z, p) = N(z, p) if p e D and ^ ( z , p) ̂  N(z, p).

4). By 2) and 3) we have Wlf{N(z, p)) = 1.

We show, /or tf/rv /?o ί̂ 2 in G and a positive const, d there exists a

const. L{z, d) such that N{z, p) < L(z, d) if dist (z, p)>d .

Case 1. dG has a continuum ϊ. Suppose ϊ contains a small arc C with

endpoints px and p2. Let CΠ be also an arc in G connecting px and p2

so that Cr + C" may enclose a simply connected domain D of R. Let C"'

be a subarc in C" such that dist (C/ff,dG) > 0 . Let w(z) be a harmonic
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function in D such that w{z) = 1 on C " , w{z) = 0 on 3D — O" . Then

w(z) = 0 on Cr and oo > I _ — w(z)ds > δ > 0 . Without loss of generality we
σ

can suppose dist (p, D)>d > diameter of Zλ Let ΛΓ*(z, p) be an ΛΓ-Green's

function of G + (CG Π D). Then ΛΓ*(z, p) ̂  7V(z, p) and iV*(z, p) is harmonic

in a neighbourhood of C"f. Hence by Harnack's theorem, there exists a

const.Zf such that max N*{z9 p)<K min N*(z, p). Let L = max iV*(z, p).

Then N*{z,φ)^~w(z) in Z> and 2π > ί - | - iV*(«;, p)ds ^ - ^ - , whence
A J oft A

c

L < — - — . Hence also by Harnack's theorem, for any point z, there

exists a const. L{z, d) such that N(z, p) ̂  L(z, d) if dist (z, p)^d. If G has

a continuum T (is not an analytic curve). Map D onto | £ | < 1 . Then

the image of T is an analytic curve. Hence even when ϊ is not analytic

curve, we have the same conclusion.

Case 2. dG has no continuum. By N(z, p) Φ oo, we can find a point z0 in

ΘG such that inf N(z, p) — 0. Let J9 be a simply connected domain in R

such that 3D is an analytic curve, D 3 z0 and (d£> Π dG) = 0. Then

dist (8D, dG)>0. We suppose p & D, dist (p, D) >diameter of Z) and

dist {dGn, 3D) >0f where {GJ- is an exhaustion of G. Let Um,n(z) be a harmo-

nic function in Gn Π i?m such that Um,n(z) = 0 on 3Gn Π Rm,-£- Um,n{z) = 0

on di?m Π Gw and Um%n(z) has a logarithmic singularity at j ) : i ? m D D . Then

lim lim Umtn{z) ~ N(z,p). Let wn{z) be a harmonic function in Gn Π D
m n

such that wn{z) = 0 on 3Gn Π D, = 1 on d£>. Then Γ"n^ < wn{z) and

-^— ^ f -y^ 1~ t/m n(«)rfs ^ [ wn(z)ds > 0 , where Lm > Λ = min £/w.n(s).
dGn dGn

Now by j -j^ Um.n(z)ds = j _^_tΓm>1,(«)rfs>0 and
dD dGnΠD dD

we have \ ^Um,n(z)ds ^ Lm,n \ ~^wn(z)ds. Let
dGn Π D dD OD

n -> oo and m -> oo . Then since 3Z> is compact

^L \ ~4~ w{z)ds = Lδ >0,
J 3n

dD ΘD

where L = min N(z, p) and \ -~- w{z)ds =
dD

https://doi.org/10.1017/S0027763000012629 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000012629


SUPERHARMONIC FUNCTIONS IN A DOMAIN OF A RIEMANN SURFACE 45

inf N(z, p) = 0 implies w(z) Φ 1 and <5 > 0 . Hence L<-=^~. Whence by
z-+zQ O

Harnack's theorem we have the same conclusion.

