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Abstract. The densities of invariant measures for Misiurewicz maps and Lasota—
Yorke maps of class C” are of class C"~' on certain intervals (forming the partition
of an interval in case of Misiurewicz maps). For these maps the Perron—Frobenius
operator has an unambiguous decomposition into the sum of projections onto
eigenspaces (multiplied by the eigenvalues) and a remainder operator. The remainder
operator has spectral radius less than one in certain spaces of smooth functions.

0. Introduction

A. Lasota and J. Yorke [5] started the long series of studies of ergodic properties
of piecewise monotonic transformations of an interval with derivative greater than
one. Advanced research in this domain is found in [1] which is written in terms of
functional analysis. M. Rychlik [8] has obtained similar results for maps with a
countable number of pieces of monotonicity and without the application of the
strong Ionescu-Tulcea, Marinescu theorem.

Other useful references have maps with singularities where the derivative is equal
to zero (for example the famous family of quadratic maps {ax(1 — x)}). I recall only
the papers closely related to the present research. M. Misiurewicz [6] has proved
the existence and studied properties of absolutely continuous invariant measures
for negative Schwarzian maps without sinks and such that the set of critical points
is separated from the trajectory. W. Szlenk [10] has proved the existence of absolutely
continuous measures for similar maps which are not necessarily negative Schwarzian.

The third subject connected with this research is the question of smoothness of
densities of invariant measures. This question for expanding maps was answered
by R. Sacksteder [9] (unfortunately the paper contains an important mistake) and
K. Krzyzewski [4] who proved that if an expanding map is of class C” then the
density is of class C™'.

In this paper we construct the spaces Cj.' of functions of class C"~' on intervals
forming a partition with a weighted sup-norm.

The Perron-Frobenius operator for Lasota—Yorke maps or Misiurewicz maps has
an unambiguous decomposition into the sum of projections onto the eigenspaces
and the remainder operator. The spectral radius of the remainder operator in the
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space CJ,' is less than one. Proving this we also show that the densities of invariant
measures belong to C7,".

The question of convergence of mixing coefficients also appears to be connected
with the work in this paper. We recall that if they converge to zero exponentially,
then the map satisfies the Central Limit Theorem. K. Ziemian [11] applied theorem
6.3(d) in the proof that for Misiurewicz maps mixing coefficients tend to zero
exponentially. F. Hofbauer and G. Keller {2, paragraph 4] have proved this for the
maps considered in [10] when critical points fall into the repelling periodic orbits.

§ 1 contains the lemmas which allow us to estimate the derivatives of images of
functions under the Perron-Frobenius operator.

§§ 2-5 contain definitions, lemmas and propositions about Misiurewicz maps
which are necessary to prove the main result theorem 6.3. Thus in § 2 we define the
class # of mappings and give estimates of distortion and of derivatives of iterates
of a map. § 3 gives the estimates of images of functions under the Perron—Frobenius
operator and auxiliary operators f;, far from the trajectories of the critical points.
§ 4 defines the class #" of maps (of class C") and Banach spaces C;, and extends
results of §3. In § 5 we prove the fundamental inequalities (proposition 5.4(b)),
which suggest a possibility of an application of Ionescu-Tulcea, Marinescu theorem.
Unfortunately we don’t know how to secure a compactness property and therefore
we prove theorem 6.3 in a way similar to that of K. Krzyzewski.

In § 6 we reformulate certain results of M. Misiurewicz [6] and prove the main
theorem about maps in the class /#". At the end we prove the spectral decomposition
of the Perron-Frobenius operator for maps in the class L.

§7 is devoted to Lasota—Yorke maps. It contains two different definitions of
Banach spaces of differentiable functions (the second one does not depend on the
map). We state there that the densities of invariant measures belong to this space
and the spectral radius of the remainder operator is less than one,

In what follows we assume that the reader is familiar with the paper of M.
Misiurewicz [6].

Our results here answer the question about a class of smoothness of invariant
measures posed to me by W. Szlenk. The general question about analyticity of
invariant measures for analytic maps remains open. For Misiurewicz or Szlenk maps
given by a real polynomial the answer is positive. It is proved by the reasoning
contained at the beginning of [7] applied to these maps.

After I had written this paper, I found that the condition (iii) (see §2) on the
Schwarzian derivative can be replaced by a weaker one as follows:

(iii") There exists & such that Wj satisfies the conclusion of theorem 2.1, W; < %
(see (v) and (2.0) of § 2) and if xe W; and f*(x)e W; then |(f*)(x)|> 1.

(A similar condition was suggested by W. Szlenk.)

I conjecture that this condition also allows us to prove all the main results of M.
Misiurewicz [6] and all the results of the present paper. Moreover in this case the
map could be of class C? instead of C* and it would be possible to treat jointly
Misiurewicz maps and Szlenk maps.

When I was finishing this paper I learned that K. Bugiel at Jagiellonian University
had obtained results similar to those in § 7.
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I would like to thank W. Szlenk for discussions which allowed me to avoid several
mistakes and M. Rychlik for talks about Lasota~Yorke type maps. I am also grateful
to K. Ziemian for help in preparing the present version of the paper.

Now we introduce the notation.

We shall consider in §§ 2-7 maps f: IN\\A~ I, where I is an interval, A< [ a finite
set containing the endpoints of I. We will assume that f is continucus and monotonic
on components of I\ A. Write

i=r1 x{+, =1\ {(left endpoint of I, —), (right endpoint of I, +)}.
We shall pretend that f acts on i (i.e. f: i- f) as follows: f(x, €)= (x', ¢'), where
x' is the limit of f(y) as y tends to x from the right if €=+, (left if £ =—) and
¢'=¢ if and only if f preserves the orientation in a right-neighbourhood of x if
e=+, (leftife=—). If xe [ then ¥ is its first coordinate and x the second one. We
suggest the reader thinks of (x, +) as x with its right neighbourhood and (x, —) as
x with its left neighbourhood. Then f((x, +)) indicates whether the right neighbour-
hood of x is mapped to the right or to the left of f((x, +))”. This notation gives an
advantage in (3.10), where we define the weight functions ¢, It also enables us to
treat jointly the cases of two- and one-sided derivatives in §§ 3-5. We set

A=Tn(Ax{+-h, B.=U 4,
k=1
é=é+w, Bn:(én)v’ =(§)V’
A=AnB  A,=A\A,
For xel and ye I define the distance

Ix—p|  iff either y=+ and y<x or y=— and y>x,

dist (x, y) = {
+00 otherwise.

Then for xe I and D f, dist (x, D) = inf . p dist (x, y). We also define a one-sided
e-neighbourhood. For x € I and e> 0,
F(x, e)={ye I:dist (y, x)<e}={]’f’x+’f[ Mr=+
JX—e, X[ if x=—.

Let g: V>R be a map (V< I), then for x¢ I, g”(x) will denote the (left-sided if
x =—, right-sided if x =+) sth derivative at x, seN. A will be Lebesgue measure
on L

The main results of this paper are proved in § 6. For their proofs, the results of
[6] and those from §§ 1-5 of this paper, only proposition 5.4 (together with remark
5.5) and remark 4.3 are necessary. The proof of remark 4.3 is independent of the
other results of this paper. In order to help the reader understand the course of the
proof of proposition 5.4 we give the following short description of it:

Fix some n and a & which is small enough. We write W for W;, where W; is
some neighbourhood of critical points (see (2.0)). Set

U={x:f'"(x)e W, fl(x)g W fori=sj=n-1} l=i=n;
E.={x:fI(x)gW for0=j=k-1} O<k=n;
U0=E”.
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We have f'(U,) < E,_. Hence, since (f+g), =S, +8, and (fog), =f,°8x, Where
J4 is defined in (1.6), we have

fip)= X (/"

Define || p|| =supyc; |p(x)|/ ¢(x) for some weight function ¢. We can then show for
&(a)=u(a)/(1+u(a)) that there is an H > 0 with (lemma 5.3):

°*(f'lu)4(p)- (1

n—j

P71l =Hlell T viia) ()
where i, is defined in (3.1), and that for n € (0, 1) there are G>0and h e (0, 1) with
()W) = G B 'Yy + 1Y) (3)

(lemma 5.1 for i =0) where be B and keN. Puttifig (2) and (3) into (1) we get

lfo)=Hlpl I X (G ) (f(a)|s” LYE g, +h")

Jj=0acA,
scupll( T T Uy anEer '(¢ffn“+)'<a))+‘)=0llp||«>

m=0 acA,
and we have an estimate of |f%(p)|. This explains the choice of the weight
function ¢.

