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Constructing Compacta of Different
Extensional Dimensions

Michael Levin

Abstract. Applying the Sullivan conjecture we construct compacta of certain cohomological and ex-
tensional dimensions.

1 Introduction

We say that e-dim X < K (the extensional dimension of X does not exceed K) if any
map of any closed subset of X into K can be extended over X. Thus for the covering
dimension dim X < nif and only if e-dim X < $" and for the cohomological dimen-
sion with a coefficient group G, dimg X < nif and only if e-dim X < K(G, n), where
K(G, n) is the Eilenberg-MacLane complex.

We adopt notations of a truncated cohomology. The (reduced) truncated coho-
mology T¥(X), k < 0 of X (with coefficients in a spectrum) generated by a space L
is the set of pointed homotopy classes [X, 2 ¥L] (= [ %X, L]) of maps from X to
Q kL. We write T*(X) = 0 if T¥(X) contains only the null-homotopic map for any
base point in L.

T* is said to be continuous if for every countable CW-complex K and every es-
sential map f: K — Q7KL there exists a finite subcomplex B of K such that f| is
essential. Let us say that T* is strongly continuous if for every countable CW-complex
K and every map f: A — Q¥ of a subcomplex A of K which cannot be extended
over K there exists a finite subcomplex B of K such that f|snp cannot be extended
over B.

The strong continuity implies the continuity. Indeed, let T* be strongly contin-
uous and let f: K — Q7L be essential. Then f cannot be extended over cone K.
Hence there exists a finite subcomplex B of K such that f| cannot be extended over
cone B and therefore f/5 is essential.

The finiteness of the homotopy groups of L implies the finiteness of the homotopy
groups of QKL for every k < 0 and hence by Proposition 2.1 it also implies the strong
continuity (and hence the continuity) of T.

Dranishnikov [1] proved

Theorem 1.1  Let P and K be countable simplicial complexes. If T~% is continuous,
T=2(P) # 0 and TX(K) = 0 for all k < —2 then there exists a compactum X with
e-dim X < K such that X admits an essential map to P.
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In this note we generalize Dranishnikov’s result in two directions:

Theorem 1.2  Let K and P be countable simplicial complexes and let T* be a truncated
cohomology generated by L.

(a) If T° is continuous, T°(P) # 0 and TF(K) = 0 for all k < 0 then there exists a
compactum X with e-dim X < K such that X admits an essential map to P.

(b) If T° is strongly continuous, T°(P) # 0 and TX(K) = 0 for all k < 0 then there
exists a compactum X such that P < e-dimX < K.

(a) is a direct generalization of Theorem 1.1, (b) covers additional areas of ap-
plications some of which are considered below. The important point of (b) is that
the condition e-dim X > P is stronger than the existence of an essential map to P.
Note that the starting point at T~2 in Theorem 1.1 is imposed by a use of the Mayer-
Vietoris sequence. The approach of this note does not rely on the Mayer-Vietoris
sequence.

Let us show how (b) leads to constructing infinite dimensional compacta of
dim; = 2. Let K = K(Q, 1) V (\V/{K(Zy, 1) : p prime}), P = $* and L = M(Z,,2)
(= Moore space of type (Z,,2)). Then T°(P) = 7T2(M(Zz, 2)) = 7, # 0. Note that
by the generalized Hurewicz isomorphism theorem the homotopy groups of M (%75, 2)
are finite and hence T* is strongly continuous for every k < 0. In order to apply The-
orem 1.2 (b) we have to check that Tk(K((Ol, 1)) = Tk(K(Zp, 1)) = 0. For K(Q, 1)
it can be done directly.

Recall that a model for K(Q, 1) is the infinite telescope of S! — $! — - - where
the i-th bonding map is of degree i!. Let K; be the mapping telescope of the first
i maps. Then K; is homotopy equivalent to S' and K(Q, 1) = (JK;. Note that
@ admits only the trivial homomorphism to a finite group. Let f: K(Q,1) —
Q *M(Z,,2). Then f|k. is null-homotopic for every i. Since T* is continuous, f
is null-homotopic. Thus Tk(K((Ol, l)) =0.

