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Abstract

In this paper conditions of M-symmetry, strong, semimodularity and ^-modularity for the congruence
lattice L(S) of a regular ct>-semigroup S are studied. They are proved to be equivalent to modularity.
Moreover it is proved that the kernel relation is a congruence on L(S) if and only if L(S) is modular,
generalizing an analogous result stated by Petrich for bisimple co-semigroups.
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Introduction

In [3] and [4] the authors stated conditions under which the lattice of congruences
L(5) of a regular a)-semigroup S is respectively modular or semimodular. Two other
conditions, M-symmetry and strong semimodularity, are usually examined for the
congruence lattice of semigroups. So it is natural to ask for conditions implying
M-symmetry and strong semimodularity for the congruence lattice of regular co-
semigroups.

We remark that we use terminology consistent with that used by Mitsch in [6].
Following other authors, semimodularity and strong semimodularity are called, re-
spectively, double covering property and semimodularity. It is well known that in
every lattice modularity implies M-symmetry, M-symmetry implies strong semimod-
ularity, which in turn implies semimodularity. Thus we begin with conditions for
strong semimodularity. Firstly, we give a characterization of regular (^-semigroups
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[2] Modularity of the congruence lattice 55

whose congruence lattice is strongly semimodular. Then we prove that this condition
is equivalent to the modularity conditions given in [3]. Hence this paper becomes a
revisit of regular o>-semigroups with modular lattice of congruences.

Petrich introduced two relations on the congruence lattice of a regular semigroup:
the trace relation and the kernel relation. In general the latter one is not a congruence
on the congruence lattice, so he studied conditions in order that the kernel relation 3?
is a congruence and in [8, 9] observed a strict connection between this fact and the
modularity of the congruence lattice for classes of regular semigroups. We study the
kernel relation for a regular &>-semigroup and prove that L(S) is modular if and only
if Jt? is a congruence on L(S).

Finally we prove that the modularity of L(S) is equivalent to 9-modularity.
Notation and terminology will be as in [3] and [4], and a knowledge of these papers

is useful in the following. As usual a denotes the least group congruence, J f and *2)
the Green's relations, i the identity congruence on S, and N the set of non-negative
integers.

Section 1

For sake of completeness, we begin by recalling the main results on the structure
of regular a>-semigroups and on the description of some their congruences.

DEFINITION 1.1 (see, for example, [10]). A regular co-semigroup S is a regular
semigroup whose set of idempotents £(5), or shortly E, forms an a>-chain

e0 > ei > • • • > en > • • •

under the natural order defined on E by the rule e > / if and only if ef = f = fe.

For a regular avsemigroup, Munn [7] proved the following result:

THEOREM A. Let S be a regular co-semigroup.

(i) If S has no kernel, then it is the union of an co-chain of groups.
(ii) If the kernel of S coincides with S, then S is a simple regular co-semigroup.

(iii) IfS has a proper kernel, then S is a (retract) ideal extension of a simple regular
co-semigroup K by a semigroup H°, where H is a finite chain of groups and
H° is obtained from H by adjoining a zero. Moreover this extension is
determined by means of a homomorphism of H into the group of units of K.

Thus, the following theorem completely determines the structure of regular co-
semigroups:
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56 C. Bonzini and A. Cherubini [3]

THEOREM B (Kocin [5] and Munn [7]). Let d be a positive integer and let {G, |
i = 0 , . . . , d — 1} be a set ofd pairwise disjoint groups. Let Yd~\ be a homomorphism
of Gd-\ into Go and, if d > 1, let y, be a homomorphism of G, into G,+1 (i =
0, . . . , d — 2). For every neMletyn = yn(mod d) where n (mod d) denotes the integer
equivalent to n modulo d, belonging to N and less than d. For m, n e N and m < n
write

am,n = YmYm+l • • • Yn-\

and for all n e N let ann denote the identity automorphism of Gn(ino<i d)

Let S be the set of ordered triples (m, a,-, n), where m,n € N,0 < i < d — 1 and
at € G,. Define a multiplication in S by the rule

{m, a,-, n)(p, bj, q) = (w + p - r, ( f l /avJ^aVu,) , n + q - r)

where r = min{«, p], u=nd + i,v = pd + j and w = max{«, v}. Denote the so
formed groupoid by S(d, G,, y,). Then S(d, G,, yd 's a simple regular co-semigroup
with exactly d ^-classes and any regular co-semigroup is isomorphic to a semigroup
S(d, G,, Yi).

