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Abstract. We say that S C Z is a set of k-recurrence if for every measure-preserving trans-
formation 7 of a probability measure space (X, i) and every A C X with w(A) > 0, there
isann € Ssuchthat u(ANT"ANT 2 N---NT % A) > 0. A set of 1-recurrence is
called a set of measurable recurrence. Answering a question of Frantzikinakis, Lesigne,
and Wierdl [Sets of k-recurrence but not (k+1)-recurrence. Ann. Inst. Fourier (Grenoble)
56(4) (2006), 839-849], we construct a set of 2-recurrence S with the property that
{n? : n € S} is not a set of measurable recurrence.
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1. Background and motivation

A probability measure-preserving system (or MPS) is a quadruple (X, B, u, T) where
(X, B, u) is a probability measure space and T : X — X is an invertible transformation
preserving , meaning (T~ 'A) = j1(A) for every measurable set A C X.

We say that S C Z is a set of measurable recurrence if for every MPS (X, B, u, T') and
every A C X having u(A) > 0, thereisann € S such that u(ANT7"A) > 0.

For a fixed k € N, we say S is a set of k-recurrence if under these hypotheses, there is an
n € S such that u(ﬂl;zo T~/ A) > 0; in this terminology, a set of measurable recurrence
is a set of 1-recurrence.

Finally, S C Z is a set of Bohr recurrence if for alld € N, every a € T4, and all ¢ > 0,
there is an n € S such that |[na|| < € (see §3 for definitions and notation).

Frantzikinakis, Lesigne, and Wierdl [10] proved that if k € N and § € Z is a set of
k-recurrence, then S := {n* : n € S} is a set of Bohr recurrence. They ask (the remarks
following [10, Proposition 2.2]) whether this conclusion can be strengthened to ‘S”¥ is
a set of measurable recurrence,” and the subsequent articles [7, 8] reiterate ([8, Problem
5] of the current version at arXiv:1103.3808) this question. Our main result, Theorem 1.1,
provides a negative answer for the case k = 2. For k > 3, the question remains open. A
related question in [7] asks whether a set S which is a set of k-recurrence for every k
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must have the property that $*? is a set of measurable recurrence. We discuss how our
construction relates to these questions in § 16.

THEOREM 1.1. There is a set S C Z which is a set of 2-recurrence such that S2 s not a
set of measurable recurrence.

Reflecting on the known examples of sets of Bohr recurrence which are not sets of
measurable recurrence, Frantzikinakis [8] predicts that an example of a set of 2-recurrence
S where $”? is not a set of measurable recurrence will be rather complicated. Our
example is indeed complicated: while built from well-known constituents using standard
methods, the proof that it is a set of 2-recurrence uses several reductions—from general
measure-preserving systems to totally ergodic systems to nilsystems to affine systems
to Kronecker systems. The final reduction combines explicit computations of multiple
ergodic averages in 2-step affine systems with classical estimates for three term arithmetic
progressions in terms of Fourier coefficients.

1.1. Outline of the article. Our approach is similar to Kriz’s construction [18] proving
that there is a set of topological recurrence which is not a set of measurable recurrence.
Very roughly, our example S in Theorem 1.1 is {n : n> € R}, where R is Kriz’s example.
While this description is not quite correct, it may help those familiar with [18], [16] or [15]
understand our construction.

The overall proof of Theorem 1.1 is presented at the end of §2. We outline its
components here. Section 2 begins by collecting standard facts about the following finite
approximations to recurrence properties.

Definition 1.2. Let S € Z and k € N. We say that S is (8, k)-recurrent if for every MPS
(X, B, u, T) and every A C X with u(A) > 3§, wehave ANT"AN.--N T—kn A * O
for some n € S.

We say that S is (8, k)-non-recurrent if there is an MPS (X, B, u, T) and A € X with
w(A) > §suchthat ANT"AN---NT kA =g,

We say S is §-non-recurrent if it is (§, 1)-non-recurrent, meaning there is an MPS
(X,B,u,T)and A C X with £(A) > dsuchthat ANT"A =@ foralln € S.

Remark 1.3. The condition ANT™AN.---NT*A £ & in the definition of (8, k)-
recurrent may be replaced with u(ANT AN ---NT ¥ A) > 0; cf. Lemma 15.1.

Lemma 2.1 says that if Sy, S» € Z are finite, §;-non-recurrent, and §>-non-recurrent,
then for all sufficiently large m, S} UmS, is 28182-non-recurrent. Thus, if SlA2 and
Sé\z are §1-non-recurrent and Jp-non-recurrent, respectively, then (S U mSz)Az is
2818-non-recurrent for all sufficiently large m, as (S; U mSy)"? = Sf\z U szZAZ.

Lemma 2.3 says that § C Z is §-non-recurrent if and only if for all §’ < & and all finite
subsets S C S, S’ is §’-non-recurrent. Likewise, if S € Z is (n, 2)-recurrent, then for all
n’ < n, there is a finite subset S’ € S which is (1, 2)-recurrent.

The proof of Theorem 1.1 is given at the end of §2; it explains in detail how finite
approximations are assembled to form a 2-recurrent set whose perfect squares do not
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form a set of measurable recurrence. This reduces the problem to proving Lemma 2.4,
which states that the required finite approximations exist. These approximations are based
on Bohr-Hamming balls, which we introduce in §3. Bohr—Hamming balls were used
in [15, 18] to construct sets with prescribed recurrence properties. Fixing § < % and
n > 0, Lemmas 3.4 and 3.5 show that there is a Bohr—Hamming ball BH which is
§-non-recurrent, while /BH := {neN: n’e BH } is (n, 2)-recurrent.

The proof of Lemma 3.5 occupies §§4—15. It is proved by estimating multiple ergodic

averages of the form

) 1 y 2 n 2n
ngaooﬁn;gmmff-fw o T dp, (L)
where (X, B, 1, T) is a measure-preserving system, f : X — [0, 1] has [ fdu >§
for some prescribed § > 0, B € T" for some r € N, and g : T" — [0, 1] is Riemann
integrable. Under certain hypotheses on g, we will prove the limit in equation (1.1) is
positive; this is the inequality in equation (4.7) in the proof of Lemma 3.5. In §4, we show
how the general case may be reduced to that where T is totally ergodic. The remainder of
the article, outlined in §5.2, is dedicated to analyzing the limit in equation (1.1) when T
is totally ergodic. Section 8 shows that the totally ergodic case can be further reduced to
the study of standard 2-step Weyl systems, and §§9-13 are dedicated to simplifying and
estimating equation (1.1) for these systems.
Readers familiar with the theory of characteristic factors (especially [6]) may find it
most profitable to read §§2, 3, 5, and 8 in detail, and skim §4.

2. Constructing the example from finite approximations

We first require some standard facts about the properties mentioned in Definition 1.2. The
following is [16, Lemma 3.6]; it is essentially [18, Lemma 3.2]. Similar lemmas appear,
often unnamed, in the variations on Kriz’s example [5, 20, 21, 25].

LEMMA 2.1. Let S1, S» C N be finite. If S1 and Sy are §-non-recurrent and n-non-recurrent,
respectively, then for all sufficiently large m € N, S1 UmS, is 26n-non-recurrent.

LEMMA 2.2. Let me€ Z and 6§ > 0. If S C Z is (8, 2)-recurrent, then mS is also
(8, 2)-recurrent.

Proof. Fix m € Z and let § C Z be a (8, 2)-recurrent set. Let (X, B, u, T) be an MPS,
with A C X having u(A) > §. Consider the MPS (X, B, u, T™). Since u(A) > 8, there
exists n € S such that (AN (T™) AN (T™)"2"A) > 0, meaning w(ANT ™ AN
T-2mm Ay > 0. Since mn € m S, this proves m.S is (8, 2)-recurrent. O]

Our proof of Lemma 2.4 uses the following compactness properties for recurrence.

LEMMA 2.3. Let k€N and § >0. If 8 >3 and every finite subset of S is
(&', k)-non-recurrent, then S is (8, k)-non-recurrent.

Consequently, if S is (8, k)-recurrent, then for all 8 > §, there is a finite S’ C S which
is (8, k)-recurrent.
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We prove Lemma 2.3 in §15. A special case, which is easily adapted to prove the general
case, appears in [5, Ch. 2].
Theorem 1.1 is proved by combining the following lemma with the others in this section.

LEMMA 2.4. Forall 8 > 0andn < 1/2, there exists S C Z which is (8, 2)-recurrent such
that $™? is n-non-recurrent.

By Lemma 2.3, we can take S to be finite in Lemma 2.4.
Lemmas 3.4 and 3.5 will prove Lemma 2.4; the proof of Lemma 3.5 forms the majority
of this article.

Proof of Theorem 1.1. Let§ < §' < % We will construct an increasing sequence of finite
sets S1 € S C - - - so that S, is (1/n, 2)-recurrent, and 5,92 is 8’-non-recurrent. Setting
S = UZ°=1 Sn, we get that S is a set of 2-recurrence, while every finite subset of SA2 s
8’-non-recurrent. Lemma 2.3 then implies S is §-non-recurrent.

To define S, we apply Lemma 2.4 to find an S| € Z which is (1, 2)-recurrent, while
S 1A2 is 81-non-recurrent for some §; > §’. We define the remaining S, inductively: suppose
n € N and that §,, has been chosen to be (1/n, 2)-recurrent, while S,fz is 8, -non-recurrent
for some 8, > &'. Let n < % so that 28, > 8’. We will find S, | D S, so that S, is
(1/(n 4+ 1), 2)-recurrent and Sﬁ] is 2né,-non-recurrent. To do so, apply Lemma 2.4 to
find a finite R € Z which is (1/(n + 1), 2)-recurrent such that R"? is n-non-recurrent.
By Lemma 2.1, choose m € N so that (S,fz) Umz(RAz) is 2n6,-non-recurrent. Now
Sp+1 = S, UmR is the desired set: mR is (1/(n + 1), 2)-recurrent, by Lemma 2.2,
while Sﬁl = (S,fz) U m?(R"?). Since 28, > &', this completes the inductive step of the
construction. O

3. Approximate Hamming balls in T" and Bohr—Hamming balls in 7.
Let T denote the group R/Z with the usual topology. For x € T, let x denote the unique

element of [0, 1) such that x = X 4+ Z and define ||x|| := min{|x —n| : n € Z}. Forr ¢ N
andx = (x1,...,x,) € T", let ||| := max;<, |lx;].
Fore > 0,r e Nyandx = (x1,...,x,) € T", let
we (x) == [{j : llxjll = €}l

So w, (x) is the number of coordinates of x differing from 0 by at least €.

Definition 3.1. Fork <r e N,y € T", and ¢ > 0, we define the approximate Hamming
ball of radius (k, €) around y as

Hamm(y; k, ¢) ;== {x € T" : we(y — x) < k}.

So Hamm(y; k, ¢) is the set of x = (x1,...,x,) € T", where at most k coordinates x;
differ from y; by at least ¢.

If Z is a topological abelian group, we say « € Z generates Z if the cyclic subgroup
{na :n € Z} is dense in Z. In other words, « generates Z if Z is the smallest closed
subgroup containing «.
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The group rotation system (Z, B, mz, Ry), where B is the Borel o-algebra on Z and
mz is Haar measure on Z, is given by Ryz = z + «.

Definition 3.2. 1f U = Hamm(y; k, ¢) C T" is an approximate Hamming ball and g € T",
the corresponding Bohr—Hamming ball of radius (k, €) is

BHB,y; k,e):={neZ:np U}
If B generates T", we say that the corresponding Bohr—Hamming ball is proper.

We write m for Haar probability measure on T". Lemmas 3.3 and 3.4 here are implicit
in [18] and proved explicitly in [15].

LEMMA 3.3. Letk € Nandn < % For all sufficiently large r € N, there is an ¢ > 0 and

E CT" with m(E) > n such that EN (E + U) = &, where U = Hamm(y; k, €), with
_ /1 1 r

y—(z,,i)e']l‘

Lemma 3.3 is a consequence of [15, Lemma 7.1]. To derive the former from the latter,
note that [15, Lemma 7.1] (in the case p = 2 there) provides sets E, E’ € T" with u(E) >
n, an approximate Hamming ball U around Opr with radius (k, ¢) for some & > 0, such
that E4+ U C E' and E' + (%, e, %) is disjoint from E’.

LEMMA 3.4. Letk € Nandn < % For all sufficiently large r € N, there is an ¢ > 0 such
that for all B € T", the Bohr—Hamming ball BH (B, y; k, €) is n-non-recurrent, where

y=G.....0eT"

Proof. Let n < % and choose r large enough to find the E and U provided by Lemma

3.3, with m(E) > n. Let (X, B, u, T) = (T", B, m, Rg) be the group rotation on T"

determined by B. For n € BH(B,y; k, n), we have R;;E CE+4+U,s0o EN R;;E = .
Since Rg is invertible, this means E N R;"E = &, as well. O

For S CZ,let/S :={neZ:n*ecS).