Let {pi} in G be a divergent sequence tending to the boundary of R or

dG. Then N(z, pt) < L{z, d) < oo for any point z if dist (z, pt)^d. Then

we can choose a subsequence -{jVJ such that N(z, Pιf) converges uniformly

to a harmonic function denoted by N(z, p) and we call O v } a fundamental

sequence determining an ideal point p. We denote by B the all the ideal

points {p m a y b e o n dG). W e show N(z, p) = 0 {p e B) for a regular boundary

point z of dG .

Case 1. dG has a continuum ϊ with endpoints qx and q2. L e t zQ e T, z^ψ qλ

and ψ q2. Let C be an analytic curve in G connecting qί and q2 so that

C + T may enclose a simply connected domain D in R and D^ pt {i = 1,2,

. . . ), where {p*} is a fundamental sequence determining p. Map Z>

conformally onto | f | < l . Then T and C are mapped onto the images

denoted by the same notations for simplicity. N(z, Pi) = 0 on ϊ + (3G Π Z>)

except a set of cap. zero. Let N*{z,Pi) be an iV-Green's function of

G + (CGΠD). Then there exists a const. L*{t0) such that o o > L * ( ί 0 ) ^

JV*(io, Pi) = -~- J ̂ *(f» VJ-HϊΓGte> f^ds f o r a n y f' w h e r e G ^ ^ i s t h e G r e e n ' s

c
function of D. On the other hand, there exists a const. M such that
0 < M < - ^ - G ( £ f β ) on C, whence jiV*(f, p,)^5 < - ^ ^ ~ . Let J7(e) be a

c
harmonic function in | £ | < 1 such that U(ξ) = JV*(f, p<) on |f| = 1 . Then

J W. φ t ) ι_2rcl-/_φ) + r, dV:t = re-. Since
c

fo = ί(̂ o) e r, there exists a neighbourhood v(f0) such that v{ξQ) Π C = 0 .

Now there exists a const. M such that 1 — 2r cos (0 — φ) + r2 ̂  ΛΓ for eiφ Φ r

and f e t;(f 0) : f = reίθ. Hence t/(e) ^ ^^r~- ^ ~ r^ f o r f G ^o) Then

by Fatou's lemma N"{ξ, p) < ^ ^ ^ ~ [I - r2) and by N(z,Pi) <N*{z,Pi) we

have N(z, p) ->0 as

C^^ i. 2. £0 e endpoint of an arc ϊ. Let D be a domain such that

3D + T encloses a simply connected domain D — T. Map D — ϊ onto |f | < 1.

Then the image (z0) of z0 is an inner point of the image of ϊ. Then as

case 1.1. we have N{z,p) ->0 as 2->20.

Case 2. zQ is a regular point and zQ is not contained in any continuum. L e t

https://doi.org/10.1017/S0027763000012629 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000012629


46 ZENJIRO KURAMOCHI

D be a simply connected domain such that D 3 z0 and 3D Π dG = 0 and

D $ pi(ί = 1,2, . . .}. Then since (dZ) Π dG) = 0 implies dist (3D, dG) > 0 ,

there exist const.s Lx and L2 such that N{z, pt) ^ Lj and N(zy pt) Ŝ  L2 on

3D. Whence there exists a const. M such that N{z,pv)^MN(z,p1) in Zλ

Hence lim N(z, p)<M lim JV(z, p j = 0. Thus N(z> p) = 0 on dG except at
2 —> ZQ Z —> ZQ

most a set of capacity zero. Z)(min (M, iVfe #))) ^ l i m Z)(min (M, iV(z, #*))) < 2πM.

Hence we can define DN(z,p) for any compact domain. N{z,Pi)-+N(z,p)

uniformly on 3D as i -> oo . Hence by DN{z, Pi) ̂  N(z, pt) we have

z^(2, p) <N(z, p). Next we have at once W(N(z, V)) < D(min(MfN(z9p))) ^ χ ̂
Znlvl

Hence we have the following.

LEMMA 2. N{z,p) is an FQ.S.H. in G such that D{min (M, N(z, p))) ̂  2τrM

^nrf Wlf{N{z, p))^l for p ^ G + B.