For n e N and i = 0,... ,d — I write e" = (n, e,, n) where e, is the identity of the
group Gj. The elements e" are the indempotents ofS(d, G,, y,) and we have

e o > e ° i > • • • > e d - i > e o > • • • > e d - \ > e o > ••••

Hence in the remainder of the paper we will denote a simple regular oj-semigroup
by S{d,Gi,Yi).

The congruences on S(d, G,, y,) belonging to the interval \i,a v 3#?] were com-
pletely described by Baird [1,2] and it was proved that all congruences on 5 which
are not in [i, a V J f ] are group congruences (see [1, Remark p. 164]).

We need the following definitions:

DEFINITION 1.2 (see [1, 2 and 3], [2, 2]). Let S = S(d, G,, y,). A congruence fi

on the set E(S) of indempotents is called uniform if {e",ej) e fi implies that
(e"+p, e^p) € /* for all integers p>- min{w, n}.

Put G = Go x G] x • • • x Gd-i, the cartesian product of the G,. A subset A of G
will be called y -admissible if

(i) A = AQ x • • • x Ad-i, for some At c G j , i ' = 0 , l d - 1 .
(ii) A, < d, for/ = 0, \,...,d- 1.

(iii) Ad-iYa-i c Ao and A,y, c A,-+i, for i = 0, 1 , . . . , d — 2.

If A = Ao x • • • x /ld_i and B = Bo x • • • x Brf_! are y-admissible subsets of G
we define A • B = Ao • Bo x • •• x Ad^ • Bd_{. Obviously A • B is a y-abmissible
subset of G. Let /x be a uniform congruence on £(S) , A a y-admissible subset of G
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and i an integer with 0 < i < d. Put /x — rad A, = {a, e G,|a,an d +,m d + y e A;- for
some positive integers n, m and for some j with 0 < j < d such that (e", ej) € jtx
and em < e,"}, and /x — rad A = /x — rad Ao x • • • x /x — radAd_i.

If /x — rad A = A, /x and A are called linked.

We remark that the set of the y -admissible subsets of G forms a lattice T(S),
with respect to the union gived by the previously defined product and set theoretical
intersection (see [ 1, p. 164]). Moreover, for every uniform congruence /x, the set FM (S)
of /x-linked subsets of G is a subsemilattice of F(S), with respect to intersection. This
is a lattice because the //-linked subsets of G form a partially ordered set isomorphic
to the set of congruences in [i, a V J f ] having trace /x (see [10]).

Let S = S(d, Gj, Yi). Subsequently we will use the following notation:

(i) we let 1 be the y-admissible subset {e0} x • •• x {ed^} of G;
(ii) for any congruence r on S, let Ar = AJ x • • • x Az

d_1 where A] = {a, e

The following definition is well known (see [10]).

DEFINITION 1.3. Let p be a congruence on an inverse semigroup S. The trace of p ,
denoted by tr p, is the restriction of p to the set E(S).

THEOREM C (see [1, Theorems 4.2, 5.1, 5.2, 5.3]). Let S — S(d, G,, y,), let fj.be a
uniform congruence on E, let A be a y-admissible subset of G, and suppose that /x
and A are linked. Then

x = {((w, aitn), (p, bj, q)) e S x SKajOf^X&r'a,,,,,,) e

u = nd + i, v = qd + j , w = max{M, v}\ m — n = p — q; {e™, e^) € /x}

is a congruence on S contained in [i, a v ^ ] such that tr T = /x anrf AT = A.
Conversely, let x be a congruence on S = S(d,Gi, y,) contained in [i, a V

T/ie/j x is of the above form with /x = t r r a«d A = AT. Moreover, let p , A. be
congruences on S = S(d, G,, y,) contained in [i, a v ^ ] . 77zen

(i) p < X j/anrf o«/y j / t r p < tr A and Ap c A \
(ii) tr(p v A.) = t rp v tr A, tr(p A X) = t rp A tr A,

(iii) A"vX = (trp v tr A) - rad A" • A \ A"AX = A" n A \

We recall the following well-known definitions.