LEMMA 3.5. For all § > 0, there exists ko € N such that for every r € N, every proper
Bohr-Hamming ball BH == BH(B,y; k, &) with k > ko, ¢ >0, and y e T", ~/BH is
(8, 2)-recurrent.

Lemma 3.5 is proved using multiple ergodic averages and characteristic factors. The
main argument is given in §4, using several reductions developed in §§4—14.

Proof of Lemma 2.4. Let$ > Oandn < % Choose k large enough to satisfy the conclusion
of Lemma 3.5. With this k, choose » > k and & small enough to satisfy the conclusion
of Lemma 3.4. Let B € T” be generating and let BH = BH(B,y; k, ¢), where y =

(%, R %) € T", so that BH is n-non-recurrent. Finally, let S =+ BH, so that S is
(8, 2)-recurrent, by Lemma 3.5. Since S"2 C BH, we get that S72 s n-non-recurrent,
as desired. O]
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3.1. Cylinders and Fourier coefficients. Here we define constituents of approximate
Hamming balls.

Definition 3.6. Givenr e N, I C {1,...,r}, n >0, and y € T", define the n-cylinder
determined by I around y to be

Viyn:={x€T :|xi —yill <nforalli eI},
so that

U:=Hamm(y;k.m) = | Viya 3.1
IC{l,...r)
[T|=r—k
We say that g : T — Ris a cylinder function subordinate to U if g = m(V)~'1y, where V
is one of the cylinders V; y , in equation (3.1). Note that each cylinder function subordinate
to U is supported on U.

Let S! denote the circle group {z € C : |z| = 1} with the usual topology and the group
operation of complex multiplication. If Z is a compact abelian group with Haar probability
measure m, Z denotes its Pontryagin dual, meaning Z is the group of continuous
homomorphisms x : Z — S'; such homomorphisms are called characters of Z. Given
f : Z — C, its Fourier transform is f Z—C given by f(x) = [ fxdm.

For s € Z, let f; be the translate of f defined by f;(x) := f(x + s). Then fs(X) =
x(s)f(x) for each x € Z.

As usual, for f,g:Z — C, f % g denotes their convolution, defined as f * g(x) :=
f f(®)g(x —1t) dm(t). We will use the standard identity f/>:g = f g (the Fourier trans-
form turns convolution into pointwise multiplication).

Letting || ] := (f | £12 dm)Y/* denote the L2?(m) norm of f, we have the standard
Plancherel identity in equation (3.2), which leads to the subsequent lemma,

SO =11 3.2)
xeZ

LEMMA 3.7. Let Z be a compact abelian group with Haar probability measure m and
f e L>m). If || fIl <1 and |f(x1)| , 1 f(xx)| are the k largest values of | f|, then
FOOl <k V2 forall x € Z\ (- - )

Proof. Let S1 = {x1, - - ., xx} be the set of characters attaining the k largest values of |f [,
let S, = Z \ S1, and let c = max{| f(x)| : x € S»}. By definition, we have | f(x)| > ¢ for
all x € S;.

We split the left-hand side of equation (3.2) into sums over x € S; and x € S, then
subtract the sum over S to get

DTGP =117 =Y 1f 00

XES XES]

Since |f(x)| > ¢ for all x € §i, the right-hand side is bounded above by ||f||2 —
Since ¢ < |f(x)| for at least one x € Sz, the left-hand side above is bounded below
by ¢%. So
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A< IFOP=1F1P= D 1FGOP <1 —ke?,

XESZ )(ESl

which implies ¢* < 1 — kc?. Solving, we get ¢ < (1 + k)~!/2. This means |f()()| < k™12
for all x € S,. O

Remark 3.8. The exact form of the inequality in Lemma 3.7 is not important; we only need

.....

Much of the proof of Lemma 3.5 is contained in Lemma 3.9. The actual application
requires a technical generalization (Lemma 12.2).

LEMMA 3.9. Fixk <r € N, and let U C T" be an approximate Hamming ball of radius

(k, n) withn > 0.

(1) Letxi,..-,xk € T" be non-trivial. Then there is a cylinder function g subordinate
to U such that for all s € T", we have

8(xj)) =0 foreach j <k.
(i) If f € L?(mr) with | f|| < 1, there is a cylinder function g subordinate to U so that

|m(x)| < k712 forall y € T,

Proof. (i) Assuming k, r, xj, and U are as in the statement, we may write x; as

r
XX s Xp) =e<an(j)xl), (3.3)
=1

where e(t) := exp(2mit) and nl(j ) e 7. Non-triviality of x; means that for each j, at
least one of the nl(j ) is non-zero. So choose one such index ! j for each j <k and let
I'={1,...,r}\{l1,..., ). In case some of the /; repeat, remove additional elements
from I so that |I| = r — k.

Writing U as Hamm(y; k, n), let V =V y, ={x € T . lyvi —xill < nforalll € I},

sothat V C U.Let g := m(V)_l 1y, so that g is a cylinder function subordinate to U, and

let j < k. To prove that g( ;) = 0, note that g does not depend on any of the coordinates

x1;, s0 we can simplify the right-hand side of equation (3.3) as e n;] )xz)e(nfj )xlj)
‘ I1#1;

and write g(x;) = [ gx; dm as

,
/Tr_l glxy,. .., xr)e< - Z nl(J)xl) dxy ... dxlj,l d)cljJrl ..o dxy Ae(—n;;)xl_/) dxlj.
=1
I#

Since f e(—nl(f)xlj) dx;; = 0, we conclude that &(xj) =0 for each j. To complete the
proof of part (i), we observe that g, (x) = x (s)g(x) for each .

To prove part (i), assume f : T” — C has | f|| < 1, and let | f(xD)], .. ., | f ()l
be the k largest values of | f |. By part (i), choose a cylinder function g subordi-
nate to U so that g(x;) =0 for these x;. Then |f(x)| < k=12 for all other x, by
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Lemma 3.7. Note that |g(x)| < 1 forall x € /']I‘\d, since f |g| dm = 1. We therefore have

fxg(xj) = f(Xj)g(Xj) =0for j=1,...,k while [f*g0)| < /GOl < k=2 for
all other . O

4. Multiple ergodic averages
Some of our reductions use facts from the general theory of nilsystems, mainly contained
in [6, 9]. Readers who want a general introduction to the theory can consult [17].

If (X, B, u, T) is an MPS and f is a bounded function on X, let

1 N
b= dim 3 [
n=1

The existence of this limit was established in [11, §3].
In this section, we prove Lemma 3.5 using Lemma 4.4, which estimates variants of
L3(f,T).In §5.1, we state a more convenient form of Lemma 4.4 and outline its proof.
We will use the following known result, which follows by combining a special case of
[3, Theorem 2.1] with the multidimensional Szemerédi theorem [13].

THEOREM 4.1. For all § > 0, there exists c¢(§) > 0 such that for every MPS (X, B, u, T')
and every f : X — [0, 11 with [ f dju > 8, we have

Li(f,T) > c(5). “4.D

Definition 4.2. We say that X = (X, B, u, T) is ergodic if f(AAT~'A) =0 implies
w(A) =0 or u(A) =1 for every A € B. We say that X is fotally ergodic if for every
m € N, the system (X, B, u, T™) is ergodic.

Remark 4.3. When determining whether a set is a set of k-recurrence, we may restrict our
attention to ergodic MPSs where u is a regular Borel measure on a compact metric space
X; cf. [4, §§7.2.2 and 7.2.3].

When we say a sequence (b,,),en of natural numbers has linear growth, we mean that it
is strictly increasing and lim sup,,_, o, b,/n < 0o. Note that a strictly increasing sequence
has linear growth if and only if the set of terms B = {b, : n € N} satisfies d(B) :=
lim inf, oo (|B N{1,...,n}|/n) > 0. Enumerating the positive elements of v BH in
increasing order, where B H is a proper Bohr—Hamming ball always results in a sequence
of linear growth. To see this, write v/BH as {n € Z : n>f € U} for some approximate
Hamming ball U € T" and generator 8 € T". Then,

. IWVBHNIL,...N]l
lim

N—o00 N

= lim —Zly(nzﬂ)—m(U)

by Weyl’s theorem on uniform distribution of polynomials (see Lemma 10.3). Since n =
|«/ﬁ N[1,...,b,]l, this implies b, /n is bounded. Likewise, if g is a cylinder function
subordinate to U (Definition 3.6), then enumerating {n € N : g(n*f) > 0} in increasing
order results in a sequence of linear growth.
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The next lemma says that L3(f, T) can be approximated by averaging over elements
of vV BH, provided X is totally ergodic and BH is a proper Bohr—Hamming ball of
radius (k, n) with k sufficiently large. In passing to the general case, we need to consider

VvBH/l:={neZ:¢tne~BH}.

LEMMA 4.4. For all ¢ > 0, there is a k € N such that for every totally ergodic MPS
(X, B, u,T), every f:X — [0, 1], every proper Bohr—Hamming ball BH of radius
(k,n) (n>0), and all £ € N, there is a sequence b, € ~/BH /¢ having linear growth

such that
N
. by 2by, _ 2
z}inoo'ﬁzlff'T T fdu—Ls(f, T)| < el fI*. 4.2)
n=
Consequently, if [ f du > & and k is sufficiently large (depending only on §), we have
by 2by,
nglooNZ/f TP £ T2 f dp > c(8))2, 4.3)

where c(8) is defined in Theorem 4.1.

Lemma 5.1 is a convenient reformulation of Lemma 4.4. In §5.1, we outline its proof,
which occupies the majority of this article.

Remark 4.5. We do not know whether the condition ‘totally ergodic’ can be replaced
with ‘ergodic’ in Lemma 4.4. The main obstruction to this replacement is our lack of a
convenient representation of ergodic, but not totally ergodic, 2-step affine nilsystems.

4.1. Factors and extensions. If X = (X, B, u,T) and Y = (Y, D, v, §) are MPSs, we
say that Y is a factor of X if there is a measurable 7 : X — Y intertwining S and 7,
meaning

n(Tx) = Sn(x) for u-almostevery (a.e.) x € X,

and (7 ~'D) = v(D) for all D € D. Strictly speaking, the factor is the pair (;r, Y), and
we refer to ‘the factorr : X — Y.

If 7 : X — Yisafactor and f € L?(u) is equal u-almost everywhere to a function of
the form g o 77, with g € L?(v), we say that f is Y-measurable. This is equivalent to saying
that f is 7~ 1(D)-measurable (modulo w). We denote by Py the orthogonal projection from
Lz(u) to the space of 7~ 1(D)-measurable functions. Given fe Lz(,u), we identify Py f
with f € L?(v) satisfying Py f = fom.

We repeatedly use, without comment, the fact that Py is a positive operator preserving
integration with respect to w. In other words, if f(x) > 0 for n-a.e. x, then Py f(x) >0
for p-ae. x, and [ f dju = [ Pyf dp. Consequently, sup f > f(y) > inf f for v-ae.y
and [ fdv=[ fdu.

Remark 4.6. When  : X — Y is a factor, we say that X is an extension of Y. If we wish to
prove an inequality on ergodic averages for a system Y, it suffices to prove that inequality
for an extension 7 : X — Y, since the integrals [* fo - S% fi - Sb £, dv can be written as
f ho-T%h, - Tbhz du, where h; = f; o . This observation will be used in §14.
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4.2. Reducing to total ergodicity. The next lemma is used to deduce Lemma 3.5 from
Lemma 4.4 and Theorem 4.1. Part (i) is a special case of [2, Corollary 4.6], and part
(i) is an immediate consequence of part (i). Here ‘Y is an inverse limit of ergodic
nilsystems’ means that for all f € L°°(v) and & > 0, there is a factor 7 : Y — Z, where
Z = (Z, Z,n, R) is an ergodic nilsystem and || f — Pz fll1(,) < €.

LEMMA 4.7. Let X = (X, B, u, T) be an ergodic measure-preserving system. There is a
factorm : X — Y = (Y, D, v, S) which is an inverse limit of ergodic nilsystems such that:

() forall f; € L®(w), letting f; om = Py f;, we have

lim — 'T"fl'Tznfzdﬂ—/f0~5"f1'52"f2dv =0;
N—o00
(11)  if (bn)nen is a sequence of linear growth, then
lim — / fo- TP fi - T frdp — f fo- 8" fi- 8% fodv| = 0.
N—o0 N

To derive part (ii) from part (i), note that

porn g [ FoshgsFay

/fo~T"f1~T2”f2du—/fo~S”f1-Sz”fzdv

b
" 1ZN
=1
— 0,
N—o0

since by /N is bounded.