N-Martin topology in G. Let Z) be a compact disc in G and p0 be a

fixed point in D. we define the distance between two points Pj and p2 of G + B

as

Then the topology induced by this metric is homeomorphic to the original

topology in G. In the following we use this topology. δ[p, p^) -> 0 if and

only if N{z, pt) -+N(z, p). Put Gδ = E[z : N{z, p0) > δ]. Then the distance

between Gδ and CGδ' = E[z : JV(2, p) ^ ^7] is not less than δ ~ ^ , if

0 < δ' < δ < 1. In fact, by the symmetry of N{p, q) we have at once

*{q» qz) ^ and
4 ^

Also we easily see B Π Gδ is compact for every δ > 0 .

Potentials. Let /* > 0 be a positive mass distribution on G + Z? such that

\ dμ(p) < oo and put U{z) = \ iV(a;, p)dμ{p). If a potential t/(z) = 0 on 3G

except at most a set of cap. zero, we call U(z) a regular potential. Then we

have the following

THEOREM 1.1). D{min (M, U(z))) ^ 2^M ί dμ .

2). Z^ί D be a compact or non compact domain. Then DU(z) = \ DN{z, p)dμ(p).

3). Let με be the restriction of μ on Gs = E[z: N{z,pQ) > ε]. Then

\N(z,p)dμe(p).
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4). If U{z) is a regular potential, U(z) is an F0.S.H. in G with

Proof of 1). For any number ε > 0 we can find a compact set K

in H= E[z : U(z) ̂  M] such that D(min (M, U(z))) < D(U(z)) + ε . Since N(z, p)
K

is a continuous function of p for fixed z, U(z) can be approximated on K
/(O

by a sequence of linear forms : U^z) — Σ λijN{z, Pj), λi5 ί̂  0, Pj e G,
y 1y -

/* = Σl λtj : i = 1,2 Hence £>(£/(*)) ̂ K m O ^ W ) . Also !/,,n(s) -> ί7,(s)
j K i K

in mean as n->oo, where Uitn{z) = S^ATn(2, P;) and λτ

n{z,Pj) is a harmonic

function in G ίl i?M such that iVn(z, ̂ ) = 0 on dG Π Rn except a set of cap.

zero, ~—Nn{z,Pj) = 0 on di?w Π G and Nn{z,pj) has logarithmic singularity

at py. Put i/ = E[z : UitJi{z) < M + ε]. Then 7/ 3 X for n^n0, where n0 is a
e , z , w ' e,i,n

sufficiently large number. We can prove (with some modefication to the

fact Nn(z, Pj) = 0 on dG except a set of cap. zero instead of Nn{z, p3) = 0 on

dG) that D (Ui>n{z)) = 2π(M+ ε) ( dμ{p). Let n -> oo , ί -^ oo and then e->0.
Then Z>(min (M, ί/(«)) ̂  2ττM

o/ 2). Put D ^ D Π G , , . Then £>„ is compact. Put NM{z, p) =

min (M, iV(2, p)). Then iNP ẑ, p) is uniformly continuous with respect to p

on Z>w. Hence I NM(z, p)dμ(p) can be approximated uniformly on Dn

by a sequence of linear forms: Ui(z) = Σ *ijNM{z, p y), ^ ί t < / ^ 0 .

Clearly A A ( Z ) = Σ ^ ϋ ^ . ^ ^ ^ , ^/) Let / -> oo . Then D ( j NM(z, p) dμ(p)) =

l^JV^g;, p)dμ{p). Now by \ ΛP(z, p)dμ(p) t ?/(«) as Λf-»oo? we have

^(JiV^,p)^(p)) t ^(jM^^dMP)) = »nU(z) and j ^niV^,p)^(p)t

\ DnN{z, p)dμ{p) as M f oo. Hence DJJ{Z) = \ z>reiV(2;, p)dμ{p). Since £>niV(2, p)

t oN{z,ρ) and £>J7(z) t -D^(Z) as n~>oo, ( f N(z, p)dμ(p)) = lim (n\iV(2»p)

dμ(p)) = \ lim z>ΛiV(ίδ, p)dμ{p) = \ DN(Z, p)dμ(p),

of 3). Suppose j ) $ G s . Let {p*} be a fundamental sequence

determining p e 5 (if p e G , put Pι~ p). Then δ(p, p<) ->0 as £ -*oo .