DEFINITION 1.4. Let L be a lattice and let a, b e L. We say that a covers b, denoted
a > b, if a > b and there is no element c e L such that a > c > b.

DEFINITION 1.5 (see [7]). A lattice L is called strongly semimodular if, for every
a,b G L,a >• a C\b implies a U b >- b.
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We prove the following.

PROPOSITION 1.6. Let S = S(d, G,, y,). The following are equivalent.

(i) Let A, B be y-admissible subsets ofG. If B 2 A and A is \x-linked, then B
is fx-linked,for each uniform conqruence \x.

(ii) The interval [i,cr v 7i] ofL(S) is strongly semimodular.
(iii) The set FM of /x-linked subsets ofG is a filter of the lattice T ofy-admissible

subsets of G, for each uniform congruence fi.
(iv) The map f : [i, a v %] —*• F defined by / ( p ) = Ap is a homomorphism of

lattices.

PROOF, (i) implies (ii). Let A., p, be two congruences in [i, a v J f ] such that
A. > k A p. Denote by v and /x the traces of A. and p respectively. We distinguish the
following cases:

CASE 1: v and /x are not comparable, or /x < v. Then tr(A, A p) ^ v and from [4,
Lemma 2.6 (ii)], it follows that v covers tr(A. A p) and AXA" = Ak. Hence A" 2 Ak.
Since Ak is v-linked, by hypothesis Ap is v-linked; thus Ap is (v v p)-linked by [3,
Lemma 1.3]. For the congruence A. v p, we have Akvp = (v v n) — rad Ap • Ak =
(v v n) — rad Ap = Ap and tr(A v p) = v v /x. It is well known that uniform
congruences form a modular lattice; hence v v \x covers ii, and so k v p covers p
by [4, Lemma 2.5. (ii)].

CASE 2: v < /x. Since tr(A A p) = tr A., A* covers Ap n AA in the semilattice Pu of
v-linked subsets of G (by [4, Lemma 2.5 (1)]). Now let C be a /-admissible subset of
G containing Ap n Ax. Then condition (i) implies that C is v-linked; hence Ax covers
Ap D AA in the modular lattice T of y-admissible subsets of G, and so Ap • Ak covers
Ap in F. Moreover, Ap is /Lt-linked, and by (i) A" • Ak is /z-linked; hence we have
A"v;i = ( v v / t ) - rad A" • Ax = A" • A \ Thus, since tr(p v A.) = tr p, it follows that
A. v p covers p , using [4, Lemma 2.5.(i)].

CASE 3: /x = v. The statement immediately follows from the fact that congruences
having the same trace form a modular lattice (see [10, Corollary III.2.7]).

(i) implies (iv). Let A. and p be two congruences in [i, o v JiC\ having traces v
and [i respectively. From (i) it follows that Ap • Ak is v-linked and /^-linked, so it is
(v v /x)-linked and ApVk = (v v fi) - rad A" • Ak = A" • Ak.

(iv) implies (iii). For all /x-linked subsets A, B of G, it is well known that AD B
is /x-linked. Now, let A. be the congruence with trace /x and Ak = A, and let p be the
congruenec with trace i and Ap = B. Note that A. and p are in [i, a v 3^\. Hence
Apvk = (ix v i) - rad A" • Ak = /x - rad A • B, but (iv) implies that Apvk = A B and
so A • B is /x-linked.