In order to establish (2), we need the existence of G with
If3(P)=Glell  on W (4)

Because |p|=¢||p| (cf. definition of ||-||) we have (this shows the advantage of
defining || - || as a weighted sup-norm):

I =rileh=rileleol) = ol file),
so that it suffices to show
filp)=Ge  on W (5)
As ¢ is a linear combination of ¢} and 1, it suffices to prove (5) for these functions
instead of ¢. This is done in lemma 3.1.
But we also want to estimate derivatives of fi(p), so we start in § 1 with the
proof of

2P PI= T Follo D) To), ©)

where
fo® =% pMIFrmI,
yef~'(x)
and the function T is bounded on W which is proved in § 4. As above we define
semi-norms for the derivatives
o]

loli = sup= — and |p|, s =max{|p|,,...,|pls},

where ¢; is again a suitable weight function. In order to estimate |f3(p)|, . we use
the derivatives of (1). We have to apply (6) for ((f"7|g,_)(5,)” with 5=
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(f’/ Uj)4(p), that is:

Ifx(p)|=T RO e, (6", (7

i=0j=0
where T is related to the map f"~ E,_, and hence it is uniformly bounded on I
This makes it necessary to generalize (3) to ( f"lEk)(i), which is proved in lemma
5.1 and prepared in § 2, and to generalize (2) to ((fj|U)*(p))(i) which is done in
lemma 5.2. To get the generalized (2), we also have to generalize (4) to ( f*(p))(‘)
This is done in § 4. It follows from (6), (5) and a formula similar to (5) for f7;,(¢:)
which is proved in lemma 3.4.

Now we put the generalized (2) and (3) into (7), and we can see that in order to
obtain 7 <1 in proposition 5.4 we need to introduce small £ > 0 in the definition of

@i ((3.10)).

1. Derivative lemmas

In this section we shall consider maps f: I\ V- I, r-times differentiable (r =2) and
such that f'# 0, for V a countable sum of intervals. In what follows f~" denotes a
branch of the inverse map for f" and f~* (k< n) is the branch of the inverse map
for f* related to f™", i.e. whenever f "= S,o- - -0 §, then f ¥ =S, - - S, where S;
(j=1,...,n) is the inverse for f|,, J a component of I'\\ V. The compositions of
functions are restricted to the sets where they are well defined. Next, p: I>R is a
real function (r— 1)-times differentiable on some subset of I

LemMa L.1. Let x € f be such that y = " (x), (f)"(y) and p"~"(y) are well defined
and (f"Y(y)#0. Then for s=0,...,r—1,

= (I(f el ")eo

is equal to the sum (modulo s1gns) of terms like
S(l, Z)(x)=D"(x) ] Di(x),
(Lkj)eZ
where Z is a set of triples of integers (L k,j) (1=Il=s5s; 1=k=n and for each pair
(I, k) there is only one j such that (L k,j)e Z) such that I,+Y {I-j: (I k,j)e Z for
certain jkeN}=s 0=<Il,<s and

f(l+l) )

k 1 P _
o ed DEGeymel

Also each term occurs in the sum less than ((s+1)!)* times and for l,= s there is only
one term S(s, &)= D".

Proof. We omit elementary justification of formulae (1.1), (1.2). First let us find the
derivatives of all components of one term:

Di=

4 pi-D"'_(1+1)-D" ¥ D! (1.1)

dx k=1

i 1+1_ pl & A 1

—Di,=D{"-Di(1 ¥ Di+Dj). (1.2)
i=1
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This enables us to find the derivative of such a term:

d n
- SUo, 2)=S(o+1,2)~(lo+1) 3 S(h, Z)- D}
k=1

I+1 ;
+ 3 j-[S(lO,Z)DD—",—IfS(IO,Z)-D,!—S(IO,Z)-DL]. (1.3)
k i=1

(Lk,eZ
Now we can prove the first part of the lemma using induction. Formula (1.1) for
1=0 proves the lemma when s=1. Induction and formula (1.3) then proves the
lemma for all s<r—1.

We now proceed to estimate N(s), the maximal number of repetitions of one
term of the sth derivative. Let us fix the term S = S(l,, Z), which occurs in the s + 1st
derivative and list all the ways it could originate. We make use of the formula (1.3).

(I) S could originate from S,=S/D; (if S contains the component D}). The
number of such S, is less than or equal to s — [,. Taking the derivative of S, we can
obtain at most (I,+ 1)+ (s — I+ 1)* terms S. Hence one can obtain at most ((I,+ 1)+
(s —l,+1)*)(s—l,) terms S this way.

(I1) One S appears from S(l,—1, Z).

(III) S might originate from S,=S-Dj'/Dj (if S contains the component
D}, 1=2). There are at most (s —I,)/2 such S.. Differentiating S, we obtain at most
s—I, terms S. Hence no more than (s —I,)?/2 terms S originate this way.

From (I)-(I11) we have (omitting some details) that the number of terms S is less
than or equal to:

{{L+ D+ (=l + 1)) (s—1) +((s —510)2/2) +IIN(s)=s(s+1)(s +2)N(s).
Notice that in view of (1.1), N(1)=1. Hence
N(s)=(s-DIst(s+D!=((s+ D).

The last statement of the lemma follows easily from (1.1) and induction on 5.
Denote by Z(l,, s, f ") the set of all Z such that S(l;,, Z) occurs in the formula
which expresses the sth derivative in lemma 1.1. Next define the following functions
TG, s,n):I>R".

T(i,s,n)y=max {R(i,s,f "): f " is a branch of the inverse for "}

(i, s,neN, i<s<r) (1.4)
T(s,s,n)=1,

where for i<s

Y I |DW(x)l’  if x belongs to the domain of f™"
R{i, s, f ")(x)={ ze2(issf™™ (Lkj)eZ
0 elsewhere on I

(1.5)
Let us define the operators f;, (i=0,1,2,...):

folm= ¥ LW

T T for p: I >R. 1.6
ver oo LS P (1.6)
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We remark that

S8 =(f8)w» (1.7)
and hence ("), = (f;y)" Therefore we shall often write f7;, instead of (f");, or
(f)™

Notice that f, is the Perron-Frobenius operator. We shall also denote it by f,.

LEmma 1.2. Let x € I be such that for each y with f(y)=x, (f")(y) and p*""(y)
are well defined and (f")'(y)#0. Then for ssr—1

f2(0) ()= T fo(eD(x)T(, 5, n)(x).
i=0
Proof. For a fixed branch /", from lemma 1.1 it follows that

ds (l(f")! S )“‘)

z |DR(x)|- R(L, 5, f~™)(x) +|D*(x)]

< z T(L, 5, n)(x)+ | D*(x)].

Consequently
(s)
|f:<(P)(S)(x)| Z (l(f )|1+1 of 7 ) (x)
E T(ly, s, n)(x) Z | DY(x)|
= L Tl s, M) (lp D)
This completes the proof, 0

Remark 1.3. Let E be a sum of pairwise disjoint intervals. Then lemma 1.2 remains
true if one replaces f" by f”|r and the branches f~" by respective branches of the
inverse for f"|z. (They are certain restrictions of branches f™".)

2. Expansion in the class M
I shall list the conditions found by M. Misiurewicz [6] in a slightly stronger version.
They are satisfied for an uncountable subset of the family {ax(1 —x)}, in particular
when some image of the critical point falls into the repelling periodic orbit.

(i) fis of class C°.

@) f#0.

(iii) Sf=0, and foreachae /fl there exists § > 0 and a function g:[d — 6, d + 8]~
R such that g is of class C°, g'#0, Sg<0 and g|eas) =1 Feas):

(iv) For each x € I, if f7(x) = x then |(f7)'(x)|> L.

(v) There exists a neighbourhood % of A, such that for each ae A and n =0,
(f"(a)) e INUU A.

Also for each a € A not being the end of I, (a, +) or (a, ~) belongs to /32.

(vi) For each ae A there exist constants a, w, 8> 0 and u =0 such that

alx —d|]* =|f(x)| < w|x—d|*
for every xe U, = F(a, 8).
We define 4 as the class of maps f satisfying conditions (i)—(vi).
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. Conditions (iii) and (v) are a little stronger than the respective ones formulated
by M. Misiurewicz [6]. The second part of (iii) is introduced to obtain a more
explicit form of weight functions (see 3.10). The second part of (v) together with
(iii) enables us to obtain the very useful theorem 2.1 as an easy consequence of
theorem (1.3) in [6]. We remark that (iv) implies non-existence of sinks and that
(vi) is satisfied whenever f has non-zero one-sided derivatives of some order at

points of A.
Let f satisfy (i)-(iv) and the second part of (v). Let us define for y>0:
W,= U F(av)u(ANAD"). (2.0)

THEOREM 2.1. For each >0 there exists meN such that if f'(x)e IN\W; for
i=0,...,m=1 then [(f™)'(x)|> 1.