Then by dist (CG e , G2e) ̂  - j - , (if 2e < 1), Pi€ G2e for / :> i0, where ί0 is a
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number. Hence N(po> Pi) ̂  2ε and N{pQy p) < 2e for p e {B + G) — G 2 e . Let

μB = μ — μe. Then εU
f(pQ) = ^ N{p0, p)dμε{p) <2ε \^ dμr. U'e{z) is harmonic

in G — G2ε. Hence by Harnack's theorem £Γ(z)->0 as ε-^0 at every point

2. Hence we have 3).

Proof of 4). D (gJJ(z)) < D(min (Λf, *7(z))) ^ 2τrM f rf^ by (1). Hence by

2> (»«#(«)) .
definition Wf(U(z)) = lim c g ' o „ . — ^\dμ, where gr* = E[z : U(z) > M]. By

M = o ZnlVl J

(2) sC/fc) ̂  C/(^), hence LΓ(2) is an F 0.S.H. in G with ^ ( ί / ί ^ ) ) ^ J rf^ .

THEOREM 2. Let U(z) be an F0.S.H. in G with Wlf{U{z)) < oo . Then

U(z) can be represented by a positive mass distribution μ on G + B such that

J dμ < Wlf(U(z)) .

Let D and Df be compact domains in G with finite number of analytic

curves as their relative boundaries such that dist {D,dD')>0 and Df z> D.

Let M be a number. Put UM(z) = min (M, ϊ/(s)). Then UM(z) is also an

F0.S.H. in G and ^(C/^g;)) ^ W(U(z)). Let 5 be a positive const, such

that δ < min DE/^Z) . Then dHδ Π 5 ' = 0, where # α = E[z : DUM(z) > a].

Then DUM{z) = &y(#a,«, G) in C/^. Hence we can find a const. δr such

that δf < <5 and 5JFfδ' is a regular niveau of ω{Hδ, z, G). Hence

= lim
Λf' -»• o

DUM(z)ds.

Put

U(δ', z) = DUM{z) -δ' + δ'ω{D, z, Hy) in Hy - D. (4)

Then ί/(^, z) is a harmonic function in ify — D such that [7(5', z) = DΪ/^CZ) on

5A = DUM[z) — δf = 0 on a£/a' except a set of cap. zero and U(δ', z) has

M.D.I, over Hδ>-D, because both DUM(z) and ω(D9z9Hy) have M.D.I.s

over ίΓ5' — D. Now by the regularity of

dHδ'

Since ( - | - ω( A z, Hδήds ± as

https://doi.org/10.1017/S0027763000012629 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000012629


SUPERHARMONIC FUNCTIONS IN A DOMAIN OF A RIEMANN SURFACE 49

ω{D,z,H)ds I 0 as 3'-»0. (5)

Hence 2πMf(DUM(z)) = lim C J L Djy*(2)rf5 = Km ( -jL-{U{b',z)
d'-*o J on d'-*o J on

dHδ' dHδ'

- δ'ω{Dy z, Hδή)ds = lim f - | _ £7(3', z)ds .