(iii) implies (i). If A is /x-linked and fi is a /-admissible subset containing A, then
A • B = B is /x-linked by condition (iii).
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(ii) implies (i). Let A be a /x-linked subset and let B be a y -admissible subset
containing A. Now B is v-linked for some uniform congruence v < /x. Suppose that v
is a maximal uniform congruence with v < /x, such that B is v-linked, suppose v < /x,
and consider a finite chain of uniform congruences /x >- v, >- v2 > v3 > - • • •> vk = v.
Then A is v,-linked for every 1 < i < k. The congruence p having trace vk^ and
satisfying Ap = A, and the congruence k with trA. = v satisfying Ax = B, are in
[t, CT v Jif]. The congruence p A A has trace v and ApAX = A, and so p >- p A X.
Hence kv p > k and tr(A. v p) ^ tr A. implies A'>vX = vk_x — rad B = Ak = B. Then
by [4, Remark 2.4], fi is vt_i -linked, contradicting the assumption of maximality of
v. Hence v = /x.

Section 2

In this section we prove the equivalence between the conditions of modularity and
strong semimodularity for the congruence lattice of a simple regular &)-semigroup.

We recall that a lattice L is called modular if for every a,b,c e L with a < b, if
a\Jc — b\J c and a fl c = b fl c, then a = b.

LEMMA 2A. Let S — S(d, G,, y,). / / [t, a V J f ] is strongly semimodular, then
L(S) is modular.

PROOF. Since [t, a v J f ] is strongly semimodular, condition (i) of Proposition 1.6
holds. Let A be a y-admissible subset of G and let \i be a uniform congruence on the
idempotents E(S). It is well known that \x—rad 1 c A\x—rad 1. Since A-/x—rad l i s a
y-admissible subset and fi — rad 1 is ^-linked; condition (i) of Proposition 1.6 implies
that A-fi—rad 1 is/^-linked, whence A/x—rad 1 = /x—rad(A/x—radl) 2 /x—rad A.
Thus A • /x - rad 1 = /x - rad A and L(5) is modular by [3, Theorem 1.8].

THEOREM 2.2. Ler S = S(d, G,, y,).77ie congruence lattice L(S) of S is modular
if and only if it is strongly semimodular.

PROOF. It is well known that L(S) being modular implies that L(5) is strongly
semimodular.

Suppose that L(S) is strongly semimodular. Then [i, a V Jtf] is strongly semimod-
ular because it is a convex sublattice of L(S) (see for instance [11, Lemma 2.2]), and
the statement follows from Lemma 2.1.

We recall the following

https://doi.org/10.1017/S144678870003809X Published online by Cambridge University Press

https://doi.org/10.1017/S144678870003809X
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DEFINITION 2.3. A lattice L is called M-symmetric if the modularity relation M,
defined by aMb if and only if for every x e [a f) b, b] we have x = (x U a) D b, is
symmetric.

From the above result we obtain the following

COROLLARY 2.4. Let S = S(d, G,, yt). The following are equivalent.

(i) L(S) is modular.
(ii) L(S) is M-symmetric.

(iii) L(S) is strongly semimodular.

PROOF. This result immediately follows from the well known fact that every mod-
ular lattice is M-symmetric and every M-symmetric lattice is strongly semimodular.

REMARK 2.5. Among the conditions similar to modularity quoted in [6, p.6] the
only one strictly weaker than modularity for the congruence lattice of a regular u>-
semigroup is semimodularity.

We recall that a lattice L is called semimodular if, for every a,b e L such that a
and b both cover a nb, then a U b covers a and b. The authors studied this condition
in [4].

Section 3

When we establish modularity conditions for the congruence lattice of a simple
regular w-semigroup S, we need consider only suitable sublattices of the congruence
lattice of S.

First we prove the following.

LEMMA 3.1. Let S = S(d, G,, y). The following are equivalent.

(i) Let A, B be y-admissible subsets ofG and let \x be a uniform congruence \x
covering i. If B 2 A and A is /x-linked, then B is /x-linked.