We get the next result by combining the definition of ‘inverse limit” with the fact that for
every ergodic nilsystem (Y, D, v, S), there is an £ € N such that the ergodic components
of (Y,D,v, SZ) are totally ergodic; see [6, Proposition 2.1] for justification.

LEMMA 4.8. If (X, B, u, T) is an inverse limit of ergodic nilsystems, f : X — [0, 1], and
e > 0, there is a factorY = (Y, D, v, §) and £ € N such that:

O Wf=Pyflipg <&
(ii)  the ergodic components of (Y, D, v, S) are totally ergodic.

Notation 4.9. When Y is the phase space of an ergodic nilsystem where (Y, D, v, §%) is
totally ergodic, we will enumerate its connected components as Y1, . .., Yy, and write
v; := (1/M)vly,. Each Y; := (Y}, D;, v;, S is an ergodic component of (Y, D, vy, sH.
If X is an extension of Y with factor map 7 : X — Y, we let X; = Yy, Wi =
(I/M)ulx;, Bi :={BNX; : B e B}, and X; = (X;, B;, 1, T%). It is easy to verify that
Y; is a factor of X; with factor map |y;.

Remark 4.10. Here we identify a technical difficulty common in multiple recurrence
arguments. Readers familiar with the use of Markov’s inequality to overcome this difficulty
may skip to the proof of Lemma 3.5.
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Our proof of Lemma 3.5 starts with an ergodic, but not totally ergodic, MPS X =
(X, B, u, T). By Lemma 4.7, it suffices to prove the lemma in the special case where
X is an inverse limit of ergodic nilsystems, so we assume X is such an inverse limit.
We then consider f : X — [0, 1] with [ f du > 8. The goal is to find an £ € N and
a sequence (b,) of elements of ~/BH /¢ satisfying equation (4.7). The main difficulty
arises when trying to exploit the structure of nilsystems: Lemma 4.4 requires total
ergodicity, so we fix ¢ > 0 and choose a factor w : X — Y where Y is an ergodic
nilsystem satisfying parts (i) and (ii) in Lemma 4.8. We choose ¢ so that the ergodic
components of (Y, D, v, S%) are totally ergodic, and we enumerate these components as
Y; = (Y;, Di, v, §Y,i =1,..., M. With Notation 4.9 defined above, let f o = Py f
and f, = f ly;,. Lemma 4.4 allows us to choose, for each ergodic component Y; where
I fi dv; > 8/2, a sequence b,(f) € v/BH /¢ having linear growth, such that

N
.1 Pt &b &
Jim X;/ﬁ LSt o §2bnT F gy > (8/2))2. (4.4)
n=
The choice of b,(,i) depends on Y;, so equation (4.4) implies only that
N
. 1 ~ () ~ (i) ~ 1 ¢(6/2)
lim — LSt f g2 f gy > — : 4.5
NEHOON”X_}/JC / Fdv=1417 *3)

If M is large, then || f — Py f| 1, may be large compared with (1/M)c(8/2)/2, and
equation (4.5) will not immediately imply equation (4.7). To overcome this obstacle, we
want to find an i where equation (4.4) holds and (1/M)|| fi — Py fill11(, is sufficiently
small to make [ f; - S f; - S fi dv; close to [ f; - T* f; - T f; dy; for all a, b. Such
an i is provided by two straightforward applications of Markov’s inequality outlined
in §15.3.

Before proving Lemma 3.5, we recall its statement: for all § > 0, there is a kg € N such
that for every proper Bohr—Hamming ball BH := BH (B, y; k, n) with k > ko, n > 0, and
y € T, ~/BH is (8, 2)-recurrent.

Proof of Lemma 3.5, assuming Lemma 4.4. Let § > 0 and choose kg € N so that for all
k > ko, the inequality in equation (4.3) holds in Lemma 4.4 with ¢(5§/2) in place of ¢(§).
Let BH be a proper Bohr—Hamming ball with radius (k, ) for some > 0. It suffices to
prove that for every MPS (X, B, u, T) with A C X having w(A) > 8,

wWANTANT "A) >0 forsomen € vVBH. (4.6)

By Remark 4.3, we need only consider ergodic MPSs. We will prove that if X is ergodic
and f : X — [0, 1]has [ f du > 6, then there is a sequence of elements b, € ~/BH with
linear growth such that

1

N

HUa = by £ 72by

1;Jnl1£fN2/f TP £ T f dp > 0. 4.7
n=

The special case of equation (4.7) where f = 14 implies equation (4.6), as the integral
then simplifies to (A N T~ A N T2 A).
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By part (ii) of Lemma 4.7, it suffices to prove equation (4.7) when X = (X, B, u, T)
is an inverse limit of ergodic nilsystems. We now fix such an X, and f : X — [0, 1] with
[ fdp>s.

Let ¢ = (§/24)c(6/2), and let w : X — Y be the factor provided by Lemma 4.8 for
this ¢, with £ € N chosen so that the ergodic components Y; of (Y, D, v, SZ) are totally
ergodic. Let M be the number of ergodic components (we can take £ = M, but we do not
need this fact) so that u(Y;) = 1/M for each i.

Let X; = 7~ 1(Y;) and let fi = 1x, f, so that the X; partition X into sets of measure
I/M, and Y, [ fidu= [ fdu > 6. Observe that Pyf; is supported on X; and
[ Pyfiduw= [ f; duforeachi.

Setting Y; := (Y;, D;, vi, S), where v; := Mvly,, we get that Y; is a totally ergodic
MPS. Likewise, X; := (X;, B;, ui, Te), with w; := Muly, is an MPS (possibly not
ergodic), with 7|y, : X; — Y; a factor map. To prove equation (4.7), we will find a
sequence b, of elements of v/B H /¢ having linear growth and i < M with

lim inf — T £, . 720 4.
im inf Z/ﬁ fidp > 0. (4.8)
‘We claim that there is an i such that
/ fidu > — and 4.9
c(8/2)
I fi = Py fillpr < om (4.10)

This i is provided by Lemmas 15.5 and 15.6: setting

5 5/2
I:={i fﬁdu>m} ]::{i:/|ﬁ—ny,~|du<cl(25M)},

we get |[I| > Mé&/2 and |J| > M(1 — 12¢/c(6/2)) = M(1 —§/2). Thus |I|+|J| > M,
implying I N J is non-empty.

Fix i satisfying inequalities (4.9) and (4.10). Note that inequality (4.9) and the definition
of v;, u;, and fl imply

/ fi dvi > §/2. (@.11)

Since (Y;, B:, v;, %) is totally ergodic, we may apply Lemma 4.4 to choose a sequence of
elements b, € /B H /¢ having linear growth and satisfying

Jim Z / fi - §tn . 820 f dvi > ¢(8/2)/2. (4.12)

Inequality (4.10), the bounds || fillco < I, | Py filloo < 1, and Lemma 15.7 imply

‘ f fi T - T fdpi — / Py, fi -T“Py, f; - T* Py, f; dwi| < }lcw/z) (4.13)
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for each a, b € N. Recalling the definition of w; and v;, we see that for all sufficiently
large N,

N
1
NE:/ﬁ'Teb"fi'T%b"fidM
n=1

¢ c(8/2)
“N r; / i 8 g 82 fi dv — Ty DY inequality (4.13)

c(8/2)  «¢(8/2)
Y
6/
=

by inequality (4.12)

The above inequalities imply equation (4.8). Since f > f; pointwise and we chose b, €
~ BH /¢, this implies equation (4.7) and completes the proof of Lemma 3.5. U

5. Reformulation of Lemma 4.4
5.1. Reformulation. Lemma 4.4 is an immediate consequence of the following reformu-
lation. This version allows us to apply the theory of characteristic factors.

LEMMA 5.1. Let k <r €N, £ €N, let B € T" be generating, and let U C T" be an
approximate Hamming ball of radius (k, n) for some n > 0. For every totally ergodic
MPS (X, B, u, T), and every measurable f : X — [0, 1], there is a cylinder function
g = m(V)~ "1y subordinate to U such that

N

1
lim '— > s@*p) / fTUf-Tfdu—Ly(f. D) <267 2IfI2 (5.
N=oo [N n=1

While U does not depend on f in Lemma 5.1, the choice of g to satisfy equation (5.1)
does depend on f.

We prove Lemma 5.1 in §14. The derivation of Lemma 4.4 from Lemma 5.1 is an

instance of the following general principle: if a, is a bounded sequence, B C N is
enumerated as {b; < by < ...}, and d(B) :=limy_(|BN{l,..., N}|/N) > 0, then

1 -
lim — — lim ——— S 1
Noso N }; n = NI Nd(B) ,; B ()

provided the limit on the right exists. Note that (b,,),eN has linear growth if d(B) > 0.
We will apply this principle witha, = [ f - T"f - T*' f djwand B = {n : n>¢*B € V},
where V is a cylinder contained in U. Then, g = m(V) "y is a cylinder function
subordinate to U, and g(n2¢2B8) = d(B) '1z(n). The equation d(B) = m(V) follows
from Weyl’s theorem on uniform distribution (cf. §10). Note that this B is contained in
V/BH /¢, where BH is the Bohr—Hamming ball corresponding to U, with frequency S.

Remark 5.2. The exact form of the bound in equation (5.1) is not important in the
following. The only relevant property is that the coefficient of || f|? tends to 0 as k — oo.
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5.2. Outline of a special case of Lemma 15.1. This outline highlights the key steps in
our proof while avoiding some complications.

We begin with an arbitrary fotally ergodic measure-preserving system X =
X,B,u,T), f: X —[0,1], and k € N. We let r > k, n > 0, and fix an approximate
Hamming ball U = Hamm(y; k, n) € T" and a generator € T". We want to find a
cylinder function g subordinate to U so that

N

S sp) [ £1 T (52)

n=1

1
AnN(f,8) = N

satisfies limy oo |An (f, §) — L3(f, T)| < 2k~ || fII2.

In §§6-8, we will reduce to the case where X is a standard 2-step Weyl system. This
means that (X, B, u, T) can be realized with X = T¢ x T4, d € N, @ = Haar probability
measure on T¢ x T¢, and T is given by T'(x, y) = (x + a, y + x), for some generator
o € T9. The orbits of T can be computed explicitly: 7" (x, y) = (x + net, y +nx + (5)o0).
This reduction relies on the theory of characteristic factors, especially [6, Theorem B].

To simplify this outline, we assume r = d and g = &. We write functions on T¢ x T¢
with variables displayed as f (x, y), where x, y € T¢. Writing m x m for Haar probability
measure on T x T¢, we write [ f dm x mas [ f(x,y) dx dy,or [ f(’;) dx dy to save
space. With these assumptions, the averages in equation (5.2) become

N
1 X + ne X + 2ne
By = — 2 * 7 n .
vimy eoe [ () (o i) £ (e ) 4
Proposition 13.1 provides an explicit formula for limy_, », By. Under the present assump-
tions, it says

lim BN
N—o0

= / fe,fx+s,y +l)</ f(x+2s,y 42t 4+ 2w)g(w) dw) ds dt dx dy.
(Td)él Td
(5.3)

Write [ for the right-hand side above, and define

f*x28(x,y) i=/f(x,y+2w)g(w) dw.

Using Lemma 12.2 (a generalization of Lemma 3.9), we choose a cylinder function g
subordinate to U such that |f/>|<:g(x, V)| < k=12 for all (x,¥) € T4 x T¢ with v
non-trivial. We set f/(x):= [ f(x,y)dyand J":= [ [ f'(x)f'(x+s)f' (x+2s) dx ds.
By Lemma 11.1, the bound on f/*:g will imply

11— J'| <k 2 f1% (5.4)

We can also prove (directly, or using Theorem 7.1) that L3(f, T) = J'. Combining
equation (5.4) with equation (5.3), we then have equation (5.1), completing the outline
of this special case. The factor 2 on the right-hand side of equation (5.1) accounts for the
reduction to Weyl systems.
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In the general case, we must compute limy_.oc An(f, g) ford # r and B # a. The
integral [ f(x 4+ 2s, y 4+ 2t + 2w)g(w) dw in equation (5.3) will then be replaced by an
integral over an affine joining of T¢ with T" (Definition 9.4), but the computation in this
case is not substantially different from the outline above.

5.3. [Iterated integral notation. When all variables are displayed and there is no chance
of confusion, we may omit all but one of the integral signs and the subscripts indicating
the domain of integration. So the integral in equation (5.3) may be written as

ff(x,y)f(x+s,y+t)f(x+2s,y+2t+2w)g(w) dwdsdtdx dy.

6. Eigenvalues and ergodicity of products

An eigenfunction of an MPS X = (X, B, , T) with eigenvalue » € C is an f € L*(1)
satisfying || f|| #0 and f o T = Af. Since f |[foT|du= f | f|ldw, we have |A| = 1.
We then have that |f o T'| is T-invariant, so if X is ergodic, we get that | f| is equal
w-almost everywhere to a constant. We say an eigenvalue A of X is non-trivial if
A # 1. Note that the eigenfunctions of X are the eigenvectors of the unitary operator
Ur : L?>(u) — L*(u) definedby Ur f = foT.