Proof. Since f satisfies (iii) and the second part of (v), fllst can be extended to
a function h: V> I where V is a neighbourhood of I\ W; (we might have to increase
I). Such an h satisfies the assumptions of theorem (1.3) of [6], and hence theorem
2.1 follows. |

LEmMMA 2.2(a) (Distortion lemma). For each >0, there exists p>0 such that lf
f7(x) and f/(y) belong to the same component of I\ W; for j=0,...,n—1 then

U | _

oty (y)
(b) Let f satisfy (vi). For each 8>0 there exists >0 such that if xe U, and

f7(x), (f’(a)" belong to the same component of I\ W; for j=1,2,...,n—1 then

Y x=d) | _

i g | =0

f(x)=(f"(a))

Proof. (a) Let K be a component of the set 1 \U:';O' S(W;) and x, y € K. Following

(1.1) of [6] we have:
(") (x) n!
o |=ew (v Z a0 un).
where y>0 is a Lipshitz constant of In |h’| (see the proof of theorem 2.1) and A is
Lebesgue measure.

Theorem 2.1 gives us that the derivative on K grows exponentially with n (of
course, K also changes with n). Namely, |(f")(x)|> A’@" for certain constants
A’>0and @>1 and xe K. Hence

AMDZAS (K= A= @™ A(f4(K))

ls(u(a) +1)
o

and consequently

) S e GA)
T AR = A(I)/A L= 2

Thus (a) follows for p=exp (y&-A(I)/(a—1)-A").
(b) From (vi) we obtain

—lx=dl** s |f0) - (@) = Ty bk -al e, (2.1)
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so we have
)= @)= ) = (f(a)]
=B (%) - (f(a))]

_|mY@ | @ =@
- (fn—l)l(f(x)) |fv(x)l I(f") (X)| (2'2)
where ¢ is some number between f(x) and (f(a))". Then f/(&) is between f7*'(x)
and (f/*'(a))” and they all belong to the same component of I\ W;. Hence by the
distortion lemma, (vi), (2.1) and (2.2):

x—d| - [(fY =" (x) = (f"(a))"]

prw: (u+1)

sl =al- |yl

This proves (b) with o =max,4, p- @(a)/a(a). O
The following lemma was proved by K. Ziemian [11] in a slightly different form.

LemMMa 2.3. Let f belong to M.
(a) If xe U, for some a€ A and vy >0 is sufficiently small, then
n(x, y)=min {i eN: |f'(x) = (f'(a))"|= v}
is well defined.

(b) For each y>0 there exists a constant A'>0 such that if x € U, dist (f'(x),
B)= vy and I = n(x, y) then

(c) For each y=>0 small enough there exist constants E >0 and ¢ > 1 such that if
dist (f'(x), B) =y then |(f'y(x)|> Ec'.

Lemma 2.3 can be proved from lemma 2.2.

3. Estimates far from singularities

For be [ let us define the function U: I->R:
1 . .
—_— forx>bif b=+, and for x<b if b=—
Yp(x) = |x—b| - B

0 elsewhere.

(3.1

LEMMA 3.1. Let f satisfy (i)-(iii) and let us fix some n, 0<n < 1. Then for any xe I

SN = GG B o LB
e =20

dist (x, B,)’

Proof. Let J be a component of I\({S}UU:;:’fk(A)), such that ¢, >0. Then
f"|, is a diffeomorphism. Denote by (a, b) the interval f"(J) and let g = f|,. Notice
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that (a, +), (b, —)e B, u{f"(b)}. Let us recall the formula for the Schwarzian
derivative of a composition.
S(goh)=(h')*(Sgoh)+ Sh. (3.2)
Write ¢f =
By lemma 4.1 of [6], since 1/+/p|, is concave and p|, is C2, p|, = h,(1) for some
negative Schwarzian diffeomorphism h. In view of formula (3.1) S(goh)=0. We
see that

g*(pll) = g*(h*(l)) = (go h)*(l)
Hence by lemma 4.1 of [6], 1/Vg,(p|,) is concave. Then vg,(p|,) is convex and
consequently g,(p|,) is convex. Thus

g*(PlJ) dA

J‘x =.“IlpdA
—aJ, XxX—a

g«(p|,)(x)= 5
_.[Izpd/\
b‘— — Jx g*(PIJ) dr = bh—x
- LJJ) dA
dist (x, B, u{f"(b)})’
where x (a, b), I, = g7 '((a, x)) and I, = g "' ((x, b)). We finish the proof by summing

the above inequalities over all components J.
A proof of the second inequality is similar. O

LEMMA 3.2. Let fe M. For each y>0, ieN, 0<¢<1 and £¢<n <1, there exist
constants C >0 and 0< g <1 such that
ool ) (x) = Cgfi(v)(x),
forbe l§, neN, x e I such that dist (x, I§) = .
Proof. Let us write
T
l(fn)l|l+l l(fn)rl >
where 7: INUJZ, f7/(A) >R, 7(») = ¢(»)/I(f")'(y)| and {=(i+&-7n)/i<1. We
shall first prove the following assertion:

(3.3)

(3.4) For y and ¢ as above there exist ¢ > 0, D>0 and 0<d <1 such that for
each branch f" of the inverse of f7, if y =f "(x) € F(b, €) then 7(y)= Dd", where
x and b are as in the lemma.

Let us fix some 8 > 0 such that W (see (2.0)) is separated from B\(A )Y (see (v)
of § 2) and contained in UaE 4, UaU A (see (vi)). Suppose that b in the lemma is
equal to f*(a) for some aeA2 and keN. We take & small enough that y>¢>0
and the following conditions (3.5) and (3.6) are satisfied.

For meN, let f~™ be the branch of the inverse for f™ related to a trajectory of
a (ie. for small p>0, (f"|rapm) ™ =f ™|/ cFapm)-

(3.5) f ™ is defined on F=F(f™(a),e) and f ™(F)c U,n W,, meN.
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Next, for meN and j=1,2,...,m, let f be the branch of the inverse for f’
related to f ™ (see the beginning of § 1) where f~ ™ is from (3.5). Then

(3.6) fU(F)nWs;=@ and fY(F)cF(f"“(a),y) forj=1,...,m—1.
The existence of such an ¢ follows from theorem 2.1 combined w1th (v). Namely,
this theorem gives us mye N such that |(f™)’|5|> 1 and consequently for some £, > 0
l(fm°)'|u5||> g>1, and U, nlUM; ' f(A)=0, where U, ={x:dist(x, B)<e,).
Hence (3.5), (3.6) for m= mo 1+1, leN, follow easily by taking some &,= ¢, such
that U,n W;=. This implies (3. 5) (3.6) for meN with e=g, such that
f’(F(f’(b) e))< F(b, &) for all beB j=1,...,my—1and f is as in (3.6). This
briefly justifies (3.5), (3.6).

Let us take I = n(z, y) — k (see lemma 2.3a), where z = f*(y) and f ¥ is the branch
related to a trajectory of a. We can do this because of (3.6) for m = k. From (3.6)
we have that /=0 and since |x —(f"**(a))"|= 7, I = n. Next, since y € F(b, ¢), from
(3.5), (3.6) and lemma 2.2b it follows that

K¢ v
f )(yz)—'f;z_a) o
Y (2)-(z-4)
F )= (b))

(u+1)-

1
—=(u+l)- I (
g

and consequently we have

L) =r')
>— k =0 T
y—bl= I(f)( Wrlz=dl=a =m0
'y 3.7
=T >

(Notice that (f"*%)(z) = (f")'(y)- (f*)'(z).) We proceed to estimate .
From (3.7) and lemma 2.3¢ we have:

(o?y™")*

= =Dd" 38
"= FFOTorE = P 68
where
2 —1y¢ 1-¢
D=£%{—) and d=(%) <.
(Notice that (/"Y' (»)=("""Y(f/ (3N -(f)(y) and 0<{<1.) This completes the
proof of (3.4).

(3.9) There exist constants H >0 and 0< h <1 such that 7(y)< Hh" (neN) for
ye I such that f*(y) =x and dist (x, §)> Y.
In order to see this, one has to consider the case dist (y, I§) > ¢ together with the
proof of (3.4). By lemma 2.3c it is very easy.

Now from (3.3), (3.9) and the definition of f7; it follows that

n (oité _ Yr(y) i< Hi(h))"- 7
Sio(gy ) (x) = yq): . l(f")( )'(T(J’)) ()" fx(¥3)
and this proves the lemma for C= D’ and g=d". O

https://doi.org/10.1017/50143385700002686 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700002686

624 B. Szewc

We proceed to define the weight functions ¢; which will enable us to ‘construct
Banach spaces C},' invariant under the Perron-Frobenius operator. For fe # and
ieNori=ee[0,min,4, (1-£(a))/2[ we define ¢;: I\ By>R™:

e =1+ 3 T (@)@ gt x), (3.10)

n=0acA,
where 7n(a)=1-¢&(a)—2e, &(a)=u(a)/(u(a)+1), a;=f'(a) for jeN, By=
M,>0 Uy and U, =, 5 F(b, ).
Since for some x < +oo, sup |f|=x, f(U,)< U,, and hence
f(By) = B,. (3.11)
In what follows if p:I\By~>R then we regard f,(p):I\Bo,~>R. Since
S (INBy) = I\ B, (see (3.11)), f,(p) is well defined.
We remark also that since |(f™)'(a,)| grows exponentially (see (v) and theorem
2.1)and /iz is finite and the functions { (//Z:j(“)},,eN have uniformly bounded integrals,
¢. € Li(A). Similarly from the definition of B, it follows that

@i(x) < 400 for xe INBy,ieNori=¢e.

