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ON A LOCALIZATION PROPERTY

OF WAVELET COEFFICIENTS FOR
PROCESSES WITH STATIONARY
INCREMENTS, AND APPLICATIONS.
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Abstract

We formulate a localization property of wavelet coefficients for processes with stationary
increments, in the estimation problem associated with the processes. A general setting
for the estimation is adopted and examples that fit this setting are given. An evaluation
of wavelet coefficient decay with respect to shift k € N is explicitly derived (only the
asymptotic behavior, for large k, was previously known). It is this evaluation that makes
it possible to establish the localization property of the wavelet coefficients. In doing
so, it turns out that the theory of positive-definite functions plays an important role. As
applications, we show that, in the wavelet coefficient domain, estimators that use a simple
moment method are nearly as good as maximum likelihood estimators. Moreover, even
though the underlying process is long-range dependent and process domain estimates
imply the validity of a noncentral limit theorem, for the wavelet coefficient domain
estimates we always obtain a central limit theorem with a small prescribed error.
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1. Introduction

Let us observe a process X T — {X;, 0 <t < T} with stationary increments, and pose
the problem of estimating a parameter associated with the process. In this paper, we study the
estimation in the wavelet coefficient domain and show a regularization of limit theorems through
a localization property of wavelet coefficients, in a sense to be explained below. Therefore,
we consider those cases in which the original problems of process domain estimation are well
translated into the corresponding problems of wavelet coefficient domain estimation.

Throughout the paper, we assume that X7 is a real-valued process with mean 0 and finite
variance, as well as stationary increments. Let ¥ be a real-valued wavelet on R satisfying the
following assumptions:

(¥1) ¢ has compact support on W = [0, w], for some real w > 1, and is bounded;
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(¥2) ¢ has yth-order vanishing moment for some y € N, i.e.
/ ") dr =0, r=0,1,...,y — 1.
Ry

For each observation length T > 0 of sample paths, let S = {s, j = Jo+ 1, ..., J} with
sj = {sj(k), k=1, ..., Nr ;} be the wavelet coefficient of X7, defined by

2/ (w+k)
sj(k) = / Vik()X, dr,
27k

where ¥ x(t) = 27//2¢/(27/t — k) and Jy and J are integers such that Jo + 1 < J. Here,
Nr,j = max{k: 2/(w+k) < T} =|27/T — w] is the maximum number of available wavelet
coefficients at scale j uptot = T. We remark that if X7 is a process with stationary increments
and mean 0, then, for each j, {s;(k), k € N} is stationary with respect to k and has mean 0.
We also remark that the class of stationary-increment processes contains the class of stationary
processes.

The setting of the problem in this paper is as follows. Let a parameter (or statistic)
& € R that we desire to estimate be written as a functional expectation & = E[ f (X;)] or
§ = lim;, o E[ f (X;)], for some function f R — R. A basic estimator for £ may be

-1 fOT f (X;)dr, which is considered to be a functional f (XT) of XT. We then assume
thatf;‘ can also be written as § = f (@) for a given f: R% - R, ¢ = J — Jo, and is estimated
consistently by §T =f (0T)

f(0r) — f(#) almost surely (a.s.) as T — oo.

Here éT = (éT,jO_F], ...,éT’j) e RY converges to @ = (0,41, ...,0y) € R¥:
éT—>0 a.s. as T — oo.
Here 0; € R, j = Jo+1,...,J, is assumed to be a functional expectation of the wavelet
coefﬁc1ent at scale j, meaning that 0; = E[g(s;(1))] for some g: R — R. As its estimator
OT j»J =4Jo+1,..., J, wetake in particular the one given by the method of moments, namely
TR
Orj=——">_ gsj(k)), (1)
T k=1

which can be considered a functional g(sT) of s . Thus, 67 = {g(s ), j=Jo+1,....J}.
Each 0; is considered to be a scale component of the desired statistic, and f sums up to produce
the desired statistic.

In this setting, we use the terminology process domain estimator f(XT) and wavelet
coefficient domain estimator f ({g(sz)}) = f o0g(ST); we do so throughout the paper.

The following examples give cases in which we have this form of estimate.

Example 1. (Estimation of variance and covariance.) For a stationary process X', let us
consider the problem of estimating the variance o2 = E[X%] and covariance r(t) = E[X; X0],
7 € [0, T]. From the Fourier representation of X, and resolution of unity [17, Theorem 1.1,
p- 332], i.e. ZjeZ |'l/,}(2j)\.)|2 := 1, where y is the Fourier transform of i, we have

2 Zz—fej = £(0), 0; =0} :=E[s3(0)].

JEL
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In this case, g(x) = x2, x € R. On the other hand, from Lemma 1, below, we have

Jr —j

. 1 2—J
r(t) = lim ?/0 Xi X4 dt = hrn Z Ny ZS(X)(k)S(X)(k)

T—o0
- Jor=

T

— 1 —if,. . — 1 0 ; —

= Th—>moo 42002 Or,j(t) = Tli)moo f@r(r)) withg(x,y) =xy, x,y € R,
=

where )?, = Xt+1, s;X) (k) is the wavelet coefficient of X;, and Jr = max{j € Z: Nr; > 1}.
In this case,

N7 j
6, =6(t) = E[s(X>(0)s(X’(0) = lim N 7Y 8 ), s(X)(k)) as.
k=1

and r(z) = f(O(r)) = Y ;2 2770,(0).
Lemma 1. Let XT and YT be ergodic stationary processes with finite variances and let
T T
s and s (k)
be their wavelet coefficients. Then

. 1
lim ?/(; X, Y, dt = hm Z ZS(X )(k)s(Y )(k)

T—o0 T]kl

Example 2. (Estimation of power spectrum.) A way of estimating the power spectrum 4 (i) of
a stationary process X7, for some Ao € R, is by using the smoothed periodogram. Then, as is
well known (see, e.g. [21, pp. 432-449]), the smoothed periodogram, written in the equivalent
form

T
It (ro) = / M), Fr(e) = Kr (@) (o),
-7
consistently estimates i (Ao) as T — oo. Here Kt is an appropriate §-approximating sequence
in the frequency domain and 79 (t) = T~ fo XX, dt. Let

NT/
é%](f) = T i Z S(X)(k)S(X)(k) and 90(1) E[S(X)(O)S(X)(O)]
k=1

Since
~ T . A .
br.;(0) =/ M Kr(n)f] (1) dr — / e™0%(r)dr =60;(0) as. asT — oo,
-T ’ R

we may take

Jr
fOroo) = > 27767 j(ho) > h(ho) = »_2770;(h0) = f(B(10)) as.,

Jj=—00 i/

according to the arguments of Example 1.
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Example 3. (Estimation of Hermite expansion coefficients.) When two stationary Gaussian
processes X and YT are observed, let us consider the problem of estimating a functional
f: R — Rinthe model ¥; = f(X;) by estimating the Hermite expansion coefficients {c;} of
f, which are such that

dx
S omG) in (R —xzfz_).
fx) %cz j(x) in ( e T

Let v} = B[H?(Xo)] and v} ; = E[(sj.Hl(X”(O))z]. Since E[H)(X,)Y;] = cjv}, we have

ez 2 VR0 01 X 277000
ZjGZ 2_]1)]2’] Z]EZ 2—/9](2) (l)

C] =

= fOU),

according to the arguments of Example 1. Here 6 (/) = (9/(.1)(1 ), 9/(.2) 1)),

0;" () = Bl )" )1,
and 017 (1) = v? ;. with g(x, y) = (xy, x2).