In the case of K(Z,, 1) we fortunately have the following powerful theorem of
Miller [4]. The importance of Miller’s theorem for cohomological dimension was
realized by Dydak and Walsh [3], see also [1].

Theorem 1.3 (Miller’s theorem (The Sullivan conjecture) [4]) Let K be a connect-
ed CW-complex such that 7;(K) is locally finite and such that 7;(K) is non-zero for only
finitely many i. Let L be a connected finite dimensional CW-complex. Then the space
of pointed maps from K to L has the weak homotopy type of a point or, equivalently,
[X"K,L] = [K,Q"L] =0 foralln > 0.

By Miller’s theorem Tk(K(Zp, 1)) = [K(Z, 1), Q*M(Z,,2)] = 0 and we have
verified that TF(K) = 0 for every k < 0. Then by Theorem 1.2 (b) there exists a
compactum X of dim > 3, dimg X < 1 and dim;ZPX < 1 for p prime. By the
Bockstein theorems dimy X < 2. Therefore dimy X = 2 and dim X = oo. Since Q
and 7, are fields, dimq (X x X) < 2 and dimy, (X x X) < 2 for p prime. Hence
dimy (X x X) < 3. Thus we have obtained the Dydak-Walsh example [3], see also
(1].

https://doi.org/10.4153/CMB-2001-009-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2001-009-2

82 Michael Levin

Another application concerns the following question related to the mapping inter-
section problem [2] which is still open in the case of codim = 2. Does dimz, X <'1
imply e-dim X < RP? for a finite dimensional compactum X?

Let S' C RP? generate 7 (RP?) = Z,. Since m; (QM(Z,,2)) = m(M(2,,2)) =
7, there is an essential map from S! to QM (Z,, 2) which extends over RP? and hence
RP? admits an essential map to 2M(Z,, 2). Theorem 1.2 (b) applied to K = K(Z;, 1),
P = RP?*and L = QM(Z,,2) produces a compactum X with dimy, < 1and e-dim >
RP2. Thus without the finite dimensional restriction on X the answer to the question
is “No”.

2 Proofs

Proposition 2.1  Let K be a countable CW-complex, let A be a subcomplex of K and let
L be such that 7,(L, ly) is finite for alln > 0 and ly € L. Ifamap f: A — L cannot be
extended over K then there exists a finite subcomplex B of K such that f|anp: ANB — K
cannot be extended over B.

Proof Represent K as the union K = |J K; of an increasing sequence of finite sub-
complexes K; such that Ky = @ and K4, is obtained from K; by adjoining only one
cell, and assume that f extends over A; = A UK; for every i.

Denote by [A;, L]; the homotopy classes of all possible extensions of f over A;
with respect to a homotopy relative to A. Let p;y1: [Aiy, L] — [A;, L]; be the
correspondence defined by the restriction g — g|a;.

We will show by induction that [A;, L] 7 is finite for every i. Since Ay = A, [Ao, L]f
contains only one element. Assume that [A;, L] is finite and A;;; # A;. Then
Ai1 = A; UC is obtained from A; by adjoining an n-dimensional cell C defined
by a characteristic map h: (B,0B) — (C, 0C) from an n-dimensional ball B.