(ii) Let A, B be y-admissible subsets ofG and let /x be a uniform congruence. If
B 2 A and A is fi-linked, then B is (i-linked.

PROOF. It is immediate that (ii) implies (i).
(i) implies (ii). Suppose v is a uniform congruence which does not cover i; then

v = vl V v2 v • • • V vh with v uniform congruences covering i. Now let A, B be two
y -admissible subsets of G, and suppose that B D A and that A is u-linked. Then A
is v,-linked for every 1 < / < h, and so B is v,-linked from the hypothesis and by [3,
Lemma 1.3] it follows that B is (vt v v2 v • • • v V/,)-linked.
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THEOREM 3.2. Let \x be any uniform congruence of simple regular co-semigroup
S covering i in the lattice of uniform congruences. Let CTM be the least congruence
having trace /A. Then L(S) is modular if and only if[Jf A a^, Jff v CTM] is strongly
semimodular.

PROOF. [Jf Ao^Jfvo^isa. sublattice of L(S), so if L(S) is modular, it is
also modular and obviously strongly semimodular. Now let [JF A aM, Jf V CTM]
be a strongly semimodular lattice. In view of Lemma 2.1 it is enough to prove that
[i, a v Jf\ is strongly semimodular. Suppose that n is a uniform congruence covering
i, that A and B are y-admissible subsets with B 2 A, and that A is /x-linked. Let A. be
the congruence having trace t and AA = B, and let p be the congruence having trace
ix and A" = B. Both the congruences are in [34? Aa^,Jfv a j . In fact Jf A o^
has trace t, A^Aff* = rad 1, Jf v CTM has trace \x and Atj^vcr" = G. Thus X A p has
trace i, AXAp = A and p covers A A p. From the hypothesis it follows that X v p cover
X. But X V p has trace fi and AAvp = /x - rad B, so /x — rad B = B [4, Remark 2.4],
and the statement follows from the previous lemma and Proposition 1.6.

Section 4

The following definition is well-known (see [10]).

DEFINITION 4.1. Let 5 be an inverse semigroup. A full inverse subsemigroup K of
S is called a kernel in 5 if it satisfies ab e K implies a Kb c K (a,b e S). Denote
by K(S) the set of kernels in S ordered by inclusion. The kernel map is defined by
K : p —> kerp. The map K is a complete n-homomorphism of L{S) onto K(S). The
equivalence relation JXf on L(5) induced by K is called the kernel relation.

The relation J^ is a congruence with respect to intersection but in general it is not
a congruence on L(S) (see either [10, Ex.III.4.11], or [8], or [9])

We prove the following

THEOREM 4.2. Let S = S(d, G,, y,). L(S) is modular if and only if X is a
congruence on L(S).

PROOF. Suppose that L (5) is modular and let k, p be two congruence on S such that
kJVp. Let T be a congruence on 5. We have to prove that k V r J^p V r. Firstly we
prove that ker(p V r) = ker p v ker T for every congruence p, r on S. It is immediate
that ker(p v r ) 2 ker p V ker r. In order to prove that ker(p v T) C ker p v ker x we
distinguish two cases:

CASE 1. Both the congruences p, T are in [t, a V J f ]. Firstly remark that from
the definition of Ap, it follows immediately that kerp = {{m, a, m ) | m e N , a e Ap)
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for every congruence p € [i, a v JtT\. Hence p v x e [i, o v Jf] gives ker(p v r ) =
{(n,c, n)\n e N,c 6 ApVT}. Moreover Proposition 1.6 implies that that Apvz =
Ap • AT. Since kerp v ker T contains the set {(m, ab, m)\m € N, a € Ap, b e Az) we
immediately deduce that ker(p v r ) c kerp v ker r .

CASE 2. At least one of the congruences p, r is not in [i, a V Jf]. Let r ^
[(,tr v Jj?~\. Then r is a group congruence. Since ker(<7 v Jt?) 2 kerp v kerr ,
kerp V kerr is a kernel of a congruence 6 & [i, a V « ^ ] . Hence ^ is a group
congruence greater than p and t,so9 > pv r and ker# 2 ker(p v t ) .