ProrosiTiON 3.3. Let xe I\ B,. Then

| @.dr

dist (x, B)>0 and f;(%)(x)sm'

Proof. Suppose x £ By. Then x & U, for some y>0 and hence the first inequality
follows. One obtains the second inequality by adding the inequalities obtained
from lemma 3.1 applied to all the functions {¢5“}, cnac4, together with the
function 1. O

LEMMA 3.4. Let fe M. For each v>0 and ieN there exist constants D>0 and
0<c <1 such that
Sinle:)(x)= Dc"

Jor neN and for x € I such that dist (x, ﬁ) =y.
Proof. We remark first that by lemma 2.3¢ we can find constants C>0and 0<g<1
such that

So((x)= Cg"fi(1)(x),
for neN and x as above. Thus from lemma 3.2 and (3.10), for each small £ >0 we
have (adding the inequalities in turn) C >0 and 0 < g <1 such that

Sl (x) = Cg"fi(e.). (3.12)
Using proposition 3.3, the proof is completed by putting D=C ¢, dA/y and
c=g 0

4. The class M" and Banach spaces C},'
We introduce a new condition:

(vi") f can be extended to be of class C', reN, on I\ W, (see (2.0)) for all y>0,
and for each s,1<s=<r and ae /iz there exist constants x>0 and v=uv(s,a)=
u(a)—s +1 such that |f(x)|< k|x —d|’ for xe U, (see (vi)).
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We remark that (vi’) is valid whenever f has non-zero one-sided derivatives of
some order at a€ A.

In what follows #" will be the class of maps satisfying (i)—(vi’) (see § 2 and notice
that #" < M).

We are going to estimate the derivatives of the iterates f3(p) far from their
singularities. Let us recall that U, =J,.5 F(b, ¥).

LEMMA 4.1. Let f€ M'. For each y> 0 small enough there exist constants B>0,c<1
such that for each branch of f " if x2 U, then
IDi(x)] = (B/ Y,

where 0<lIl<r, k=1,2,...,n and

k,={k rfixew,

max ({i:1=i<k f(x)e W}u{0}) if f*(x)e W.

(Dj is from lemma 1.1, W = W; for some small 8, see (2.0).)
Proof. Let us suppose that f “(x) & W. Then by (vi'), sup,ew |f"*"(»)| = a(l) <+
and inf, . w |f(y)|= b>0. Hence

a(l)
(x)l—l(fk) Il f_ (x)

|Di
and by lemma 2.3¢
|Di(x)|= (B(1)/ *),
where B(I)=1/E(a(l)/b)"".
Suppose now that y =f*(x) e F(a, 8) and ¥ is small such that W U, =@ (by
(v) this is possible), then by lemma 2.3(b), (¢)

!

|<f*)'<y)|=l(f")'(r"’(xm-|(f"-*')'(y)|2Eck"|yédl'

Since |y ~ d| < & this, combined with (vi)-(vi’) gives

] I i
IDL(x)Is(i(c;.—“)),

where 1
1 6v(l+l)—u+l . K)l/
B(l, a)= .
(1, a) E A’( (@)
(We notice that in view of (vi') v(I+1)—u+1=0.) We finish the proof by setting

B=max ({B():1=1,...,r—1}u{B(La): 1=1,...,r—1, ac A}). 0

LEMMA 4.2. Let fe M'. For each y >0 small enough, there exists a constant C(y)>0
such that
T(i, s, n}(x)=C(vy) JorxeI\NU,neNI=si=ss<r.
Proof. Throughout the proof we fix a branch of f ", y>0, xe INU,, s=r—1 and
i <s. We need the following notation: for Ze Z(i,s, f "),
K(Z)={k: (L k,j)e Z for some I, jeN}
and

I(k, Z) =¥ {1 j: (L k,j) € Z}.
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We notice thatbylemma 1.1}, x(, ik, Z) =s—iLetusput S(Z) =[], .~ (DY)
From lemma 4.1 it follows that
IS(Z)|= I (B/c)"®. (4.1)
ke K(Z)
Let us estimate n(Z)=card{Z,€e Z(i,s,f"): K(Z,)=K(Z) and Kk, Z,)=1(k, Z)
for ke K(Z)}, the number of different S(Z,) which have the same estimate (4.1).
Since card {(I,,..., 1,): ij:l I, =m, I, positive} =2""",

n(Z)y< ] 2"%®=k(s—1i), (4.2)

ke K(Z)

where
k(m)=2" <+c0.

(4.1), (4.2) and lemma 1.1 imply

t B L
R(, s, )= ((s+ DY’ k(s—i)- 2 Il (C—k> :
L+-tl=s—i j=1 J

Iskj<---<k;=n

Hence, by Newton’s formula
R(i, s,r")s((s+1>!)3k(s—i)( ¥ B/c"’)
k=1

=((s+1))’k(s—i)(Bc/(c—1))""
This completes the proof. d

We proceed to define spaces C7,' and CY;?*'. Let xe I\ B, and let J(x, y) be
the component of I\ U, containing x. Notice that if y, < y,, then J(x, y,) 2 J(x, v,)
and for y small enough J(x, y) is non-empty. Thus we can define the interval
J(x)= Uy>0 J(x, v). Notice that for x, # x,, either J(x,)=J(x,) or J(x,) nJ(x,) =
. Hence the sets J(x) form a countable partition # of I\ B,. Notice that for
Je $, ¢ils ieNU{e}, is continuous.
For every p: I\ By~ R we define
Ioll. =supsup 2] (3)
Jeg J Pe
We suppose now that p is of class C*, seNuU {0}, on all J € #. (It may happen that

J ={x}. Then we put (p|;)’(x) =0 for jeN.) We define for I=i=<s
0
|p|: = sup sup ™ |,
Jeg J i
lehs=max{lpl:i=1,...,s} (4.9)

Let us assume in addition that p‘* is Lipshitz on compact subsets of all J € #. Then

p'® is almost everywhere differentiable and the following definition makes sense:

| (s+l)|

|p|(s)+, = sup essup s (4.5)
Jeg J Ps+1
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and for s>0

lp’l,(s)+l = max {|P|1,s, |P|(s)+1}-
Finally, if p is of class C* on all J € # then we define

loll, =max {llpll., lpli.s}, (4.6)
and if additionally p is as in (4.5) then for s>0

loll(s)+1 =max {||p]., |P|1,(s)'+1}
and

"P”(0)+| =max {“P”e, |P‘(0)+1}-

Having these definitions, we can define for fe # and s>0 (s =0) the space Cj,
of all p: INB,~>R of class C* on all J€_# and such that ||p|, <+ (| p]. < +).
We define C$*' to be the space of all p € C}, such that p'* is Lipshitz on compact
subsets of all Je £ and ||p||(s)+ < +o0.

Remark 4.3(a) If fe " and p is of class C* (s=r—2) and p' is Lipshitz on
compact subsets of J e ¢ then f,(p) has the same properties.

(b) C;. and C¥)*', seNuU{0}, are Banach spaces.

(c) Aballin C2*" is compact in L,(A).

Proof. (a) follows easily from the definition of f, and ¢, (elements of ¥ are mapped
onto elements of #).

(b) The proof is based on the fact that a Lipshitz function is a.e. differentiable
and is equal to the integral of its derivative. Hence the essential supremum of the
derivative is equal to the Lipshitz constant. We shall prove only that C}fe)“ is a
Banach space. The proof for C;, is standard.