Let g: A; — L be such that g|4 = f and assume that gj, ¢, ...: C — Lis an infi-
nite sequence of maps such that g;|oc = glac. Let S" = BiUB,, BiNB, = 0B, = 0B,
(= $"1) be a decomposition of an #-dimensional sphere $” into two n-dimensional
balls B; and B,, and let h;: B — B, hy: B, — B be homeomorphisms such that
hi|a, = h2|ap,. For each pair of maps g;, and g;, define the map a(jy, j2): $" — L

by a(ji, j2)(x) = g, (h(In(x) ) for x € By and a(ji, j2)(x) = g; (h(h() )
for x € B,. Since the homotopy groups of L are finite there exist 1 < j; < j, such
that the maps «(1, j;) and a(1, j,) are homotopic. Then a( i, j») is null-homotopic
and hence g;, = gj, rel C. Thus g admits only finitely many extensions over A;;;
representing different elements of [A;;;, L] ; and therefore [A;;;, L] is finite.

Since [A;, L]y is finite for every i, li(in([A,-,L]f, pi) # . Then any element of
liin([Ai,L] £, Pi) defines an extension of f over K. This contradiction shows that

there exists A; such that f does not extend over A;. Set B = K; and we are done. N

Proposition 2.2 Assume that for a countable simplicial complex K, and a space K3,
[3X"K, K] = 0 foralln > 0. Let A be a finite simplicial complex and let f;: A1 — K;
be f,: A, — K, be maps of a closed subset Ay of A and a subcomplex A, of A such that
f> cannot be extended over A. Then there exist a countable simplicial complex B and a
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map p: B — A such that for By = p~'(A,) and B, = p~'(A;), B, is a subcomplex
of B, the map g1 = fi o (p|p,): Bi — Kj can be extended over B while the map
& = fro(plp,): B, — K, cannot be extended over B.

Proof Taking a small triangulation of A we may assume that A; is a subcomplex of
A and f is a simplicial map. We may also assume that A; contains the 0-skeleton of
A. For each simplex ¢ C A we are going to construct a CW-complex B, such that
B,/ is a subcomplex of B, if ¢’ C o. We will also construct maps f,: B, — K;
and p,: B, — o C Asuch f,|p, = for and ps|p, = po for ¢’ C 0. Define
B' = |J{B, : dimo < i} with the topology induced by B,’s and let f': B — K;
and p': B — A be the maps induced by f,’s and p,’s respectively. By 9B, we mean
OB, = |J{B,/ : dim¢’ = dimo — land ¢’ C ¢} C Blimo—1,

For a 0-simplex ¢ define B, = o, f,(B,) = fi(0) and p,(B,) = 0. Assume that
for each 0 C A of dim < i, B,, f, and p, have been constructed and take 0 C A
of dim = i + 1. Define B, as the mapping cylinder of f|s5,. We will refer to 9B,
and K; as the 0 and 1 levels of B, respectively. Define p,, as the map sending the 1-
level of B, to the barycenter b, of o and linearly extending p’|sp, along the intervals
connecting the 0-level points with the corresponding points of the 1-level. If o C A,
set f, = f10p,. If o is not contained in A, define f; as the natural extension of f*|5,
which is constant on each interval connecting a 0-level point with the corresponding
point of the 1-level and the identity on the 1-level.

Set B = B, p = pX where k = dim A and let us show that the required properties
are satisfied. From the construction it follows that f* is an extension of g, and there
exists a countable triangulation of B for which B, is a subcomplex of B. Aiming at
a contradiction assume that there exists an extension g: B — K; of g&. Denote by
A® the quotient space of B obtained by identifying p~!(x) with a singleton for every
x € A,, i.e., we identify the points of p~'(A,) with A, according to the map p. Note
that since there is a finite subcomplex of B mapped by p onto A we indeed obtain
from p~'(A;) a space homeomorphic to A;. Then A is a CW-complex, A, can be
considered as a subspace of A%, and g and p factor through the maps 1/°: A° — K,
and h°: A — A. Note that 9°|4, = f.

We are going to construct CW-complexes A', ..., A¥ and maps hi: A" — A,
B, : A" — A" and ¢': A* — K, such that each A’ contains A, as a subspace,

i, (Ay) = Ay, H(Ay) = Ay and Bl |a,, h'|4, are the identity maps, ' = h'*! o ki,
and, finally, "' o hi,, is homotopic to 9’. The construction below will imply
that h*: A¥ — A is a homeomorphism and this proves the proposition because for
Yk AF — K, we have that ¢¥|4, is homotopic to f>.