Example 4. (Estimation of Hurst index of fractional Brownian motion.) Let us consider
estimating the Hurst index H, 0 < H < 1, of fractional Brownian motion. A wavelet-based
method for the estimation was proposed in [2] and [1]. The estimator, denoted by Hr, is given

by
J J 1
Hr = | 1og, b7 ; — g7 log, 0. | — = = f(br).
T Z aJ,Jo(J)|:0g2 T — & Z 0gy T,ji| 5 fOr)
Jj=Jo+1 j=Jo+1
where ay j,(j), j = Jo+1, ..., J, are the linear least-squares regression coefficients given by
x/' — )Z'.]“]o

a.],]o(j) = 7 _
2 Zj:]0+l (xj — xJ,Jo)z

withx; = jand x; j, = g—l ZJJ'=JO+1 xj,and g(x) = x2, x € R. In this case, 0; = sz and
the true H satisfies the above equation with 87 ; replaced by 6;. The numbers Jy and J can be
finite in this example.

Example 5. (Estimation of invariant distributions.) For a given stationary ergodic process
XT, let us consider the problem of estimating the invariant distribution ¥ on R. Let 15(x)
be the indicator function: 1g(x) = 1if x € § and 15(x) = O otherwise. For a < b, let
c={cjk k€N, j€Z} CRbeasequence such that 1jq,p1(x) = }_;c7 > e €jkVjk(x) in
L2(R). Then we can write

Nr,j
FOr@)=>" > ciibrju— Fla<x <b) =Y cjibjx= fO)).
Jj<Jr k=1 JEL keZ

where

. 1 T b
9T,j,k = ?/0 Iﬂj,k(l) l[a’b](X;) dr — / Iﬂj’k(x) dF(x) = Qj,k as T — oo.
a
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In this and a companion paper (to appear), we formulate localization properties of the wavelet
coefficient ST with respect to k and j and then propose several applications. In particular, the
localization properties provide us with the regularization of certain irregularities (like noncentral
limit theorems) in limit theorems. Even if the underlying process is long-range dependent, its
wavelet coefficient becomes short-range dependent. As a result, wavelet coefficient domain
estimates always satisfy a central limit theorem (CLT). We describe this circumstance below.

In studying the asymptotics of estimates associated with processes having stationary incre-
ments, sometimes the limit theorem one obtains is not a CLT but a noncentral limit theorem
(NCLT), according to the strength of the long-range dependence. Let {X,} be a stationary-
increment Gaussian process with mean increment 0, and let {Y;} be the increment process
Y; = Xi+1 — X;. We assume ergodicity, with r; = E[Y;. Y] = O Pyast — oo, for
some 0 < D < 1. Let the parameter to be estimated have the form A;,l Zflv: 1 h(Yy), for
some function /# of Hermite rank p > 1. Here Ay 1 oo is an appropriate normalization. It
is well known (see, e.g. [4], [9], [11], and [23]) that limit theorems hold, with a CLT or an
NCLT according to whether pD > 1 or pD < 1, respectively. For example, for estimates of
the Hurst index of fractional Brownian motion by variance-type estimators (p = 2), we have
D = 2(H — 1), meaning that pD = 4(H — 1). Thus, if%1 < H < 1 then the variance-type
estimators result in an NCLT.

However, in wavelet coefficient domain estimates,

rj(l) = Elsj(D)s;(0)] = 0q>H1)

for each j; hence, the estimator f (éT), with j appropriately truncated to satisfy Jo+1 < j < J,
obeys the CLT with normalization Ay = /N only if the vanishing moment y is sufficiently
large. The truncation involves a certain error in estimation, but this error can be made as small
as desired by letting Jo be smaller and J larger. If the error is sufficiently small, we can consider
only j, Jo+1 < j < J, witha CLT as limit theorem and with scale components of short-range
dependence and faster convergence (the larger j is, the slower the convergence becomes, since
the number of summands in (1) decreases as N7 ; ~ 270T).

The paper is organized as follows. In Sections 2 and 3 all results are presented. The proofs
of all our propositions and theorems are given in Section 4, and Section 5 contains the proofs
of all our lemmas. Throughout, N = 1,2, ... and Ny = {0} UN, while 9, denotes ordinary or
distributional derivative with respect to A.

2. Localization with respect to shifts, and applications

Before stating our theorems, we put forward the following proposition, which gives a general
criterion concerning a ‘localization property’ of stationary sequences. This proposition is used
to show the localization property of sz with respect to k, for each j.

Proposition 1. Let Yy = {Yi, k = 1,..., N} be a real-valued stationary sequence and Xy
its covariance matrix, i.e. (XN = Fk—k| = cov[Yi, Yil, 1 < k, k" < N. If there exists a
real ¢ > 1 such that
2
r 1
Zke;\l k S _2 (2)
rh ¢

then the following inequality holds in the sense of positive definiteness:

CiAy <Xy <C*Ay forall N € N. 3)
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Here C, = (¢ — 1)/¢, C* = (¢ + 1)/¢, and Ay is the N x N matrix diag(Xy), i.e.

ro ifk =k,
0 ifk#k.

We are interested in the situation where ¢ is much larger than 1, in which case the bound
in (3) is tighter and X is considered to be ‘close’ to the diagonal matrix Ay, or, equivalently,
Yy is ‘close’ to an independent sequence.

We will say that a stationary sequence Y of the type described in Proposition 1 satisfies the
localization property.

Now let XT be a real-valued stationary-increment process with mean 0 and let

ANk =

sT={sj), k=1,..., Nz j}

be the set of its wavelet coefficients at scale j. Let r;(k) := cov[s;(k), s;(0)]. Proposition 1
can be applied to sl.T as follows. We first state the result simply for the case in which {X,} is
self-similar as well, in order to make the essence clear, and then for the case in which X7 is
not necessarily self-similar but has a regularly varying covariance function. Let var[X ] = 1
for the sake of simplicity. In the following theorem about self-similar stationary-increment
processes, the covariance of XT is then cov[ Xy, X;] = %[SZH + 28 _ |s — t|2H] for some H,
0 < H < 1 (see, e.g. [12, Theorems 1.3.1 and 3.1.1]).

Theorem 1. Let X be a stationary-increment process with H-self-similarity. If y > 2 then,
foreach j, rj(k) satisfies

rj (k) < (14+k%~0=D forallk e N “)
r;(0)

and thus satisfies (2) with ry replaced by rj (k).

