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Sufficient condi t ions will be der ived for the l inea r e l l ip t ic p a r t i a l 
d i f fe ren t ia l equat ion 

n n 
(1) Lu = S D.(a.JD.u) + 2 2 b .D.u + cu = 0 

1,J=1 J J 1=1 

to be nonosc i l l a to ry in an unbounded domain R in n - d i m e n s i o n a l 

Euc l idean space E . The boundary 3R of R is supposed to have a 
p i e c e w i s e cont inuous unit n o r m a l vec to r at each point . T h e r e is no 
e s s e n t i a l loss of gene ra l i t y in a s s u m i n g that R contains the o r i g i n . 
O the rwi se no s p e c i a l a s s u m p t i o n s a r e needed r e g a r d i n g the shape of 
R : it is not n e c e s s a r y for R to be quas i con ica l (as in [2]), q u a s i -
cy l ind r i ca l , or quasibounded [1] . 

Our r e s u l t s a r e g e n e r a l i z a t i o n s of the o n e - d i m e n s i o n a l non-
osc i l l a t ion t h e o r e m s of Hille [3], Moore [5], P o t t e r [6], and o t h e r s . 
An example of a nonosc i l l a t ion c r i t e r i o n for (1) in the selfadjoint c a s e 
(b. = 0 , i = l , 2 , . . . , n ) was given r e c e n t l y by Head ley and the author 

[2] . Nonosc i l la t ion c r i t e r i a a r e obtained h e r e for the g e n e r a l l inear 
e l l ip t ic equat ion (1) as a consequence of the a u t h o r ' s c o m p a r i s o n 
t h e o r e m [7] and the o n e - d i m e n s i o n a l t h e o r e m s ci ted above . In the 

2 
s p e c i a l c a s e that (1) i s the Schro'dinger equat ion v u + cu - 0 and R 

coinc ides with E , T h e o r e m 2 below r e d u c e s to a r e s u l t of G l a z m a n 
[1] . Spec ia l i za t ion of our r e s u l t s to the c a s e n = l i m m e d i a t e l y 
yie lds new nonosc i l l a t ion c r i t e r i a for g e n e r a l second o r d e r o r d i n a r y 
l inear d i f fe rent ia l equa t ions . 

Po in t s in E a r e denoted by x = (x , x , . . . , x ) and di f ferent ia t ion 

with r e s p e c t to x is denoted by D . , i = l , 2 , . . . , n . It is a s s u m e d 
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that the funct ions a. . , b . , and c involved in (1) a r e r e a l - v a l u e d and 
i j i 

cont inuous on R U 9 R , that the b . a r e d i f fe ren t iab le in R , and 
l 

that the m a t r i x (a. .) is s y m m e t r i c and pos i t i ve def ini te in R . A 
i j 

" so lu t i on" of (1) is supposed to be cont inuous in R U 3R and have 
un i fo rmly cont inuous f i r s t p a r t i a l d e r i v a t i v e s in R , and a l l d e r i v a t i v e s 
involved in (1) a r e supposed to ex is t , be con t inuous , and sa t i s fy (1) a t 
eve ry point in R . 

The following no ta t ions wil l be u s e d : 

R = R n { x e E n : | x | > r } ; S = {x G R U 9R: | x | = r } . 

A bounded d o m a i n N C R is said to be a nodal d o m a i n of a 
n o n t r i v i a l so lu t ion u of (1) if and only if u =0 on dN . The 
d i f fe ren t ia l equat ion (1) i s said to be n o n o s c i l l a t o r y in R if and only 
if t h e r e e x i s t s a n u m b e r s > 0 such that no n o n t r i v i a l so lu t ion has 
a nodal doma in conta ined in R [1 , p . 1581. 

s L J 

Let g be the function defined by 

(2) g(r) = m a x [c(x) - div b(x)] , 0 < r < oo , 
X G S 

w h e r e b(x) = (b (x) , b fx) , . . . , b (x)) , X G R , and let C be the 
1 2 n 

function in R defined by the equat ion C(x) = g ( | x | ) . Let X (x) denote 
the s m a l l e s t e igenva lue of the m a t r i x (a. .(x)) , x G R . Le t f be an 

1 
a r b i t r a r y p o s i t i v e - v a l u e d function of c l a s s C (0 , oo) such that 

f(r) < m i n X (x) , 0 < r < oo 
XG S 

and define the function A in R by the equat ion A(x) = f ( | x | ) . Then 

n . . 
(3) S a . . z V > X ( x ) | z | 2 > A ( x ) | z | 2 

i , j = l 1J 

for a l l x G R and a l l z G E n . The following t h e o r e m is obta ined by 
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comparison of (1) with the separable equation 

(4) 2 D.(AD.v) + Cv = 0 . 

i=l l 1 

THEOREM 1. Equation (1) is nonoscillatory in R if the ordinary-
differential equation 

(5) ( r ^ f l r K ' ) ' + rn _ 1g(r)4 = 0 

is nonoscillatory at r = oo , i .e. if there exists a number a such that 

every nontrivial solution of (5) has at most one zero in (a, oo). 