Given two MPSs X = (X, B, u, T) and Y = (¥, D, v, S), we form the product system
XxY=XxY,BD,uxv,TxS).For feL*u)and g € L?(v), we write f ® g
for the function defined by f ® g(x, y) = f(x)g(y).

We need some standard consequences of the following, which is the specialization of
[12, Lemma 4.17, p. 91] to the case where H = Lz(,u), H' = L%(v) for MPSs X and Y as
above, with unitary operators Uf := foT and U'g := go S.

LEMMA 6.1. Let X and Y be measure-preserving systems as above, and let X X Y be
the product system. Let h € L*(u x v) be an eigenfunction of X x Y with eigenvalue
A, meaning ho (T x §) = M. Then h =) ¢cp fn ® gn, where f, 0T = Ay fy, gno S =
n8ns Anh, = A, and the sequences {fn}, {gn} are orthonormal in L?(u) and L*(v),
respectively.

To deduce Lemma 6.1 from of [12, Lemma 4.17], note that if u and v are measure
spaces, L%(u x v) is isomorphic to the tensor product L?*(n) ® L%(v), and the obvious
isomorphism identifies Ur s with Ur ® Usg.

The next lemma is a well-known consequence of Lemma 6.1; we omit its proof.

LEMMA 6.2. If X and Y are ergodic MPSs, the product system X x Y is ergodic if and
only if X and Y have no non-trivial eigenvalues in common.

Another immediate consequence of Lemma 6.1 is the following lemma.
LEMMA 6.3. If X=(X,B,u,T) and Y = (Y, D, v, S) are MPSs such that X x Y is

ergodic and g € L*(v) is orthogonal to every eigenfunction of Y, then for every f
L% (), f ® g is orthogonal to every eigenfunction of X x Y.
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7. Eigenfunctions and the Kronecker factor
Every ergodic MPS X has a factor 7 : X — Z where Z = (Z, Z, m, R) is a compact
abelian group rotation such that every eigenfunction of X is 7 ~!(Z)-measurable. This
factor is called the Kronecker factor of X, and we write f 7 J(s) ds (or sometimes just
[ f(s) ds) to abbreviate [ f(s) dm(s).

The following result is proved in [11, §3]; we use the notation L3 introduced in §4.

THEOREM 7.1. If X = (X, B, wu, T) is an ergodic MPS with Kronecker factorw : X — Z,
=(Z,Z,m,R), and f; - X — [0, 1], then

N—o00

lim —Zfl(T"x)fz(T2"x) / Filr () + ) falr () +2s) ds, (in LA(w)),

where f; € L®(m) satisfies f; o w = Pz f;. Furthermore,

L3(f,T)= f / f@fGz+s)f(z+2s)dzds forall f € L®(u). 7.D)
zJz

7.1. Kronecker factor of a standard 2-step Weyl system. A standard 2-step Weyl system
is an MPS of the form Y = (Y, BB, m, S), where Y=T¢YxT¢ deN,and S: Y > Y
is defined as S(x, y) = (x + o, y + x), for some fixed ¢ = (aq, . . ., ®g) generating T,
There is an explicit formula for the orbits of S:

S"(x,y) = (x + na, y+nx+() ), (7.2)

which may be verified by induction. Ergodicity of Y is equivalent to @ generating T¢.
For d = 1, this follows from [12, Proposition 3.11, p. 67], and the general case follows
from a nearly identical proof. Also explained in [12] is the Kronecker factor of Y: the
eigenfunctions of Y are exactly the functions x on Y defined by

x (X1, ..o, xq), V1, - - -5 Ya)) = expQri(nyxy + - - -+ ngxq))

for some n; € Z, so the group of eigenvalues of Y is {exp(2zi(nioy + - - - +ngag)) :
nj € Z}. Thus, the Kronecker factor of Y is obtained by setting Z = T¢ and letting
7:T¢xT¢ — T¢ be a projection onto the first coordinate. Since the span of the
eigenfunctions of Y consists solely of those functions depending on the first coordinate,
the orthogonal projection Pz f(x,y) can be written as (Pzf)(x,y) := [ f(x,y) dy.
Combining this with Theorem 7.1, we have the following observation.

Observation 7.2. The Kronecker factor (Z, Z, m, R) of a standard 2-step Weyl system
(T? x T¢, D, u, S) is spanned by functions of the form f(x, y) = g(x) (i.e. functions
depending on only the first coordinate), and for all bounded f : T¢ x T¢ — C, we have

lim —Z foS"f-S"fdu = £ f(x + ) f/(x + 25) dx ds,
Td Td

where f': T¢ — Cis defined as f'(x) := [ f(x,y) dy.
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8. Reduction to Weyl systems
The next lemma is one key step in the proof of Lemma 5.1. Its proof is similar to the proof
of [1, Lemma 8.1].

LEMMA 8.1. Let X = (X, B, u, T) be a totally ergodic MPS and f : X — [0, 1]. For all
& > 0, there is a factor w : X — Y such that:

(i) Y is afactor of a standard 2-step Weyl system;

(i) setting f om = Py f, we have

N
Jin |25 ey [ 11 g [ o5 sP ] <
n=1

for every continuous g : T" — [0, 1] and every B € T", forall r € N.

If we assume B generates T", then item (ii) holds for every Riemann integrable g : T" —

[0, 1].

We prove Lemma 8.1 at the end of this section. Most of the proof is contained in the
next lemma, an application of [6, Theorem B]. It concerns the maximal 2-step affine factor
A, of an ergodic MPS X see [6] for discussion and exposition. Additionally, we use the
standard fact that the Kronecker factor of X is a factor of Aj.

If X is an MPS, we write £(X) for the group of eigenvalues of X (see §6). We continue
to write e(¢) for exp(2mit), and we use the notation Py introduced in §4.1.

LEMMA 8.2. Let X = (X, B, u, T) be an ergodic measure-preserving system with maxi-
mal 2-step affine factor Ay and let § € [0, 1). Then A, is characteristic for the averages

1 N
Bu(fi, ) i= 52 Y e - T"fi - T fo, ®.1)
n=1
eantng Jim By (fi. f) = lim By(Payfi. Pafo) 8.2)

in L*>(w), for all bounded fi, f>. Furthermore, if B is irrational and
EX) N{emP)iner = {1}, (8.3)
then limy _ o0 By (f1, f>) = 0in L*() for all bounded measurable f;.

Remark 8.3. The existence of limy_,oo By (f1, f2) is not immediately obvious, but the
proof of Lemma 8.2 will show that it is a special case of the existence of limits of
polynomial multiple ergodic averages found in [6].

Proof. We first dispense with the case where § is rational. In this case, the sequence
e(n?p) is periodic, so we fix a period p € N such that e((pn + q)?8) = e(g>B) for every
nandg € N.For0 <r < pand N € N, we can then write B,y (f1, f2) as

N-1

pN+r p
( > e<n2ﬁ>-T"f1~T2"fz+ze(q2ﬁ>ZTP"+qf1-T2<P”+q>fz).

n=pN+1 q=1 n=0

1
pN +r
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For large N, the sum ZpN+r 1 e(n®B) - T" fi - T*" f, can be ignored, and we have

n=pN+
1L 1 N—1
. T - 20y pn+q . 72(pn+q)
Jim By (fi, f2) = Jim Zle(q A~ ZO TP fy - TR .
9= n=

Now, [6, Theorem A] implies that the Kronecker factor of X (which is itself a factor of Aj)
is characteristic for the averages above. This proves the first assertion of the lemma when
B is rational.

We now assume S € (0, 1) is irrational and consider two cases, based on whether
equation (8.3) holds. When equation (8.3) fails we write the coefficient e(n?pB) in terms of
gTP™g, where g € L (1) and p is a polynomial. When equation (8.3) holds, we write
e(n’B) as goS"g15*" g>, where Y = (Y, D, v, §) is an ergodic M PS such that X x Y is
ergodic and g; € L°°(v). In each case, we write By (f1, f2) as a familiar multiple ergodic
average and apply known results.

For the first case, we assume equation (8.3) fails. We fix k € N such that 1 # e(kB) €
&£(X), meaning e(kf) is a non-trivial eigenvalue of X. Let g € L*(u) be a corresponding
eigenfunction, so that g o T = e(kf)g and |g| = 1 u-almost everywhere. Then e(kf)" =
g - T™ gu-almost everywhere. In particular,

e(kBYF T2 — g Tk H2ing  forall e Z (8.4)
in L2(w). Then,
lim By (f1, f2)
N—oo
1 k—1 N-—1
— 1 1 k N2 BTk £, . p2nk+2j
Jim Z v D ek + PR fy f
j=0 n=0
1 k—1 N-—1 )
T - - -2 kn“+2jn pnk+j . 2nk+2j
= Jim 2> 5 2 el Belp) T fy T2
j=0 n=0
1 k—1 1 N—1 5 _
= yim E.Zoe(jzﬂ)ﬁ ZO g TA2ing ket f KR by equation (8.4).
J= n=

The polynomial exponents pi(n) = kn> + 2jn, pa(n) = nk + j, p3(n) = 2nk + 2j are,
in the terminology of [6], essentially distinct and not type (e1). Therefore, [6, Theorem B]
asserts that f and f> in equation (8.1) can be replaced with Py, f1 and Py, f2, respectively,
without changing the value of the limit. This proves the first assertion of the lemma in the
case where £(X) N {e(nB)}nez # {1}

Now we assume that equation (8.3) holds. We will prove that limy .~ By (f1, f2) =0
for all f1, f» € L°(w). This implies equation (8.2), since Pa, f; € L™ (u).

Consider the system Y = (Tz, D, m, S), where S(x,y) = (x+ B,y +x); this Y is
ergodic since B is irrational. As discussed in §7.1, the eigenvalues of Y are {e(nf)},cz.
Thus, Y has no non-trivial eigenvalues in common with X, by equation (8.3). The
product system (T2 x X, m x u, S x T) is therefore ergodic, by Lemma 6.2. We will
write By (f1, f>) as an element of L2(m x ). First observe that for all (x, y) € T2, we
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have
e(n*B) = e(y)e(=2y — 2nx — n(n + DP)e(y + 2nx +n2n + 1)p)
=20~ &1(8"(x, y)) - g2(S™(x, ),
where go(x, y) := e(y), g1(x, y) := e(=2y), g2(x, y) := e(y). So

em*B) -T"fi - T fr=g0®@1x-(SxT)"¢1® fi - (Sx )", ® f» € L*(m x p).
(8.3)

When computing the limit of the averages of the right-hand side in equation (8.5), Theorem
7.1 allows us to replace each g; ® f; with its projection ¢; := Pz(g; ® fi), where Z is the
Kronecker factor of Y x X. By Lemma 6.3 and Observation 7.2, g; ® f; is orthogonal to
every eigenfunction of Y x X, so ¢; = 0. Thus, the limit of the averages is 0 in L(m x 1).
Since By (f1, f2) belongs to the natural embedding of Lz(u) in L2(m X 1), this proves
limy 0o By (f1, f2) = 0in L*(). [

COROLLARY 8.4. Let (X, B, u, T) be an ergodic measure-preserving system and let
B=@GBi,...,B8)eT . Ifg:T" — Cis continuous and f; € L> (1), then

N N
1 1 = o
1' 2 . T}’l . TZI’! — 1 _ 2 . Tn . T2n
Nl_?éozvzlg("ﬂ) fi-T7 02 N%Nzlg("ﬂ) ST 0
n= n=

in L*>(1), where Ay is the maximal 2-step affine factor of X, and f; = Py, fi.

Proof. Uniformly approximating g by trigonometric polynomials, it suffices to prove the
lemma in the case where g is a character of T". In this case, we can write g(n2 B) as e(n?a)
for some o € [0, 1) and apply Lemma 8.2. O

8.1. Nilsystems and their affine factors. The following is a restatement of part (i) of
Lemma 4.7.

LEMMA 8.5. Let X = (X, B, u, T) be an ergodic MPS, f; € L*° (), and ¢ > 0. There is
afactorm : X — Y = (Y, D, v, S) which is a 2-step nilsystem such that for every bounded
sequence (cp)neN, we have

N—o0

N
1 ~ - ~
limsup‘ﬁzcnffo-T"fl-T2"f2du—cn/fo-S”f1~S2"f2dv < & sup |cl,
n=1 "
(8.6)
where fl om = Pyf;.

When computing ergodic averages for ergodic 2-step affine nilsystems, the following
lemma allows us to specialize to standard Weyl systems.