If we use the fact that (1 + k) 72~D < k=40=D for k > 4, then Y,y rj(k)/r}(O)

satisfies
ZkEN rjz.(k) 1 2y -3 4 2(y—=1) 1 1 4y -5
——— =<\ =z = + = .
r(0) <3> <5) 4y—5(3)

If we denote the right-hand side by ¢ =2, we have values of ¢ for y = 2, 3,4, namely
2.11, 8.10, and 30.4, respectively. Accordingly, (C,, C*) takes the values (0.525, 1.48),
(0.877, 1.12), and (0.967, 1.03), respectively. Therefore, from the localization point of view,
Y may be hoped to have y > 3.

We say that ST has the localization property with respect to shift k if (3) holds for each j
(¢ does not depend on j for those X7 with self-similarity as in Theorem 1, but it depends on j
in general). We call the property k-localization for brevity.

Remark 1. In[10], [14], and [24], the asymptotic decay of the wavelet coefficients of fractional
Brownian motion, for 0 < H < 1, was evaluated and found to obey

ritk) = 020~y ask — co. (5)

For y > 1, this decay is faster than that in (4). However, this is just an asymptotic evaluation
and does not imply the satisfaction of (2).
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Now consider the case in which X7 is a process with a regularly varying covariance function.
A function u: Ry — (0, 00) is said to be p-regularly varying [8, p. 18], p € R, if

u(ax)

u(a)

x°, xeRy, asa — 0o.

If u is regularly varying then it must be of the form u(x) = x”£(x), where £: Ry — (0, c0)
is a slowly varying function, i.e. one that satisfies £(ax)/¢(a) — 1 as a — oo. Examples of
regularly varying functions include the fractional powers and rational functions. Also, a typical
example of a slowly varying function is given by the logarithm.

In the next theorem, we assume that the covariance rTX = E[X;Xs4.] is 2H-regularly
varying, in the sense that

X
At 20 454 — 00 or rTX = 2H (7).

rd
This condition is often used by authors in relation to limit theorems of stochastic processes
[3], [18], [20], [23]. Here, the choice p = 2H, 0 < H < 1, is suggested by the form of the

variances of self-similar processes. It will turn out that this form is well suited for the argument
below.

Theorem 2. Let X! be a stationary-increment process with a regularly varying covariance
function. Assume that there exists an absolutely continuous Radon measure @ = [LH.¢,
w: B0, 00)) = Ry, where B denotes a Borel o-algebra, such that

4.2

E[(X (1) — X(0))*] = / (1—e)du). (6)
(0,00)

Let us denote the density of i by h, i.e. diu(A) = h()) dA, where dX is the Lebesgue measure

on (0, 00), and let h satisfy the growth condition

O P) asr— oo, with > 1,
h(Ah) = @)
OM=Poy asx |0, with By <2,

and the differential relation
3 (M) + 21" (L) =0, A € (0, 00). 8)

If y > 2 then the same assertion holds as in Theorem 1.

Remark 2. Since E[X,X;] = 3{E[X?] + B[X?] — E[(X|s—| — X0)*]} and E[X,X,] is a
positive-definite kernel, we find that E[(X;—;| — X| 0)?1is a negative-definite kernel (see [6] for
the definition of a negative-definite kernel). On the other hand, W (s, #) = (s — 1?isa negative-
definite kernel [6, Section 3.1.22]. Hence, (6) is equivalent to V (s, t) := E[(X|s—; — Xo)z]
being of the form V = g o W, with (z) = [;°(1 — e™**)h (1) dA. We remark that a large class
of negative-definite kernels can be obtained using ¢ [6, p. 77] and, thus, that (6) is not too
restrictive.
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Next, as an application of k-localization, we point out that, in the wavelet coefficient domain,
the maximum likelihood estimator (MLE) of 6 is ‘close’ to the estimator given by the simple
moment method. Logically, this is a formulation of the localization for a functional 4 (Yy)
through the localization for Yy itself. Here the specific functional /(y) is the score function
2(9, y) = 09l@, y) fory e RY where ¢ is the log-likelihood.

In the sequel, the stationary processes ¥y and stationary-increment processes X! are
assumed to be Gaussian. Thus, Yy ~ A (0, X ). We consider the estimator é]l:,/lM = é}t,/lM(YN)
of 8 = E[g(Yp)] for a general measurable function g: R — R using the moment method, that
is

N

~ 1

oM = ~ > g(¥n (k).
k=1

as well as the MLE é;gN = 0A;§N (Yy), and show that var[é}t,’[M] is asymptotically almost as small
as Var[OEN]. The log-likelihood function £3,, () for Yy is given by

Uz, (0) = —iNlog2m — Llog|Zy| - Ly =3 yy.
On the other hand, for the sake of comparison, let us consider the random vector
Yy ={Yi, k=1,...,N} ~ N, Ay)
and the MLE 0 = 5, (Yy) associated with the likelihood €4, (§) given by
Cay(0) = —3Nlog2m — Llog|An| — S¥y Ay Y.
As is well known, the MLE GAZN is given by the moment method:
R 1
v =% ;g(YN(k)).

Now consider the case in which the CLT holds for the first two estimators, ég’ly and GA)’EN:
respectively,

VNEGYM —0) 5 N (0,v30)) and VN@%, —0) = N (0, I5'(0))

(in the sense of weak convergence) as N — o0, where Iy (f) = limy_ o Var[ézN (0)] and

v2(0)) > 0. Since the components of Yy are independent and identically distributed and have
b P P y

finite variance, the CLT for 01"{N follows automatically, meaning that

VN@;, —0) = N, 170,
with TA(0) = limy_ var[éAN(B)].
In Proposition 2, we give separate evaluations of U% (6) using I;l(G) and Iy l(9). Both

evaluations are of interest. The latter is done using the former, via

v3(0) _ I ©0) vz
Yo 'e 1o

©))
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By the Cramér—Rao lower bound (see, e.g. [13]), we have
15'0) < vz (0) (10)

in general.

We recall that if var[g(Yo)] < oo, then g admits the Hermite expansion g(x) = Zl> pCl H;(x)
in L2(R,e™* 22y /~/27), for some Hermite rank p > 1. Let 1 be the power spectral density
of Yy, meaning that, for ry = cov[Yy (k), Yn(0)], we have

T

1 .
=5 e (&) de.
T J-xn

Proposition 2. Assume that Yy is Gaussian and that var[g(Yo)] < oo for a g with Hermite
rank p > 1.

(i) If there exists a real {p > 1 such that

2p
1
ZkEZN rk S _2 (11)
rop gp

and ifry = O(k™P) as k — oo for a real D > 2/p, then the following inequality holds, where
Cps = (p—1)/¢p and C; =p+1)/¢p:

Coe I (0) <v5(0) < CHIL'(O). (12)
@ii) If (11) holds with p = 1 then the following inequality holds:
v3(0) < CaysChls ' (0). (13)

Here Cp/x, given by

c —IA_I(H)—{i/n ® s}{ /n s}
AMEE T Te) T 2 ) n(E)

satisfies 1 < Cpjx < C;z, assuming that 1/n(§) is integrable on [—m, ).