Suppose that p, is a Cauchy sequence in the norm ||+ {(;)+;. Thus it is Cauchy in
the norm | - ||, and therefore it converges to some p in this norm. Let us take small

y>0 and n, such that for n, m> ny, |p, — Puml(s)+1 < 7. Hence

+1) (s+1
S = PG <y @i ae

Define for keN and 6> 1
Vi={xe I\ By 8" "=, (x)< 8"}
We have |, ~, Vi = I\ B,. Let K be a component of V;. Then [pS ") — p&* D} < y- 8%
a.e. on K. Hence
Lip ((pn = pm) k) = y8"
(s)

Since p$|x converges uniformly to p™|x, Lip ((p*7 - p$)|x ) = y8* Hence p*|x
is Lipshitz, because p'3’|x is Lipshitz. Consequently, p*’ is differentiable a.e. on K
and

(s+1) __

lo put = y8" < ¥8p,4 ae. on K.
Since this holds for all components K of all V,, it gives
o= 05"

=vy5 a.e.
Ps+i

Since 8 was arbitrary, we have for m> n,, lp— p,,,|(s)+, = y and this proves (b).
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(c) Take R={pe C*": ||p|l(0)+1 =1}. Let {p,}.cn be a sequence, p, € R. Notice
that v, = I\ U, is compact, ke N, (see § 4) and (pelvk and ¢,|,, are bounded. Hence
by the Ascoli-Arzela theorem the families {p,,|vk},,e,\,, keN, are compact.

We can now choose a diagonal subsequence p,, which converges pointwise and
uniformly on compact subsets of J € # to some p. Let x € V, (defined for ¢, instead
of ¢.,;), then we have

lp(x)] < 10 () =< || pm |l #e(x) = 8% = 8- 8% < 8¢, (x).
- +00

Hence ||p|l. = 8 and consequently since § > | was arbitrary, | pf. =1.

Let V be a component of V, (defined for ¢,). Since ||p,, [l(0y+1 =<1, Lip (o, |v) = 8~
Hence also Lip (p|v) =< 8* and |(p’|v)(x)| = 8¢,(x) a.e. on V. Since & > | was arbitrary
we obtain essup |p’|//¢;=1. Thus we have proved that p € R. It remains to prove
that p,, converges to p in L,(A).

Take an £ >0 and take ko€ N such that ]Ul/ko @. dA < £/3. Then take N €N such
that |p, |y, —plu, | < &/3 for I> N. For I> N this yields

IIpn,—pIILISJ !pn,ldA+J lpldk+J lpn, — p| dA

Uisig Uiske Vi,
A A A
£ € £
<—+—-—+—==¢.
3 33

This proves the compactness of R in L,(A). O

Ukﬂ

PROPOSITION 4.4. Let f € M". Then for each y> 0 there exist G>0 and 0< g <1 such
that if pe Cy., s<r, then for xg U,

I(f2(eN® )= G(g"lplis +pll.).

Proof. From lemma 1.2 and lemma 4.2 we have
(2N PN=C T filo D)
=C ¥ lolfi(e) (@) +C ol F3(0)()

= Clolis T fiaed)+ClipllS2(e(),

where C = C(v). Then applying lemma 3.4 and proposition 3.3 we obtain
Ifx(p)P(x)| = C(lpll,s gl D(i)c" +lpll. (f ¢, dh/v))

=G(g"lplis +lell.),

.....

|

Lemma 4.2 and proposition 3.3 allow us to prove that the densities of invariant
measures for f are of class C""*! on compact subsets of J € #. Nevertheless we
are going to investigate more precisely the Perron—-Frobenius operator in the spaces
defined in this section.
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5. Global estimates
In this section we assume f belongs to . Let us take & >0 such that for each
a€ A, F(a, )< U, and
dist (W,, B)> §; (5.1)
(see § 2(v), (2.0) and the definition of distance). We shall often write W instead of
W;. For each neN define a partition {U;}—, of I:
U={xel:f7(x) e W and (f/(x))"' e W for j=i,...,n—1}",(i=1,...,n);
U,=E,, where for keN, E,={xe I: (f/(x))* & W for j=0, 1,..., k—1}".
(5.2)

LeMMA 5.1. For ieNU {0} and 0<n <1 there exist constants G>0, 0<h <1 such
that for be B, keN

e)w@d ) =G Y B ¢y, + 1)
and for keN
(fklEk)(i)(l) =G-h~
Proof. We shall write ¢ instead of . In view of theorem 2.1 there exists meN
such that |[(f™)|g,|> &> 1.

(5.3) We extend f™|g, to g: E~ I such that E=E,E>E,, and E is equal to a
finite sum of intervals. Moreover, |g'|> &> 1,1n|g’| is Lipshitz and for any com-
ponent K of E, g(K)=1

Following (2.5) in [6], there is p > 0 such that

(g"y ()| _
(g*y (y)

if x, y belong to the same component of Hj, where H, is the domain of g*. Proposition
2.1 of [6] gives

(5.4)

AMH)=B“x(I) 0<B<l, (5.5)
Let us estimate the integral of ¢°,0<{ <1 (we assume that b= —)
3

I ¢‘dASI ¢fdr=A(H)'"*/(1-0)

B—A(Hy)
1-¢

(when b = +, the same inequallty holds).
Let K, be the component of H, which contains b and %, (¥}) be the set of all
components of Hy\ K; (H). Put

S=max sup sup M
KeX) xyeK ze i~k dist (¥, 2)
We shall prove by induction that for each keN
dist (x, b)
e dist (3,5)
From the definition of S, (5.7) holds for k=1.

p’S for K € %,. (5.7)
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Let (5.7) hold for some k eN. We consider K'e ¥, ., such that K'< K € ¥,. Then
the ratio in (5.7) for K’ is less than or equal to the ratio for K. It remains to consider
K'e #y.1, K'< K,. Notice that K" = g“(K') € % (see (5.3)) and K" = g* (K. ) € ¥,.
Let xo€ K;, then by 5.4 for x, ye K’

dist(x,g)< p ) X s [ 1
dist (3, B) (2% (] it (8700, £7(0D): | iy

Thus (5.7) is proved. From (5.7) it follows immediately that
Y(x)<p’Sy(y) forx,ye K, Ke X, keN. (5.8)

Let us prove the following:
(5.9) For each 0<{ <1 and ieN there exist Q>0,0< g <1 such that

(&" - k) (W) (x) = Qq~.
Let ¢(¢, i, K, x)=(g"| K) i, (¥*)(x), K € .. We notice that
Ok (i, x)= ¥ &(i K x)

Kedy
is equal to the left-hand side of (5.9).

We shall prove (5.9) for i =0 first. By (5.8) and (5.4)
(£, 0, K, x)=p(p*S)*- ¢(Z,0, K, y) Ked,x yel

dist (g*(»), gk(l;))] =p’S.

and hence
O(k, £,0,x)=p(p*S)"- O(k, £, 0, y). (5.10)

Since the Perron-Frobenius operator preserves integrals,

J OAr(dx)= J Yyt da.
I Hi— K
Hence, by (5.6) for each k€N, one can find x; such that

®(k’ ga 03 'xk)S (Bl_:g) .A(I)l—{-

Then, using (5.10) we obtain for every xe [

O(k, £,0, x) = p(p*S)*O(k, £, 0, xi) = Qq", (5.11)
where Q= p(p?S)*-A(I)' ¥/1—¢ and q=B"'*<1. Hence (5.9) follows for i=0.
Let us consider the case i # 0. Then using (5.11) for { = £ we get

¢ i, K, x) =4 (p) - [(g")Y W™
£ i+l

z(l(:"%ﬂ) = #(60. K0

=¢(£0, K, x) 0(k £0, x)'

=¢(£0,K,x)- H-h¥, (5.12)
where £=(i+0)/(i+1)<1, Ke¥, yeK, f'()=x H=[p(p*$)*/((1-¢)
A'9)] and h=(B8'"*)'<1. Immediately from (5.11) and (5.12) by taking the
sum term by term it follows that

O(k, &, i, x)=O(k, & i, x)- H-h*= Qq*,

where Q= H” and g =h-B'~* <1. Hence (5.9) follows for i 0.
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It remains to prove (5.14) and to deduce the lemma. Let L, be the component of
E; containing 5.f’|L, is one to one.
Let x=f'(y), y€ Linsupp ¥, ieNU{0}, 0<n < 1. Then there exists 7>0 such

that
(Ll @) = 7l(f) B v (x). (5.13)
The left-hand side of (5.13) equals
(ly = BI" (Y

then by lemma 2.2a it is less than or equal to

lx—(f‘(b))w)"“,(i ty ))
(Baar) - Groe

and this is equal to the right-hand side of (5.13) for 7=p**”*!. Similarly we can
prove that

(8" ) (W) = %) (BN - . (5.14)
Finally (5.9), (5.13) and (5.14) allow us to prove the lemma.
Take n=km+r, 0<r<m, keN. Notice that E, < E,,, < H,. Then

(e = (fr‘E,)(i)c(fkm E ()

= (frlE,)(i)o(fkmlEk,,,)(i)

=(f E,)(i)o(glek)(i) (5.15)
(5.9) and (5.14) give the estimates

(& 1) (W3 = (8" n -k ) (W2 ™) + (8 k) (¥5™)
= Qq*+xl(g") (D) i,
Then, applying this to (5.15) we have
(f"ledi(ws™
= Qq"(f"le) (1) + (@Y (O e~y (W i o)) + (F L)W ks 1

Now using (5.13) for I =r we have (notice that f"(x)=f"og*(x), for xe E,):

(e )y = Qg Ci+x(a@" ") Cy+ x| (/™)' (B)|" ' ‘/’}':(;)
= G(h"+|(f"Y (D) )
where
C, = Slup (f'lE,)(i)(l)(x) < +00;
C,= ) sup 5 (fr|5,—L,)(.')(l//g+i)(x) < +00;
G=max {Q- C,/q, xC/@""", x1};
and

h=max {g"/™ a" "™ <1.