LEMMA 8.6. [9, Lemma 4.1] Let T : T? — T be defined by T (x) = Ax + b, where A is
ad x d unipotent integer matrix and b € T?. Assume furthermore that T is ergodic. Then T
is a factor of an ergodic affine transformation S : T — T%, where S = §1 X Sy X - - - X
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Ssand forr =1,2,...,5, S : Tdr — Tdr has the form
Sr(X1, 500, xq,) = (X1 + by x2+ X1, ..., Xg, + Xa,—1)

for some b, € T.

Although not explicitly stated in [9], the proof there allows us to conclude that we have
d, < D, where D is the degree of unipotency of A. Furthermore, if (A — I )2 =0, as is
the case when T is 2-step affine, then we can take d, < 2 for each r. For convenience, we
may also assume that d, = 2 for each r, and therefore s = 1. With these specializations,
the system given by S above is a standard 2-step Weyl system.

Proof of Lemma 8.1. Fix a totally ergodic MPS X = (X, B, , T), bounded measurable
functions f; on X, r € N, and § € T". Let g : T" — [0, 1] be continuous, and let & > 0.
Consider the averages

1 N
Ay =5 ) 8(B) / fo-T"fi - T frdp.
n=1

First apply Lemma 8.5 to find a 2-step nilsystem Yo = (Yo, Do, vp, S) satisfying equation
(8.6) with ¢, = g(n?B), and write By for the averages

1 & L ~
5 2_80’B) / fo-S"fi- S frdv.
n=1

Our application of Lemma 8.5 means that lim supy_, ., |[Ay — By| < ¢.

By Corollary 8.4, the factor Y := A,(Y() is characteristic for the averages By: we
may replace each fl with Py f, without affecting limy_.~ By. The total ergodicity of X
implies every factor of X is also totally ergodic; in particular, A>(Yy) is totally ergodic.
By Lemma 15.2, we conclude that Az(Y() is isomorphic to a unipotent 2-step affine
transformation on a finite-dimensional torus, and Lemma 8.6 allows us to conclude that
A (Y) is a factor of a standard 2-step Weyl system.

To obtain the remark after part (ii) in the statement of the lemma, apply Lemma 15.8
with y, =n?B and v, = [ f-T"f - T fdu— [ f-S"f-S?"fdv. We may apply
Lemma 15.8 since the Weyl criterion implies 728 is uniformly distributed in T whenever
B is generating. O

Remark 8.7. Our proof of Lemma 8.1 needs the hypothesis of total ergodicity to conclude
that A (Y) is isomorphic to a 2-step affine transformation on a finite-dimensional torus.
Without this hypothesis, A>(X) may be more complicated: the underlying space may be
disconnected, and may even have uncountably many connected components. In particular,
the Kronecker factor of X could be isomorphic to a rotation on a compact uncountable
totally disconnected abelian group (such as the profinite compactification of Z). This would
cause two problems in the following: first, in §13, we exploit the fact that the connected
component of a closed subgroup A of T¢ has finite index in A (although this may not
be crucial); second, we simply lack a convenient algebraic description of affine systems
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defined on disconnected groups, and such a description is required for our computation in
Proposition 13.1.

For similar reasons, we cannot prove Lemma 8.1 starting with an arbitrary totally
ergodic X and passing immediately to A,(X). While disconnectedness will not be
a problem, it is possible that the Kronecker factor of X is a group rotation on an
infinite-dimensional torus, or a solenoid, and then A, (X) could be an affine transformation
on such a group, which does not fit the hypothesis of Lemma 8.6.

9. Joinings of groups

Given two compact abelian groups Z and W with cartesian product Z x W, write 7r; and
1, for the projection maps onto Z and W, respectively. We say a subgroup I' € Z x W is
a joining of Zwith W if T' is closed, and 7y : ' — Z and 7rp : ' — W are both surjective.

Observation 9.1. If « € Z and B € W are generating elements, then the closed subgroup
I of Z x W generated by (o, B) is a joining of Z with W: w1 (I") is generated by « and
2 (I") is generated by f.

Joinings arise naturally in the computation of multiple ergodic averages. For example,
letT" :={(t,1)} : t € Z} (= the diagonal of Z x Z), so that I' is a joining of Z with itself.
Then we can write the integral on the right-hand side of equation (7.1) as

/r/Zf(x)f(x+ﬂ1(t))f(X+2ﬂ2(t))dxdmr(t)- (CRY

The notation m;(¢#) will be cumbersome in our formulas, so we adopt the following
abbreviation.

Notation 9.2. If T is a joining of Z with W and ¢ € T", we write #; for m(¢) and #, for
mo(t).

So the integral in equation (9.1) can be written as [. [, f(x)f(x+1)f(x+
2t7) dx dmr(1).

The joinings we consider will be closed subgroups of T¢ x T”; this allows us to exploit
the well-known structure of such groups (detailed in [24], for example).

Observation 9.3. If T is a joining of T¢ with T", then its identity component is also
a joining of these groups. To see this, note that since I' is a closed subgroup of a
finite-dimensional torus, its identity component I'g has finite index in I". The images of
71 and 7o therefore have finite index in their respective codomains T9 and T”. Since these
codomains are connected, they have no proper closed finite index subgroups, so the images
w1(Tg), m2(Cg) must equal their respective codomains.

If G is a compact abelian group and H is a closed subgroup, my denotes Haar
probability measure on H. If H' is a coset H +t of H, my: denotes Haar measure on
H', i.e. the measure given by f fdmpy = / f(x+1t)dmpg(x).

Definition 9.4. 1If I'g is a joining of Z with W, I';, j < k is a collection of cosets of I'g,
and ¢; € [0, 1] satisfy Zj ¢; =1, we say that the I'; and c; form an affine joining I of Z
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with W, and define integration over I" by
/ fdmr =Y ¢ [ fdmr,.
J

For example, g = {(x,2x) :x € T}, Iy ={(x + ,2x) :x e T} S T x T, ¢p = §. and
¢1 = 2 determine an affine joining I" of T with T, and

/fdmrz%/f(x,2x)dx+§ff<x+‘1—‘,2x)dx.

10. Application of Kronecker’s and Weyl’s theorems
The limits of ergodic averages we consider will be computed as integrals over affine
joinings. To compute them explicitly, we need the following well-known results of
Kronecker and Weyl.

Given a compact abelian group Z and «1, . . ., g € Z, we write («y, . . . , ag) for the
subgroup of Z generated by these elements. We write (1, . . . , ag) for its closure.

LEMMA 10.1. (Kronecker’s criterion) Lef ay, . .., aq be elements of a compact abelian
group Z. Then (a1, ...,0q) = Z if and only if for every non-trivial character y € Z,
x(aj) # 1 for at least one of the aj.

Weyl’s theorem on uniform distribution of polynomials ([26], or [19, Theorem 3.2])
says that if p(x) = cpx™ + ¢u_1x™ "1 + - - - 4 ¢g is a polynomial with real coefficients
and at least one of the ¢; with j > 0 is irrational, then

N

1
Jim 2 e(p(n)) = 0.

As usual, e(¢) denotes exp(2rit).

LEMMA 10.2. Let Z be a compact abelian group, let o, B € Z, and let x € Z be such that
x (), x (B) are not both roots of unity. Then limy_, oo (1/N) Z,Ilv:l X (na + nz,B) =0.

Proof. Write x(na +n’p) as )((01)”)((,3)"2 = e(ny) + n’y,), where at least one of
¥1, ¥2 € [0, 1) is irrational. Weyl’s theorem then implies the limit of the averages is 0. [

LEMMA 10.3. Let Z be a compact abelian group with Haar probability measure m and let
o, B generate Z.

(1) If Z is connected, then for all continuous f : Z — C, we have

N
lim — Zf(na+n2ﬁ) :/fdm. 10.1)
=1

N—oo N
n

(ii)  If Z has finitely many connected components Z j, then the limit above can be written
as Y. cj [ f dmgz; for some non-negative cj with )~ cj = 1.
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(iii)  For fixed B, if a, &’ € Z are such that {a) = {(&’) and {a) is connected, we have

N N
lim L ng f(na 4+ n’B) = Jim %’; f(na' +n?B). (10.2)

N—oo N —00
Proof. (i) Approximating f by trigonometric polynomials, it suffices to prove the special
case where f is a non-trivial character x € Z. Under this assumption, we will show
that the limit of the averages in equation (10.1) is 0. In this case, f(n« +n2p) =
x(@)" X(,B)"z. Connectedness of Z implies x” £ 1 for all n € N. Since o and 8 generate
Z, Lemma 10.1 implies x («)" # 1 or x(8)" # 1 for all n € N. Lemma 10.2 then implies
limy o oo(1/N) SN x(na +n28) = 0.

(ii) Assuming Z has finitely many connected components Z; and identity component
Zo,let Aj:={ne€Z:na+ n’p e Z;}, and let p be the index of Zp in Z. We claim that
each A; is a union of infinite arithmetic progressions of the form pZ + g. To prove this, it
suffices to prove A; + p = A;. To do so, observe that pa, p € Zy. We will show that if
ne€Aj, thenn— pe€ Aj;in other words, if na +n2,Ber, then (n+p)a+(n+p)2ﬂer.
Now fix n, j with nat +n*g € Z;. Then

(n+ p)a+ (n+ p)*p =na+n’p + pa+ Qn+p)pp € Zj + Zo = Zj,

as desired. Similarly, we can show thatifn € Aj,thenn + p € Aj,sothatA; + p = A;.
Fix ¢ € Z. We claim «g := (1 4+ 2¢) pa and By := p>B generate Zg. To see this, note
that the closed subgroup they generate is contained in Zp, and has finite index in the
subgroup generated by o and §, while Z( has no proper finite index closed subgroup.
We decompose the limit in equation (10.1) as

1 p—1 1 N

=3 lim = 3" f((pn+ ) + (pn+q)*p). (10.3)

p N—oo N
q=0 n=1

Thinking of ¢ as fixed, so that (pn + q)a + (pn + ¢)*B € Z; for some i, it suffices to

prove that the limit is O when f is a character x of Z which is not constant on Z; (and

therefore not constant on Zg). We fix such a x and write

X((pn + @) + (pn +q)*B) = x(qa + ¢*B)x (n(1 + 29) pa + n* p* B)
= x(qe + ¢°B)x (neg + n* o).
Since g and By generate Z(, we have

N N
1 1
lim = > x((pn+ @+ (pn+)°) = xga+a’p) lim 3 x(nag+n?fo) =0,

N
- n=1 n=1

by part (i). This shows that the averages in equation (10.3) converge to O when f is a
character which is not constant on Z;, completing the proof of part (ii).

To prove part (iii), fix , o', 8 € Z and assume H := (o) = (/) is a connected
subgroup of Z. It suffices to prove that equation (10.2) holds when f is a character x of Z. If
x (H) = {1}, then x (na + n?B) = x (na’ +n?p) = x (n*p), so the averages in equation
(10.2) are equal. Now assume x (H) # {1}. We will prove that both sides of equation (10.2)
are 0. First note that x (H) = {z € C : |z| = 1}, since H is compact and connected, and its
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image under x is a non-trivial compact connected subgroup of S!. Since « and ' generate
dense subgroups of H, x (a) and yx (a’) generate dense subgroups of x (H), and hence they
are both not roots of unity. Lemma 10.2 then implies both limits in part (iii) are O. O

Remark 10.4. Part (iii) of Lemma 10.3 says that when B is fixed and (a) = (/) is
connected, the c¢; provided by part (ii) do not change when o replaces «.

11.  The Roth integral and Fourier coefficients

Let Z be a compact abelian group with Haar probability measure m and f : Z — [0, 1].
We examine the multilinear form which ‘counts 3-term arithmetic progressions’ in the
support of f:

L(f) :=/f(z)f(z+t)f(z+2t) dm(z) dm(p).

Roth [22, 23] (cf. [14]) and Furstenberg [11] observed that if | f (x)] is small for all
non-trivial y € Z then I3(f) =~ ( f f dm)3. Lemma 11.1 is a minor generalization of this
fact; to state it, we first introduce some notation.

Let W = Z/K be a quotient of Z by a closed subgroup K. For f € L?(m), let

£l = /K F+y) dmg (). (1L1)

Letmw : Z — W be the quotient map, and identify W with {xom:yx € W} - Z. We have

fGo itxeWw,

e 11.2
0 it x ¢ W. (1.2

10 = {
To see this, note that for x € W, we have x(z +y) = x(z) forall y € K, so

f(x)=/f(z)mdm@:f/f<z+y>x<z+y> dm(z) dmg (y)

= / / fz+y)dmg () (z) dm(z)

=/f’7dm
= f/(x)-

Now for x ¢ W, there exists ¢ € K such that x (¢) # 1. Since f'(z+s) = f/(z) for all
s € K, we have

J?/(X)=/f/(z)mdM(z)=/f/(z+t)x(z+t) dm(z)
=/f’(z)x(z+t) dm(z)
= x(1) f ' @x (@) dm(z)

=X (X

So 7'(x) = x (@) f'(x), which is possible only if f'(x) = 0.
Below we will use dz and dt to indicate integration over all of Z with respect to the
displayed variable. Integration over K will be indicated by dmg.
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LEMMA 11.1. With Z, K, and W as defined above, let fy, f1, fo € L°°(m), and write

1= f / Jo@) f1(z + 1) falz +20) dz di,
Iy = f / S f( + 0 f(z +21) dz dr.