Thus, as (12) and (13) show, if the parameter ¢, > 1 can be made sufficiently large then the
estimators given by the moment method perform nearly as well as the MLE. This is remarkable,
since MLEs require theoretical and computational hardness in solving likelihood equations
exactly or even approximately, whereas the moment method does not.

For the lower bound of vE (0) corresponding to (13), we remark thatif Cp<Cp 5z > 1then we
have vz(é) > CryxCpily (9) as well. However, the case of Cp,Cy 5y < 1 is void because
of (10). The criterion for Cp«Ca/x > 1 is not clear.

Proposition 2 immediately applies to the wavelet coefficients sT. As is well known, the
MLE for f (@) is given by f(0 ) (see, e.g. [19]); in particular, 0N = (9N ol GJ‘QJ), with
6‘;‘, jan MLE for each j = Jo+ 1, ..., J. Thus, we have only to consider the MLE for an
arbltrarily fixed j below

By setting Yy = sT Ja Tk =T (k), and N = N7 ;, we have the following corollary, which is
an easy consequence of Theorem 2 and Proposition 2 except for the relation of p, H, and y.
We remark that the spectral density n; of s; is such that

27ix ;
/ 2K () de.

2J

rik) = 2
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Corollary 1. Let XT be Gaussian, have stationary increments, and have a 2H-regularly
varying covariance function. Suppose that var[g(Xo)] < oo for a g with Hermite rank p > 1,
and that X7 satisfies the assumptions of Theorem 2. If y > 2, then we have the same conclusion
as in Proposition 2, with Yy and n(&) replaced by sz and n (278), respectively.

3. Central limit theorem for 0} and f (ér)

Now let us consider the central limit theorem for 67 and f (éT) using multiple scales j =
Jo+ 1, , J simultaneously for integers Jo + 1 < J. Let us assume that {X,} is Gaussian
and that E[g(Xo)] = 0 and var[g(X()] < oco. Thus, g has Hermite rank p for some p > 1 and
a Hermite expansion of the form g(x) = ZPP ¢ Hy(x) in L2(R, e—* /2dx/\/§) Here, we
assume the covariance function rtX := cov[Xop, X;] to be smoothly varying, which property
is a little stronger than the regular variation one. A function ¢: Ry — (0, 0c0) of p-regular

variation is said to be smoothly varying (or p-smoothly varying) [8, Section 1.8.1] if
He)
- (p—v) asx — oo, i eN.
p(x) UU

Theorem 3. Let X7 be a stationary-increment process with a 2 H -smoothly varying covariance
function. If y > 2 then

VN7, (01 —0) = N (0, Z)). (14)
The (j, j')th component of £, with j < ', is given by
(20)5 = dl, VGZ;, SO 1) = covlgls; KD, gy W[ a5
or
Enjy =Y rho. o) = oy, vy (16)
veZ

where d; = 27=J and Yi(n) = dj_1 ZZ’ZI g(sj(djn +k)). Moreover, if

af == (Bf/0xsyr1s .., 3f/0xs) "

is continuous in a neighborhood of 6, then

VT (fbr) — £(0) > N(0,v2(0)) asT — oo, (17)
with v2(0) = 273f(0) X ,3f(9).

In order to understand the implications of this CLT in the wavelet coefficient domain, let
us recall the NCLT obtained in the process domain limit theorem and compare them. In
these respective domains, let {X,} and {X} be stationary Gaussian processes with long-range
dependence such that their covariance is regularly varying when the time lag is large. Let Ay
be an appropriate normalization, with Ay — 00 as x — oo. Then the nonlinear functional of

the form
Nt [Nt]

1
Iy ), s or ng(xn)
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converges weakly with Skorokhod’s topology in D[0, 1] (the metric space of right-continuous
paths with left limits) to the Hermite processes given by the multiple Wiener—Itd integrals

/ t P
Z,=Cy [R /0 [ 6=y 92 1((y; < s} dsdB(y1) -~ dB(yp),
PJ0

for some g such that 0 < g < 1/p, where B is the standard Brownian motion, fﬂép stands for
the integral over RP that avoids {y; = y;}, i # j, 1is the indicator function, and C; > Ois a
constant depending only on g (see [11], [12], [20], and [23]). Thus, the parameter estimation
in the above CLT corresponds to weak convergence of the marginal distribution for r = 1. We
remark that Hermite processes have finite variances.

When we wish to use a statistical procedure like hypothesis testing, an evaluation of per-
centiles of the limit distribution associated with the interval estimation is necessary. In the case
of process domain estimations, we must evaluate the percentile of Z; (or Z1), which might be
difficult.

On the other hand, in the case of a wavelet-based estimation, we can perform the interval
estimation using the above CLT as follows. Let z,/» > 0 be the percentile corresponding to
100a% confidence, for some a, 0 < a < 1, and let us write f = fy, ; and v2(0) = U%OJ(G)
to make the dependence on J and Jy clear. Note that f_ o corresponds to exact estimation.
Then, according to the CLT,

dim Pr({] £1,5 Or) = f10.10)] < 202055 OT ) =1-a.

For an arbitrarily small ¢ > 0, we can choose large J and | Jo| suchthat | £, 7 (0) — f-00,00(0)] <
¢. It then turns out that the truncated estimation satisfies

dim Pr({1f10.107) = fco00®)] < &+ 2appvr s @T P 2 1= (18)

For a fixed a, if we would like to make ¢ smaller we have to make J and |Jy| larger, but
this makes vy, 5,(6) larger. Thus, given this trade-off, an appropriate criterion for choosing J
and Jy given ¢ may be of future interest. We note, however, that if ¢ is large compared with
Za/2VJ, 4 (0)T /2, then taking T larger in (18) is meaningless. Thus, & should be kept smaller
than the latter term, which means that ¢ is to be determined as a function of 7.

By truncating the scales with J < oo, we can exclude the lower-frequency components
contained in the original process, which cause long-range dependence and imply an NCLT. As
a result, by allowing a small error &, we can perform the estimation with only the short-range-
dependent components, and obtain a CLT.

The CLT (14) itself is obtained as a result of a variant of k-localization. Here we use an
asymptotic estimate rather than the evaluation of the form (4); see Remark 3, below.

Lemma 2. For each pair (k, k'), 1 <k <d;, 1 <k' <dj, we have
Els;j(djn + ks (k)] = 02" em)) asn — oo.

There are many known results about limit theorems for functionals of general stationary
Gaussian vectors (see [3], [4], [18], and [20], for example). However, the important point here
is how to adapt the wavelet coefficients to those general results, because (s jy+1(k), ..., s7(k))is
not a stationary vector sequence with respect to k. See [5] for the case of Hurst index estimation,

https://doi.org/10.1239/aap/1134587748 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1134587748

Localization of wavelet coefficients 949

which shows how complicated it is to show the validity of the CLT. We can overcome this
difficulty by reconstructing the wavelet coefficients S” in such a way that the resulting sequence
is a stationary vector and the asymptotic covariance matrix Xy is unchanged.