This finishes the proof of the first inequality. A proof of the second inequality is
actually contained in the above argument. d
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LEMMA 5.2. Let f belong to M. There exist constants H>0, 0< g<1 (g being the
same as in proposition 4.4) such that fori=1,2,...,nand pe C;,,0=s<r,

[(Flu)0) = H(g" lohs +loll)- T wiS™:

acA,
(&(a) is from (3.10)).

Proof. Let F,=F(a,8) (=WsnU,) for acA, (8 is from (5.1)). Set U,,=
{xe U;: f"(x)e F,}. Then
(Flu)e= ZA (v, (5.16)

From (v) and (5.1) it follows that Us n W; = (. Therefore, applying proposition
4.4 one can write for xe I

(7w, )xp) = G(g Iplis +lplle)  Jss. (5.17)
(In fact here we use a slightly stronger result than proposition 4.4. This is that the
sum of the absolute values of the derivatives of all terms of f(p) is less than or
equal to the expression stated in proposition 4.4. It is proved within the proof of
proposition 4.4. Taking above the restriction f'~'|,, , instead of f*~' we omit some
terms for given x and the estimate remains true.)
Let p, =(f"'|,.)4(p) and g=flr, (we observe that g is one-to-one). Then

(filu,-v,,)*(P) = q4(p1)-
From lemma 1.1 we obtain:
) J
lap)P@= L ¥ ISk 2), (5.18)
k=0 ZcZ(k,jq )

and
S(k, Z)(x)=D"(x) I Di(x)"
(

Ll.p)eZ
Let us estimate D} and D* (see lemma 1.1 and conditions (vi), (vi')). Let g(y) = x,
then
K- |y —dl° __x y—
(aly_dlu)l+l al-f-l

LISE alee,

Since v=u—1 ((vi')), for some constant E,=«/a'"' using (2.1) we have
IDICOI= Ely— -+ = By a1
= E(D):|x=(f(a))"]™", (5.19)

where E,(I) = E\(w/(u+1)).
We now estimate D* using (5.17), (vi) and (2.1)

suplptle| _ Gl lolis +lol.)
D (x) = = ‘ 5.20
(x) (aly_dlu)k+1< E3|x—(f(a))vlf(“)’(k*')’ ( )
where E; = a*"'((u+1)/ )& <D,
(5.18)~(5.20) give us
IS(k, Z)(x)| = Eo(g" lohs +lloll.) - 252, (5.21)
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where E,=max,c4, Max zcak ,.q") ((G/ Esg) ]'[(,_LR)EZ E,(I)?) and

pla)=¢(a)+ké(a)+ ¥ Ip

(L1,p)eZ

=¢(a)+k+ ) I'p=é&a)+)

(Ll.p)ez

(see lemma 1.1), since k+%,, ). I- p=Jj,0=1=j. Hence also card Z(k, j, q )y=2.
Therefore from (5.18), (5.21) it follows that

I(Flu)s(e) = H(g'lpli s +Hipll) - wia™,
where H = (j+1)-2/- E,. Now the lemma follows from (5.16). O

LEMMA 5.3. There exists a constant H >0 such that

(Flusle)=H ¥ 953  fori=1,....n

acA,

Proof. One can easily prove this from proposition 3.3 and (vi). We omit the precise
proof since it is actually a part of the proof of lemma 5.2. O

Now we have a method to prove the fundamental proposition of this paper.

ProrosITION 5.4. (a) There exist constants ® >0 and 8 <1 such that for neN

fi(@.)=0(po+3"¢.) and |fi.=20.
(b) If fe M" and £ >0 then there exist constants T>0 and 7<1 such that for
neN, pe Cy, and 1=5<r,
s =TE Il s +lpll)s
(if e =0 then 7=1).
Proof. We notice first that f|, =

“g,_,of|u, and hence

(Mu)e =", Dee (o) (5.22)
Then we notice that since {J]_, U;=1,
éo (fu)s =12 (5.23)
(a) By lemma 5.3 and (5.22), since f'(U;)< W, we have, 0<i<n,
(f"lu)sle) < H(f™ >*(z - ¢§é::¥)- (5:24)

Hence by lemma 5.1 it is less than or equal to

GH (L 10 AN gfiehoy + ).

acA,

Then by lemma 5.1 and (3.10),

(f"u)x(pe) =G Z Y@ Y ()| 9 807 + B<1+ Gh”

k=0 acA,

=G[§o A (@) [ Y (@) - g 805 + Eh ] (5.25)

k=0 acA,
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where E, =Y, 5%, 4 (/) (a)| "+ 1 <+oo. Since |(f*)'(a)| grows exponen-
tially, one can find constants E,>0 and h; <1 such that

|(f") (@)™ < E;hT for k, neN.
Now (5.25) gives us:
(f"on)*(‘Pe) = E3h;‘P5, (5.26)

where E;= G-max {E,, E,} and h,=max {h,, h} <1.

Let us look at (5.24). We can write —n(a) instead of £(a)—1 (maybe making
GH larger) which is less than —n(a). This is possible since |(f*)'(b)|>1 for be B
and for k large enough.

Let us sum (5.24) for i=1,..., n and then add (5.26) to the resulting inequality.
In view of (5.23), we have (a) for ® =max {GH, GH/(1—h), E;} and 9 =h,<1.

In order to estimate || /5. we notice that |p|=<|p|.- ¢.. Hence, by the first part,

ral=fideD)=leoll.  0(@o+9"¢.) =< |p|:20¢.;

(notice that if A(I)=<1 then @: Z o If not then one has to increase 0).
(b) From now on x¢€ I\ B and x¢ B,. Let pe Cy.. In view of (5.22), (5.23),

fip)® = EO (f"lu)«(p)

= 5 10 e due (Flodao) (5.27)

Let p; =(f|u,)x(p). Then by remark 1.3

o™

£ )= T (e Jon(oPD - TG 5, m—1). (5.28)
ji=0

Theorem 2.1 easily implies the existence of constants C >0 and 8> 1 such that
(Y ()|=C-B* forxeE,l=k (5.29)

This enables us to follow the proof of lemma 4.1 and lemma 4.2 and to obtain:
(5.30) There exists a constant D such that T(j, s, n)(x)<D for j=s<r,neN

and xe L

According to lemmas (5.1) and (5.2), and (5.29) we get (notice that (f(AA))Vc E,

for each neN)

(f"_i'E,,_i)(j)(PEj))
=H(g"lpli; +lpll.)- (/"' E,.ﬁ,-)(j)( Y 'l’%f;””)

=H(g'lolu;+lolle) T GUU™Y(f@)| O g oy + A7)

acA,

= H(g'lpl; +lel )BT~ T AU Y@@ g Gy + 1), (5.31)

acA,

where H, = HG max {C %%, 1} and h, = max {87, h} <.
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Let us return now to (5.27), (5.28) and there apply (5.30) and (5.23).

) 1=D £ T (o)

j=0i=

= D(f;l(lpl) + Z S) (5.32)

where S;=Y._ (" 'le._)»(p¥’]). According to (5.31) and (3.10) for g, =
max {g, h,} <1 we have

S = H1(3T|P|1,1+”P”e)'(¢j_ 1)

+ H, - card Az‘ ;0 (g1 |P||,j +h"pll.).

Now since |p|l,js |p||,s and for g,: g, < g, <1 there exists G, such that (n+1)g{ =<
G,g5 for neN, we have

Sj(x)S H (g} IPII,: +||P”s) : (‘Pj(x) -1)
+H,-card A,-[(n+1)g|o|,s +(1/1= k)| pll.]
SHz(gé'lpln,s +liolle) - @5 (5.33)

where H,= H, - card Az-max{Gz, 1/1—h}. Having (5.33) and the second part of
(a) we can apply (5.32) to obtain:

|f3(p)(x)|= D [2 “0-|lpll.* @.(x) + Hy(g3lplis +pll.- é <Pj(x)].