Suppose |f2(X)| <k forall y € 2\ w. Assuming the map x v+ x? is injective on 2 we

have

1 — Iwl =< &Il foll L2gmy 1 f1 12 my - (11.3)
Proof. Let I, = f f fo(@) fi(z + t)fz/(z + 2t) dz dt. We will prove that

I — Ll <kl foll 2oyl fFill L2m) (11.4)

and that I, = Iy. We first prove the special case where each f; is a trigonometric
polynomial. Expanding each f; as ) _ yez Ji(x)x and simplifying, we get

=y / FoGOX @AWV (@ + 1) ()T (z +20) dz di

PRIRTVA

= Y /fo(x)fl(df)fz(f)Xl/ff(z)WTZ(t)dzdt

PR/RTVA

= Y. fOAE)AE) / XY (2) dz / Y2 dt.

xW.reZ

At least one of [ Yt2(r) dt or [ x¥t(2) dz is zero unless Y2 and x 7 are both trivial;
this triviality occurs exactly when ¥ = =2 and x = . The sum in the last line above may
therefore be restricted to values of x, ¥, and t satisfying these identities, and we get

I= Z fo@) fix™) fa(x).

reZ
As noted in equation (11.2), fé(r) = fz(r) forr € W and f’z(r) =0fort ¢ 2\ W SO
L= fomfic™ f().

TeW

Then,
- I = ’ > fo@fic™ falx)
rgéW

= Z k| fo() fi(x™®)|  since | fo(r)| <k fort ¢ W
teZ

< /c||fo||lz ||f1 Il;2 Cauchy-Schwarz, assuming t +— 2

= kIl foll L2gm 11l L2my»  Plancherel,

is injective

where || - ||,2 denotes the / 2 norm for functions on Z.
To prove I, = Iy, replace ¢ with ¢ 4 s in the d¢ integral in I, then integrate s over K,
using the fact that f)(z +5) = fa(z) forallz € Z, s € K:
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12=//fo(Z)f1(z+t)f2’(z+2t) dz dt
=/K//fo(Z)fl(z+t+S)f2’(z+2t+2s)dzdtdm,<(s)
=//fo(1)/Kf1(Z+t+s) dmg (s) f(z+21) dz dt
=//fo(Z)f{(z+t)f2’(z+2t) dz dt.

A similar manipulation, replacing z with z + s, lets us replace fo with fj, completing the
proof that I = Iw, and hence |I — Iw| < k|| foll .2m) | f1l L2m)- This proves eqaution
(11.4). O

12. Annihilating characters

Letd,r e N, let f: T x T¢ — C, g:T" — C, and let " be an affine joining of T4
with T” (Definition 9.4). The limits we compute in the proof of Lemma 5.1 will contain
functions of the form f #r g : T¢ x T¢ — C, defined by

frglx, y) = / fx,y +2m(w))g (ma(w)) dmr (w). (12.1)

The next two lemmas let us bound the Fourier coefficients of f - g. We use the
abbreviation w; for 7r; (w) introduced in Notation 9.2.

LEMMA 12.1. Let k <r € N and U C T" be an approximate Hamming ball of radius

(k, n), n > 0. Then we have the following.

(1) If Zis a compact abelian group, w : Z — T" is a continuous homomorphism, and
Xls---» Xk € 7 are non-trivial, then there is a cylinder function g subordinate to U
such that g5 o T ( ) = 0 for each j and each translate g of g.

(i) If T is an affine joining of T¢ with T" and x1, . . ., xx € T4 are non-trivial, then
there is a cylinder function g subordinate to U such that f Xxj(wi)g(wz) dmr(w) =
0 foreach j <k.

Proof. (i) Let x; € Z for J < k, and let K be the kernel of 7. We first consider those
where x|k is constant. In this case, x; can be written as X} o 7, where X} e T", and
J(gs o) X j dm can be written as

/ 8s 7; dmrr.
So choose g by Lemma 3.9 to make these integrals vanish for such y ;. For those j where
Xjlk is not constant, write [, f(z) dzas [, [ f(z+1)dmg (1) dm(z). Then

gTO\N(X,/)=/gs(7T(Z))Xj(Z) dz=//gs(ﬂ(z+t)))(j(z+t) dmg (1) dz

=/gs(7T(Z))Xj(Z)dZ _/KXj(t)dMK(I)
:O’

where the last line follows from the fact that x|k is a non-trivial character of K.
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(ii) Since I' is an affine joining of T¢ with T”, by definition, there is a joining Iy so that
the integral over I" is a convex combination of integrals over translates of I'¢. To prove part
(i1), it therefore suffices to find a g subordinate to U so that f x(wp)g(wz) dmr4;(w) =0
for every t € T¢ x T". We will use the identity

fx(wl)g(wz) dmr+z(w)=x(m(t))fr X (W1)gmy(ry (w2) dmry (w), (12.2)
0

which follows from the manipulations

/ X (w1)g(wa) dmpy s (w) = / X (1w + 1) g (ra(w + 1)) dmry (w)
Lo+t Lo
=/F x (@1 () x (r1 (w)) g (w2 (w) + m2(2)) dmry(w)
0
= x (@1 (1)) X (W1) gy (r) (W2) dmyy(w).

Io

We can consider the functions z — x;(1(z)) as characters x; on I'g. These characters
are non-trivial since 7y : Tg — T¢ is surjective, so we can apply part (i) of the present
lemma (with I'g in place of Z and m> in place of m) to find g subordinate to U so
that fl"o Xj (1 (w))gs (2 (w)) dmrpy(w) =: mz(f(j) = 0 for every translate g; of g and
every j < k. In light of equation (12.2), this proves part (ii). O

The expression f s g in the next lemma is defined in equation (12.1); for A : T¢ x
T¢ — C, h' : T? — C is defined as /' (x) := de h(x, y)dy.

LEMMA 12.2. Letk,d,r € N, and let T be an affine joining of T¢ with T". Let U C T"
be an approximate Hamming ball of radius (k, n) for some n > 0.

Let f:T¢ x T¢ — [0, 1]. Then there is a cylinder function g subordinate to U such
that

|f/>|<\rg(x, )| < kY2 whenever Y is non-trivial, (12.3)

(f*rg) = [ (12.4)

Proof. Let (x,V¥);, j <k, denote the characters of T x T having the k largest values
of | f (x, ¥)|, among those where ¥ is non-trivial. Lemma 3.7 implies

| F G, )l < kY2 forall (x, ) ¢ {(x, ¥)1, - . ., (x, ¥)x} with ¢ non-trivial. (12.5)

Applying part (ii) of Lemma 12.1 with 2 in place of the yx j» we may choose a cylinder
function g subordinate to U such that

f ¥ (2wy)g(w2) dmr(w) = 0 for every v appearing in the (x, ¥); selected above.
r
(12.6)
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Expand f as a Fourier series Z(xsﬁ)ef" Td f()(, ¥)x ¥, so that

f *pngf(x,y+2w1)g(w2) dmr (w)

=Y fOLIx@ / ¥ (y + 2wi)g(wa) dmp (w)

x-¥)
=Y fOevx@y ) / ¥ Qui)g(wy) dmr (w),
Oev)
and
F*r 206 ) = FG6 ) / ¥ Qwi)g(wa) dmr(w). (12.7)

The integral in equation (12.7) is 0 when (x, ) are among the (x, ¥);, so the inequality
in equation (12.3) is satisfied for these characters. For the remaining characters with ¥
non-trivial, note that [ |g| dm = 1, so equation (12.7) implies |f/>x<r\g| < |f| everywhere.
Now equations (12.5) and (12.6) imply equation (12.3). To prove equation (12.4), write

(f#r &)'(x) = / / fx,y +w)g(ws) dmr(w) dy
= / / F(x,y +wr) dy g(wz) dmr(w)
= 1o [ gws) dmeu
= f'(x). O
LEMMA 12.3. With the hypotheses of Lemma 12.2, let f : T x T¢ — [0, 1], define

f:T4—10, 11 by f/(x):= [qa f(x, y)dy, andlet J':= [ [ f'(x) f'(x +35) f'(x +25) ds dx.
Then there is a cylinder function g subordinate to U such that

J = / JO, N fx+s,y+0)f*rgx+2s,y+2t)dsdtdxdy
satisfies |J — J'| < k=12,

Proof. Choose, by Lemma 12.2, a cylinder function g subordinate to U so that

|F*r g )| < kY2 forall x, ¥ with ¢ € T¢\ {0}, (12.8)

(f*r &) =f. (12.9)

Now we apply Lemma 11.1 with Z =T x T¢, W =T9, K = {0} x T, I = J, and
Iw = [ f/xX)f'(x +9)(f #r ) (x +2s) dx ds, using k = k~'/2 as supplied by equa-
tion (12.8). We conclude that |J — Iy| < k~'/2. Since (f *r g)’ = f’, we have Iy = J,
so this is the desired conclusion. O
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13. Averages for standard 2-step Weyl systems

In the next section, we will prove Lemma 5.1 by reducing the general statement to the
special case where the totally ergodic system under consideration is a standard 2-step Weyl
system. Proposition 13.1 will then allow us to compute the limit of the multiple ergodic
averages appearing in equation (5.1).

For the remainder of this section, we fix d,r € N,a € T¢, € T" and let S : (T¢)?> —
(T%)2 be given by S(x, y) = (x + 2, y + x). We assume « and B generate T¢ and T”,
respectively, and we write m for Haar probability measure on T¢. We maintain the
notational conventions introduced in §5 and the intervening sections.

PROPOSITION 13.1. Withd, r, o, B, and S defined above, there is an affine joining I of
T with T" such that for all Riemann integrable g : T" — R and all bounded measurable
f: T4 x T - R, we have

N
1\]113100%Z_}g(nzﬂ)/f-foS”-foSz"d(mxm)
=/f(x,y)f(x+s,y+t)f>krg(x+2s,y+2t)dsdtdxdy, (13.1)

where f xr g defined in equation (12.1).

Remark 13.2. We use ‘2¢’ in place of ‘@’ in our definition of S to simplify computations.
Since every generating o € T¢ can be written as 2o/, where o’ is generating, there is no
loss of generality.

We first prove Lemma 13.4, which provides explicit limits of polynomial averages on
(T%)* x T”. Lemma 13.5 then provides an explicit pointwise-almost everywhere limit for
the relevant averages in equation (13.1) when f and g are continuous. Corollary 13.6 uses
these to establish 1.2 convergence with the same limit formula, for bounded measurable
f and Riemann integrable g. Proposition 13.1 is then proved in the last paragraph of this
section.

The following lemma is needed for the proof of Lemma 13.4; it is nothing but Fubini’s
theorem together with the translation invariance of Haar measure.

LEMMA 13.3. Let v be a Borel probability measure on T¢ x T", let m be Haar measure
onT9, and let h : T¢ x (’]I‘d x Ty — C be continuous. Then,

/ h(t, w) dv(w) dm(t) = / h(t — mp(w), w) dv(w) dm(t),
where 7ty : T¢ x T" — T is the projection map.

Let G = (T?)* x T", with elements of G written (21, 22, 23, 24, 25), z; € T¢ fori < 4,
z5 € T". Let G34p be the closed connected subgroup {(s, ¢, 2s, 2¢,0) : 5, ¢ € Td} CaG.
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LEMMA 13.4. With o, B, d, r, and G as above, letu = (0, o, 0, 4o, B) € G. Then there is
an affine joining T of T¢ with T" such that

N
1
lim — ZF(nc—i—nzu) :/F(s,t,Zs,2t+2w1,w2) dmr(w)dsdt  (13.2)
N—oo N o

Jor every continuous F : G — C and all ¢ € G such that (¢) = G34p.

Proof. Assume ¢ € G is such that (¢) = G34p.Let A = (u) and let ® = (c, u). Note that
® = G3ap + A. Also, ® does not depend on ¢ (assuming ¢ generates Gz p).

Since @ is a closed subgroup of a finite-dimensional torus, its identity component ®q
has finite index in @. Part (ii) of Lemma 10.3 then provides cosets ®; of ®¢ in ® and
non-negative ¢; with ) ¢; = 1 such that for every continuous F : G — C, we have

N
. 1 )
Nh_r)nooﬁ EIF(nc+n u) = E Cj/Fdl’l’lq;J.. (13.3)
n=

Part (iii) of Lemma 10.3 implies that the c; do not depend on ¢, assuming (¢) = G3ap
(which is connected). We will prove that for each coset @ ; of ®q in @, we can write

/ F di’)’lcpj = / F(s,t,2s,2t + 2wy, wo) dmA/. (w) ds dt, (13.4)

where A ; is a coset of Ag (= the identity component of A), and that A¢ can be viewed as
a joining of T¢ with T”". Combining equation (13.4) with equation (13.3), we get equation
(13.2), where T is the affine joining of T¢ with T" determined by ¢ jand Aj.