Hence for any ε > 0 we can find a const, δ* such that ai/s* is regular and

2πW{DUM{z)) ^ [ - I - E/(3* z) J s - ε . (6)
J on

Since DUM{z) is an F 0.S.H. in G, there exists a uniquely determined positive

mass distribution μ on D such that

Let N'(z, p) be an JV-Green's function of Hδ* + D with pole at p. Then

N»(z,p) is uniformly bounded on dDf for # e D" and N'n{z,p)-±Nf{z,p) in

mean as w -> oo, where Ό" is another domain such that D c Z)" c Z)7 and

d i s t ( 9 A 9 D / / ) > 0 and dist [dD", dDr) > 0 and Nf

n{z,p) is a harmonic function

in ((//$* + -D) Π i?n) — p such that N'n(z, p) has a logarithmic singularity at p,

N'n{z, p) = 0 on aiJ5* and -1—N'n{z, p) = 0 on ai?Λ Π (i/3* + D). Then by the

regularity of dHd*W

\ -j- N'(z, p)ds = lim ί - | - ΛΓ;(«, p)J5 = 2τr. (7)
J on n = oo J on

dHδ* dHs*f)Rn

ΛP-Martin topology induced by N'{z,p) is homeomorphic to iV-Martin

topology on G + B in {D + //$*) Π G. Hence μ can be approximated by a
*(i) . . . Γ

sequence of points masses : 2 hj(Pij) uniformly in Z), i.e. both }N{z,p)dμ(p)

and \ Nf{z, p)dμ{p) can be approximated by sequences of linear forms

Uiϋz) = Σ3 λu N(z, pv) and Ufa) = ' έ / ^ ( Z , PU), where ^ t i = ϊu ^ 0 and
yi ii

p< y e JD ; / . Hence I iV(s, p)dμ{p) — \ Nf{z,p)dμ{p) is full harmonic in if5* + Z>

and = δ* on di/,5*. Hence by the maximum principle \ N(z, p)dμ{p) —

= o* in Hd* + D .
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Now α>(D, z, Hδ*) is represented by a positive mass distribution μ* on

D. Hence by (4) U(δ*,z) = j N'(z,p)d(μ + δ*μ*)(p) in Hδ* + D. Whence

b y ( 7 )

d{μ + δ*μ*)(p) = 2π^ d{μ

Hence by (6) arSO^i/1^)) ^ 2ττ J dμ - ε .

Let e->0. Then ^ ( ^ ( z ) ) ^ SDl'dM*)) ̂  SW^t/^)) > J rfjifo) and DU»(z) is

representable by a mass distribution μ on D of total mass ^ ίΰlf(U{z)) for

every M Let {GnJ be an exhaustion of G. Then GJJM{Z) is representable

by mass distribution μ?f on Gn. Then {/̂ f} has a weak limit JMΛ on Gn as

M t °° Also {/i J- has a weak limit μ on G + 5 such that U{z) =

iV(«, v)dμ{y) and J d/ι(p) < ^ ( ί / ^ ) ) as n -> oo . Thus we have the theorem.

Corollary. Let μ be a positive mass distribution on a compact set F in G.

Then U(z)= \jN{z,φ)dμ{v) is an FQ.S.H. in G with mf{U{z)) = \dμ.

Let A z> D2 be two domains in G such that D1ZD D2I> F, dist {D2, dDx) > 0

and dist(F, dD2) > 0 . Then N(z,p) : p G .P is uniformly bounded on dA.

Put L = max(maxiVfeί))) and Z/ = min iV(z, p0), where p0 is a fixed point in

F. Then N(z, pj ^ ^ - iV(«, j)) in G - A for any J O G F . Hence £/(z) = 0 on dG

except at most a set of cap. zero. Also DlU{z) = £/(«) and Wlf{U(z)) = mf(DlU(z)).

By Theorem 2 U{z) is representable by a mass distribution μ* on 5 j such

that yRf{U(z)) ̂  \ dμ*. But since A is compact, by the uniqueness of distri-

bution, μ = μ* and Wftf(U(z)) ^ \ dμ . On the other hand, by Theorem

1. 2. W{U{z)) ^\dμi Hence M/(ί/(^)) = j rf^ and *7(z) is an F0.S.H. in G.

THEOREM 3. Let U{z) be an F.S.H. in G with Wlf{U(z)) < oo . Then

U{z) is representable by a positive mass distribution μ with \ dμ < Tlf{U(z)). Con-

versely a potential U{z) = ^N{z,p)dμ{p) is an F.S.H. in G with Ttf(U{z)) <\ dμ.