Dividing both sides by ¢, and taking the supremum over x€ J € ¢ we have:

|f3i(p)l.=D [2®I|plle~ a. + Hy(gslolis +ell.) z aj],
-

where a, =sup ¢./ ¢, <+ and a,; =sup ¢;/ ¢, < +00. Hence proposition 5.4(b) fol-
lows for r=g,<1 and T=D(20a,+ H, Yo @) 0
Remark 5.5(a) In proposition 5.4(b) the space C7, can be replaced by the space
C$7"*" and the semi-norm |-|, , by the semi-norm |-|, (,_;,.;. Then the pattern of
the proof remains the same. The only difference is that certain expressions hold
almost everywhere (compare remark 4.3(a)).

(b) Proposition 5.4(a) implies the existence of absolutely continuous invariant
measures for f. This gives the proof, different from that of M. Misiurewicz [6].

6. Main results in the class M’
In this section f belongs to 4" (r=2). Let us recall some results of § 6 of [6].
For K;; we take j modulo k; o
(6.1) fk‘(Ki,j) =K;;;
(6.2) K;;< 1 is a finite sum of closed intervals and the K;; are pairwise disjoint;
(6.3) v,;€ Li(r), fv,;dx =1 and supp (v;;) = K,;;
(6.4) f(Ki,j) =K1, f*(Vi,j) =Vij+is
(6.5) {f |k, vi;dA} is exact;
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We define for each Kj; the basin of K ;:
= U F™(Ky),

Then for pe L{(A):

(6.6) lim s S50, ) = ¥ij Ja,, 0 X in Li(A).
For p of class C? the convergence is also in the topology of uniform convergence
on compact subsets of Je $. We remark that all results obtained for the partition

F defined in [6, § 51 remain true for our partition § defined in § 4 above.
Let us define the projection

m L)L), w(p)=T », J par.

My
From (6.4) it follows that
(M )= Isi=<s, I=j=sk. (6.7)
Namely, (M, ;) = U:mof""”(f' (K,,)) Now since
fk (f (Ki.j)) =K;;—; and f (Ki,j)c M-,
(6.7) follows. This and (6.4) yield
feem=mefy and flew(p)=1 J pdr; (6.8)

M,

(notice that | m, J+(p) dr = ff \(m,p PAA = ) wm,,_, P dA). Let us define the remainder
operator ¢ = f* —fyom. In view of (6.8) smce 17- =7,

fe=fiem+o” for all neN. (6.9)
The following proposition is a consequence of (6.6).
PROPOSITION 6.1. For each pe L\(A), lim,, . |¢"(p)] ., =0.
Proof. Let no=I1"_, k;. Then f7'er = 7 and by (6.9):
¢™'(p) =f3'(p)— m(p)

=X (ffk“'(XMi.,-' p)=vi; jM P d/\) +13' (xmy P)

i

=¢"' (xp p) +f!.2°'(XM0 “p), (6.10)
where My=I\ M and M = U ; We shall now prove that
,lgrgo ll¢"°'(p)llLl =0. (6.11)

Let p;= ¢™'(1) and let us consider the set
H=cl conv{p,;: leN}.
In view of proposition 5.4 and theorem 6.2(c) of [6], H is compact, the L, topology
and topology of uniform convergence on compact subsets of J € # (u.c.s. topology)
coincide on H, and H < 9,.
Let p=1 in (6.10) and let us suppose that there exists a subsequence plk of p
such that limy.,op,=¢@#0. Since by (6.6) lim..cofy (Xm) = (1),

https://doi.org/10.1017/50143385700002686 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700002686

Perron- Frobenius operator 637

1imyes o0 £ 30% (X0t ;(p. Since ¢ € H< @, there exists Joe # such that ¢, >0.
Because f(M,)< M,, J, has to be contained in M,. Take M, =", f"(J,). We
have M,n M =, M, is invariant under f and is equal to the composition of
elements of #. Thus it has to contain some set K;; (one can deduce a proof from
[6, § 5]). This leads to a contradiction, since no K;; intersects M, (> M,). Hence
we have that ¢ =0 and (6.11) for p=1 follows. Now by (6.10), (6.11) we have

Ll
A(M,) = J' Xm, AA = J f:"l(XMO) d)‘l - 0

> +00

and A(M,) = 0. This yields the identity ¢™'(p) = ¢™'(p- xa) a.e. Simultaneously,
(6.6) implies that

LI
¢™ (xm p) > O.

I->+4c0

Hence (6.11) follows. Now, since [|¢"|;, =2 for neN the proposition follows
as well. 0

Remark 6.2. We have proved that A(M,)=0, which is necessary for theorem
6.3(g), (h) of [6]. M. Misiurewicz omitted this proof in [6].

We are now in a position to prove the main theorem.

THEOREM 6.3(a) Cj. fors=0,1,..., r—1 is invariant under f, and there exists C >0

such that:
[fells=C  forneN,s=1,...,r—1;

lfal.=C  forneN.
(b) v,;eCr".
(c) =, ¢: C;.> are continuous (s=0,1,...,r—1).
(d) There exist canstants T >0 and 0 <y <1 such that for pc C};Os)“ and neN,
fo" (M, =Ty" ko)1

(e) For £¢>0 assumed to be as in (3.10) there exist constants A>0 and 0<¢ <1
such that

[e"lls=A-¢" forneN,s=1,...,r—1.
(Briefly speaking, the spectral radius of ¢ in Cj, is less than one.)
Proof. Again let no=[[’_, k.. Then f™'om =7 and by proposition 6.1 for pe L,(A)

:,'g"(p)—> 7(p) as > +ooin L;(A). (6.12)
We shall first prove the theorem for the spaces C{.""*' instead of Cj, and for

Il Il ¢s=1)+1 instead of |- ||
(a) follows for C =max {20, 2T} from remark 4.3(a), proposition 5.4 and remark
5.5(a).
Now, let p; = ;0'(1). By (a)
leill¢r-2y+1=C, for each IeN.
We want to prove that

m(1)e CL72*, (6.13)
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Let us take a compact subset K of Jc_$. We have

lpili|= C-sup @ <400, [p7lx|= C-sup ¢, < +e0,

(s=1,...,r—2) and
Lip (p{"?|x)= C-sup ¢,_, < 4+ IeN,
K

Now applying the Ascoli-Arzela theorem we obtain by induction on s that there
exists a subsequence {p,, | }xen Which converges in C"%(K) to some px € C"%(K)
and p%~? is Lipschitz on K. Since by (6.12) p, converges to (1) in L,(A) we obtain
w(1)|x = px a.e. Hence since K was arbitrary, some representative of (1) is of
class C"? and #(1)""? is Lipschitz on compact subsets of J & #. It remains to
estimate the norm of 7(1). :

We can choose a diagonal subsequence of {p; }«.n Which converges pointwise to
(1) with its derivatives up to order r—2. Hence ||#(1)],_,= C. Now using the
method of the proof of remark 4.3(b) (in particular V,) we obtain:

Iﬂ(l)l(r~2)+l =C
and hence
(Dl rezys=C.

This ends the proof of (6.13).
In view of (6.2), (6.13) and the definition of 7, we get

v, € Cy72, (6.14)
Note the following
IIpllL.SJ @ dr- ||P1|e5J @cdr-|lplls-1y+1- (6.15)

Hence we can prove the first part of (c) as follows:
||7T(P)||(s—1)+152 I |P| d)"llyi,jll(s—l)+l
LjJ M,
=|lply, mii!x 23l s~y -

This combined with (6.15) proves that

(6.16) m: C¥ V> C{7P*" is continuous and consequently the same is true
for ¢.

Moreover from (6.9) and (a) for s =1 it follows that

lé™ )+ =D for neN, , (6.17)
where D= C + C||m|(0)+i- Write B=cl, | .= #"(R), where R is ‘a unit ball in
C{)*" and notice that B is ¢-invariant, and by (6.17)

B{peCi"" ol =D}.
Hence by remark 4.3(c) # is compact in L,(A). Since ||¢"||., =2, proposition 6.1

shows that the sequence of functions on B < L;(1), {¢"|&}.en, converges uniformly
to zero. Therefore for some AeN, ||¢"(p)||,, <3<1 for pe B. Let us take neN,
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keN and 7, 0= F< 7 such that n=k-n+7. Now we can estimate for pc R:
lé™ (o)L, = 16" (o)L,
k
=(sup 16°5)1..) ~sup I8P
<ok2=T -y (6.18)
where y=3"" and I'=2/7", (notice that by (6.9), "l .,<2).
(0)+1

Finally, putting p/| || )+ in (6.18) one obtains (d) for pe Cy,
(e) We shall first prove

lim sup 4" (p)]]. =o0. (6.19)

n—->+o pe

Let us take £'> 0 and write for pe R
[0 ()| =f3lp—mlpD|=file:) o — m(p)].,
and by proposition 5.4(a) we have
6" (p)|=O(po+8"¢,) - (1 +|7]|.).