Remark 3. In the case that j/ > j, it might be possible to consider an expression similar
to (4) as the sufficient condition for Theorem 3, instead of Lemma 2. In the CLT, however, it
is better to have a more precise asymptotic evaluation, as given in Lemma 2. In fact, to obtain
the CLT, it turns out that 2p(y — H) > 1,i.e. y > H + 1/2p, is a sufficient condition. Thus,
according to the value of (p, H), there are cases in which the minimum y needed for the CLT
to hold is y = 1. On the other hand, by the evaluation for integer arguments, 2p(y — 1) > 1,
ie.y > 1+ 1/2p, is a sufficient condition irrespective of the value of H. Thus, with the latter
evaluation we can conclude only that y = 2 is sufficient for the CLT forall H, 0 < H < 1.

We also note that a covariance of the reduced form (15) or (16) is obtained if y > H + 1/p.
There are indeed cases in which ¥ = 1 is sufficient for the CLT to hold but y = 2 is sufficient
to have a covariance of reduced form. The condition y > 2 is sufficient for both to hold.

4. Proofs of propositions and theorems

In this section, we give proofs of the propositions and theorems presented above. Proofs of
the lemmas are all given in the next section.

4.1. Proof of Proposition 1

To prove (3), we verify that the determinant of each principal minor of C*Ay — Xy and
Yy — C.Ay is nonnegative, which is a necessary and sufficient condition for the square
matrices to be nonnegative definite [6, Theorem 3.1.16]. To this end, we follow the induction
procedure. Let g,, n = 1,2,..., N denote the determinant of the n x n principal minor:
gn = |C*A, — X,|. The elements of C*A,, — X, are

ro/¢ ifi =j,

(C*Ay — Zp)ij = e
" s —ri—j ifi # j.

First, we have g» = (r9/¢)? — rlz. The condition in Proposition 1 implies that go > 0. Next,
let us assume that g, > 0 for some n, 2 <n < N — 1. Then C*A, | — X4 is of the form

ro/¢ —r,
C*An—H - 2:n—ﬁ—l = " ’
—r, C*A,-X,
where ry = (r1,r2, ..., rN)T. Let x,, € R" be the solution of the linear equation

(C*A, — X)x, =ry.

Since sweeping out does not change the value of the determinant, we have

Ay —r)]
8n+1 = 0, C*A,_T%, )
where the scalar A,, is given by
Aw = 10/¢ =1, xn = 10/¢ =1, (C* Ay = Z) ™' 1y (19)
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and 0, is the n-dimensional zero vector. Hence, we have g,+1 = A,g, and it is enough to
show that A, > 0.

Since Z,,A;l is positive definite, it can be diagonalized by an orthogonal matrix B,,, so that
x,A;' = B! V,B, for a diagonal matrix V,, = diag(vp.1, ..., Vs.n) With v,; € R. Then,
on the right-hand side of (19), (C*A, — ¥,)~! can be written as

1 AV L
(C*A, — )" ! = oA 1/2<1 - %) A2

1 pe= 11 —1/2
= A2 ——BTV!BA,
Cc* — (C*)

Therefore, A, becomes

" 1 /1
A, =2 TA V2BTVIB, A, r,
C*

ro 1 (1 1/2 12 2
— == " ||V B, A, ",
C*

where [|x, ]| Zf’ l)cl.2 for a vector x,, = (x1,...,x,). Let v = maxi<;<p vy,; and v* =
Sup,en Ui then v < 1. In fact, v} 1 v* by [16, p. 65, Equations (9) and (10)], while in
the present case v* = maX_r<g¢<x n(é)/ro = n(0)/ro = 1 by [15 Theorem 4.2.1, p. 154].
Therefore, C* — v} > (14¢)/¢ — 1 = ¢!, Since ||V,/*B, A}, 172, 12 < ((v%) o) 2,
we have

A ro[l ll7a 12 ( ” [1_||rn||2 1 ]>m[1—’:”’””2}
"= rgl ¢ rg C*—vr | ™ ¢ rg

Thus, we obtain

b

"o ieN
by condition (2).

4.2. Proof of Theorem 1

Since r(k), k € Ny, can be written as

rjtk) =207 (—%) / POVl =t kP dsdr =220 ), 0)

as is well known (see, e.g. [14]), to prove (4) it is enough to consider ro(k), i.e. we will show
that 3", . 73 (k)/r3(0) < ¢~2. By a formula given in [6, Corollary 3.2.10], the term

Is— 1 +kPH ={s—t+ k)2

can be written as

Is —t +k1*" =cy f (1 — e 60 4y (1), 1)
(0,00)
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where dfiy (A) = A~U+H) dx and ¢y is an appropriate positive constant. By changing variable
to & = +/A and substituting the Fourier integral

2
al }e‘g’“ dx

e (1Hh)? =/ S eXp{——z
R /27 (s —t + k)2 2(s —1+k)

into (21), we have

st 4 kPH = Cp / (1= 610y 4y (),
(0,00)

where
_ 2/2
CH ope " Tdx —(142H)
C :—/|x| ———— and dug(h) =1 dA.
" 2 Jr 2 i
We note the identity [22, p. 232]

2
e T =0)™ 4y

—m , mEN,

where [ is the identity operator. Let us first consider the case m = 1. By Lemma 3, in (20)
ro(k) > 0 for all k € Np. Hence, by integration by parts, we have

0<rotk)=Cpy / ei“‘[ / / Y ()Y ()e* ) ds dt} dpey (0)
W2

(0,00)

T 14k

/ ei)nk [// W(S)I/f(t)(] _ a}%)ei)\(sil))\’*(l+2[‘l) ds dt] dA (22)
(0,00) w2

if y > H + 1. We can write
(I _ 8)%)[61)\(5_[))\._(14_21{)] — (1 _ (p(s’ t))ei)u(s—l))\‘—(3+2H)’
where
@(s, 1) = —2%(s — )2 = 2(1 + 2H)ir(s — 1) + (1 + 2H)(2 + 2H).
We then have

// ()Y ) — 02032 qg dr < |4 (1)) 2a "2,
W2

since (s, t) is a positive-definite kernel (see [6, Sections 3.1.9 and 3.1.10]) and so is elts—0),
hence, ¢(s, 1)e*~1 is positive definite, by the fact that the product of two positive-definite

kernels is again positive definite [6, Section 3.1.12]. Therefore, we have

r0(0)
1+ k2

Ch

k) <
rO()_1+k2

/ [y )1 dpy (1) =
(0,00)

(see the expression for r¢(0) in (22)).
For the case m > 2, we have

Cu / {(I—af)'"ei“‘}[/ / w(s)w(z)ei“f—”r“”f’)dsdr]dx,
(0.00) w2

Oiro(k)=m
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where
: 1+k3Hm—1 .
(I — 07)Me*k = {1 - %aﬁ}emk. (23)
Hence, we obtain
Cu
= —"
ro(k) d L im
. 14+kHm—1 .
x /(0 )el“‘[f i 1/f(s)1/f(t){1 — %aﬁ}elm—”r““m ds dt} dx
o0

(24)

if y > H + m, and, thus, ro(k) < ro(0)/(1 + k*)™ by the same reason as in the m = 1 case.