Let {Gn} be an exhaustion of G. Suppose U(z) is an F.S.H. in G.

Then cnU(z) can be defined and there exists a mass distribution μn on Gn

such that GJJ(Z) = J N{z, p)dμn(p) and J dμn < Wlf{GnU{z)) < %Rf(U(z)). Hence

{μn} has a weak limit μ such that U{z) = \m\GnU(z) = [N{z,φ)dμ{p). Let

ί7(«) be a potential. Let D be a compact domain. Then DU{z) =
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\DN{z,p)dμ(p) and DU{z) can be defined and DU(z)<U{z). Now N(z,p) is

an FQ.S.H. in G with y)V{N{z, p)) < 1 by Theorem 1, whence by the corollary

DN{z, V) = j N(z, q)dμp(q) : J J^(tf) < 1. Hence DU(z) = JJ #(*, q)dμp(q)dμ(p) =
D

\N(z,q)dμ(q): μ(q) = \μp(q)dμ(p) and Wlf(DU(z)) = \dμ(q)^\jdμ for any ί ) .

Hence ί/(z) = Um GB£/(Z) is an F.S.H. in G with SK ί̂/OO) ^ [dμ.

L(?ί U(z) be an F.S.H. in G with Ttf(U(z))< oo. Then

VM = E[z : U(z) >M] is so thinly distributed in a neighbourhood of dG. In fact,

D{ω(VM,z,G))<2πMΉlf(U(z)). This means VM is thin. If VM is very thik,

D{ω{VM Π Gn, z, G)) t °° as w -> oo .

Let D be a domain. Then by Theorems 1 and 2 we can consider the

mass distribution of N(z, p), where #n(p) = E\z & G + B : dist (2,73) < — .

As case that dG is completely regular we have the following^

LEMMA 3. Let U{z) be an F0.S.H. {or F.S.H.) in G with W{U{z))< 00 .

Let F be a closed set. We define FU{z) by lim FJJ{Z), where Fn = E\z ε G + 5 :

dist {z, F) < -ί-] . Then

1). ^(FC/W) = F£/U) , 1/ ω(F, 2;, G) = 0 . (8)

2). ω(F, 2, G) = Fω{F, z, G), z/ ω(F, 2, G) > 0 . (9)

δ,p))<l for p <ΞG + B. If dG is completely regular Wlf(N{z,p))

dG

But in the present case $Rf{N(z, p)) is not necessarily equal to 1. Then we

shall prove the following

THEOREM 4. 1). Put Wl{p) = mf{N{z, p)). Then Wl{p) = 1 for p e G and

Wl(p) is lower semicontinuous.

2). Put φ(vn(p)) = Wlf(ϋn(pN(z, p)). Then φ(υn(p)) = 1 for p e G and

Φ(vn(p)) is lower semicontinuous. Clearly φ{vn(p)) 4- asn-^co. Put φ{p)

= lim φ{vn{p)). Then φ{p) = 1 or 0 .
n = 00

Proof of 1). Let J J G G . Then clearly D(min (M, ΛΓ(z, 3)))) - 2ττM and

3R(p) = 1 for p G G . By definition ( - ^ - ) ^(©(^(p),«, G)) t Wl{p) a s M | 0 ,

where Fjjf(p) = E[z : N{z,p) > M ] . Hence for any given ε > 0 , there exists

a number M such that 3K(p) < ( o ^ ) D{ω(VM(p), z, G)) + e and we can find

https://doi.org/10.1017/S0027763000012629 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000012629


52 ZENJIRO KURAMOCHI

a compact set K in VM{p) such that D{ω{VM{p), z9 G))< D{Mω(K, z)) + 2ε ,

because, if Fm t F , Z>(ω(Fw, 2, G)) t flWF, z, G))m . Since a(p, pt) -> 0

implies N{z,Pi)-+N{z,p) in every compact set, we can find a number z0

such that VM-9(pt) => K for i ^ ίβ, whence D{ωψ\zJG))

ZπM
ZπM 2π[M — ε)

: i ^ i0 Let ε -> 0. Then 2R(p) < lim 3ft(p{).