Proof. Suppose to the contrary that (1) is oscillatory in R . 
Then there exists a nontrivial solution u of (1) with a nodal domain 

r 
N contained in R for all r > 0 . The variation between (1) and (4) 

r r 

is [7] 

V[u] = / 
N 

r 

2 a . . D . u D . u - A v u + ( C - c + d i v b ) u 

i , j J J 

d x , 

which is positive by (2) and (3). Since (1) is majorized by (4), it 
follows from the author's comparison theorem [7] that every solution of 
(4) has a zero at some point of N , and hence at some point of R . 

r 

However, a routine separation of variables of (4) in hyperspherical 
coordinates r , 0 . 6 . . . . , 6 , [4, p. 581 shows that (4) has radial 

1 2 n-1 L * J 

solutions v(x) = £,(r) (r = |x | ), where t, satisfies (5). Since (5) 
is nonoscillatory, there exists a solution v(x) = £(r) of (4) and a 
number r^ such that v(x) is free of zeros in R for all r > r^ . 

0 r 0 
The contradiction establishes Theorem 1. 

As a consequence of Theorem 1, any one of the known sets of 
sufficient conditions for (5) to be nonoscillatory generates a nonoscillation 
criterion for (1), for example, Moore's conditions 
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/ 
d r 

r f(r) 

< oo and l im sup 

r -*• oo 

J x g(x)dx 
1 

< oo, 

or P o t t e r ' s condi t ions 

CO 

r dr 
/ = + oo and L > 2 

j l r n ^ f ( r ) 

n - 1 ( 1-n 
w h e r e L» = l im r f(r) jr [ f ( r ) g ( r ) ] 2 f (whenever the l imi t 

r -*• oo I • J 

ex i s t s ) [5; 6 ] . 

In the c a s e n= 1 , the d i f fe ren t i a l equat ion (1) has the f o r m 

(! ') [ a (x )u ' ] f + 2b(x)u ' + c (x )u = 0 , 0 < x < 

The defini t ions of f and g r e d u c e to 

f(x) = \ ( x ) = a (x ) , g(x) = c(x) - b '(x) , 

and subs t i tu t ion into any nonosc i l l a t ion c r i t e r i o n for (5) [ e . g . M o o r e ' s 
c r i t e r i o n above] i m m e d i a t e l y y ie lds a nonosc i l l a t i on c r i t e r i o n for (1 ' ) . 

The nonosc i l l a t ion t h e o r e m s be low a r e obtained f rom T h e o r e m 1 
in the c a s e that the d i f fe ren t i a l o p e r a t o r L is un i fo rmly e l l ip t ic in 
R for s o m e s > 0 , i . e . t h e r e ex i s t s a pos i t ive n u m b e r \ (the 

s 0 
e l l ip t ic i ty cons tan t ) such that \ (x) > \ for a l l x e R . 

THEOREM 2 . Equat ion (1) is n o n o s c i l l a t o r y in R if L is 
un i fo rmly e l l ip t ic in R for s o m e s > 0 and 

L C g 

(6) 
2 2 

l im sup r g(r) < ( n - 2 ) X / 4 , 
r -+» oo 

whe re \ is the e l l ip t ic i ty cons t an t . 
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In the s p e c i a l c a s e that (a..) is the unit m a t r i x and b = 0 , 

i = 1, 2, . . . , n , equat ion (1) r e d u c e s to the SchrfcJdinger equat ion 

2 
v u + c(x) u = 0 , x e R . 

In this c a s e , f(r) = \ ( x ) = 1 , 0 < r = | x | < oo , and if R 

co inc ides with E , 

g(r) = m a x c(x) 
I x | = r 

T h e o r e m 2 then b e c o m e s G l a z m a n ' s t h e o r e m [1 , p . 158]: 

The SchrBdinger equat ion is nonosc i l l a to ry in E if 

2 / x ( n - 2 ) 2 

l im sup r g(r) < —-—• 
r -*• oo 

THEOREM 3 . Equat ion (1) is nonosc i l l a to ry in R if L is 
un i formly e l l ip t ic in R for s o m e s > 0 and 

oo 
(7) l im sup r J h + (t) dt < \ / 4 , 

r -> oo r 

whe re h (t) = max[h(t) , 0] and 

h(t) = g(t) - | ( n - l ) ( n - 3 ) X Q t " 2 , 0 < t < oo . 

To p rove T h e o r e m 2 , it is sufficient to p rove that (5) is 
nonosc i l l a t o ry at r = oo in the c a s e f(r) = \ . The hypothes is (6) 

i m p l i e s that t h e r e exis t cons tan t s r and Y such that 

2 2 
r g(r) < V < ( n - 2 ) \ / 4 for a l l r > r . Thus the Eu le r equat ion 

(\ r Ç,')' + \ r' t, = 0 is nonosc i l l a to ry , and a lso (5) is non

o s c i l l a t o r y by S t u r m ' s c o m p a r i s o n t h e o r e m . 
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To p rove T h e o r e m 3 we o b s e r v e that £,(r) s a t i s f i e s (5) if and 

only if §(r) = r £,(r) s a t i s f i e s the d i f f e ren t i a l equat ion 

(8) \ n4>» + h(r)cj) = 0 . 

On account of the hypo thes i s (7) , the equat ion 

X y " + h + ( r )y = 0 . 

is n o n o s c i l l a t o r y by Hi l l e ' s t h e o r e m [3] , Since h (r) _> h(r) , (8) 
a l so is n o n o s c i l l a t o r y by S t u r m ' s c o m p a r i s o n t h e o r e m . 
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