Now it immediately follows that Jtf is also a congruence with respect to the join.
Conversely let J ^ be a congruence. Let B and A be y -admissible subgroups such

that B D A and let A be /x-linked for some uniform congruence fi. Let p,k,x be
three congruences in [i, a v J?7] such that tr^. = i, t rp = /A, t r r = t and ,4* = A,
A" = A, Ax = B. Thus we have AJfp . Hence X V r J T p V r. Since both A. v r
and p V T are in [t, a V J f ], we have ker(A. v r ) = {(m, a, m)|/w € N, a 6 AXvi}
and ker(A v r ) = {{m,a,m)\m e N,a e Apvr}, but AkVz = A • B = B and

Ap v r = ii - rad A • B = \i - rad B. Thus /x - rad B = B and L(S) is modular from
Proposition 1.6 and Lemma 2.1.

We extend the previous results in the following.

THEOREM 4.3. Let S = S(d, G,•, y,). The following conditions are equivalent.

(1) L(S) is modular.
(2) L(S) is strongly semimodular.
(3) L(S) is M-symmetric.
(4) J(f is a congruence on L(S).

Moreover all these equivalent properties are equivalent to the same properties on
sublattices of L(S). In fact the following theorem holds.

THEOREM 4.4. Let S = S(d, G,, y,). Let ix be any uniform congruence covering i
and let aM be the least congruence having trace /i . The following are equivalent.

(1) [Jf Aall,J^fVafl]is modular.
(2) [Jt? A a^, J$? v CTM] is strongly semimodular.
(3) [Jf A crM, J$? v aM] is M-svmmetric
(4) J ^ is a congruence on [J4? A <rM, ^ V CTM].
(5) L{S) is modular.

In Theorem 3.2 we proved the equivalence between (5) and (2). The other state-
ments can be proved in an analogous way.
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DEFINITION 4.5. For each congruence p on S, pK denotes the greatest congruence
having ker p as kernel.

For each uniform congruence /x, CTM denotes the least congruence having trace fj,.

We can also prove the following

PROPOSITION 4.6. Let S = S(d, G,, yt). Let /xbea uniform congruence covering i.
Then L(S) is modular if and only if for every congruence p with Jf? A aM < p < Jff,
pK contains a^.

PROOF. Let /x be a uniform congruence covering (. Suppose that JF A CTM < p < J f
implies pK > a^. Let B and A be two y-admissible subgroups with B ^ A and let
A be /x-linked. The congruence p has trace i and Ap — B contains Jf A CTM. The
congruence pK is in [t, a v ^?f ] because t rp* = &>£ = tr(cr v jtf1) and kerp* =
{(m, B, m)\m e N} c {(/«, G, m)\m e N} = ker(<x v ^ f ) . So p^ has trace v and
Ap* = B is v-linked. Since p ^ > aM, v > /x and B is /^-linked by [4, Remark
2.4]. Hence L(5) is modular. Conversely let L(S) be modular and let p belong to
[Jf? A cr ,̂ ^ f ] for a uniform congruence yu, covering i. Then p has trace t and Ap = B
with B ^ /I — rad 1. Now /z — rad 1 is /i-linked and by hypothesis B is also /x-linked.
Let v be the trace of pK, v > /u,; since kerp* = {(m, B, /n)|/n e N}, we deduce
PK > O"M-

Section 5

Now we examine the general case of regular <y-semigroups.
It is well-known that a non-simple regular w-semigroup S is either an oj-chain

of groups or the disjoint union of a finite chain of groups H = [n, Hj, </>;] and a
simple regular ^-semigroup K = K(d, Kt, ^ ,) which is an ideal of 5. In the latter
case, as in [3, 4], we will use the notation S = S([n, Hj, #y]; K, 4>) where <f> is the
homomorphism which induces the retract extension of K by H°, and which is actually
a homomorphism of H into Ko.