Proof of 2). If p G G, clearly ^ ΛV(z, p)=N(z, p) and φ{υn{p)) = 1 for every

n. Put ^(p) = £̂ [2: : υ (N(z, p) > M]. Then by the definition of φ(vn{p)),

for any given ε > 0 , there exists a number M O < 1 such that

D(Mω(gM,z,G)) + ε = M β ( α ) ( ^ ^ G ) ) + ε_ for Q

ΔTZ ΔTZ ΔTZ ΔTZ

find a compact set if in CgM{p) such that D(ω{gM{p), z, G)) ̂  Z)(ω(^, 2;, G)) + e .

Now N{z,p) = lim N{z,p), where {Gm> is an exhaustion of G. Hence
^πO) w -i 00 vn(p) n Gm

there exists a number m0 such that

N{z9 p) < -^- + N{z, p) on iΓ for m >

Now N{z,q) is continuous in G — q, whence N(z,q) is continuous on /£

and there exists a number i0 such that

^^-> N{z,p)-Mε on ϋΓ for
()

Δ n(p)

i ^ io - This implies £[jδ : N{z, p)^M-Mε]z>K and

D(ω{gM-Me(Vi), z, G)) ^ β(ω(/Γ, «, G)) ^ D(ω(gM(p\ z, G)) - ε for f ^ z 0 .

Thus 2^(^( ί) ί)) ^ M l ~ e)Z>(α>(Λr-jr.(Pi), ̂  G)) ̂  MD(ω(gM(p), z, G)) (

- M(l - e)e ^ 2ττ(̂ (t;n(2))) - ε) (1 - e) - Mε for t ^ f 0

Let i -> 00 and then e ->0. Then lim φ(vn{Pi)) ^ φ{vn{p)).
i

By Lemma 1,2, 2R/( JV(«, p)) = lim ^ C N(z, p)). Since vn(p) Π Gm
»n(P) m = 00 on(p) n Gm

is compact, by the corollary of Theorem 2 N{z,p) is representable by
t>n(p) n Gm

μn m on vn{p) Π Gm with ^ ί N{z,p)) = [ dμntm. Next {jMΛim> has a weak

limit jMn as m-^00 such that gjl'ί N{z,p))= \dμn on vn(p). Let n-^00.

Then {//n} has also a weak limit μ at p = Π vn(3?) such that [ dμ =
« > 0 J

l im 3Jf ( JV(z, 33)) = φ(p). Thus ,//(β, j>)
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Case 1. p <Ξ G . Then φ(p) = lim φ{vn(p)) = 1.
n

Case 2. ω(p, z,G)>0. I n this case ω{p, z, G) = lim ω{p, z, G) -

lim \ N(z, p)dμ(p) = KN(z, p). Now by (9), pω{p, z, G) = ω(p, z, G), i.e. N(z, p) =

z, p), whence φ{p) = 1.

Case 3. ω(p,z,G) = 0. By (8) φ(p)N(z,p) = pN(z,p) = P(pN(z,p)) =

Φ2{p)N{z,p). Hence 0(p) = 0 or 1.

N-minimal function and N-minimal points. Let U(z) be an F 0 .S.H. in G.

If 7(2) = λU{z) : 0 < Λ < 1 for any F.S.H. F(z) such that both 7(«) and U(z)

— V(z) are F.S.H.s in G, we call U(z) an N-minimal function. Then as the

case that dG is completely regular we have the following

THEOREM 5.1).Ή Let A be a closed set in G + B. T^/z ω(A, z, G) =

A

2). ω{p, z,G) = 0 for p e G . If ω{p, z, G) > 0, <w(p, z, G) =

ϋC > 0. M^ ίαZZ i M̂Λ a point a singular point and denote by Bs the set of singular

points. By Theorem 2 we have

3). pN(z,p) = φ{p)N{z,p) and φ{p) = 1 for p with ω{p,z,G)>0 and φ{p)

= 1 or 0. Denote by BQ and J5j sets of points of B for which φ(p) = 0 and

φ(p) = l respectively. Then by (2) Bs c B1 and B = Bo + Bx.