Claim
(i) A is a joining of the closed subgroups H| := {(0, z, 0,4z,0) : z € T4} and H, :=
{(0,0,0,0,v) : v eT}. Its identity component Ag is also a joining of H; and H.
(i) P9 = Gzap + Ag is the identity component of G34p + A.
(iii)  Every coset of ®¢ in ® has the form G3z4p + A where A is a coset of Agin A.

Part (i) of the claim follows from Observation 9.1, the fact that « and § are generating,
and Observation 9.3.

To prove part (ii), note that G34p is closed and connected, so G34p + Ao is a closed
connected subgroup of Giap + A. Since Ay is the identity component of A, which is a
closed subgroup of a finite-dimensional torus, we see that A has finite index in A. Thus,
Gsap + Ao is a closed, connected, finite index subgroup of G3z4p + A, and therefore is
its identity component. Part (iii) is an immediate consequence of part (ii) and the fact that
G34p is connected.

The claim allows us to write integrals with respect to Haar measure over ®; explicitly.
We write integration over a coset A ; of Agin A as

/deA_, =/F(0, wi, 0, 4wy, wa) dmy, (w), (13.5)

where the m 4 ; on the right is viewed as Haar probability measure on a coset of a joining
of T9 with T"; this identification is possible as Hy and H; are isomorphic to T4 and T,
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respectively. We then write integration over ®; (=G3ap + Aj) as

/ Fdme, = f F(s,t +wi, 25, 2t + 4wy, wa) dmy () ds dt. (13.6)

This is justified by the fact that the above integral is invariant under translation by elements
of G34p and by elements of Ao, so the above integral is indeed integration with respect to
Haar probability measure on G3ap + A ;.

We may replace ¢ with + — wy in equation (13.6). To see this, first observe that the
order of the outer integrals can be changed to dt ds. For a fixed s € T¢, define hg on
T x (T¢ x T") by hy(t, w) := F(s, t + wy, 25, 2t + 4wy, wy). The right-hand side of
equation (13.6) can then be written as [ [ h(t, w) dmy;(w) dt ds. We apply Lemma
13.3 with m4, in place of v, and again change the order of integration. The integral in
equation (13.6) therefore simplifies to yield equation (13.4), completing the proof. O

An immediate consequence of Lemma 13.4 is that for every continuous F : G — C,

N
. 1 )
Nh_r)réoﬁ ElF(z+nc+n u)

n=

= / F(zi+s,z04+1t,23+2s,24 + 2t + 2wy, 25 + wy) dmp(w) ds dt (13.7)

for all z € G, all ¢ € G such that (¢) = G34p. This can be seen by applying Lemma 13.4
with the translate F; in place of F.

LEMMA 13.5. With the above d, r, o, B, S, G, and the affine joining I provided by Lemma
13.4, there is a set W € T with m(W) = 1 such that

LN
Jim Zl gn?B) - foS"(x,y)- foS(x,y)
= f fx+s,y+0)f(x+2s,y 42t +2wi)g(w2) dmr(w) ds dt. (13.8)

forallx € W, all y € T¢, and all continuous f : (TH* - R, g: T" — R.

Proof. Write the terms on the left-hand side of equation (13.8) as

g(n*B) f(S" (x, Y) (S (x, )
= F(x +2na, y +nx + (3)201, x +4na, y +2nx + (22")20[, n’p)

= F(zy,y +ne, + nzu),
where F : G — Ris givenby F(x, y,x’,y,2) :== f(x, y) f(x', y)g(z) and

Zyy=(x,9xy,0 ¢ =Qux+ad4e,2(x+a),0) u=(0,qa,0,4a,B).
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If f and g are continuous, then F is continuous, and we may apply Lemma 13.4 (and
equation (13.7) in particular) to conclude that

N

. 1 )

Nll_r)noo I E 1 F(zy,y +nc, +n"u)
n=

=/F(x+s,y+t,x+2s,y+2t+2w1,wz)dmr(w)dsdt

for all x € T¢ such that (¢,) = G3ap and all y € T¢. This is equivalent to equation (13.8).

Let W := {x € T? : {¢,) = G3ap}. TO complete the proof, we will show that m(W) =
1. Note that x € W if and only if x(c,) # 1 for every non-trivial character x of G3ap,
and there are only countably many characters, so it suffices to prove that for every such y,
m(Ey) =0, where £, :={x € T - x (¢x) = 1}. Every character of G34p can be written
as x((s,t,2s,2t,0)) = expmi(j-s +k-t)) for some j, k € 74, and if X 18 non-trivial,
then j and k are not both 0. Thus, x(c,) = 1 if and only if k- x = —(2j + K) - «. When
k =0 and j # 0, we then have E, = @. When k # 0, we see that E, is contained in a
coset of the closed proper subgroup {x € T? : k - x = 0}, so that m(E,) =0. O

COROLLARY 13.6. With d,r,a, 8 and S defined above, let f € L°°(m x m) and let g :
T" — R be Riemann integrable. Define Ay € L°°(m x m) by

1 N
Avi= ) g?B)- foS" fos™
n=1

and let A(x,y):= f fx+s,y+)f(x+2s,y 42t +2wy)g(wr) dmr(w) ds dt,
where T is the affine joining given by Lemma 13.4. Then, limy oo Ay = A in L*(m x m).

Proof. Let W be the set provided by Lemma 13.5. To deduce Corollary 13.6, we first
prove that equation (13.8) holds for all x € W, y € T¢, assuming f is continuous and g

is Riemann integrable. To prove this, assume we have such x, y, f, and g. Let h(()k), h(lk)
be continuous functions on T” satisfying inf g < h(()k) <g< h(lk) < sup g pointwise, such
that limg_, o f h(lk) — h(()k) dmrr = 0. For each k, Lemma 13.4 says that equation (13.8)

holds with hgk) in place of g. Applying Lemma 15.8 with f o §”(x, y) - f o $2"(x, y) in
place of v,, we see that

lim Ay(x,y) = lim /f(x+s,y+t)f(x+23,y+2t+2w1)h(()k)(w2)dmr(w)dsdt.
N—o0 k—o00
(13.9)

The pointwise inequalities hék) <g=< hﬁk) and the assumption limg_, s f h(lk) —
h(()k) dmpa =0 now imply that limg_ h(()k) =g in L2(I’I’l’]1‘r). The limit on the
right of equation (13.9) is therefore equal to [ f(x +s,y+1)f(x+2s,y+2f+
2w1)g(w2) dmr(w) ds dt. This proves that Ay converges to A for m x m almost every
(x,y), and the dominated convergence theorem then implies Ay converges to A in
L%(m x m), in the special case where f is continuous and g is Riemann integrable.
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To prove the general case of Corollary 13.6,1et f € L (m x m) and lete > 0. Assume,
without loss of generality, that sup(|g|) < 1. We write | - || for the L? norm given by
m x m.Let fo: (T%)? — R be continuous with || f — fol < e.

Let Ay := (1/N) YN gm?B) - foo S" - fo o $?, and let

Ax,y) = / folx + s,y 4+1) folx +2s, y + 2t + 2w)g(w2) dmr(w) ds dt.

Note that

IfoS™ foS™— fooS"- fooS2| <2|f— foll,

hence |[[Ay — ANl <2(sup IgDIlf — foll for every N, and similarly [|A — A'| <
2(sup |gDII.f — foll- Then

Ay — Al = | Ay — Ay + Ay — A"+ A" A]
< [lAy — Ayl + 1Ay — Al + 1A — A
<2+ ||Ay — A +2¢ assuming sup(|g|) < 1.

(Apply the identity ab — cd = a(b —d) 4+ (a — ¢)(d) with a = fyo S", b= fyo s,
c=foS", d=fo S¥, note that || foS" — fooS"| = |f — foll and likewise for
S2n.)

From the first paragraph of this proof, we have |A, — A’ = 0 as N — oo. Combin-
ing this with the above inequalities, we get lim supy_, ., [IAxy — A|l < 4e. Since & was
arbitrary and g is fixed, we have |Ay — A|| > 0as N — oo. O

Proposition 13.1 now follows from Corollary 13.6, observing that the left-hand side of
equation (13.1) is limy_ oo f f(x, y)An(x, y) dx dy, with Ay as in Corollary 13.6, and
the right-hand side of equation (13.1) can be written as f f(x, ¥)A(x, y) dx dy (recalling
the definition of f xp g from equation (12.1)).

14. Proof of Lemma 5.1

Recall the statement of Lemma 5.1: let k <r € N, £ € N, let B € T" be generating, and
let U € T" be an approximate Hamming ball of radius (k, ) for some n > 0. For every
totally ergodic MPS (X, B, u, T) and every measurable f : X — [0, 1], there is a cylinder
function g = m(V)~'1y subordinate to U such that

1 N
Jim 'ﬁ 2 g(n*0%B) / foTUf-T? fdu—Ly(f, T)| <2k7'2£1% (140

Proof. Let (X, B, u, T) be atotally ergodic MPS, f : X — [0, 1],andk € N.LetU C T"
be an approximate Hamming ball of radius (k, 1), let 8 € T" be generating, and let £ € N.
Note that £?8 is also generating. For a Riemann integrable g : T" — R, write

1 N
A9 = fim & 3 g0PCB) [ o1 s dp
n=1
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We will prove that there is a cylinder function g subordinate to U such that

|ACf, &) — L3(f, T)| < 2k~ ') £11% (14.2)

Let M = 1/m(V), where V is one of the cylinders V; y , in equation (3.1). In other words,
M = ||g||l for each cylinder function g subordinate to U. Choose, by Lemma 8.1, a factor
7:X—>Y=({,D,v, S)sothaty is a factor of a standard 2-step Weyl system, and such
that for all Riemann integrable g : T" — [0, M], we have

|A(f. g) — B(f. o) < 272 £1I, (14.3)

where f o = Py f and B(f, g):= limy_, oo(1/N) Zr}zv=l g(n*e*p) ff S .82 f dv.
Let

N
~ 1 ~ ~ ~
C(f):= lim — S f S f dv,
) M%N;/f Fostav
so that C(f) = B(f, 1). Note that A(f, 1) = L3(f, T), so the special case of equation
(14.3) with g = 1 yields
IC(H) = L3(f, D)l < 3k~ 21 £11%. (14.4)

Let Y = (17, 15, v, S’) be an extension of Y which is a standard 2-step Weyl system
(’]I‘d x T4, Bra yd, m, S’), and view f as a function on ¥ = T¢ x T¢ (cf. Remark 4.6).
By Proposition 13.1, there is an affine joining I" of T¢ with T" such that for each Riemann
integrable g : T" — R, we have

B(f,¢) = / Fe, V) f(x+s,t+y)f*r g(x +2x, y +2t) ds dt dx dy.
Let J denote the integral above, define £’ : T¢ — [0, 1]by f'(x) := [ f(x, y) dy, and let
J = / F) f'(x + ) f(x +25) dx ds.

Choose, by Lemma 12.3, a cylinder function g subordinate to U so that
[/ = I <k 2If1% (14.5)

Observation 7.2 means J' = C( f ), so equation (14.5) can be written as

1B(f. g) = C(HI < k2| f1I%. (14.6)
Combining equation (14.6) with equations (14.4), (14.3), and the triangle inequality, we
get equation (14.2), completing the proof. O

15. Auxiliary lemmas

In §15.1, we prove Lemma 2.3, essentially by repeating a routine proof of Furstenberg’s
correspondence principle. Section 15.2 explains a fact needed in the proof of Lemma 8.2,
and §15.3 states two immediate consequences of Markov’s inequality needed in the proof
of Lemma 3.5.
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15.1. Compactness. Here we write [N] for the interval {0, 1,..., N — 1} in Z.

LEMMA 15.1. Let S € Z, k € N, and § > 0. The following conditions are equivalent.
(i) There is a measure preserving system (X, B, u, T) and A C X with u(A) > & such
that M(ﬂ’;:() T=ISA) =0foralls € S.
(i) S is (8, k)-non-recurrent, meaning condition (i) holds with ﬂljf:O T /A= in
place ofu(ﬂl;zo T=ISA) = 0.
(iii) Thereis a 8’ > & such that for all N € N, there is a set By C [N] with |By| > §'N
such that ﬂ’;ZO(BN —js)=Q foralls € S.