Finally we claim that the largest possible value of m is ¥ — 1. This follows from an
integrability argument for (24) with respect to A. Assumption (i 1) implies that V is an entire
function, meaning that it has a Taylor expansion for all A € R4. Also, assumption (¥2)
implies that 8"1//(0) =0, n =0,...,y — 1. Thus, the Taylor expansion is of the form
W(A) 3o =y ap ' for some {a,} C C. Among the terms contained in

2i . -1

(= )1 GPA= 1+ = Z( o (7) 2 (9){ITr+2 4]
=0

v=0

2i—1—1

Xzbn+2y{ 1_[ n+2y })\n+2y(2i+1+2H)’
n=0

the one with the ‘worst’ singularity as A | 0 has n = 0 and i = m. Hence, the assertion holds
if2y —(14+2H +2m) > —1,i.e.y > m+ H. Sincem > 1and 0 < H < 1, we conclude
thatif y > 2 then (4) holds withm = |y — H| =y — 1.

Lemma 3. If{X;} has stationary increments and a regularly varying covariance function, then
rj(k) > 0 forall k € N.

Remark 4. A more precise evaluation of r;(k)/r;(0) may be possible if we evaluate the term
associated with 8% in (23) rather than neglecting it. Also, in order to have the decay rate givgn
in (5), certain additional steps, like taking fractional derivatives of the Fourier transform v,
might be necessary.

4.3. Proof of Theorem 2
Since

E[X,X;] = ${E[X]]1+ E[X]] — BI(Xs— — X0)°1},

that E[ X X;] has regular variation as a function of |s — ¢| implies that E[(X|5_; — Xo)z] has
regular variation. Also, that E[ X X;]is a positive-definite kernel implies that E[ (X s—;] — X 0)2]
is a negative-definite kernel. Itis clear that if lisa slowly varying function then £(7) = 7 (Tt 1/ 2)
is slowly varying as well. Hence, as a function of (s — £)2, we can write

E[(Xs—r — X0) 1= W((s —1)%), W) =x"e(x) forx eRy,
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where 0 < H < 1 and ¢ is a slowly varying function. From the assumption of the theorem, the
negative-definite kernel E[(X|s—; — Xo)z] has the representation

E[(Xjo—r| — X0)?] = / (1= e 4 0) di.
(0,00)

By a calculation similar to that in the proof of Theorem 1 (cf. (20)), the covariance r (k) can
be written as

riky =27 <—%) /fwz VOV — 1 +)Pe¥ (s —t + k)?) ds dr

- / ei“‘[ / / W(s)w(t)ei)‘(s_’)dsdti|r/j()»)dk,
(0,00) w2

where nj = np ¢, ; is defined by

. 1 . A\
(M) = 2-/A/ x 2 exp{—2" @D ) ((—) )dx, A € (0, 00),
" SV A\

which exists for each A € (0, co) by assumption (7) and Lemma 4, below. For the same reason
as in the proof of Theorem 1, we have only to consider the case m = 1. We have

2/ irk a2\ aiA(s—1)
1+ 12 /(O’oo)e [//wzlﬁ(s)l/f(t)(l d;)e nj(A)dsdr|dr,  (25)

where (I — 32)e*¢=Dn;(0) = (n;(A) — @(s, 1))e*E~) with
@(s, 1) = —(s — )20 (A) +i(s — &0 () + 330 ().

In order to neglect the term associated with 8)% in (25), so that we can evaluate 7 ; (k) using only
terms associated with 7, it is sufficient that ¢(s, ) is a positive-definite kernel, for which in
turn 8)%17 j(A) = 01s a sufficient condition. It follows that this is satisfied if

Do ()] 3 (C)) 2 ()0

ie. if 30/ (X)) +2Ah" (1) > 0.
To determine the largest possible value of m, we consider

i | —@j+1) .24 ) qi=1 A\ ; \2
am'/‘()\):/I:me exp{—2""/"Vx }{8A h,<<;) )+xalh,((;> )}dx.

Since Bihj(()»/x)z) = O ~2) foralli as x J 0, it turns out that the growth assumption (7)
implies that this integral is finite for all i. Also, by Lemma 4, below, we have

ritk) =

i (A/x)?) = o 2UHD=y as3 )0,

which leads to the sufficient condition for the finiteness of the integral in (25) with respect to X,
namely

2y =20+ H)-2m+1>—-1<m<y—H
<o m=|y—-—H|=y—-1
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Lemma 4. Under condition (7), By is equal to 1 + H.

Remark 5. Itis easily seen that the function A~ +2) in Theorem 1, as a special case of i),
satisfies condition (8).
4.4. Proof of Proposition 2

(i) Let v, (0) = Var[«/ﬁ(égl]}]w — 6)]. We then have

N—-1

2
V3 O) =) ¢ <Var[Hz(Y0)] + 5 2 (N = k) covHy(Y), Hl(Yo)])

I=p k=1

- <Vaf[Hl(Y0)] +2) " cov[Hy(Y). Hz(Yo)]>

I>p keN
=v3(0) asN — oo, (26)

by the decay condition r, = O(k~P), D > 2/p. By applying Proposition 1 to ng(Yk)}
instead of {Yj}, for each [ > p, we obtain the following statement, where ()3](\[, Yk =
cov[H;(Yy), Hi(Yi)], Crse = (& — 1)/, and Cf = (& + 1) /&

21
r 1
" Zkeé\ll ko< = forsome & > 1, then CrAhy <= <CfAl, forall N e N.

Since Y yen 72 /3 < Y ken rk /rO implies that Cp, < Cys and C} < Cj; for I > p, and
since
vi (0) =xyEVxy withxy = (N2, NTV2) e RY,

for (26) condition (11) implies that
Cpx Y _ cf var[Hi(Yp)] < v5(0) < Cp Y cf var[H(Yp)].
I=p Izp
Assertion (12) then follows from IXI(Q) = var[g(Yp)] = lep C12 var[ H;(Yp)].

(ii) In view of (9), it remains to evaluate Cp,;x. We evaluate it separately in Proposition 3,
below.

Let us symbolically denote Iy, (0) = Var[ﬂzN (@)] and T, (9) = var[ﬁ Ay (@)] (although
I5y () - Ix(0) as N — oo, we have I3 (6) # var[v'N (9* — )] for finite N).

Proposition 3. Under the same assumptions as in Proposition 2 and condition (2), the following
inequalities hold, where C* and C, are as given in (3):

€213 < 150 0) < €215 0) forall N e N.

Moreover, if 1/n(&) is integrable on [—m, 7] then

lim ‘:Nl(e) {L/ (E)ds” /n 1dé}>1 (27)
N=co 131(0) ) _x () -
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4.5. Proof of Proposition 3

First we prove that Cy/x < C 2, By Lemma 5, 9 is a smooth function of ry. Hence, we
can write

dls, (6) _ dro ' dls, (6) and dla, (0) _ @ . dla, (6)
de de drg de dé dro

Therefore, we will show that

-1
dla,0) (dix, (6) < C*_z,
dro dro

which can be calculated in general no matter what dro/d# is.
To this end, it suffices to show that

d d d
0=<(CH'—log|An| < —log|Zn| < C;'—log|An], (28)
dro dro dro
w21 d Td o o T d N
(C) YN AN IN S YN —Ey IN=C.yy—Ay v =0, yveRY. (29)
dl’o dro dr()
In fact, from (28) and (29) we have

d £
dro v

d
— Ay

C
* dro

=

a.s. (30)

and, hence,
0 < C20)15'0).