4). Bo is an Fΰ set of capacity zero, whence Bs a Bλ.

5). If U(z)

6). Let U(z) be an N-minimal function such that U(z) = \ N(z, p)dμ[p).

Then U{z) = KN(z,p) : p e (G + Bx) Π A.

7). N{z,p) is N-minimal or not according as φ{p) — 1 or 0.

8 ) . L e t VM(p) = E[z : ^ ( a ; , p ) > M ] α/zrf J M / ^ O ^ p e G + ft. 7 % ί « N{z, p)

= iV(«, ί?) = N(z, p) for M< sup N(z, p) and for every n, whence N(z} p) =

Mω(VM(p),z,G) in G-VM(p).

9). Every potential U{z) = \ N{z,p)dμ[p) can be represented by another distribution

μ on G + Bx without any change of U{z). This distribution is called canonical.

I f dG is complete ly regu lar yjlf{p) = 1 for J ) G G + 5 . But in genera l

cases Wl(p) is n o t necessarily = 1. W e shall p r o v e

https://doi.org/10.1017/S0027763000012629 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000012629


54 ZENJIRO KURAMOCHI

LEMMA 4. Tt(p) = Wtf{N(z, p)) = 1 for p e G + 5 , .

Let {Gw} be an exhaustion of G. By p e G + ^ N(z, p) = iV(«, p).

Assume Wlf{N{z, p))<δ<l. Then Ttf( N(z, p)) ^ Wtf{N(z, p))<δ. By

Theorem 2 N(z,p) is represented by a mass μnι1Λ on z^{pTlT7λ^ with

\ r f ^ Λ , m ^ 5 . Let m-^oo and then n->oo. Then pN(z, p) < δN(z,p). This

contradicts piV(z, p) = JY(s, p). Hence ffll{p) = 1 .

THEOREM 6. Let U{z) =

where U(z) is not necessarily an F0.S.H. in G (.clearly for an F.S.H. in G).

This is an extension of the corollary of Theorem 2.

Put φ{p, n, m) = W{ N{z, p)). Then by Theorem 4 and by p ^ G + B1

vntp)Γ)Gm

ώ{p,n,m)^ Φ(p,n) = Ttf{ N(z,p)) = Wlf(N{zy p)) = 1 as m->co. Put
()

Um(z) = \ N(z,p)dμ(p). Then

U(z) = [ lim JV(2, p)dμ(p) = lim f JV(«, p)dμ{p) = lim C/TO(jδ).

Now N(z,p)= \ N(z,q)dμJq) and since μp{q)>0 only on a compact

set Gm, we have \ dμp{q) = φ(p, n, m) by the corollary of Theorem 2. Hence

UJfi) = J5 N(z}q)dμp(q)dμ(p) and gTĈ EΛΛ*)) = J ^(p, n,m)dμ(p). It is easilyJ
G~m

verified that Lemma 1. 2. holds for F.S.H.s and $Jlf(Um(z)) t ^(^(ίδ)), if

Um(z) t J7(2). Now Wlf(Um(z)) t ^(ί/ίa;)) and ^(p, n,m) t ^(p, w) = lasm->oo

for J J G G + A . Hence

R E F E R E N C E S

[1] If dG and 5Z) are compact and smooth, d(λ,z) is given as -^— (ζ,z)ds, where N(ζ,z) is
the iV-Green's function of G — D with pole at 2 .

[2] Z. Kuramochi: Potentials on Riemann surfaces. Journ. Fac. Sci. Hokkaido Uni., XVI
(1962). See page 14 of this paper.

[3] See [2].
[4] See [2].
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[5] See [2].
[6] See [2].
[7] See [2].
[8] See [2].
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