Now we can find y>0 and n; eN such that

8" ) _
¢ (x)
Besides (d) and (6.17) imply that ¢"(p)(x) converges uniformly to zero for
xe I\ U, and p € R (notice that by (6.17) ¢"(p)'(x) is bounded for neN, xe IN U,
and p € R). This enables us to find n,eN such that

M’Q<E' for pe R, xe INU, and n> n,. (6.21)
¢.(x)
(6.20), (6.21) yield ||¢"(p)||. =&’ for n>max {n,, n,} and p< R, and this proves
(6.19). We proceed to prove (e).
Recall the inequality from proposition 5.4(b) (compare remark 5.5(a)).

|f‘;<(P)| Lis-D+1 = T("k' |P| Ls-n+1 T ”P”e) (6.22)

Let B denote the unit ball in C¥ """, Let us take m €N such that T-{|¢™(p)|l. <3
for p € R and let k e N be such that Tr*- |6™(p)|1.(s—1y+1 <3 for peB. ((c) and (6.19)
enable us to do this). Now put ¢ ™(p) instead of p in (6.22) and estimate

|¢k+m(P)|1,(s—1)+1 = T(7* |¢m(P)|1,(s—|)+1 +"¢m(P)”s)<%< 1

for peB< R. Hence |6 (p)| (s-1)+1 <3 for peB (one can assume that T=1).
The same reasoning as in (6.18) justifies the inequality in (e). Thus we have proved
the theorem with C;}, replaced by C$."*'. Hence we shall deduce the theorem.

(a) follows from proposition 5.4. In view of the proved case of (e), f3°'(1) converges
to w(1) in C{72*" as I tends to +00. But since f3o'(1)e C7.' and C},' is closed in
C},’;")“ and the respective norms coincide on C };', we have that 7(1) belongs to
C};'. Hence (b) (see the definition of ), (¢) and (e) follow immediately.

Thus the proof is finished. O

forxe U,n>n, and pe R (6.20)
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Let A; € S' be a generator of the cyclic group of order k;. Let us define for 1 <i=<p,
1 =j=k; the projections:

1/{ k& i k; "
ap)=— T A7, )l L A pdr ).
ki I=1 n=1 M,

in

It is easy to check that m;; is a projection onto the eigenspace of f, related to the
eigenvalue A’. (It may happen that the lengths of two different cycles have a common
divisor. Then certain eigenvalues will be repeated.)

PROPOSITION 6.4. (a) X, ; ;= .
(b) (spectral decomposition)
fi=Y (M)m,;+¢*  forkeN.
ij
(¢) for all pairs (i, j), mijep=dom,;=0 and 7 om; ;=0 if (i, j)# (', )).

Proof. (a) Assume that there is only one cycle, for the proof will be easier; (we shall
omit the index i)
k

k &
L mp)=7 2 L "",[M pdr-A(n-1),

_1
j=1 kiciaz

where A(m) =Z;‘=‘ A7 A(m) is equal to zero whenever m # 0 and it is equal to k
when m =0. Hence

k k
S mip)=Y f pdh =m(p).
j=1 =1 M,
(b) follows from (a) and (6.9). Proof of (c) is trivial. One can check it using (6.3),
the definition of operators and applying A as above. O

7. Lasota-Yorke type maps
In this section we assume that |f’|> y>1 and f on each component of I\ A can
be extended to the map of class C" (r=2) on the closure of this component. Let
us write
F=1{J:J is a component of I\ B}.

We define the spaces

B)\/= {p € L,(A): var p < +c0},

BVY ™" ={pc BV: some representative of p is of class C"™2 and p

R Lipschitz on all J € ¢},

BV'™'={pe BV: some representative of p is of class C"' on all J € #}.
For pe BV 2% we define the semi-norms:

lol: =sup,essupy [0 (i=1,2,...,r—2,and i=r—1if pe BV,

|ol(r-2)41=5up,c g essup, |p"7";

|p|l,(r—2)+l =max {|P|1, cees |P|r—2, lpl(r—2)+l}'
In the space BV we have the norm

r=2) s

ol =j ol dA +var p,
I
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where var p =inf {var p’: p'=p a.e.}. Let us define the norm on BV 44

“P||(r—2)+| =max {”P", [P|1,(r—z)+1}
and the norm on BV™™!

loll,—y=max {lp|, ol -, lol,-1}.
Let us then define
By ={pe ﬁ/(r—2)+l: ”P”(r«z)ﬂ < 400}
BV'™'={pe BV |lp|,-, < +o0}.

that the conditions (6.1)-(6.6) hold for the map f Thus we can define basins M;;
and operators 7 and ¢ as in § 6. From [6] one can also deduce the following
proposition.

PROPOSITION 7.1. ||@"| tends to zero exponentially as n - +co.
We shall prove now the following theorem.

THEOREM 7.2. (a) BV'™' is an f,-invariant subspace of BV.

(b) The densities v, ; belong to BV'™'.

(c) ll@"|l,—1 converges to zero exponentially as n— +oo.

(d) For each density v;; and for each J € ¥ either v; j| 1=0,0rvy, j| 7 is separated from
zero (compare [3]).
Proof. (a) We have f(B) < B and hence for each J € &, f~'(J) = |_.%. (a) now follows
from the definition of £,

(c) We shall prove first that »,;€ BV "', From lemma 1.2 it follows that

/AP x)| = fE(x) T(O, 5, k)(x)  for xe . (7.1)

Let us note that for some C >0
T(l s, k)(x)=C forxelLs=1,2,...,r—1,1<s,keN. (7.2)
The proof of (7.2) is contained in the proofs of lemmas 4.1, 4.2. We will not repeat

it.
Put m=[[?_, k. We have f o7 = 7. Hence by proposition 7.1 and (6.9) we have
(7.3) fi"(p) converges to w(p) in BV as n tends to infinity.
Let us write h,=f"(1). By (7.1)=(7.3) there exists a constant E >0 such that
|[h(x)|= EforxeUfands=1,...,r—1.Letusfix J € § From the Ascoli-Arzela
theorem and (7.3) it follows by induction that 7(1)|, is of class C""2*'. Hence
m(1)e BV""?*! and all »,; belong to BV"™*'. From lemma 1.2 and (7.2) we can
deduce that for some constant F>0

|f:(P)|1,(r—z)+1 = F('y_k|p| Lr—2)+1 T ||P||) - (7.4)

for keN and pe BV ™% 5> 1. We omit the precise proof.
Let B, denote the unit ball in BV"~2*', We notice that by (7.4), || fill¢-2n =
max {2F, D} = D,. Hence by (6.9)

”d’k”(r—Z)HSDl(l+||’n'||(r—2)+|)=D2 for keN,
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where D =sup.n || ]| < +00. We also notice that since v;;€ BV 2" |7 ;-2 <
+00.

Take n €N such that F||¢"|| <3 and k, such that Fy %D, <31. Now put ¢"(p), p€
By, in (7.4) in place of p and we obtain

|¢"+k°(P)|1,(r—2)+1 = F(‘Y_k°|¢n(P)l1,(r—2)+1 +lé™" ()

Hence [|¢" || (,—2)+1=3<1 and this yields

(7.5) ||#*|l(s—2y+: converges to zero exponentially.
Therefore (7.3) now holds in BV """ and, in particular, h, converges to 7(1) in
BV ™2*! But h,e BV""', BV""'< BV""?*! are Banach spaces and norms |- ||,_,
and || * || (,—2)+: coincide on BV'~'. Hence m(1)e BV"' and (b) holds. This gives us
that BV"~! is invariant under ¢ and hence according to (7.5), (c) holds.

(d) Let us return to (7.1)-(7.2). We have that |h’|=< C|h,| and hence by (7.3)

| (1) (x)|= C- w(1)(x) for xeJe &.

We write » = 7r(1). Thus we have |(In »)'|= C on Je £

Fix Je ¥ and let xoe J. Then for xeJ

In v(x,) — Clx — xo| = In v(x) = In »(x,) + C|x — xo|
and
v(xo) e %l = p(x) < w(xy) e,

Hence (d) follows. O

Finally in this section we shall define the Banach space BV,={pe BV: the
continuous part of some representative of p is Lipschitz}. Since a function of bounded
variation can be decomposed into the sum of a step function and a continuous
function, this definition makes sense. Define the norm

loll, =max {|lo{, Lip cp p},
where cp p denotes the continuous part of p. Notice that Lip cp p = essup |p’| and
recall that a function of bounded variation is almost everywhere differentiable.

THEOREM 7.3. Let r=2.
(a) BYV, is an f-invariant subspace of BV.
(b) The densities v, ; belong to BV,.
(¢) | @™, converges exponentially to zero as n— +co.

We shall not prove this theorem because the proof is almost the same as the proof
of theorem 7.2. We remark only that if a sequence p,, converges to p in the norm
|-}l then its continuous part and its Step part converge uniformly to the continuous
part and step part of p respectively. This enables one to repeat the proof of theorem
7.2(b), (c).
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