By a barycentric simplex 3 = B(0y, 01, . .., 0,) we mean the simplex spanned by
the barycenters b, , . . ., b, of an increasing sequence oy C oy C - -- C o, of distinct
simplexes in A with dim o, > 0. Note that p~!(x) is a singleton if x belongs to no
barycentric simplex. We will define A’*! as the quotient space of A° obtained by iden-
tifying the points of (h°)~!(3) with 3 according to the map h° for each barycentric
simplex 3 of dim < i. Then h° naturally factors through h'*': A"*! — A and define
hi,, such that b = h'*! o hi, .
Note that for a 0-dimensional barycentric simplex 3, Xg = p~'(3) is home-

omorphic to K;. For an n-dimensional barycentric simplex 8 = ((oy,...,04),
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n > 0, denote by Xj the space obtained from p~!((3) after identifying the points
of p~1(9p3) with 833 by the map p (where 98 = (J{B(00,...,0i—1,0i11,.--,04) :
i =0,...,n}). Let us show by induction that Xz is homotopy equivalent to ¥"Kj.
Indeed, from the construction of B it follows that Xj is a CW-complex which can be
obtained from Xg(,, 5,_,) X [0,1] by identifying the points of Xg(s...0,_,) X {0}
with B(oy, . ..,0,—1) and the points of X3(s,... s, ,) X {1} with a singleton. By the
induction assumption Xg(,,, 0, ,) is homotopy equivalent to X"~ 'K; and hence X3
is homotopy equivalent to X"Kj.

Let 3 be an i-dimensional barycentric simplex which is not contained in A,. It
is easy to see that (h')~!(3) is homeomorphic to X3 and for x € A™! such that
h**1(x) belongs to no barycentric simplex of dim = i, (hi,,)~!(x) is a singleton. Since
[(W)~YPB), Ky] = [X5,Kz] = [X'Ky, K] = 0and (k) ~!(B) is a subcomplex of A’,
1" is homotopic to a map which is constant on (k') ~!(3) and hence which admits a
factorization through 1%: Aiﬁ — K; where the CW-complex Ak is obtained from A’
by identifying (h*)~'(3) with 3 by K. Clearly k' factors through hiﬁ: AE — A and
h;, factors through (hi,,)s: Aiﬁ — A™!. The same procedure can be carried out for
another i-dimensional barycentric complex not lying in A, but this time with respect
to AE, 1%’ hiﬁ and (hi,)s instead of A’, ¥, h' and h,, respectively. Thus passing
through all the i-dimensional barycentric simplexes not lying in A, we will end up
with "1 A — Ky, Bt A — Aand K, 0 A' — A™! having the required
properties. Clearly A¥ = A and the proposition follows. ]

Proof of Theorem 1.2 (b) Let f: P — L be an essential map. Since T is strongly
continuous there exists a finite simplicial complex Ny C P such that the map fy =
flny: No — Lis essential and hence f cannot be extended over My = cone Nj.

Assume that we have constructed fori = 0, 1, . . . , n finite simplicial pairs (M;, N;)
and maps pi*': (M1, Nis1) — (M;, N;) such that f; = fy o (pi|n,): Ni — L does
not extend over M; where p; = p}“ o p;ﬁ o---o0pi 1t (M;,N;) = (Mj,Nj) for
i > jand p! is the identity.

Construct (M,41, Ny+1) and p"*! as follows. Take a map 1: C — K of a closed
subset C of M; for some 0 < i < n. Define ¢, = ¢ o (p¥|c,): C, = (p!")~'(C) = K.
By Proposition 2.2 there exist a countable simplicial complex M,,;, a subcomplex
Nyui1 of Myyy and a map p*': (M1, Nut1) — (M, N,,) such that f,; cannot be
extended over M,; and ¥,1; = ¥, o (p*c,..): Cor1 = (pP1)(C,) — K ad-
mits an extension over M,,;. By the strong continuity of T° we may assume that
(M41, Nyy11) is a pair of finite simplicial complexes.