From (30), we separate cases to obtain |(d/drp) Lz, | < (c*~1 [(d/dro)laylif (d/drg)lsy =0
and [(d/drg)ls, | < C;l [(d/drg)ea | if (d/drp)ls, <O0.
To show (28), we write

d (d/dro)|Zn|  (d/dro)|EnAy' An]
—log|Zy| = = =
drg |Zn| [ZNAy An|

_|ANI(d/dro) | Ev ARG+ IENv AR [(d/dro)| Ay |
IZnAN AN

Since |[Ayx| = (ro/N)(d/drg)|An|, we have
d ro d _1,] d
—log|Xy|= |14+ ——1log|XnA — log |An]|.
aro og|Xn| [ +Ndro og|Xn Nl}dr0 og|AN]

Define the matrices Qn, Ry, and Uy by

0 ifi =,

(ON)i,j = Ry —roly)ij = e
! ! ir“_ﬂ if i 75],
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and Uy = diag(un.1,...,un n), where {uy;, 1 < i < N} are the eigenvalues of Qy,
meaning that Oy =T J UnTy for some orthogonal matrix Ty. Then |X NA;,1| is given by

1 IN—1,—1 on - -
IZNAN | =1ENAY) T T = ‘(1N+r_>

. ro
d1ag<—>
ro+uni/)1<i<n

Hence,
UN,I
ro(ro +un,1)

E

d
— log |ZNAL' = —
dro =

and we have N

d 1 ro d
—log |Zn|=| — —— | —log|Ay]|. 31
arg g =] [Ngroﬂw}dro g|Ay| (31)

Let {pn.i, 1 <i < N} be the eigenvalues of Ry. From the eigenequation

0=luniln — On| = |(ro +un,i)IN — Ry,

it follows that ro + un ; = pn.; > 0.
For the right-hand side of (28), i.e. [(d/dro)fx,| < C;1|(d/dro)€AN|, by setting p.ny =
minlfifN PN,i W€ have

d o d
—log|Xn| < — log |[AN].
dro dro

*N
Here, the lower bound in (3),

Ty — CiAy = Zy — Curgly > 0,

implies that Cyro < pun, i.€. ro/pxn < C, 1 The converse inequality in (28) is obtained
similarly (using (C*)~™! < ro/p} in (31), with p} = maxi<i<y pn,;). The positiveness
in (28) follows from (d/drg) log |An| = N/ro > 0. Hence, the proof of (28) is complete.

We next show (29). Since ' = (EyAy'An)~! and Ay = —ro(d/dro) Ay, by using
(EnvARH ™! =Ty diag(ro/(ro + un.i))1<i<y Ty we have

s (LA @A) =L zmyah!
dro N dro N "N dro N

d ro 2
= —A—1>TTdia <<—) ) Ty.
(dro N )Ty e rot+uni/) Ji<i<n

By the same arguments as in the proof of (28), we recover (29).
Finally, for (27), by using the theorem of [16, p. 64] we obtain

o1 N ro ro [T 1
lim — Y — =2 [ —d¢&. (32)
n—>oo N = pni 21 ) 1(§)

Sincerg = (27)~! f fﬂ n(&) d&, by Jensen’s inequality the right-hand side of (32) is larger than
or equal to 1. This proves that Cp /s > 1.

Lemma 5. If var[g(s;(0))] < oo then 0 is a smooth function ofcrjz.
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4.6. Proof of Corollary 1

By considering Lemma 2 in light of Theorem 3, in particular with 2/n = [, k = 0, and
k' = 0, we obtain r; (1) = CI20=H¢()(1 + 0(™")), as | — oo, in (36). Therefore, for an
arbitrarily small ¢ > 0, 2p(y — H — ¢) > 1 holds by the condition of Corollary 1. Thus, we
have part (i) of Proposition 2. On the other hand, as in the case of Theorem 2, y > 2 implies
(2), which leads to part (ii) of Proposition 2.

4.7. Proof of Theorem 3

For the wavelet coefficient ST, let us consider a sequence of random vectors

s={smeR. neNo), d= Y d;. dj=2"",
Jj=Jo+1
defined by
s(n) = (Sjp+1(n), ..., s7(n)),
where each s;, j = Jo+ 1, ..., J, denotes the following subvector in R4

sim)=(sjdjn+1),...,5;din+k),...,s;(dj(n+ 1))).

It is easily seen that {s,} is a stationary random vector in the usual sense, i.e. the covariance
matrix E[sT(m + n)s js(m)] does not depend on m € Ny for each pair (j, j').
Now let us take the sequence {Y(n), n =1, ..., Nr,j} of vectors

Y(n) = Yp1(n), ... Ys(n),

where
1 &
Yj(m) = — Zg(s,-(djn +K)).
J k=

Then {Y (n)} is vector statlonary, i.e. cov[Y (m) Y (m + n)] does not depend on m € Ny for

each pair (j, j/). Let Y = (9T NETRERR TJ) be deﬁnedby

Nrt.j
o1, = ZY(n) j=Jdo+1,...,J.

As is easily seen, OA}K — 6 a.s. and E[é%’] = 0. Also,

Pr({|/N7.;0F —0) — /Nr ;07 —0)| > ¢}) > 0 asT — oo,

for all ¢ > 0. Thus, by [7, Theorem 3.1, p. 27], to show that the desired CLT (14) holds it is
equivalent to show that the alternative CLT

N7 6 —0) 5 N (0, Z)) (33)

holds.
By [3, Theorem 4], to prove (33) it is sufficient to show that

> leov[Yj ()Y (0)]|P < oo and Y [cov[¥;(0)Y; (m)]|P < oo.
neN neN
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For the first condition, it then suffices to show that

> |Elsj(djn +k)sj(dj - 0+ k)P < 00
neN
for each k and k' and, for the second condition, that the same inequality holds with j and j’
exchanged. From Lemma 2 these convergence statements hold if 2(y — H)p > 1,ie. y >
H+1/2p.
Equation (15) is obtained from

cov[y/Nr j0r j, /N1, 07T )]
NT‘j/fl

- (0 V.
SO S (e - 27k )
k=1

dj djNr,j

+(Nr = 1279k (k)

and Lemma 2. In fact, the terms N ZNT I ks . j7(£k) tend to 0 as T — oo since they are

O((Nt,j)~ 2y=H)p+1y whereas y > ~ 2 implies that —2(y — H)p + 1 < —1. Equation (16) is
obtamed similarly. Finally, (17) follows from Slutsky’s theorem [13].