Modularity, M-symmetry and strong semimodularity of the congruence lattice of
w-chains [£2, Hj, <pj] of groups are equivalent to the triviality of 0, for every j e N
(see, for instance [11, Th.6.5 and Th.6.6]).

For a regular a>-semigroup 5 = S([n, Hj, ft]; K, </>) we deduce from [11, The-
orem 6.6] that L(S) is modular if and only if K has a modular lattice of congruences
and <j> and all </>j are trivial. Moreover if L(S) is strongly semimodular then 0 and
all (pj are trivial from [11, Theorem 6.5] and K is strongly semimodular. Then we
immediately deduce from Corollary 2.4 that M-symmetry and strong semimodularity
of the congruence lattice of 5 = S([n, Hj, <f>j]; K, <j>) are equivalent to modularity.
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As concerns the relation Jtif, Petrich [9] proved the following

THEOREM D. Let [Y; Sa, 4>a,p\ be a strong semilattice of simple regular semigroups.
J ^ is a congruence if and only if

(1) J(f is a congruence on L(Sa)for every a e Y,
(2) Sa<f)atp c E(Sp) whenever a > /$.

Then we easily deduce the following

THEOREM 5.1. Let S be a regular co-semigroup. The following conditions are
equivalent

(1) L(S) is modular.
(2) L(S) is strongly semimodular.
(3) L(S) is M-symmetric.
(4) J(f is a congruence on L(S).

PROOF. We just observed the equivalence of conditions (1), (2), (3). If (1) holds
then (4) follows from Theorem D and Theorem 4.3.

Suppose that (4) holds. Then if 5 is simple, (1) follows from Theorem 4.3. If
S is an w-chain of groups Theorem D implies that <pj are trivial for every j e N ,
whence (1) follows. If 5 = S([n, // , , 0/]; K, </>), from Theorem D we deduce that
Hn-\4> c E(K0) and Hj(pj c E{Hj+x) for 0 < j <n-2, whence </> and <t>j are trivial.
Moreover Theorem D implies that Jff is a congruence on L(K). So by Theorem 4.3,
L(K) is modular and L(S) is modular by [3, Lemma 3.4].

Section 6

Now we compare the condition of modularity for L(S), with the condition of
^-modularity of 5. We recall the following

DEFINITION 6.1 ([12]). A regular semigroup S is called 0-modular if for all con-
gruences A., p, x on 5, conditions X A p = A A r , A v p = Xwx, p > x andtrp = t r r
imply p = x.

We can prove the following

LEMMA 6.2. Let S be a regular semigroup, with a modular lattice of congruence
traces. If S is 8-modular then L(S) is modular.

P R O O F . L e t S b e 0-modular, a n d s u p p o s e t h a t t h e r e e x i s t t h r e e c o n g r u e n c e s k, p , x

o n 5 w i t h X A p = X . A x , X \ z p = k V x , p > x a n d t r p > t r x . S i n c e i n a r e g u l a r
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semigroup every congruence is uniquely determined by the pair of its trace and kernel,
it follows that trA is neither comparable with trp nor with trr. So we have three
congruences with tip > tr r, tr(A A p) = ti(X A T), and ti(k v p) = ti(k V r), which
contradicts the modularity of the lattice of congruence traces.

PROPOSITION 6.3. For a regular co-semigroup S the following are equivalent.

(i) L(S) is modular.
(ii) S is 9-modular.

PROOF. It is obvious that L(S) modular implies 5 is 6-modular. Now, let S be
0 -modular. The traces, being a sublattice of the congruences lattice on a chain, form
a modular lattice and the statement follows from the previous lemma.

REMARK 6.4. Notice that a result analogous to Theorem 4.4 can be proved for 0-
modularity. Actually 0-modularity of a simple regular &>-semigroup 5 can be proved
to be equivalent to the following condition: let /i be a uniform congruence covering i.
Then for all congruences X, p, r e [Jf? f\oil,3tf'v aM], relations A. A p = X A r,
A.V/o = A . v r , p > r and tr p = tr r imply p — x.
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