Since for each M; we need to solve only countably many extension problems the
map v on each step of the construction can be chosen such that X = li(in(M,-, i)

will be of e-dim < K. Let p: X — M, be the projection and let X’ = p~!(Nj). Then
plx: X’ = Ny C P cannot be extended over X as a map to P since otherwise for a
sufficiently large i, p|n, would extend over M; as a map to P and this would imply
that f; also extends over M;. Hence e-dim X > P and the theorem follows. ]

Proposition 2.3  Assume that for a countable simplicial complex K and a space K5,
[X"Ky,K;] = 0 foralln > 1. Let A be a finite simplicial complex, let f;: Ay — Kj bea
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map of a closed subset Ay of A and let f,: A — K, be an essential map. Then there exists
a countable simplicial complex B and a map p: B — A such that for B; = p~'(A,) the
map g1 = f o (pls,): Bi — K can be extended over B and the map g, = fo0p: B—
K, is essential.

Proof Note that if we assume that [3X"K;, K;] = 0 for all n > 0, then Proposition 2.3
would follow from Proposition 2.2 by embedding A into cone A. In order to avoid
the use of [K, K;] = 0 for proving Proposition 2.3 we need to make the following
adjustments in the proof of Proposition 2.2.

Let B be constructed as in the proof of Proposition 2.2. Starting from the construc-
tion of A® replace A, Band p by A’ = cone A, B’ = cone B, p’ = cone(p): B’ — A’
and consider A, as A embedded in A’ = cone A and f as a map of A,.

In the part of the proof of Proposition 2.2 where A', A% ... are constructed
replace o, do, B by ¢’ = cone(s), 8'c = cone(dc), B'(co,...,0,) =
cone(ﬁ(ao, e O'n)) respectively. Then for 8/ = §'(oy,...,0,), X3/ will be ho-
motopy equivalent to "*1K;. Thus we show that if [¥"*1K7, K;] = 0 for n > 0 then
£ cannot be extended over A’ = cone A and hence g, is essential. ]

Proof of Theorem 1.2 (a) Let f: P — L be an essential map. By the continuity of T°
there exists a finite simplicial complex My C Psuch that themap fy = f|um,: Mo — L
is essential.

Assume that we have constructed for i = 0,1, ..., n finite simplicial complexes
M; and maps pﬁ*lz M1 — M, suchthat f; = fy o pf): M; — L is essential where
p;- = p;“ o p;:ﬁ o---opl_;: M; — Mjfori> jand p! is the identity.

Construct M,,+1 and p™*! as follows. Take a map ¢: C — K of a closed subset
C of M; for some 0 < i < n. Define ¢, = v o (p¥lc,): C, = (p")~HC) —
K. By Proposition 2.3 there exist a countable simplicial complex M,;; and a map
P M,y1 — M, such that f,.; is essential and 9,41 = ¥, o (p*c,.,): Cur1 =
(pr1)~1(C,) — K admits an extension over M,,;;. By the continuity of T° we may
assume that M, is a finite simplicial complex.

Since for each M; we need to solve only countably many extension problems the
map v on each step of the construction can be chosen such that X = li£l(M,>, pf_l)

will be of e-dim < K. Let p: X — M, C P be the projection. p is essential as a map
to P since otherwise for a sufficiently large i, p;, would be null-homotopic as a map
to P and this would imply that f; is also null-homotopic. The theorem is proved. H

Remark Note that in the proof of Theorem 1.3 (a) the map fx = foop: X — Lis
essential if L is a CW-complex. Also note that with no restriction on L, fy may fail to
be essential.
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