5. Proofs of lemmas

5.1. Proof of Lemma 1
Let the wavelet expansions of X; 1jo,77(¢) and Y; 1{0,7(¢) be

XT YT
SN XDy and 33y,
JEL k JEZ k

respectively. Since supp(¥x) = [27k, 27 (k + w)], ct k ) and ¢t/ Tk ) all vanish for 2/k > T,
ie.k>[27/T7,orfor2/ (k +w) <0,ie.k < —w. From Parseval’s equality for L2-functions
and their wavelet coefficients, it follows that

/1
.1 <XT> (YT
lim — XYdt_llm— c;
Jim 1 [ DD
]GZ k=—|w]
’—2 ]T T T T T
_ _ZZ(X o’ 1 X7y (")
_TlimwT Cik Cik +1meTE E Cik Cik -
JEZ k=1 JEZ k=—|w]

Since 27/ T /N, j —> las T — oo, the first term on the right-hand side is the same as

=71 ; Nr,

T T T T

lim — E & )= lim —— XD
jEZT—moT P bk Tk T—>o<>NT]k:l Jk Tk
T T

= lim (X )c(y >.
T—>oo Tj ; Pk ik

https://doi.org/10.1239/aap/1134587748 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1134587748

Localization of wavelet coefficients 959

Here, the change of

F2 T — 1 2777 ’ ’
: X5 x4 . : X5 x5
lim Z Z Cik Cik into Tl;mwF Z Cik Cik

T—o00
/EZ k=1 =/ k=1

is allowed by dominated convergence.
Hence, it suffices to show that the second term tends to 0. Since the second term tends to a
finite limit by Schwarz’s inequality, for all ¢ > 0O there exists a jy such that

1 Z Z C(XT> (YT <e

|J|>/0 k=—|w]
Thus, 0
x?y o7y _ 1 xTy (¥7)
—Z Z ik =T D D0 ko e
JjeL k=—|w] ljl<jo k=—lw]
1 xTy (v7)
=7 Z Cik Cja TE
ljl<jo k=—lw]

The first term on the right-hand side of this tends to 0 as 7 — oo, which completes the proof.

5.2. Proof of Lemma 2
We have

Elsj(djn + k)sj (k"]

= 2<J+f’>/2<_%> / 20140 E[{X(Q2/(s +k+djn) — X2/ (t + k))}*1ds dr.
w

(34
From the general form of regularly varying functions, we can write
E[{X (2 (s + k +d;jn)) — X7 (t + K'))]
2J k) —
— @/ e ny|1 + 28R
27n
V(s +k) =2 +k)[\ 1
¢(27n1 : 35

x ( it 271 (27 (33)

Taylor expansions of the last two factors on the right-hand side of (35) yield
V(s +k) -2+ k)P 3 (2H> <2f(s +hk) =27t + k’))l
B ! 2/n

27n
1eNy

‘1~|—

and
2J k=27t +k 1

(271 (s +k) (t+Kk)

271 027n)

1 QT e®D@27n) (2i(s + k) —
=1+ Z £(27n) <

1+

2t + k)
by,
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We observe that a slowly varying function is O-regularly varying and that the smooth variation
property of ¢ implies that [8, Equation 1.8.1, p. 44], fori > 1,

27 n)ie D27 n)

@ —>l_[(0—v)=0 asn — oo.

v=0

Since those terms with 0 < [/ < 2y — 1 in the product of the two terms in the integral (34)
vanish by assumption (¢2), we have

Els;(djn+ ks (k)] = CRIm)y2Y e/ my(1+ 0m™")) asn— 00,  (36)

where

22 TN i) (2 d
3402 DT 1) / v ){Z<2H )l(Zn)E (2n)}
=2 ( o di 2y —i)i! £27n) '

i=0

5.3. Proof of Lemma 3

It is enough to prove that the kernel W (s, 1) = |s — 1 +k|*/ is a negative-definite-type kernel
for k € N. The kernel Wy(s, 1) = (s — t + k)2 is of negative-definite type [6, Section 3.1.22]
(but is not a true negative-definite kernel). In general, for a negative-definite kernel W, its power
UH isalso negative definite for 0 < H < 1 [6, Section 3.2.10]. We show that this claim is also
true for a negative-definite-type kernel.

To this end, we must verify that [6, Theorem 3.2.9, p. 77] holds not only for negative-definite
kernels, but also for negative-definite-type kernels. Following the proof of [6, Theorem 3.2.9],
it turns out that we are done if e =¥ -!) is positive definite. For this, we check the ‘only if” part
of [6, Theorem 3.2.2, p. 74] and we have to prove, in particular, that U is of negative-definite
type only if e Y is of positive-definite type.

Following the proof of [6, Theorem 3.2.2], we take the parameters W and x( there to be
W(s, 1) = (s —t +k)? and xo = k. Then W(s, x0) = 52, W(t, x0) = 12, W(xq, x0) = k?, and

o(s,t) = W(s, xg) +W(t, x0) — (s, 1) — W(xg, xo) = 25t —2k(s — 1) — 2k2,

which is of positive-definite type in the following sense: for all {¢;, i = 1,...,n} C C with

Yi—1ci =0,
chlcj(p(sls s]) =2

i=1 j=1

i i Z

Therefore, e~V (%) =V ({.x0) jg positive definite (see [6, Section 3.1.9]), e?6:) ig of positive-
definite type (see [6, Section 3.1.14]), and

e~V  o(5.0) =W (5,x0) g =W (1,30) =W (x0,%0)

is of positive-definite type (see [6, Section 3.1.12]). It is clear that, for claims 3.1.9, 3.1.14,
and 3.1.12 of [6], the positive definiteness property can be replaced by the positive definiteness-

type property.
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5.4. Proof of Lemma 4

By the argument for the slowly varying part € in the proof of Theorem 2, we have

|ax|2He((ax)2)=/oo(1—eM“")z)h(x)dxzfoo(l—el)h( * > e
0 0

(ax)? ) (ax)*

For an arbitrary ¢ > 0, we can take a large z = z, > 0 such that

o —A A —Aa
/0 (1-e )h<(ax)2)(ax)2 /(1 )h( )

Thus, if we let x become larger, we can write

lax?Ae((@x)?) [y —e ) /(ax)®) o drja® + ¢
x2He(x2) Jo (T —e 2 (A/x2)~Podr +¢”

which approaches a?# as x — oo. Letting & > 0 become smaller and, thus, z and then x

become larger, we conclude that 8y = 1 + H.

5.5. Proof of Lemma 5

The assumption of this lemma implies that g can be expanded in Hermite polynomials as
follows (the series converges in L2(R, e 224y /A/2m)):

g(x) =) e Hx).

1eN

Here, without loss of generallty, we assume that ¢ = 0. Then, since s;(k) ~ N (0, U]Z), by
writing Hy;(x) = Zm —oh, mX2" we have

l
E[Hy (s;(O)] = Y @m — D' hy o™

and, hence,

0j = > cyElHu(s;j(0)] = > anoi™

leN meN

with a,, = 2m — 1)!! Zf’im ca1hy . Therefore, 6 is a smooth function of sz.
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