Proof. To prove condition (i) implies condition (ii), let A satisfy condition (i), and let
A" = A\ Uyes Mg T7/2 AL Then, u(A') = pu(A) > 8, while A’ C (5, 77/’ C
ﬂl;zo T~/5Aforevery s € S. Since A’ is both a subset of and disjoint from ﬂ];:o TI5A,
we have m,;:o T/SA" = @ foreverys € S.

To prove condition (ii) implies condition (iii), suppose A satisfies condition (ii). Let 8’
be such that £ (A) > 8’ > 8. Fixing x € X and setting A, := A N {T"x : n € N}, we have
ﬂl;zo T—/"A, = @. Setting B, := {n € Z : T"x € A}, we have ﬂl;zo(Bx —jn)y={ne
Z:T'x € ﬂl;zo T—/"A}. Thus, ﬂ];:O(Bx — jn) = @ whenever ﬂljzo T—I"A =@.

Set Fy := (1/N) YN 14(T"x). Then, [ Fy(x) du(x) = u(A). It follows that there
isanx € X suchthat Fy(x) > 8'. Our definition of Fy then implies |B; N [N]| > w(A)N.

To prove condition (iii) implies condition (i), suppose condition (iii) holds. Let X =
{0, 1} with the product topology, and let B be the corresponding Borel o-algebra. Let
T : X — X be the left shift, meaning (Tx)(n) = x(n + 1). We will construct a Borel
probability measure p on (X, B) and find a clopen set A C X satisfying condition (i).

Let A :={x € X : x(0) = 1} (so A is the cylinder set where 1 appears at index 0). For
each N e N, let yy := 1p, € X. Note that 14(T"yy) =1 if and only if n € By, and

similarly ;

Lanr=san.nr—ksa(T"yn) =1 ifandonlyifn € ﬂ(BN —Js). (15.1)
j=0

Form a measure py on X defined by

1 N—1
f fdpy = 2:(:) F(T"yN).

Let 1 be a weak™ limit of the py (that is, choose a convergent subsequence of wy and let
W be the limit). To see that u is T-invariant, note that

‘/fonuN—/fduN

for every N, so f foTdu= [ fdu for every bounded continuous f. In particular,
,u(T_lC) = f lcoTdu= f lc du = n(C) for every clopen set C C X. Since the
clopen subsets of X generate the Borel o-algebra of X, this proves that T preserves u.

— 1@ ) = Fow)| < ~
=y /T8 = FOnl = 5 sup [
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To see that w(A) > &', note that
1 = 1
A) > lim inf — 14(T" > lim inf —|By| > §'.
u(A) = Tim inf — 3 14 (T"yy) = lim inf | By| > 6

n=0

To prove that u(ﬂl;zo T=/SA) =0forall s € S, fix s € S and note that equation (15.1)

implies
k ) 1 N—-1 | k
MN( m T_JSA) = N Z 1A0T*5'Aﬂ~'ﬂT7k5A(TnyN) < N ﬂ(BN —Jjs)|=0
Jj=0 n=0 j:O

for all N € N. Since C := ﬂljzo T~/$A is clopen and 1 is a weak* limit of the uy, we
have 1 (C) = limy_ o0 un(C) = 0. ]

Recall the statement of Lemma 2.3: if k € N, 0 < § < §’, and S C Z is such that every
finite subset of S is (§’, k)-non-recurrent, then S is (8, k)-non-recurrent.

Proof of Lemma 2.3. Suppose S C7Z,k € N,0 < § < &, and that every finite subset of
S is (8, k)-non-recurrent. Applying Lemma 15.1 to the finite set Sy := S N[N, N], we
may choose, for each N, a set By C [N] such that |By| > §'N and ﬂ?lzo(BN —js) =g
for all s € SN [—N, N]. Note that this implies ﬂ?jzo(BN —js)y=g forall s € §, since
By — js is disjoint from [N] for every s € S \ [N, N]. This means S satisfies condition
(iii) of Lemma 15.1, and we conclude that S is §-non-recurrent. O

15.2. The 2-step affine factor of a totally ergodic nilsystem. A nilsystem is an MPS
(Y,D, v, S) where Y = G/ T, with G a nilpotent Lie group and I a cocompact discrete
subgroup, D is the Borel o-algebra of Y, v is the unique probability measure on (Y, D)
invariant under left multiplication, and Sy = ay for some fixeda € G.

When G is a topological group, we write Go for the connected component of the
identity. For Lie groups, Gy is a closed subgroup of G. We will use the fact that an ergodic
nilsystem (G/I', B, u, T) is totally ergodic if and only if G/ I is connected.

Lemma 15.2 identifies the maximal 2-step affine factor of a totally ergodic nilsystem;
the purpose of this subsection is to explain how it follows from the results of [6], where it
is essentially proved but not explicitly stated.

LEMMA 15.2. Let X = (X, B, u, T) be a totally ergodic nilsystem. The maximal 2-step
affine factor A>(X) of X is isomorphic to (T%, B, m, A), where d € N and A : T¢ — T¢
is a 2-step unipotent affine transformation.

We will use the following standard fact about factors: let 7; : X — X; = (X;, B;, v;, T;),
i =1, 2, be two factors of a system where (X;, 3;, v;) are separable as measure spaces.
Then, X; and X, are isomorphic (as measure-preserving systems) if the algebra of
bounded X;-measurable functions is equal, up to p-measure 0, to the algebra of bounded
X,-measurable functions. We also need the following lemma from [9].
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LEMMA 15.3. [9, Proposition 3.1] Let X = G/ T be a connected nilmanifold such that
Gy is abelian. Then any nilrotation T,(x) = ax defined on X with Haar measure [ is
isomorphic to a unipotent affine transformation U on some finite-dimensional torus.

Remark 15.4. The computation in [9] showing that the transformation U is unipotent also
shows that when G is k-step nilpotent, U is k-step unipotent.

We now explain how Lemma 15.2 follows from [6]. Let X be a totally ergodic nilsystem,
X =(X,B, u, T),where X = G/T', G being a nilpotent Lie group, I a cocompact lattice
in G, and p the unique left-translation invariant Borel probability measure on G/ T,
TxI' := axI for some fixed a € G. It is shown by [6, Proposition 2.4] that the algebra of
functions measurable with respect to A (X) coincides with the functions measurable with
respect to the factor mp : X — Y, where Y = (X', B/, i/, T'), X' := G/(G3[Gy, Go]T'),
the factor map is given by m(xT") := xG3[Gy, GolITl', and T’y = mp(a)y. Furthermore,
it is easy to verify (given the background suggested in [6, §2.2]) that X' can be written
as G’/ T, where I’ is a cocompact lattice in G’ := G/(G3[Go, Go)), and G’ is a 2-step
nilpotent Lie group with abelian identity component. It is stated by [9, Proposition 3.1]
(cf. Remark 15.4 above) that Y is isomorphic to a 2-step unipotent affine transformation
A on a finite-dimensional torus. Since the A, (X)-measurable functions coincide with the
Y-measurable functions, we get that A, (X) is itself isomorphic to Y.

15.3. Consequences of Markov’s inequality. Let (X, u) be a probability space parti-
tioned into subsets X;, 0 <i < M — 1, with u(X;) = 1/M for each i, and let f : X —
[0, 11 have [ fdu > 8. Let fi := fly,.

LEMMA 15.5. With X, f, and X; specified above, let I :={i : [ f; di > 8/2M}. Then,
1] > M§/2.

Proof. LetI' :={0,..., M — 1} \ I. Note that

s<[ran=3 [faus ¥ [ fian=y

) 1 ) 1
—_— E —=—WM —|I — |1,
- 4 - 2M+, M 2M( | |)+M| |
iel’ iel iel iel

s0 6 <6/2+|I|/M(1 —§/2). This can be rearranged to Md§/2 < |I|(1 — §/2), which
implies M§/2 < |I|. O]

LEMMA 15.6. With X and X; as defined above, let c, ¢ > 0 and assume f,g: X — R
satisfy || f — gllp1(uy < € Define

J:={i:le |f—g|du<%}.

Proof. We estimate J/, where J' :={0,..., M —1}\ J.Letg; := fx,- If —gldpu.
Note that Zﬁgl ei=If =gl <& so J ={i:e >c/M} satisfies |J'|-
¢/M < g, meaning |J'| < Meg/c. Thus, |J| =M — |J'| > M1 —¢/c). O

Then, |J| > M(1 —¢/c).
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The next lemma is an immediate consequence of the triangle inequality and the identity
k
filae o fi=hihy b =" fieo fioi(fi —hdhigy - by
i=1

LEMMA 15.7. If (X, u) is a probability space, fi,h;i : X — [0,1],i=1,...,k, and
Il fi — hillLl(u) < & for each i, then | f fifor fudu— f hihy - - - hy du| < ke.

15.4. Convergence with Riemann integrable coefficients. Let r € N. We say that a
sequence (y,)nen of elements of T7 is uniformly distributed if

N
1
lim — = d
Jim 2 g0 / g dm
n=
for every continuous g : T” — C, where m is Haar probability measure on T¢.

LEMMA 15.8. Let r € N, let (yn)nen be a uniformly distributed sequence of elements
of T'. If (vyneN is a bounded sequence of real numbers such that L(g):=
limy oo (1/N) Z,]lv:l g(yn)vy, exists for every continuous g : T — R, then L(g) exists
for all Riemann integrable g.

Furthermore, if h(()k), h(lk) are continuous functions on T" with hék) <g< hik) pointwise
and limy_, o0 [ B — 1l dm = 0, then L(g) = limy_. o L(h") = limy_ 0o L(h{).

Finally, if C > 0 and |L(g)| < C for every continuous g : T" — [0, 1], then |L(g)| <
C for every Riemann integrable g : T" — [0, 1].

Proof. Note that it suffices to prove the statement under the additional assumption that
v, € [0, 1] for each n. The general case follows by linearity.

Let g: T" — R be Riemann integrable. Let ¢ > 0, and choose continuous go, g1 :
T" — R so that go < g < g1, [ g1 — godm < . Let Ay(g) := (1/N) Y0_; g(n)vn.
We have

L(go) = lim Apn(go) <liminf Ay(g) <limsup Ay(g) < lim Ay(g1) = L(g1)

N—o00 N—o00 N—o00

N—o0

(15.2)

and  L(g1) — L(g0) = L(g1 — 0) < limy—oa(1/N) SN g1(3a) — g0(yw) = [ g1 —
go dm < ¢. Since ¢ > 0 was arbitrary, this proves that Ay (g) converges, meaning L(g)
exists.

A nearly identical argument will prove the second assertion of the lemma. The third
assertion follows from the second, by assuming h;k) : T — [0, 1]. O]

16. Remarks
16.1. More general 2-recurrence. We say that S C Z is good for k-recurrence of powers
if for every MPS (X, B, u, T),every A € X with u(A) > 0,and allcy, . . ., ¢ € N, there
isann € Ssuchthat ANT~“1"AN.-. . NT %A #£ @.

It is asked in [8, Problem 5] whether S C Z being good for k-recurrence of powers
implies S” is a set of measurable recurrence. Our proof of Theorem 1.1 does not
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immediately resolve this question for kK = 2, since we considered intersections of the
form ANT"ANT 2"A (that is, ¢; = 1, ¢ = 2 only). We believe that our proof can
be modified slightly to construct a set S which is good for 2-recurrence of powers such that

$72 is not a set of measurable recurrence.

16.2. Higher-order recurrence. For k > 3, one possible approach to [8, Problem 5]
would be to prove that the set S we construct in the proof of Theorem 1.1 is actually
a set of k-recurrence, or to prove that our construction necessarily results in a set
which is not a set of k-recurrence. While our construction does not appear to restrict
WANTPANT 2" ANT 3 A) forn € S, computations and estimates of

N
Nligo%Zg(nzﬁ)/f-foT”-foTz”-foT3”du (16.1)
n=1

analogous to those in §§13—14 seem to require more intricate reasoning. It may not be
possible to specialize the limit in equation (16.1) to affine systems. Perhaps one must
consider arbitrary 2-step totally ergodic nilsystems, or even more general systems.

For k > 3, our approach to Theorem 1.1 leads to the following natural conjecture, an
analogue of Lemma 3.5. Here, BH'* denotes {n € N: n* ¢ BH}.

Conjecture 16.1. Let k € N. For all § > 0, there exists my € N such that for every r € N,
every proper Bohr—Hamming Ball BH := BH(B, y, m, &) with m > mg, ¢ > 0 and
yeT, BHY* is (8, k)-recurrent.

Conjecture 16.1 could be proved with appropriate higher-order analogues of Lemma
8.1, Proposition 13.1, and Lemma 11.1. For k > 3, it seems very unlikely that a reduction
to 2-step affine systems will be possible, and for k > 4, it is nearly certain that explicit
computations must be carried out for essentially arbitrary (k — 1)-step totally ergodic
nilsystems. These computations seem forbidding, so we hope a more qualitative approach
can be developed.
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